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We develop a broad interpretation for nuclear spin-lattice relaxation in liquid nontransition metals using
our new data for Bi" and previously reported data for Ga6~ 7', Rb ', Sb""@,Na~, and In"'. Our work
provides new insight into the relative importance of the various contributions to the NMR shift E and the
nuclear spin-lattice relaxation rate R&. The three potentially significant contributions to E are the hyperfine
contact E., hyperfine orbital E„and core polarization E,~. All other contributions to E are negligible. The
sum of E, and E,r, is small compared to E, even in heavy elements. The first significant contribution to R&

is the hyperfine contact rate R&„expressed by the Korringa relation, with E(e), the correction factor for
electron-electron interactions, having a reasonable value of about 0.75 for all metals in our study. The
second and last non-negligible contribution to R& is the nuclear quadrupole rate R&~ arising from the eBect
of ionic motion on the conduction electrons, whose magnitude decreases with an increase in temperature.

I. INTRODUCTION
' 'N this paper, we develop a broad interpretation of
- ~ nuclear spin-lattice relaxation in liquid nontransi-
tion metals based on recent experimental work. We
discuss relevant contributions, both electric and mag-
netic, to the nuclear spin-lattice relaxation rate EI,
assess their importance, and treat their temperature
dependence. A similar treatment of the contributions
to the NMR shift E, provides a means of understanding
the magnetic contributions to E&. We analyze data for
the isotopic pairs Ga" ", Rb" ", and Sb"'"' and for
the single isotopes Na", In"', and Bi"'.The sources of
data are shown in Table I.'—'

II. CONTRIBUTIONS TO RI AND X

A. Contributions to X

with X, the orbital susceptibility and V the atomic
volume. If we assume as a first approximation that
X Xy f t and use the atomic values of (1/r') from
the compilation of Barnes and Smith, "we find that E,
may be an appreciable fraction of E, especially in Sb
and Bi.

Core polarization may also contribute to E, but
this contribution cannot be readily estimated in
general. Calculations in some light metals give ~&,o~
=

~
0.1E,~.'~" The shifts due to the polarization of the

core states by s, p, etc., electrons are calculated inde-
pendently, and there may be cancellation among these
terms. E,„may be positive or negative. "

Any dipolar contribution to E must be averaged over
all nuclear orientations and is therefore zero in the

TmLE I. Sources of R1 and E data.

We expect the contact part E„which is always posi-
tive, to be the most signi6cant contribution to the
NMR shift. "The orbital contribution E„which may
be positive or negative, "can be written in approximate
form as"
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Ga D. A. Cornell'D. A. Cornell'
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W. G. Clark'
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N. Bloembergen~
F. A. Rossini, et al.g

B.R. McGarvey and
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B. R. McGarvey and
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Rb
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W. W. Warren and
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F. A. RossinihW. W. Warren and
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G. Bonera, F. Borsa and
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F. A. Rossini" F. A. RossinihBi
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liquid. "The Landau diamagnetic contribution to E"
turns out to be insignificant for these metals when the
free-electron approximation, an appropriate erst ap-
proximation for liquid metals, is used.

Ke divide E into two parts

where E' is composed of E, and E,~ which cannot be
distinguished experimentally.

The temperature dependence of E is suKciently small
that its effect on Ej, is no greater than the experimental
error in E~ and it is therefore neglected.

B. Magnetic Contributions to R~

The principal magnetic contribution to E~ derives
fl om the contact 1ntel action. An expl ess1on fol this
rate for noninteracting electrons was derived by
Korringa. "Electron-electron corrections were made by
Pines" and Silverstein. ""A more complete model for
these corrections was proposed by Moriya" and cor-
rected and extended by Narath and Weaver'4 who use
the following expression for Ej, '.

Eg, (4xksT/h——)E,'(y„/y, )'E(n), (3)

in which E(e), the electron-electron correction factor,
is necessarily less than or equal to 1.00.

Mitchell2' has calculated the orbital relaxation rate
for Bloch electrons and Obata" for electrons in solid
cubic metals in the tight binding approximation. Both
results give the same order of magnitude. We will use
Obata's more tractable expression for p-like conduction
electrons in our estimates

R,.= (4'/5) (y,y.A')'ksTp'(Ef)(1/r'). (4)

We use the atomic (1/r') and the free electron p(Ef).
E~, is then within the experimental error for Bi, where
it should be the largest. The spin-dipole rate turns out
from Obata's work to be 0.3 R~, and hence is also in-
signi6cant in the present treatment.

For a metal with p-like conduction electrons the ex-
pression for core polarization relaxation is "

Eg,p ——(Ark~ T/3A) (y /y, )'E„'. (5)

The temperature dependence of E~ has never been
calculated. We do not know E,~ directly for any of our

'~M. Hanabusa, Cruft Laboratory, Division of Engineering
and Applied Physics, Technical Rcport No. 470 (Harvard
University Press, Cambridge, Mass. , 1965)."T.P. Das and E. F. Sondheimer, Phil. Mag. 5, 529 (1960).

'9 J. Korringa, Physica 16, 601 (1950).
» D. Pines, Sold State Physics (Academic Press Inc., New York,

1955), Vol. I, p. 367.
~~ S. D. Silverstein, Phys. Rev. 128, 631 (1962).
22 S. D. Silverstein, Phys. Rev. ISO, 912 (1963).
~ T. Moriya, J. Phys. Soc. Japan IS, 516 (1963).
"A. Narath and H. T. Weaver, Phys. Rev, (to be published).
~5 A. H. Mitchell, J. Chem. Phys. 26, 1714 (1957).
~6 Y. Obata, J. Phys. Soc. Japan 18, 1020 (1963)."Y.Vafet and V. Jaccarino, Phys. Rev. DB, A1630 (1964).

metals, but if )E.,] =)0.25E, ), Eg.,=0.02Rx. or
smaller than the typical experimental error. Ke will
therefore neglect E~.~ and see this neglect justified as
we continue.

The dipole-dipole, " pseudodipolar" and indirect
exchange~0 interactions are motionally narrowed'8'9 in
the liquid. Using the expression" R~=(R&)'r, with
v, =10 " sec, ~ we hand these contributions to be much
less than 1 cps.

C. Electric Quadruyole Contributions to R~

The work of CornelP and Warren and Clark' have
shown that for metals with I&~ there is a signi6cant
relaxation rate which is directly attributable to the
electric quadrupole interaction.

The general expression for quadrupole relaxation in
a liquid due to atomic motion is"

3 2I+3 s'Q '
Rg, =— J(0),

80 I2(2I 1) k—
where J is the spectral density of the correlation
function.

Using the correlation time approximation, J'(0)
~q'r„Rossini et al. ' estimated g, the electric Geld
gradient (efg), for liquid indium. They found that q
had its largest contribution from the effect of ionic
motion on the p-conduction electrons which were
assumed to bond covalently. They obtained the correla-
tion time v, from the expression for jump diGusion,
D=(r'),„/6~,. This model is crude but nevertheless
physically plausible.

Borsa and Rigamonti" calculated E~, in a number of
liquid metals using a screened Coulomb potential, This
calculation neglected the conduction-electron contri-
butions to the efg which Rossini et al. found so im-
portant. Borsa and Rigamonti used the ionic anti-
shielding factor '4(1—y„) to account for the effect of the
ions on the core electrons.

In a more basic calculation of Eg, for liquid In and
Ga, SholP' used the spectral-density formalism and in-
cluded conduction-electron effects. He used the asymp-
totic form of a screened interatomic potential of ampli-
tude A

V (r) -+ cos2k pr/(2k')'

to calculate J(0), which he multiplied by the anti-

'8 N. Bloembergen, E.M. Purcell, and R. V. Pound, Phys. Rev.
73, 679 (1948).

29N. Bloembergen and T. J. Rowland, Phys. Rev. 97, 1679
(1955).

~' M. A. Ruderman and C. Kittel, Phys. Rev. 96, 99 (1954).
~1 D. Pines and C. P. Slichter, Phys. Rev. 100, 1014 (1955).
~2 A. Abragam, I'rimcip/es of ENclear 3fagmetism (Clarendon

Press, Oxford, 1961)."F. Borsa and A. Rigamonti, Nuovo Cimento 48, 194 (1967).
34 For a complete list of references on the antishielding factor

see R. M. Stcrnheimer, Phys. Rev. 146, 140 (1966).
&5 C, A. Sholl, Proc. Phys. Soc. (London) 9I, 130 (1967).
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shielding factor for an almost neutral ion, (1—y„), .He
calculated A(1—y„)„by using the potential to cal-
culate the efg in the solid by a lattice sum which came
out a=Ago(1 —y„), , where (1—y„), appears as an
enhancement factor to the purely ionic 6eld gradient
Ago. He compared his q with the measured quadrupole
coupling in the solid, e qQ/h. Since tto is a number, a
numerical value of AQ(1 —y„),„may be derived. The
value of A may be calculated if the unscreened potential
is assumed to be Coulomb-like. Thus, with Q known, the
value of (1—7„), may be obtained.

Sholl's result for El, is

2I+3 A(1—y„), Q 'srpIi
El~=-

Is(2I—1)

where p is the number of atoms per unit volume. I~ is
given by

f{«)G(«)d«,

where f(ro) is defined by

1 d 1dV(r)-
f(«) = r—

A &-f df

7 (2k' ro)' sin(2k» ro)+L15—(2ktrro)'j cos(2kttre)
=(2k )'

(2k pro)'
(10)

and G(«) is
g'(«) "f(ri)

G(ro) = f(ri)g'(ri)ri'«1+«' — g'(ri)«i,

wltll the g tile x-1'ay 1'aclial clistl'lbutioil function (rdf).
The temperature dependence of Eq. (8) arises from

p, Ij, and D. The density p varies typically a few' percent
over a wide temperature range. Ii depends on g(r) and
kp which are only slightly temperature-dependent. The
diGusion coeKcient D for a liquid metal typically varies
with temperature as e &'50'K) ~~ which is much stronger
than any of the other temperature-dependent quantities
in Eq. {8).Thus, our estimates for Ri, from SholVs
expression will vary in temperature approximately as D.

Physically, Sholl's model and the simpler model of
Rossini ef cl. can account for the most significant part of
the efg as arising from the conduction electrons near the
nucleus due to ionic motion. Sholl calculates the efg at
the nucleus due to ionic motion and then includes the
cGcct of thc coQductloQ clcctloIis as a scrccnlng cloud
sensitive to ionic motion. Rossini et al. begin with the
free atom and then add the cGect of the other atoms by
treating the p-conduction electrons as directional co-
valent bonds sensitive to ionic motion. As is to be ex-
pected the two models give comparable results with El,
coQtrlbutlng a signi6cant part of the obscrvcd Ej.

Another mechanism for quadrupole relaxation is the
scattering of conduction electrons at the Fermi surface
similar to the Inagnetic hyper6ne interaction. Such cal-
culations have been made by MitchelP' for Bloch elec-
trons and by Obata'~ for electrons in the tight binding
approximation. Hanabusa'~ has expressed the Mitchell
result as

9s. rls 2I+ 1 e'Q' 1
~lq' kgT.

50 O' Is(2I—1) ks' r'

Although it has no where been considered previously,
the appropriate antishielding factor for E~; should bc

~6 A. H. Mitchell, J. Chem. Phys. 26, 1714 (1957).
I'I Y, Obata, J. Phys. Soc. Japan 19, 2348 (1964).

the conduction-electron antishielding factor (1—It'.ct)
ss "

and not (1—y„).The former quantity is approximately
unity for the metals under consideration ""As calcu-
lated from Eq. (12) It.'1, is much less than I%%uq of the
experimentally known quadrupole coupling in Ga and
Sb. It is also very small in the other cases of interest.

Thus, Ri may be divided in two significant parts,

~i R 1 a+~le q (13)

For elements with two magnetic isotopes, we may
uniquely solve for the magnetic and quadrupolar rates
by using two simultaneous equations for Ej. Since this
is not possible for elements with one magnetic isotope,
we will study them later in the light of what we learned
from the isotopic pairs.

Before we turn to the data, three points should be
noted. First, Narath and Weaver'4 find E(ct) to be
nearly the same for ale. of the solid alkali metals. Since
these are the most free-electron-like of solid metals and
furthermore since all liquid metals are nearly free-
electron-like, 'o we assume that E(n) does not diBer
greatly among liquid metals. This assumption is in
fact validated by the experimental results. The param-
eters in the calculation for E(u) have a temperature
dependence which is insigni6cant. In the separation of
g~, and R~, from the experimental E~ for elements of

» M. H. Cohen and F. Reif, in Sol@' State Physks, edited by
F. Seitz and D. Turnbull (Academic Press Inc., 5evr York, 1957),
Vol. 5) pp. 360 G.

» R. F. atson, A. C. Gossard, and Y. Yafet, Phys. Revs 140,
A375 (1965).IN. E. Cusacit, in Reports ore Progressist Physics (The Institute
of Physics and the Physi. cal Society, London, 1963), Vol. 26.

where in the cases of interest to us the other magnetic
and quadrupole contributions are negligible.

III. ANALYSIS
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two magnetic isotopes, the percentage error in E(n)
turns out to be about t~ice the percentage error in Ej
making dificult a check on possible temperature de-
pendence. Second, the limited information available on
E, and E,~ indicates that in general they should not be
as large as E,. Because of cancellation, I6' I11ight
smaller in absolute value than either of its components.
Third, the only quadrupole relaxation mechanism of
sufhcient size to cause the observed rate is that due to
the effects of ionic motion on the conduction electrons.
Theory predicts a decreasing temperature dependence
for this rate. Theoretical estimates for Rq, are not known
precisely as will be seen because of the difhculty in

applying the complicated Sholl formalism to specific
cases.

We now estmiate E~, from the Sholl formalism. The
nuclear-moment values used in our estimates are taken
from the compilation of Fuller and Cohen. "Densities
are from the I~calid 3A3fals Handbook. 42Di8usiondatafor
Ga, In, and Na are listed in Nachtrieb's review article. "
The diffusion coeKcient for Bi was estimated from the
viscosity data by Ofte and Wittenberg. 44 For Rb and
Sb, D was obtained from the viscosity data following
the method of Saxton and Sherby. 4' We will use the 3
which Sholl calculated for an unscreened Coulomb po-
tential 2=0.121 cgs. Sholl's calculation of (1—y„),„
turned out about three times the calculated ionic value
of (1—y„) in Ga and In. We use the same ratio in esti-
mating (1—7„), . There is no easy way of estimating
I~ short of doing the difficult integrals. Sholl found Ij
to be 30% smaller for In than Ga, which is quite close
considering the imprecision of our estimates. As a first
approximation we may look at the values of f(ri) and

f(rg) corresponding to the first two peaks of the x-ray
rdf and compare them for different elements. We then

appeal to Paskin's "law of corresponding states"" by
which the structure factors of a pair of liquid metals
with the wave vectors scaled by the ratio of the cube
root of the atomic volume are nearly the same implying
similar rdfs. Paskin has shown this for In, Rb, and Na
among others. We extend this result to Ga, Sb, and Bi.
If f is relatively large at the rdf peaks, we expect a
relatively large Ii and conversely. Using the calculated
values of I~ in Ga and In for comparison, we will roughly
estimate I~ for the others. Typical errors for D are be-
tween 10 and 20%. We arbitrarily set our error for the
rough estimate of Ei, at +50% of its largest value.
This is reasonable in view of the previously mentioned
uncertainties and since the EI, value is not expected to

4' G. H. Fuller and V. W. Cohen, Nuclear Data Sheets,
Oak Ridge National Laboratory Report, 1965, Appendix 1

(unpublished�}.

4'I.iqujd Mefgb IIundbook, edited by R. ¹ Lynn, Ofhce of
Naval Research, 1954, 2nd edition revised (unpublished).

4' N. H, Nachtrieb, Advan. Phys. 16, 309 (1967).
44 D. Ofte and L. J. Wittenberg, Trans AIME 227, 706 (1963).
'5 H. J.Saxton and O. J.Sherby, Am. Soc. Metals Trans. Quart.

55, 826 (1962)."A. Pasquin, Advan. Phys. 16, 233 (1967).

Tmr, z Q. Estimates for 819.

Isotope

Qa69
Qazl
Rb'6
Rb'z
Sb191
Sb196
Na'6
Inlli
Qi209

(1—7„}
28o 3.30X10»'

2.37X10-» ~

390X10»'

2.37X10-» ~

2.37X10-» 0

3 90X10-» ~

gI a, b

73 5 g564/T

29 3 g564/T

&9S6/T

g949NT

154 g2490/T

0041 elm/T

1$8 &Rso/T

46 4 gl529/T

a Our estimate.
b 2' in oK.
e Sholl calculation.
~ 3 )((i 7 ) jonjo 'from literature.

4z G. A, Styles, Advan. Phys. 16, 275 (1967).

be exact. Typical experimental errors for R& are about
5%. Table II shows values for I, Ii, (1—y„), , and
oui' estimates foi Egg.

In analyzing the data, we begin by assuming E=E,.
Figures 1—4 show' this case for Ey, in Ga" Rb", Sb"'
and Na". In each case, E(n) of about 0.75 fits the data
well. Data for E», in Ga", Rb", and Sb"' are shown in
Figs. 5—7. The qualitative features of the data are
similar for both isotopes of Ga, Rb, and Sb. Cornell's
Ga data were used since only he studied both isotopes.
Estimates for Ei, in Na" give a value of about 1% of
the experimental E~. The consistency of the magnetic
data for E=E. and E(n)=0.75 lead us to conclude
that E(n) is in the neighborhood of 0.75 for liquid
metals and that E' is probably small. In Ga and Rb,
Ri~ is not known over large temperature ranges. On
inspection of the data in Figs. 5 and 6 we feel that Ej,
appears to be constant in temperature. However, the
Hanabusa data for Ga predicts a decreasing temperature
dependence for E~~. Figure 7 shows clearly a decreasing
temperature dependence of E~, in Sb.

The cases of In"' and Bi"' are more complicated
because we are dealing with single magnetic isotopes
and a very significant contribution from Eq~. If we

assume that E=E', and E(n) =0.75 for In, Fig. 8 shows

an unaccounted for relaxation rate which is approxi-
mately linear. Since Ei;/2'=2. 5X10 ' from Eq. (12),
this rate must be magnetic. This Ineans a 6nite E'. If
E(a) =0.75, E''= —0.1 E, is reasonable in view of cal-
culations for E,„ in light metals. '~" The slope of E~
versus T Qattens as T decreases to the melting point. s

A dearer indication of this point may be found in the
measurements by Styles4~ of the In"~ linewidth in 50%
In—50% Bi alloys which extend lower into the super-

cooled region. This flattening indicates a quadrupole
relaxation rate decreasing with temperature and smaller

than our estimates in Table II.
The minimum of E~ in Bi"' is obvious from the data

of Rossinis shown in Fig. 9 and is confirmed in the work

of Styles, 4~ since R~ is proportional to the linewidth in

the liquid. The estimate in Table II for E~, appears to
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(2) E' is small compared to E, even in heavy
elements.

(3) The potentially signiicant contributions to Rr
are the hyperfine contact R&, expressed by the modiaed
Korringa relation and the nuclear quadrupolar con-
tribution arising from the effect of ionic motion on
the conduction electrons R~„which decreases with
temperature.

(4) Reasonable values of E (n) are close to 0.75 for all
liquid metals examined.

0
0 200 400

T('K)

I

600 800 1000

FIG. 9. E& versus T in liquid Bi"'—data of Rossini (Ref. 8).

be small. If we take E(n) =0.75, E'= —0.25 E,. Again
this is reasonable as bismuth's large (I/r') might lead to
a signiicant E, and since E,~ is unknown. It is in-
teresting to note that where R~, appears to be tempera-
ture-dependent it decreases with temperature. Only in
the alkalis, where R&, is relatively less important, does
this not appear clearly.

IV. CONCLUSIONS

We have developed a broad interpretation for nuclear
spin-lattice relaxation in liquid nontransition metals in
terms of all known interactions of the nuclear magnetic
dipole and electric quadrupole moments with the lattice.
Data for Ri and E in Ga" v' Rb sv Sbi2i ' 3 Na 8 In"
and Bi' ' have been examined within this framework.

Four conclusions may be drawn:

(1) The potentially significant contributions to E
are hyperfine contact E„hyperfine orbital, and core
polarization. (The sum of the last two is referred to as
E'.)

The presence of significant magnetic relaxation mech-
anisms other than hyperfine contact, such as orbital
core polarization, which were considered possible es-
pecially for heavy elements, is discounted. The tempera-
ture dependence of R~, expected from a model where
the efg follows the diffusive motion of the ions is shown
to be reasonable. The experimental data are explained
without requiring E(n) to have a temperature depen-
dence. E, dominates E even in heavy elements with E'
turning out to be at most about 0.25 E,. It is of some
signiicance that this method of analysis places small

upper limits for noncontact magnetic interactions which
have heretofore not been evaluated by any direct ex-
perimental method. The available data Gt very weO

into this framework for nuclear spin-lattice relaxation
in liquid nontransition metals.
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