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The effect of molecular interaction between anisotropic (prolate) molecules in liquids on the

nonlinear refractive index is studied. The model, without the driving term describing the

strong optical-field molecular reorientation, is the same as the Maier and Saupe model of the

isotropic to nematic phase transition in liquid crystals. The local field corrections are ana-

lyzed with the Onsager theory, the average polarizability being given by the Lorentz-Lorenz

formula. &t is found that the temperature dependence of the nonlinearity is modified and

becomes (T- Ti) and that the electric field required to achieve a certain nonlinear index

change can be very much smaller than required when only molecular reorientation is consid-

ered. Under certain restrictive conditions the liquid can be driven into a new ordered phase,
similar to a liquid-crystal mesophase.

I. INTRODVCTION

Self-focusing and self-trapping of intense light
beams have been recently studied extensively, both
theoretically' " and experimentally, "-"but dis-
crepancies still remain between the experimental
observations and the theoretical explanations or
predictions. Self-focusing arises because the
refractive index of the medium increases with the
intensity of the beam, such that a laser beam
shrinks until it is limited by other processes such
as diffraction, nonlinear index saturation, etc.
This limitation leads to the formation of intense
optical filaments or self-trapping of the laser
beam.

The intensity dependence of the refractive index
is due to the optical Kerr effect, electrostrietion,
and nonlinear electronic polarizability. It is be-
lieved that the Kerr effect gives the most impor-
tant contribution to the intensity-dependent part of
the refractive index. The electrostrictive part,
which involves mass transfer, cannot follow the
rapid intensity variation of a short laser pulse.

In the optical Kerr effect four main processes
can be considered. (i) One involves distortion of
the electronic charge distribution; it is not the
most important effect in most molecules. (ii) A

very important contribution for anisotropic mole-
eules is their tendency to orient in the direction of
the laser electric field. This effect, with the non-
linear index saturation, has been studied recently
by Brewer et al. "and by Gustaf son et a/. " For
nonpolar anisotropic moleeules the theory of the
molecular orientation with saturation leads to non-
linear index changes larger than observed experi-
mentally, or equivalently to filament diameters
smaller than observed experimentally. For CS,
the experimental small scale filament diameter is
of the order of 4 p, while the theory leads to a
diameter of a few tenths of a micron. (iii) The
third contribution to the Kerr effect arises from

molecular redistribution or clustering under the
action of the applied field. 25~ 2 Hellwarth 5 has
shown that symmetric or nearly symmetric mole-
cules may thus exhibit self-focusing in liquid as
easily as asymmetric molecules, and that in gen-
eral, the molecular redistribution effect may be
comparable to and in some cases dominate molec-
ular reorientation. (iv) The fourth part of the
Kerr effect is the effect of angular correlation be-
tween anisotropic molecules. This effect has
previously been considered by Takatsuji. "

In this paper we will study this last effect, the
angular correlation, with a simple model which
describes adequately the liquid- crystal phase, "~"
with its high degree of angular correlation, in the
absence of an external field. Ne will show that
under certain conditions, anisotropic molecules
can undergo a phase transition from the partially
aligned phase to a more ordered phase, comparable
to the nematic mesophase of a liquid crystal. This
phase mill occur for a liquid crystal in a small
temperature range above the transition tempera-
ture. This phase will also occur for some molec-
ular systems which do not show a nematic phase in

the absence of the applied field. For most liquids
with a positive Kerr constant, no phase transition
occurs, but the electric field intensity required to
achieve a certain degree of alignment ean be an

order of magnitude smaller than in calculations
with noninteracting molecules. It should be pointed
out that in the absence of an external field, aniso-
tropic molecules pref er parallel orientation and

have a short range ordering, as shown, for in-

stance, by x-ray scattering in liquids. "~" An

applied field induces a birefringence in liquid with

anisotropic moleeules, via a reorientation of the
molecules. In liquid crystals, the molecular in-
teraction is strong enough to create a long-range
order which governs the orientation of the molec-
ular axis, which in turn leads to an optically uni-
axial liquid, The applied fieM and the molecular
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interaction have therefore the same tendency,
which can be enhanced and, for instance, lead to
an induced mesophase above the zero-field tran-
sition temperature of the liquid crystal.

In this paper we will extend the theory of liquid
crystals developed by Maier and Saupe" to include
a strong external optical field. We will assume
linear polarizability of the molecules. " The local
field corrections are formulated following the
theory of Onsager, while the average polarizability
is determined from the Lorentz-Lorenz formula.
In studying the enhancement of self-trapping by a
cooperative phenomenon, Freiser and Joenk'4 have
briefly considered the same Hamiltonian as here.

II. MOLECULAR ORIENTATION, INFLUENCE
OF THE LOCAL FIELD

To calculate the orientational energy, we decom-
pose the effective field F actin on the molecule
into two parts: the first part is that field which
would be obtained in a spherical cavity containing
the molecule, "if the molecule were removed,
under the condition that the homogeneous field E
and polarization P outside the cavity should re-
main constant at large distances from the con-
sidered molecule. Besides this cavity field, the
reaction field R is that field due to the additional
polarization of the liquid produced by the intro-
duction of the molecule in question into the cavity,
with a given direction of its axis. In general P
has different direction from that of F, (P = n ~ F},
so that F not only polarizes the molecule but also
produces a torque which tends to align the molecule
into the field. It is easy to show that

We consider nonpolar molecules with a sym-
metry axis, such that the two other axes are equiv-
alent. The molecule orientation" &

"is specified
by a spherical harmonic of second order,

P,'(cos8) = -', cos'8 ——,'.
The degree of orientation of a liquid, consisting
of such guadrupolar molecules is S=(P,'(cos8)),
where 8 is the angle between the long molecular
axis and the average orientation of the optical axis
of the liquid. S= 1 means that all the molecules
are parallel to the optical axis; S= ——,

' means that

all the molecules are perpendicular to it and S = 0
corresponds to a random orientation as in an iso-
tropic liquid.

The molecular interaction is treated in the mo-
lecular field approximation. '4 The potential en-
ergy Wz of molecule i is a function of 8z, S, and

the density or volume and it is required that

S.= 2(3 cos'8. —1)= S.
Z

Maier and Saupe" considered only the dipole-
dipole part of the dispersive or van der Waals
forces (R '}and showed that the single-molecule
potential energy 8'z can be written,

(2)

se 2(e- 1}
i 2m+1 i i (2m+1}a' i i 'Q.y.g+ 3 Q.p. y (4)

which gxves P.= &.'y. E
Z Z

36&.Q
with i (2m+1}a'-2(e —1}a. '

Z

The orientational energy of the molecule is

1 1 3z
W = ——G ~ P=- — Qn. 'r 'E'. .

2 2&+1 i i

The induced polarization parallel to the applied
field is

Se ~ 2(e —1) PF= E+-
2&+ 1 26+ 1' g

where a is the radius of the cavity. Later on in
the paper we will consider very strong fields,
therefore we should remark here that the expres-
sion for F is based on the superposition principle
and is not correct for all field strengths, since the
dielectric constant is a function of the field
strength. We will disregard this difficulty in the
paper.

If y~ are the direction cosines of E in the molec-
ular axis coordinate system,

where A is characteristic of the molecules, pro-
portional to ~@he„where n = -', (c., +2m, }is the
average polarizability of the molecule, o., and o.',
being the polarizabilities parallel and perpendicular
to the molecular axis, and kv, is a typical elec-
tronic energy (i.e. , the ionization energy}.

The Lorentz formulation of the local field does
not take into account any molecular correlation.
In the Onsager" theory, the polarization of the
surrounding molecules is assumed to follow the
orientation of the dipole moment of the molecule
under consideration, and the induced dipoles of the
surrounding molecules react on the original mole-
cule.

In the following we always assume that the polar-
izability has a cylindrical symmetry, i. e. , &, = &3.
If we introduce the angle 8 between the principal
axis and the applied field,

p =E(o. '-ha'(sin'8)),

where

tsin 8fsin'8e dA

J
tsin'8

&
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3 AS 1 3& 2, 1
2 V2 42m+1 kT ' (10)

g2
(o.l'cos'8+ o. 'sin'8).2e+1 4

In Eq. (9) we have performed the thermodynamical
average, considering the two contributions to the
one- molecule Hamiltonian,

H = W. + W = —(A/V')S(1 ——', sin'8)
i 0

tative study, expressions (15) and (16) should be
used.

In this paper the validity of these approximations
wil] not be analyzed further. The influence of the
shape and volume of the cavity could be analyzed
following the generalization of Onsager's formula-
tion by Scholte. "

With these approximations (10) reads

3AS 1, s(s+ 2) 1
2V2 4 2m+1 kT '

E2 has been assumed averaged over an optical
period. We can rewrite

and (sin'8) = 1 —F'(f)/F(t),

where

(18)

p = E(H'+ , hot'S—) (12)

3e SmN- e- 1Q. =Q. 0
i i 2@+1 3 2m+1

Although Close et al."gave an expression for ~e
free of the error, it is customary" to assume that
the Lorentz-Lorenz expression for the average
polarizability yields an explicit formula for the
dielectric constant, namely

a = [(s —1)/(s + 2)]a' . (14)

This assumption leads to large errors. From
(12) we see that As, the nonlinear dielectric-con-
stant change, involves S(t) and that we cannot ob-
tain an explicit expression for all field strengths.
Provided &««, we can write

6a. '= o. (B/477)as, .
2 2

This relation, along with P = (s —1)E/471 yields an
equation for e, which could be used to study the
self-focusing of a light beam. '~"

Since our main concern here is not to calculate
the dielectric constant of the liquid but mainly the
nonlinear index change we can simplify the expres-
sion for n', first by replacing &i in the denomina-
tor by Q'. . Then if we identify the volume of the

cavity containing one molecule with the volume per
molecule in the liquid (4va3N/3 = 1), we can write

2

F(f)= f e" du= Z
(2 1)„,.n=

(19)

By integration by parts, we see that

F'(f) = [e —E(f)]/2t

and therefore

(20)

15 t+ 315 f 4725 f 31135 f + 0(f ), (22)

The negative t' term leads to an inflection point.
S(f) is given in Fig. 1 as a function of the energy
parameter t. The most interesting feature of S(t),
namely its inflection point is not apparent on
Fig. 1 and on other more qualitative figures will
be exaggerated. S enters in the expression for t,

S = —,
' —3/4t+ 3e /4tE(t) .

E(t) is a confluent hypergeometric function E(—,12 It)
also known as the Dawson integral, and is tabu-
lated. " From (19) and (21) it is easy to find two
useful expansions of S(t}for large and small t.
They read

1 —3/2t+ 0(1/t')

S(t)=

B=(3—877N&)[2e + I —,77No'(s0 —I)] '/4v, (15)
1.0

0.8

TE ORIENTATION

where s5 is the field free dielectric constant [with
(14), B=4m/3]. In terms of B we have

as =-35sha'AS(1 —Ba—,'BS b.a)—. (16)

where ~S= S —S&, and S~ is the value fo the orienta-
tion factor in the absence of field. If the liquid is
isotropicS~=0. Expression (16) is quite different
from the equivalent derived by Gustafson et al.
(with B= 4m/3). In the following no explicit use of
(16}will be made and to facilitate comparisons
with other papers we will write o.t'= (s+ 2)o.f/3 as
derived from (13) and (14). However in a quanti-

0.6
S

0.4

0.2

4 6 8 l0
t

A S
2~y kT

e(a+2) + E~ )
2e+) 4 kT

I I I

l 2 l 4 l 6 l 8 20

FIG. l. The molecular orientation function S
= (2 eos 8)- 2 versus energyparametert. The value of the
molecular orientation for a field E at a temperature T
is at the intersection of S(t) and the straight line of slope
2V kT/3A passing through t5
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and there is therefore a self-consistent condition
which is exhibited by the construction of S on
Fig. l. S is the intersection of S(t) and the straight
line of slope ', (V'—/A)kT passing through

~n=n2E'+ g E + ~ ~ ~ . (23)

To the lowest order in the field we calculate

S= ' f /I+ ~ .~— (24)

where I= 1 A/5V'kT-, and therefore

2m n n'+2 ' N(&o.')'
15 2 1 3 IkT (25)

(It is customary to refer n, to the local field,
therefore (25) should be divided by [(n'+ 2)/3]'].
As will be discussed in (43) and following, this
expression shows a (T —Tt) ' temperature de-
pendence of n, and the Kerr coefficient, different
from the usual T-'. From a measurement of

n, (T) we could calculate «and Tt (A/V'kTf = 5,
the physical significance of Tg will be shown in
the next section). We have here the enhancement
of n, described by Freiser and Joenk. '4 From (25}
we see that the index of refraction diverges when
T = Tz. In the next section we will see that a
phase transition has occurred. It actually- occurs
for smaller molecular interaction or higher tem-
perature at a, value of the parameter A/V'kTIf
= 4.54. The expression (25) is strictly valid only
for much smaller values of this parameter
A/V'kT. -

III. INFLUENCE OF THE MOLECULAR INTERACTION

When A = 0, aside from the treatment of the local
field correction, our analysis is the same as pre-
vious analyses with saturation of the alignment.
Let us now consider the influence of the molecular
interaction.

f, = [s(e+ 2)/(2s+1}]~ ~Z'/4kT.

In this paper we consider only prolate molecules,
b, o. & 0. For oblate molecules (6o. & 0) the S(f) does
not show an inflection point.

At this point we see the difference between this
calculation and a molecular-field calculation in
the theory of ferromagnetism. In ferromagnetism
we deal with dipoles and the ordering parameter is
S=(P,'(cos8}}. The function S(f) is then a Langevin
function (if we consider classical spins; thequantum
case with the Brillouin functions is qualitatively
equivalent}, which does not have an inflection
point. This difference leads to the absence of
first-order phase transition in ferromagnetism.

From (16), (17), and (22) we can get an expan-
sion of ~n, the nonlinear index of refraction
change (b,n= de/2n, ) in powers of E'.

We consider first the case E= 0 to reproduce the
theory of nematic mesophases developed by Maier
and Saupe. Let us label the slope p= ,'kT—V'/A by
its temperature. It is easy to show that phase
stability requires dS/dT & P. In Fig. 2 we can dis-
tinguish the following possibilities:

(i) T( T., A/V'kT)5, where T lab.els the slope
of the tangent at the origin of S(f). The only stable
phase is an ordered phase S&S;=0.6147; Tz repre-
sents the lowest temperature at which a disordered
phase can be supercooled.

(ii) Tf& T& Tz, where Tz labels the tangent at
S(t) passing through the origin. A/V'kT„= 4.4876
and Sz = 0.3235. We have two possible stable
phases. We will show in the next section that a
Maxwell type of construction gives the tempera-
ture of this first-order phase transition. T~
represents the highest temperature at which an
ordered phase can be superheated.

(iii) T & T~. The disordered phase is the only
possible phase.

On Fig. 2 we have also indicated the slope of the
inflection point (A./V'k Tc = 4.330, Sc = 0.2143)
which is crucial when we study the interacting
molecules under the influence of the driving field.
In that case we carry out the same analysis con-
sidering a straight line through

f, = [s(s+ 2)/(2s+1)]~as'/4kT.

Given a substance characterized by A at a fixed
temperature, the molecular orientation as a func-
tion of the field (i.e. , as the self-focusing de-
velops} is given by changing t„keepi ngthe slope
fixed. There is now a new and very interesting

1.0

z
O

}- Sn
Z.'

bJ

K
O

FIG. 2. The molecular orientation in a liquid crystal
at a given temperature is, according to the theory of
Maier and Saupe, at the intersection of S(t) and S= 2k' Tt/
3A. (i) T& Ti the ordered phase is stable; (ii) Ti& T&T~
the ordered and disordered phases coexist; (iii) T & Tz
the disordered phase is stable. The parameter A/V kT,
which measures the molecules ability to be ordered,
takes the following values: A/V kTg=5, A/V kTa 4.4876, ——

A/V kTo=4 3303, where . To labels the slope at the in-
Qection point. The orientation factors are Si= o, S~
=0.3235, S~=0.2143.
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range of temperature as seen on Fig. 3.
(iv) T„& T& T . For a certain value of the field

C
an ordered and a disordered phase can coexist.
The field induces a first-order phase transition
and extends the domain of the ordered phase from
Tn to Tz. In our formalism this extension of the
domain is, independent of the molecular system,
Tz/T~ = 1.026. Tc is a. critical point. Above Tz
it is impossible to induce a phase transition re-
gardless of the value of the field. The maximum
field required to induce this phase transition is
given by

= [e(e+ 2)/2m+ I)]&nE '/4kT = 0.0680. (26)
Oe C

Since in our discussion we have disregarded any
consideration of relaxation time, the analysis is
valid for ac and dc fields, but for dc fields Ez'/4
should read Ec'/2. If we substitute in (26) physical
constant for CS„E~-8.7 x10' esu. This critical
field will be much smaller for nematic liquids,
but since most such liquids are strongly polar, the
formalism has to be modified if we consider a dc
field. If we consider an ac field, we should take
into account the orientational relaxation time. For
most liquids in which self-focusing and self-
trapping have been observed, the relaxation time
is such that ordering by a laser pulse could be
achieved. '4~4' This point will be discussed later
in Sec. IV.

To carry out further the discussion of the equa-
tion of state of the anisotropic liquid in the presence
of the external field we now calculate, the internal
energy, the entropy, the free energy, and the Gibbs
function. It is very easy to find the different ex-
pressions; we ust have to avoid double counting

1.0

S= ——', (2S+ 1)tkT+k lnF(t). (28)

Therefore the free energy per molecule can be
written

F=,S(S+ 1)— E'n, —kT lnF(t). (29)

In the absence of an external field, the nematic
to isotropic phase transition occurs with a volume
change, and one should therefore consider the
Gibbs function 6=I'+PV. If we label the two
phases i (isotropic or less ordered) and n (nematic
or ordered) we have

But

G= G —G.=F —E.+E.(V, T)
n i n i i n'

—E.(V., T)+ P(V —V.).2' n z
(so)

E.(V, T) —E.(V., T)=
z n' Z ( ij dV

Z

Vn

P.(V, T)dV. (s1)

Let yz be the isothermal compressibility of the
less ordered phase. Then

&G .=DE .+ (&V)'/2y. v. .
n, i n, i Z Z

(s2)

At the equilibrium of the two phases &G= 0, and
~V can be calculated from

when considering the molecular interaction in the
molecular field approximation. The internal en-
ergy per molecule is

U=- ——S
1 W, e(&+2) Z' — 2

2gyi 4
6n—(o.+ S—h n) .(27)

The orientational entropy of the system is

0.5

O
I—

LLI

CL

O

CL

LLJ

O

'o 'oc

FIG. 3. Construction of the value of the molecular
orientations when both the collective interaction and the
driving field are considered. In contrast to Fig. 2, the
straight line goes through to. Only the case Tz& T& T~
which leads to a field-induced first-order transition is
considered in this figure.

P=-

In the case E=O,

~V= q.v.t p=(x/v ')s' .
2 n

(s4)

—p
n z

(s6)

From this we can write an expression which re-
lates &V/Vz, S, and T at the transition point, and
knowing 4V and T we can calculate S. Maier and
Saupe have determined S for a number of nematic
liquids using this method. In this paper we will
neglect volume changes, assuming they have no
time to occur. For this very reason we have ne-
glected electrostriction and heating. We see here
that these effects can be coupled to the Kerr effect
through the redistribution of the molecules.

At the phase transition, the free energy of the
two phases are equal if we neglect any volume
change. Then
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which reads,

(A /2 V')S.(S.+ 1)—kT lnF(t, )

= (A/2V')S (S +1)—kTlnF(t ), (35) 0.8—

(A/V kT) CONSTANT

S = 0.4292, A/V'kT = 4.541. (38)

At T~ we have coexistence of the two phases. In
the temperature range T&- Tz the nematic phase
is superheated.

For T~& T & Tc, there is a pair of values of T
and E' for which there is a phase transition, and
a coexistence line which represents an inhomoge-
neous phase. At the critical point

t = 1.46 S = 0.2143
C C

the characteristics of the two phases are undis-
tinguishable. In Fig. 4 we show the coexistence
curve S(T), between TA and T~. It is (very nearly)
a symmetrical curve (St+ S„~2S ). Around T,
&S oI- (&T/Tz)'+. All these results are very
similar to the results given by the van der Waals
equation of state for a fluid. In Fig. 5 we show the
complete isotherm diagram. %e see that S and
Aa I E I'/kT play roles similar to V amd P of the
liquid-gas system. The part of the diagram which
corresponds to T & T~ and I E I' & 0 is reminiscent
of a solid or well-ordered phase.

The presence of the field has extended the range
of existence of the nematic phase from T~ to Tc.

wher«; and t„are given by (17).
If E= 0, since St. = 0 and E(tt) = 1, (36) reduces to

2(A/V')S(S+ 1) —kT 1nE(3AS/2kTV') = 0. (37)

This equation has only one root,

I'
0
!L

O.4

LU

0

0.5
Sg

/
/

Sn

O. 3—

0.2—

1.0 2.0

c(&+2) haE~
2m+1 4kT

I

taG O1

3.0

O
I- 0.5-
I-

~ 04~
K0

0.3 +

O. 2 Ws
C

0 0.1—

y
T/

0.90
I

0.94
I

0.98 1.02

TG

1.06

FIG. 5. (a) Isothermal molecular orientation in a
liquid of anisotropic molecules versus orientational
electric field parameter t. The isotherms are labeled
by the parameter A/V kT. No angular correlation be-
tween molecules corresponds to A=o. (b) The scale of
the electric field parameter is greatly expanded to show
the critical region and the coexistence curve.

&T e(e 2) E' 4 Z
T 2&+1 kT 3$ A

(40)

It is easy to show that for small fields, the increase
of the transition temperature is given by

REDUCED TEMPERATURE T/Tk

I'IG. 4. Phase diagram of a liquid crystal. In the
absence of an orienting field the liquid crystal undergoes
a first-order phase transition at &~. With an electric
field an ordered phase exists in the range T~- T&. The
dotted curve corresponds to a superheated phase.

(41)

If we substitute values for CS„we find AT/TE
= 10 ' E' esu. , and we see that only fields of the
order of the internal molecular field can induce a
significant modification of the molecular system.
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I=1-4/5V'kT= 1 —T./T, (43)

g(ep1) E2 4n 3A 1 a iT.
2e+1 4 kT ' 2V'kT' 15 I 2(T —Tf)

'

(44)

From this we see that the Kerr coefficient has a
(T —Tf) ' temperature dependence. An experi-
mental study of this temperature dependence
would determine Tz and therefore the strength of
the molecular interaction. A glance at Fig. 5
indicates that (42) is certainly not valid above TIf.
This new temperature dependence had already been
pointed out by Freiser and Joenk, and should have
been expected since we have introduced in the
model a cooperative phenomenon.

IV. DISCUSSION AND SUMMARY

We have seen that the molecular interaction has
three main effects on molecules with anisotropic
polarizability tensor.

(i) The temperature dependence of the Kerr
constant is modified from T ' to (T —T.) ', where
Tz is a temperature, very often smaller than th6
freezing temperature, which gives a measure of
the molecular interaction, T~ is the limiting tem-
perature at which the liquid shows an isotropic
phase.

(ii) The electrical field required to achieve a
certain molecular alignment is smaller for inter-
acting molecules than for free molecules.

(iii) For substances which are nematic or nearly
so (Tf —freezing temperature) there is a small
temperature range in which a field-induced meso-
phase exists.

Let us first consider this last aspect in more
detail. In a Kerr cell configuration, as the tran-

From this discussion we see that substances
which are nearly nematic (i. e. , that freeze just
before they undergo an isotropic to nematic phase
transition) can show an induced mesophase in a
small temperature range (Tc/TE - 1.0—5) above
their freezing point. This rules out a phase tran-
sition in CS„at room temperature, since its
freezing temperature is —112'C. For most aniso-
tropic molecules the molecular interaction lowers
the value of the field required to achieve a certain
alignment. The ratio of the fields required with
and without molecular interaction is as large as
27, which occurs for T=T~ near S=S~.

There is another aspect of the molecular inter-
action which was touched upon earlier [see Eq.
(24)] which is also important. If we expand the
molecular alignment to lowest order in the field
we get

S=I 'l~b+ b'[~+~a/I+~~~(a/I)']+ ~ ~ ~ ], (42)

where

sition occurs, a droplet of more ordered liquid
will appear in the cell. This droplet will grow and
its longest axis will orient itself parallel to the
field. " In the present formulation there is no
surface energy and a comparison with vortices in
type-II superconductors ' is of limited interest.
If however a refinement of the theory leads to
filaments, they will be parallel to the electrical
field. Shen, Au Yang, and Cohen' have given a
theory of self-trapped filaments with a phenome-
nological theory for a two-phase dielectric which
is parallel to the theory of vortices in type-II
superconductors. Such a purely energetic theory
should also lead to filaments parallel to the field.
Instead of a uniform field let us now consider a
self-trapping experiment. The laser beam,
propagating in the nonlinear liquid, is self-focused
into the cell and as the field reaches the critical
value a droplet of ordered liquid is formed. Then
the beam, in the shadow of the droplet (acting as
a lens), is further focused and one can imagine the
development of a filament parallel to the laser
propagation. With our formulation such transition
is ruled out for most nonlinear liquids, since this
new phase can only exist in a limited temperature
range below the critical temperature which for
these nonlinear liquids is below the freezing tem-
perature. Perhaps a better formulation of the
molecular interaction which would include molec-
ular redistribution and angular correlation could
lead to a phase transition in a larger class of
liquids or in a more important temperature range.

For most liquids, in which self-trapping and
focusing have been observed, the experiments
were done above the critical temperature, but we
see on Fig. 5 that the molecules have nevertheless
a collective behavior when they are partially aligned,
the extent of this collective behavior being more
important the closer the liquid is to its critical
point. This collective behavior is analogous to a
temperature and field-dependent relaxation time,
and during the lifetime of a self-trapped filament
it is perhaps impossible to reach saturation of the
alignment. 4' Brewer et a/. "have extensively dis-
cussed the size and lifetime of small scale trapped
filaments. The filaments are destroyed after 10 "
sec by heating, expansion, or instabilities. The
relaxation time of the anisotropy, measured from
Rayleigh-wing scattering or calculated from
7'=4''p/3kT, where p is the viscosity, is of the
order of 10-" sec for most relevant liquids. The
n, coefficient in CS, and nitrobenzene are also of
the same magnitude and yet the small scale fila-
ments are, respectively, 4 and 12 p, in diameter.
If the results of Fig. 5 were used in the calculation
of Gustafson et al. , "the same submicron diameter
would be predicted, since nothing prevents com-
plete saturation. The difference between CS, and
nitrobenzene may come from the molecular inter-
action. The liquids freeze at —112 and 5 C, re-
spectively, and although it may be unwarranted to
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identify the freezing point with T~, they are re-
lated. At the freezing point a three-dimensional
ordering sets in, at T~ a one-dimensional ordering
occurs. 4' We can assume that at room-tempera-
ture nitrobenzene is much closer than CS2 to its
critical point. This will mean that Pmin (as de-
fined by Gustafson et al. ")is much smaller for
nitrobenzene than for CS» and also that the effec-
tive relaxation time of nitrobenzene is longer. In
ferroelectrics~ above the Curie point the loss
tangent deteriorates as (T —Tc) '. We may specu-
late4'&'4 here that the effective relaxation time for
the anisotropy is jeff = rT(T —Tg) '. This would
lead to a greater deterioration of the relaxation
time for nitrobenzene than for CS, and makes Yeff
of the order of the filament duration. If this specu-
lation is true, a careful study of the temperature
dependence of the small scale filaments in nitro-
benzene is very important. Equally important

would be a more complete study of the thermody-
namics of the system in which the adiabatic heat-
ing of the liquid, as the ordering is increased, is
considered. In the preceding discussion we have
assumed that nitrobenzene was a prolate molecule,
which is only an approximation. The difference in
filament sizes bebveen CS, and C,H, was explained
by Reichert and Wagner ' by the difference be-
tween prolate and oblate molecules and nitroben-
zene was assumed approximately oblate, but in
view of the polarizabilities the molecule is more
prolate than oblate.

ACKNOWLEDGMENTS

The author thanks G. Durand, G. Dresselhaus,
J. Feinleib, P. L. Kelley, J. Sigel, and H. J.
Zeiger for fruitful discussions and Miss Susan N.
Landon for the numerical calculations.

A brief account of this paper has been given at the
1968 International Quantum Electronics Conference
(Miami, May 17-18, 1968).

~Operated with support from the U. S. Air Force.
G. A. Askar'yan, Zh. Eksperim. i Teor. Fiz. 42,

1567 (1962) [English transl. : Soviet Phys. —JETP 15,
1088 (1962)].

V. I. Talanov, Izv. Vysshikh Uchebn. Zavedenu,
Radiofiz. 7, 564 (1964) [English transl. : Radiophysics
7, 254 (1964)].

R. Y. Chiao, E. Garmire, and C. H. Townes, Phys.
Rev. Letters 13, 479 (1964).

P. L. Kelley, Phys. Rev. Letters 15, 100), (1965).
V. I. Bespalov and V. I. Talanov, Zh. Eksperim. i

Teor. Fiz. Pis'ma Redakt. 3, 471 (1966) [Englishtransl. :
JETP Letters 3, 307 (1966)].

K. Grob and M. Wagner, Phys. Rev. Letters 17, 819
(1966).

S. K. Akhmanov, A. P. Sukhorukov, and R. V. Khokhlov,
Zh. Eksperim. i Teor. Fiz. 50 1537 (1966) [English
transl. : Soviet Phys. —JETP 23, 1025 (1966)].

Yu. P. Razier, Zh. Eksperim. i Teor. Fiz. - Pis ma
Redakt. 4, 286 (1966) [English transl. : JETP Letters
4, 193 (1966)].

Y. R. Shen, M. Y. Au Yang, and Marvin L. Cohen,
Phys. Rev. Letters 19, 1171 (1967).

J. Sarfatt, Phys. Letters 26A, 88 (1967).
T. K. Gustafson, P. L. Kelley, R. Y. Chiao, and R. G.

Brewer, Appl. Phys. Letters 12, 165 (1968).
Y. R. Shen and Y. J. Shaham, Phys. Rev. Letters 15,

1008 (1965).
P. Lallemand and ¹ Bloembergen, Phys. Rev. Letters

15, 1010 (1965); 16, 81 (1966).
G. Hauchecorne and G. Mayer, Compt. Rend. 261,

4014 (1965).
E. Garmire, R. Y. Chiao, and C. H. Townes, Phys.

Rev. Letters 16, 347 (1966).
N. F. Pilipetskii and A. R. Rustamov, Zh. Eksperim.

i Teor. Fiz. Pis'ma Redakt. 2, 88 (1965) [English
transl. : JETP Letters 2, 55 (1965)].

C. C. Wang, Phys. Rev. Letters ~16 344 (1966).
18R. G. Brewer and J. R. Lifsitz, Phys. Letters 23,

79 (1966).
R. Y. Chiao, M. A. Johnson, S. Krinsky, H. A. Smith,

C. H. Townes, and E. Garmire, IEEE J. Quantum
Electron. 2, 467 (1966).

N. Bloembergen, P. Lallemand, and A. Pine, IEEE
J. Quantum Electron. 2, 246 (1966).

D. H. Close, C. R. Guiliano, R. W. Hellwarth, L. D.
Hess, F. J. McClung, and W. G. Wagner, IEEE J.
Quantum Electron. 2, 553 (1966).

22R. G. Brewer and C. H. Townes, Phys. Rev. Letters
18, 196 (1967).

Y. R. Shen and Y. J. Shaham, Phys. Rev. 163, 226
(1967).

R. G. Brewer, J. R. Lifsitz, E. Garmire, R. Y. Chiao,
and C. H. Townes, Phys. Rev. 166, 326 (1968).

R. W. Hellwarth, Phys. Rev. 152, 156 (1966).
S. Kielich, Acta Phys. Polon. 30, 683 (1966).
M. Takatsuji, Phys. Rev. 165, 171 {1968).
G. W. Gray, Molecular Structure and the Properties

of Liquid Crystals (Academic Press, Inc. , London,

1962).
I. G. Chistyakov, Usp. Fis. Nauk. 89, 563 (1966)

[English transl. : Soviet Phys. —Usp. 9, 551 (1967].
G. W. Stewart, Rev. Mod. Phys. 2, 116 (1930).
This collective and correlated behavior of molecules

in liquids is extensively studied in J. Frenkel, Kinetic
Theory of Liquids (Dover Publications, Inc. , New York,
1955).

W. Maier and A. Saupe, Z. Naturforsch. 13a, 564
(1958); 14a, 882 (1959); and 15a, 287 (1960).

S. Kielich, J. Phys. Radium 28, 519 (1967).
M. J. Freiser and R. J. Joenk, Phys. Letters 24A,

683 (1967).
P. Chatelain, Bull. Soc. Franc. Mineral. Crist. 78,



428 JEAN HANUS

262 (1955). See also Ref. 31, p. 283.
L. Onsager, J. Am. Chem. Soc. 58, 1486 (1936).
Scholte generalized Onsager's formulation by consider-

ing an ellipsoid instead of a sphere. T. G. Scholte,
Physica ~15 437 (1949); see also Ref. 27.

Handbook of Mathematical Functions, edited by
M. Abramowitz and I. A. Stegun (U. S. Department of
Commerce, National Bureau of Standards, Washington,
D. C. , 1966), p. 319.

The expression for n2 we just derived is different
from the usual expression; this is due to the different
treatment of the local field correction. Brewer et al.
give

('+ )' ( )'
6n 3 45 kT

In an experiment measuring the optical Kerr constant
n2 is measured, which means that (Aa) /I and (Aa)& can
be deduced from (25) and n2 and we have,

(bG) /I= (b) (2n +1)(n +2)/9n .8
Therefore in a dilute system where I—1 the two values
of 4e are the same. But in general the value of be
deduced from (25) is smaller than the value deduced from
n2 . If we now consider the index change in the limit of
complete saturation, the expression deduced from both
treatments of the local field are the same (when S~= 0)
and given by (15) with S= 1. This means that &n will be
smaller in our formulation and part of the discrepancy
between theory with complete molecular alignment and

experiments will be removed. From the approximate

relationship, which gives the index change in a diffraction-
limited self-trapped filament of diameter d (4n = n0
x (1.22&/nQ /8), one finds for CS2,4n = 0.005. Gnstafson
et al. calculating from an expansion like (25) give a
saturation value b,n= 0.58, which is certainly too much
of a difference to be accounted for by (&e) /I. A more
exact treatment of the local field, considering (15) and

(16) instead of (14), would lift part of the discrepancy.
40Pulses of 5 to 10 psec. in CS2 have recently been con-

sidered, For a discussion see T. K. Gustafson, J-P.
Taran, H. A. Haus, J. R. Lifsitz, and P. L. Kelley,
Phys. Rev. 177, 306 (1969). This paper considers the
very important role played by relaxation in the spectral
broadening of the pulse.

4iSee, for example, P. G. du Gennes, Superconductivity
of Metals and Alloys (W. A. Benjamin, Inc. , New York,
1966).

This remark does not suggest that molecular rotation
are hindered completely in solids, i.e. , the dielectric
constant of solid H2S as a function of temperature:
C. Kittel, Introduction to Solid State Physics (J. Wiley Cr,

Sons, Inc. , New York, 1956), 2nd ed. , p. 174. It also
does not imply that molecules are parallel in the solid
phase. See, for instance, N. C. Baenziger and W. L.
Duax, J. Chem. Phys. 48, 2974 (1968), where the
structure of solid CS2 is described.

B. D. Silverman, Phys. Rev. 125, 1921 (1962).
R. Landauer, Bull. Am. Phys. Soc. 8, 61 (1963).
J. D. Reichert and W. G. Wagner, IEEE J. Quantum

Electron. 4, 221 (1968). For nitrobenzene e~= 132.5,
@2=77.5, n3=177.6; for benzene G,'q=o. 3

—-123.1 and
n2-—63.5 (in units of 10 cm ).


