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Schwinger s comparative kinematical transformations are generalized to include semilocal transforma-
tions. By identifying the 2 mesons as bound states of two fundamental Dirac fields P through h„„~gy„8„$,
we obtain various trilinear meson-meson interactions among 2 mesons and 0 and 1 mesons. The agree-
ment between the theoretical predictions and the experimental measurements for various decay widths is
satisfactory.

1. INTRODUCTION

INCE the proposal of the nonrelativistic SU(6)
theory by Sakita, and by Gursey and Radicati, '

there have been various attempts to construct a
generalized relativistic theory. It has now been recog-
nized that these theories have grave de.culties. ' The
explanation of the successful results of SU(6), therefore,
has to be sought on grounds other than SU(6). Some
time ago, Schwinger proposed a model in which the
physical 0 and 1 mesons are repersented as the low-

lying bound states of pairs of a more fundamental
triplet of fermion fields. ' In his model, 0 and 1 mesons
are local objects. The relativistic dynamics of these
mesons in the idealization of U(3) symmetry is derived
from the hypothesis that a compact group of trans-
formations on fundamental fields induces a predomi-
nantly local and linear transformation on the phenom-
enological fields that are associated with particles. It is
verified that the meson-interaction term derived is
invariant under the parity-conserving group U(6)
XU(6). In this paper, these local kinematical trans-
formations are generalized to arbitrary semilocal trans-
formations. Making use of the technique of comparative
kinematical transformations, and assuming that the 2+

(and the 1+) mesons can be represented by some
semilocal g-combinations, we can determine the dy-
namics of 2+ (and 1+) mesons easily.
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supported in part by the National Science Foundation.
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hf(x) = iQ(x, y),$(y)d'y,

gt(x) = if~(y)Q—(y,x)d'y,

where a and 0, are the unitary and the Dirac indices,
respectively, and hX, , .(x,y) is a 12X12 semilocal
matrix which is Hermitian in the general sense

R, ,, (y,x)~=hX, ,.. .(x,y).

The meaning of semilocal is that Q (x,y) is nonvanishing
only in a small neighborhood around x=y. These
transforrnations are generated by the generators

hX (x,y) m(x, y) d'xd'y.

The parity-preserving generators are

1+0b 0'y+'b&2
m~s"'(x, y) =k.'(x)2(1~V')k b(y)

0] 102 1 0'3

= &ms~"'(y, x)J', (2)

where A, for example, is a sextuple-valued index that
combines a and the double-valued spin label; and the
parity-changing generators are

mph'(x, y) = —P.'(x)yb-,'(1+p')

1+03 0 1+ZO 2

X 2 pb(y), (3)
~

~

0 l 'L02 1—0'3

1+0'3 0 l+ l02»»" (*,y) =0'(x)k(1+V')V bi 4b(y)
0'l 'l02 1 03

= Lmsg(y, x)J.

2. GENERA IZED KINEMATICAL
TRANSFORMATION S

Infinitesimal semilocal kinematical transformations
on f, (x) and P, t(x) at a fixed time x are given by
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» Eqs. (2)—(4), all x and y are assumed to be at
equal time. For simplicity, we denote the generator
m(x, y) I

.=„. by m(x, y). These generators have the
following equal-time commutator structure:

I mA»&+&(x, y),mcD&
—'(x',y'))=0, (5)

pmAB '(x,y),mcD'"'(*', y'))=g(x' y)—f)BcmAD '(*,y')
—ll(x —y') hADmc» &+& (x',y), (6)

I mAD(x, y),mcD+&(x', y'))=b(x' y—)b»cmAD(x, y'), (7)

LmA» (x,y),m cD &-& (x',y'))
b(x—y')—bADmc»(x', y), (8)

I mA»t(x, y),mcD&+& (x',y'))
= —i)(x—y')hADmc» (x',y), (9)

(tmABt (x,y),mcD& '(x',y'))
=b(x' —y)b»cmAD (x,y'), (10)

and

fmAB(x, y),mcD (x',y')) =g(x' y)b»—cmAD& &(x,y')
—8(x—y')bADmc»&+& (x',y) . (11)

In this paper, all the generators of the generalized
kinematical group are undertsood to be semilocal, i.e.,
x=y and x'=y', etc. After the identification

mA»(x) =mA&)(x, x),
we reproduce the local U(6) X U(6) kinematical group
structure considered by Schwinger. '

Since the physical mesons and baryons are local
bound states of the fundamental f 6elds, a semilocal
and linear transformation on P will induce predomi-
nantly a corresponding semilocal transformation on the
phenomenological meson and baryon fields M(x) and
B(x), through

8M(x) = i f TIIX (xy)M(y)d'y,

(12)

5B(*)=(J Ta(xy)B(y)By,

where

Q 2 ABf)&(AB ~

The associated transformation matrices Tn obey the
corresponding group commutation relations. One should
notice that the parity-preserving subgroup, which has
the group structure of U(6) X U(6), is of special
physical interest. ' This subgroup leads to linear kine-
matical transformations among the independent com-
ponents of the 0 and 1 meson fields. This property
ensures that the corresponding transformations on the
meson fields can be generated by alternative generators
in terms of the phenomenological 0 and 1 fields alone.
In other words, we are led to the conjecture that the
independent components of the meson variables form
a separate basis for this generalized kinematical group.
Following Schwinger, we can compile these 72 inde-

are non-Hermitian combinations of the independent
components of 0 and 1 mesons, m is the mass of the
1 rnesons, and g is a universal coupling constant. These
M's satisfy the equal-time commutator relations

LM(x),M(x')) =LMt(x), Mt(x')) =0,
(15)

I MA» (x),McD'(x')) = (m'/4g')(&D ohADb(x —x') .

The required generators can be expressed in terms of
these special combinations as

mAB&+& (x,y) (4g'/m') )Mt (x)M (y))»,
mA»& &(x,y) ~(4g'/m')LM(x)Mt(y))AD,

(16)

which possess all the commutator properties required
by the generalized U(6)XU(6) generators. In these
expressions and hereafter, we denote the generator on
the fundamental level by m, and the corresponding
generator linear in the phenomenological G,eld variables
by M.

3. 0+, C+, AND 2+ MESONS

In contrast to the 0 and 1 mesons, the physical
2+ mesons can not be identified with the simple bilinear
f combinations,

f(l &I)0(x+st)rf(x s()d'c, —

with F being some Dirac matrices, because the latter
can not carry an extra unit of angular momentum. It is
very natural to identify them with the next simplest
expression where only one gradient is involved4:

ms&sm, t "[(t)„„(x)).s ~

i~ f(l t'l)f (x+-', ()vA b(x—
s 5)A,

m"m 'L,y„„(x)).,
(17)

i~xf(l K I )k.(x+ s K)~A s(x sK)A—
4 Under the local approximation f(g) ~fb(Q, these meson fields

can be identified as p„„~y„id+, qp„„~ger„,i8gk. The original
concept for representing spin-2 mesons by these expressions was
invented by J. Schwinger. See Note added in proof of Ref. 3,

pendent components of the 0 and 1 meson variables
into the following matrix forms:

MA&&(x)= (-,' m) s(/( g—)((f).s++osrUQ Q+),

'(*)= (M )'= (lm)'"/( —g)

X(4.s +~a'Us. s ), (14)
where

@+=(—'m)'&'(f) &i(2m) '&'P'

Us+= (2m) '"Us'&i( ,'m)'"-Us
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In Eq. (17), m, is a mass scaling factor, and f(~ (~) is
a spherically symmetric scalar function related to the
internal wave function of the 2+ mesons. It should be
noted that the field variables P„„, q@„„describe niore
than a single 2+ meson. They actually describe the
superpositions of a 0+, a 1+, and a 2+ meson field'
whose neutral members all have the same spatial
parity +1 and C parity +1. The mass factors, m. 's,

and the internal wave functions are in general di6erent

for mesons with different spins. Ke express them

collectively only for the purpose of simplicity, and we

should always keep in mind that they actually represent
different factors. p„, and ),p„„are related to the phenom-

enological 0+, 1+, and 2+ meson fields, 4' ), 4&('), and

C ('), through

1
fpv gIss'

v3

~p~v
@(0)+ ~ @her(1)+@ (2)

yg02 2v2nsg

where mo and mi are the physical masses of 0+ and 1+
mesons, and will be denoted collectively as 5R hereafter.
The independent components of the 0+, 1+, and 2+
mesons are associated with &I,~ and I,po) and their
corresponding equal-time commutator relations can be
derived from Eq. (17) through the anticommutator
relations among the fundamental 6elds. These com-
mutators should be identical to those derived from the

phenomenological fields. This is a consistency test for
our dynamical assumption of representing composite
systems by phenomenological 6elds. Under the local
approximation, we can replace f(~ g~) by fb'(&) We.
will keep f(~ g~) explicitly for computational conve-
nience, and equate it to fb'(g) only in the final expres-
sions. The equal-time commutator relations derived
from the fundamental level are

where use is made of

Since g(x)f(x')) is an even function of x—x', our expression can be reduced to

B.grab.—g (2x)P(2x') )
m'

Spy 8 8
g (2x)f(2x') & f&'& (x—x')b, qbq„

2m' Bx' Bx&

where f&'&(x) is the convolution of f(x) with itself. consequently, our commutator can be reduced to
Under the approximation f(x) = fb(x), we have

~ The introduction of 0+ and 1+ mesons here is purely formal.
Our 6nal results do not depend on the existence of these mesons.
The essential point is that the 2+ mesons can be described by the
traceless and symmetric part of p„.~+„id+.

~Iq
L3f'Q'~&8~~5(x x')

2m'
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These are indeed identical to the results obtained from ators expressed in Eq. (16).With the help of Kqs. (2),
the canonical commutators taken between the phenom- (13), and (14), Eq. (16) can be expressed explicitly as
enological fields,

L(4.b) ki(x), (4.~)np(x')7

= Lk($ b)oi(x), y(p o)po(x )7=0,

E(~. ). (*),"(~')"(*')7

1+03 0 i+«2
4-'(x)l(1+V')l . btb(y)

CTg
—«2 1—0 3

oE(4 (x)+~k'U» (x))(4+(y)+«'Ui'(y))7»,

provided that

~k~g
=~.AItAgq ~gg-

OR2

1+op ok+ipb
4-'(x) o (1—V') o . 6(y) ~

0& zfj2 1 03

f'(g) 1

2'' SP

2f'(4W&

3m'

oL—(4+(x)+~" U'k( x))(4 (y)+~ 'b«(y))7»
(21)

which leads to, in particular,

The agreement between the canonical commutators on
both levels conarms our identification of p„„and qP„, as
the superposition of 0+, 1+, and 2+ mesons. Under the
assumption that the vacuum expectation value of ~,
i.e., g (x)f(x')), takes the same numerical value
for the system describing the 0 and 1 mesons, we
obtain a relation between the coupling constant f
defined here and the coupling constant g defined in
Ref. 3:

(22)

ln deriving Eq. (22), we have made use of' 2ggnP)=
—m'. As we shall see, relation (22) is satisfied experi-
mentally. Another important consequence is that the
nonuplet of 2+ mesons are degenerate under the limit
of unitary symmetry —a result which is also realized
experimentally.

e.(xhV (y) t.e-(x)~+(y)-e+(.)e-(y)
+Uk (x) Uk+(y) Uk+(x)—Uk (y)7.»,

4.(x)~(k)4b(y) ~(4 (x)U»+(y)+Uk+(x)4 (y)
+U. (*)~'(y)+~-+(*)U. b)-
-' „.«-(.)U.(»-U. ()U-(y)7&.

Then, making use of

(q4»)'„(x) = ifm '"—m, '"

X ~„~ ~ g ~X ~ ~ g—~X d3

k(p, b)i (x)=ifm b"m, 'I'

X 8kb($)f(x+-', g)pi„(x——,'g)d't,

4. DYNAMICS OF 2+ (and 1+) MESONS

To compute the interaction between the 2+ (and 1+)
mesons and the 0-, 1-mesons, we express the dependent
fields of the 2+ (and 1+) meson variables in terms of the
independent fields of the 2+ (and 1+) meson variables
through the field equations

1
qP„= — Bk&4'bpk+further structure associated with

mp
other systems. (23)

I4g~= ~gP~g —~~ggI, +further structure associated with

and after including the derivative terms, we have

(y.b)'i'= 9R 'akp(y. b)'k—y fm "m—
X(go8ig $8PPP+Uo B&U U B,Uo 7, (25)

k(y. b) (-i = O .i&.(y.b) i»+i fm, 'I'm 'I'-
X [U' Bky+&8»U' UBgP P'B»U——

ip„„i(m—'UO„B»Upk+mU„B»Ui)7, b (26).
Through the machinery of relativistic field theory,
Eqs. (25) and (26) are sufhcient to determine the inter-
action of 2+ mesons with 0 and 1 mesons. Comparing
Kqs. (25) and (26) with'

The further structures in Kqs. (23) and (24) can be
determined through the correspondence of the gener-

other systems. (24) Dit2(4 )ok g »Q )oj gl. /gQ )pk

k(4'sb) dna ~l(4pb)mk 'imam(4pb)lk 2'ill'int/'dk(4ba)lm ~

This relation can be obtained by commuting p with qP or
Uq with Ug, in the fundamental level.

' These two expressions should be understood as
~&my(2)0k ggkg(2)0g gL. &/$|t (R)0go

y('&g /gal('~ —8 y(1&g—28L; t/8y('&g, etc.
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and after relativistic completion, we have'

I;,= fed'm 't-2m »-' Try L~a "y—ya"~+ U,a"U"
—U&,a"U""+(possible g„„term)7

',i—fm-'"m-'" Tr"&"{e,p„„f', U~-t'a) y
+24 a),U~ U—paid 4—a) U'7

+i(mU„a), U„m—U„agU„m—'U „agU~„

+m 'U „a),U'„)). (27)

The possible existence of the g„, terms in the interaction
Lagrangian indicates that the interactions of the 0
meson with 0 and 1 mesons can not be fully deter-
mined. We would also like to point out that, in Eq. (27),
the C„„&'& is coupled to the stress tensor of the system.
This is in striking analogy with the well-known 1
mesons. The dynamical couplings of 2+ mesons should,
therefore, have a universal. character similar to those
of 1 mesons, since the former provided a basis for the
representation of gravitational interactions analogous
to the electromagnetic use of vector meson. '

Under the assumption that the independent compo-
nents of the 0+, 1+, and 2+mesons form a separate basis
for the generalized U(6) X U(6) kinematical group,
we are able to compute the interaction between one 0
or 1 meson and two 2+ (and/or 1+) mesons through
the technique of comparative kinematical transforma-
tions. We shall omit the detailed calculations here,
and only copy down their 6nal results:

I.;,=ig Tr "~")U„,@~„7 (g/m—) Try" {~",„y„g}
+ (igm, /m) TrU„@'&yg" (ig/mm, )—TrU„„"y & ),|t,"

with

g 4g), = 2&.x, I4".

5. COMPARISON VGTH EXPERIMENTS

It is now well established that the 2+ mesons form
an octet, plus a singlet with approximately equal masses
of about 1300 MeV. They are identi6ed experimentally
as A 2(1300 MeV, T= 1), IP~ (1420 MeV, T= -', ),
f(1260 MeV, T=O), and f'(1514 MeV, T=O), which
have the C parity+1 and J =2+8 The f and f' are
linear combinations of the unitary singlet and the octet
singlet. Under the assumption that the symmetry-
breaking interaction transforms like a component of an
octet, it is sufEcient to determine the mixing angle
between f (and f') and the unitary singlet from the
masses of these 8+1 mesons. The f and f' are then
found predominantly as

f-(I 11&+ I 22))/~ f'- I»&

8 The possible existence of terms like

Tr"pt'"p„8qp„and Trp„)&,8"Ut'",

which can not be determined by means of these comparative
kinematical transformations, is suppressed in this simplihed
model.' S. U. Chung et a/. , Phys. Rev. Letters 15, 325 {1965);S. L.
Glashow and R. H. Socolow, i'. 15, 329 {1965).

Since the present situation about the 1+ mesons are not
yet clear, and the available data are not sufFicient to
give a crucial test on our proposed interactions; we will
not discuss the interactions relating the 1+ mesons
hereafter. Tests of the prediction that II~, HpU, and
HUU are all governed by a single coupling constant
are avilable only for the erst two, which are involved in
various 2+ meson decays. After the spin indices are
suppressed, the interaction Lagrangians have the follow-
ing protoforms:

TrH~ and TrH(UQ PU), —

where @ and U are nonuplets of 0 and 1 mesons
displayed in the matrix forms"

x'/v2+ ', (r—t+a)-
7r

E
~o/v2+,'(&+a)

R'

E+
E"

( g+a)/v2—

( p'+~)/~&—
U= P

R*

p+ E~+

(p'+a))/v2 K"
E*'

The unitary structures can be written out expli. citly as

TrH~=Am. (rt+8) V2ARtK+(1/—V2)fss-
+,'(f'+ f/v2) (pe+-aa+2RK)
—(f' f/V2) rta V2—x(E*'tK+—RtK. '*)

+ (RK"+R**K)L2 (a+~)+ (1/~) (a n)7—
and

TrH(Uy —yU)
=v2A pt~+v2A (K~tK RtK~)—

+ (f/V2 f') (RIP E*K)— —
+v2~(E**tE* E*tE**)+p(r-t+a)+(q —8)/vs
X (R K" R-K*)+Np(RtK—* R**tK)—

+ (p co/V2) (RK~~ R—~*K), —
where t represents the appropriate isotopic spin matrices
and

~= —e "W= (—vr-, —s+, x'),
"H. T. Nieh, Phys. Rev. Letters 15, 902 (1965); Phys. Rev.

146, 1012 (1966)."J.Schwinger, Phys. Rev. 135, B816 (1964).

which is analogous to co and P in the 1 mesons. It has
been shown by Nieh' that this special mixing pattern
for vector mesons is a consequence of the vector-
current conservation, if the symmetry-breaking e6'ect
is dominated by S», the vacuon. This argument can
be applied to the 2+ mesons, where the tensor currents
coupled to the 2+ mesons are also approximately con-
served. The 2+ mesons can then be displayed in the
square array as

( A20—+f)/w2 A 2+ K**+ '

(H) A2- (A20+ f)/V2 Keno

Rss- R&so /
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etc. The coe%cients in these expansions describe the
intrinsic strength of various couplings, and are denoted
by g;.

In order to compare our results with experiment, we
have to know the SU(3) symmetry-breaking effect.
%e make the simple physical assumption that the
actual interaction takes the same form even in the
presence of symmetry-breaking interaction. All the
symmetry-breaking eGects can be taken care of by the
proper mass terms. Then, the theoretical prediction
for various decay widths are

2 p 5

&(2+ o-+x-& =—(-*,g,') —mm,
4n- nz

where F(2+ 0+0 ) denotes the partial width of a 2+
meson decaying into two 0 mesons, etc., m2 and M2
are the scaling masses and the physical masses of 2+
mesons, respectively, and p is the magnitude of the
spatial momentum of the decay products in the center-
of-mass system. In these calculations, only the lowest-
order perturbation theory has been used. " Now we

TmLz I. Various decay modes of 2+ mesons.

Decaying
particles

A z(1300)

1 cat
Products p (Mev) (MeV)

'elr

Bm

total

410
424
526
275

85

4.4
13
0.5

&cxpta
(Mev)

85 +22
4.0 A 1.1

10.9&2.1
(10

90 &10

Remarks

input

K~(1420) Kx
K*~
pK
Kcy

Ky
total

615
413
320
304
482

50
33
9.2
2.4
0.4

51 +3
33 &3
12 &3
2.4 &1
2.1 +1

89.1 &5.1

input

S =1.5

f(1260)

f'(1514)

KK
4w

total

KK
K*K,K*K

total

616
388

570

292
744
522

80

2.7

52

16
0b

8.4

large

(2.5
&4
141 &13

72 &12
10 &10

(14
(40

73 &23

S=2.3

S=1.8

a See Ref. 13.
b Based on the assumption f' (33I.
~ We follow the spirit that the renormalization eGects have

already been taken care of in the phenomenological Lagrange
function. One only needs to compute the tree diagrams for any
given physical process.

have a two-parameter fit for all the 2+ decay modes.
We take the experimental widths of A2~ pz and
E*~—+ Ear as our input, then the coupling constant

f and the mass factor m2 are determined as

f'/47r = ~ and m2 ——2542 MeV,

while the coupling constant computed from Eq. (22) is

f'/47r =

The agreement between these two values of f is fair.
Making use of the f2/kr and m2 determined above, we
can compute all decay rates easily. The comparisons
between the calculated and the observed partial widths
are listed in Table I.The agreement is, in general, very
good.
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Eote added in manuscript. After submission of this
paper, we became aware of the recent dramatic change
of the A2 data, '4 which indicates that A2 is composed
of two peaks. There are several possible explanations:
(1) One obvious explanation is that the observed Ag
resonance is indeed composed of two kinds of meson and
both kinds of meson have the spin-parity assignment of
2+. This will make the good agreement of this paper,
which is based on a theory of an octet plus a singlet of
2+ mesons, quite accidental unless all 8+1 2+ mesons
are doublets. It is certainly of great physical interest to
verify experimentally whether all these nine 2+ mesons
are doublets. The same conclusion can be reached if the
A~ resonance belongs to a double pole. (2) Since the
splitting of A 2 resonance so far observed is based on the
data involving processes of large momentum transfer, it
may happen that the splitting of A2 actually depends
on its creation process and that the A2 resonance re-
mains a single peak for creation processes involving
only small momentum transfer. If this is indeed the
case, the splitting of A2 at large momentum transfer
should be merely an interference effect (interference
between A2 and its background or some other nearby
resonances). Then, the conclusion obtained in this
paper is not aGected.

The author wishes to thank Professor R. Dashen for
a very helpful discussion on this point.
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