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Analysis of the 95-Mev Proton-Proton Scattering Data*
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(Received 26 August 1968}

The new Harwell data are found to reduce most of the 95-MeV phase-shift uncertainties by moderate
amounts, but the important and poorly known IEO phase shift is not aftected significantly. A precise mea-
surement of spin depolarization is found to be the only single experiment which would properly delineate
this phase shift.

I. INTRODUCTION

"E% measurements of the proton-proton dif-
ferential cross sections and polarizations near 98

MeV have recently been made at Harwell, ' with in-
creased accuracy. Apart from the desirability of im-

proving knowledge of the nucleon-nucleon interaction
in general. , this energy is in a unique region for the V'0

phase shift. It reaches a maximum somewhere near
this energy, as shown in Fig. 1, so one has been pre-
vented from simply interpolating between the much
more accurately known single-energy-analysis values at
50 and 142 MeV. Although a recent multienergy
analysis' has appeared to yield an extremely precise
value of the 'I'0 phase shift at 95 MeV, a cursory ex-
amination of the extra data used in that analysis makes
it appear plausible that virtually all of the apparent
increase in accuracy came from the use of an insufFicient
number of free parameters. In view of these uncer-
tainties and of the importance of the 'Po state for
nuclear physics, a detailed analysis with the new data
seemed desirable.

II. PHASE-SHIFT ANALYSES

The data used in our preliminary analyses are shown
in Table I. In order to represent the phase shifts over
the energy range of the data, 91—98.8 MeV, each
phase shift was assumed as usuap to vary linearly
with energy over this interval, with slopes as given by
a previous multienergy analysis' of the 0—330 MeV
data. The method of analysis was similar to that used
previously4: The higher-angular-momentum phase shifts
were set equal to their one-pion- (1~)-exchange waluess

and the lower-angular-momentum phases at 95 MeV
were freely varied in order to obtain a least-squares fit
to the data. Even when all of the phases with L~(3
were free to vary, however, the 91-MeV integrated
cross section datum gave a X' contribution of 16.

The complete set of Harvard-cyclotron integrated
cross sections at various energies is shown in Fig. 2,
along with a predicted curve from a previous multi-
energy analysis' (CR21) designed to simulate predic-
tions of potentials. The analysis prediction is seen to be
somewhat low, but is a smooth function of energy. The
value predicted by the total data set in our preliminary
analysis, which incINded the 91-MeV datum, is shown
by the open circle. It is seen to form a smooth curve with

IO- 'PO

5500—

Ol

Ch

0

V) 5000-
Ol

-10 "

2500
50 IOO

I

I 50

IOO
I

200

ELAB(MeV) ~
I

300

FIG. 1. The 'I-'1I phase shifts from single-energy
analysis of Ref. 2.

~ Supported in part by the U. S. Atomic Energy Commission.
~ See Refs. g and l of Table I.' M. H. MacGregor, R. A. Amdt, and R. M. Wright, Phys. Rev.

169, 1128 (1968).
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FIG. 2. The several Harvard integrated cross-section data multi-
plied by the corresponding energies of measurement. The "CR21"
curve is from the multienergy analysis of Ref. 5.
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the other data, paralleling the multienergy-analysis
curve, and in disagreement with the measured value.
Finally, Chauvenet's criterion' allows a maximum of

TABLE L Data considered for this analysis. The normaliza-
tion N is for data on following line. Cross sections and polariza-
tions not preceded by a normalization are relative only. Note that,
in the case of relative measurements, the effective number of
data in a set is one less than the number given.

about 2.8 standard deviations from the mean for a
data set of this size, in order to maintain the normal
distribution of deviations: The 91-MeV datum is an
unacceptable four standard deviations away. In view
of all of the above evidence against the 91-MeV
integrated cross section, we decided to remove it from
the data set for all subsequent analyses.

In the absence of reliable knowledge of the two-
pion-exchange contributions, the appropriate dividing
line in orbital angular momentum L between the free
phases and the fixed 1x-exchange phases is somewhat
ambiguous. On the basis of current knowledge, how-

ever, one would certainly not expect 2x-exchange
contributions to be substantial at 95 MeV for L&3.
%hether the L=3 phases are adequately given by 1x
exchange is examined in the first two lines of Table II.
The release of the 'P3 and 'F4 phases from their 17t--

exchange values is seen to result in a substantial drop
in the ratio of X' to its expected value, so one concludes
that these phases must not be held fixed. It has been
noted previously4 that the im-exchange mechanism is
anomalously weak in states with total angular mo-
mentum J=L+1, and this is certainly borne out by the
'Il4 phase in this analysis. The value found in the final
analysis is consistent with the best current meson-
theoretical estimates of 0.49' at 95 MeV by Furuichi7
and 0.50' by Signell and Durso. These numbers in-
clude the im-exchange value of 0.23'.

Comparison of the second and third lines of Table II
shows that the new data have resulted in modest re-
ductions in some of the other phase-shift uncertainties,
but have barely touched the 'Pp error bar.

III. UNCERTAINTY IN THE Pp PHASE SHIFT

The uncertainty in the binding energy per nucleon
in nuclear matter, due solely to the present uncer-
tainty in the single-energy-analysis Pp phase shift at
95 MeV, has been conservatively estimatede to be

TABLE II. Results of the phase-shift analyses of the 95-MeV data. The preferred set is that in the second line. The values of the
"nuclear bar" phase parameters are in degrees. Those in parentheses were kept fixed at the values shown. The third line (Liv.-VII)
is from Ref. 2, the latest previous analysis at this energy. The F& phase was not fixed along with the other L=3 phase in the first
because it is coupled to the 'Ps by es.

Analysis

sFI sF4 fixed
Final analysis
Liv.-VII

74
61
79

X /(X )exp

0.91
0.76

1S

24.83&0.63
26.33&1.09
26.87+1.44

4.26m 0.14
3.65WO. 19
3.77&0.26

'Pp

11.71+1.69
12.56a1.79
11.17&2.15

—12.62~0.30—12.90~0.44—13.12&0.66

sFI SF4 fixed
Final analysis
Liv.-VII
1x exchange

spa
10.60+0.25
10.11&0.32
9.70~0.50

e2—3.18&0.15—2.76~0.19—2.73%0.32—3.19

IF
0.46~0.15
0.61&0.57—0.19m 0.92
0.87

IFg
(—1 73)—1.08m 0.46—0.62&0.92—1.73

3F4
(0.23)

0.63a0.16
0.40&0.28
0.23

L. G. Parratt, Probabi/ity and Experirflenta/ Errors in Science (Wiley-Interscience, Inc. , New York, 1961),p. 176.
S. Furuichi, Progr. Theoret. Phys. (Kyoto) Suppl. 39, 190 (1967).
P. Signell and J. Du'rso, Rev. Mod. Phys. 39, 635 (1967).
By use of Ithe phase-shift aproximation for the E matrix in the equations of K. A. Brueckner and K. S. Masterson, Phys.

Rev. 128, 2267 (1962). Similar calculationl were reported by P. Signell )Bull. Am. Phys. Soc. 10, 1212 (1965)g.
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0.40 MeV/nucleon. Thus, it is of some importance to
pin down this phase shift more accurately.

Recently, MacGregor et a/. ' indeed found the 'Po
phase shift to have the very precise value of 10.34&0.23'
at 95 MeV from their multienergy analysis. However,
their single-energy analysis gave 11.17&2.15: The
uncertainties from the two analyses differ by an order
of magnitude. One must then determine whether the
huge apparent increase in accuracy of the multienergy
analysis is due to the inclusion of data which is near
in energy but is omitted from the single-energy analysis.
Examination of the data at energies near 95 MeV, used
in the multienergy analysis but omitted from the single-

energy analysis, reveals only a few 4-7% polarization
and 2% cross-section measurements. From Table III,
it is obvious that these data would have little eEect on
the 'Po uncertainty, even in conjunction with all of the
rest of the "single-energy" data near 95 MeV. The
alleged accuracy of the multienergy analysis thus seems
to be due almost solely to the use of a too restrictive
function of energy to represent the phase shift, or to
the use of too few free parameters in that phenomeno-
logical function. ' One concludes that only the single-
energy-analysis value, which is virtually model-inde-
pendent, is a physically meaningful quantity. If one
desires the phase shift at energies between those of
the single-energy analyses, a line drawn on Fig. 1 by
hand, smoothly connecting the points, would appear
to be more accurate and meaningful than the use of a
too-restrictive multienergy-analysis curve. "

IV. POSSIBLE EXPEMMENTS

Since the 'Po phase has some importance for nuclear
physics, we investigated what experiments would bring

' The analysis of Ref. 2 used two phenomenological param-
eters to represent the 'Po phase shift from 5 to 400 MeV, but the
values of those parameters were not reported. We have examined
the eGect of parameter restriction using the published parameters
of a previous multienergy representation labeled t R(21) $P.
Signell and N. R. Yoder, Phys. Rev. 134, B100 {1964)g. We
analyzed the data in a manner similar to that of Ref. 2, using 2, 3,
and then 4 parameters to represent the 'Po phase shift. The
resulting errors on the value at 95 MeV were 0.37', 0.43', and
0.56, respectively, illustrating the lack of sufhcient freedom with
two parameters. Releasing more parameters would undoubtedly
bring the error up to the single-energy value, but the computer
time needed looked prohibitive. Finally, we examined the inQuence
of the 60—127-MeV data included in the multienergy analysis but
not in the single-energy analysis, by simply removing them from
that multienergy analysis mentioned above ia which three
parameters represented the 'Po phase shift. The 'Po error changed
from 0.43' to 0.46', demonstrating that the extra data were not a
factor in the over-restriction of the 'Po error in the multienergy
analyses."A direct test was made by drawing a single smooth curve by
hand through the six single-energy-analysis IPO phases given in
Ref. 2. Used as a replacement for the 60-127 MeV multienergy-
analysis 'Po phases of Ref. 2, it yielded a slightly smaller value of
x~ for those data than did the original (two-parameter representa-
tion) of Ref. 2.

TABLE III.The eGect, on the 3PO uncertainty, of various types of
simulated data and errors. The "min per datum" column shows
the minimum value, for the set, of the common standard devia-
tion divided by each individual datum.

Simulated
data
type

c.m. angles of the hypo-
thetical data (in deg. )

Assumed errors of the
hypothetical data

Std. Min Result-
dev. per ing IPo

(mb/sr) datum std. dev.

None

Cna
cns
P

A
R
D
D
A'
R'

20, 30,
with

90
45
20, 30,

with
20, 30,
20, 30,
20, 30,
90
20, 30,
20, 30,

40, 50, 60, 70, 80, 90
normalization

40, 50, 60, 70, 80
normalization
40, 50, 60
40, 50, 60
40, 50, 60

40, 50, 60
40, 50, 60

05 1%
0.01 1%
0*02 3%
0.006 3%
0.002 2%
0.02 2%
001 4%
0.01 3%
0.02 13%
0.02 6%
0.01 2.5%
0.01 2%

18o
1.60

1.8
1.8'
1.7o

1.30
1.2o

0.8o
0.7'
10o
1.3D

our knowledge of it into line with that of the other
phases. Again, the method was similar to that pre-
viously employed. 4 To the data set, we added hypo-
thetical data with accompanying hypothetical errors.
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The phase-shift analysis was then remade. Although
the resulting phase-shift ~alles are rather meaningless,
their uncertainties should be a rather accurate estimate
of the improved knowledge of the values which would
result from the proposed accuracy of the proposed
experiment.

In the Anal column of Table III we show the standard
deviation of the 'Po phase shift which can be expected
to result from each of a number of proposed experi-
ments. The angular ranges and assumed accuracies
were chosen to roughly correspond with measurements
which have been made at other energies. It is apparent
from the table that an accurate measurement of spin
depolarization would seem to be the only feasible single
experiment which would provide the required restriction
on the 'Po phase shift. From the precisely de6ned value
at 50 MeV, however, it is obvious that combinations of
other types of data might also be sufhcient for this
purpose.

Finally, we note that the use of trustworthy theo-
retical values for the 'F3 and 'F4 phase shifts at 95 MeV
would drastically aBect the last three lines of Table III.
For example, a measurement of D to &0.01 would then
reduce the 'Po uncertainty to a magnilcent ~0.4 .
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Possible dip mechanisms at J= —1 are discussed and then applied to the case of ~N charge-exchange

scattering.

~~NE success' of the Regge-pole hypothesis has been
the explanation of the dip in the x.V charge-

exchange diGerential cross section at t= —0.6 GeV.' At
that value of t, the spin-Rip amplitude vanishes because
the p trajectory passes through J=0. At more negative
values of t, the p trajectory may pass through J= —1,
possibly causing a dip at that value of t in this reaction.
In this paper, possible dip mechanisms at J= —1 are
discussed for the case of nucleon-antinucleon scattering,
and the results will be applied to mE charge-exchange
scattering via factorization. However, the results ob-
tained may be generalized to other processes involving
particles of higher spin.

The partial-wave crossed-channel helicity amplitudes
for nucleon-antinucleon scattering will be denoted by

Fi,„(J,l,g, )),

there is no trajectory of opposite signature and parity
passing through J=0 at t= tp, then the left-hand side of
Eq. (3) has no pole. Therefore, the residue function of
the trajectory passing through J= —1 must ~anish at
t= tp, al least linearly in (a(t)+1j.

P (le k)=[~(l,n, k)+I jb (l,~,k) (4)

exp( irrn)+—g s ™
Fi,„(s,t) =

trajectories sin%ex 4'

This same result may also be derived from finite-
energy sum rules and a consideration of the analytic
properties of the scattering amplitude. Consider the
asymptotic Regge-pole representation of the crossed-
channel nucleon-antinucleon helicity amplitude'.

XLr (n+ X+I)r (n—X+1)I'(n+st+ 1)I'(n —it+ 1)$
—'i'

&«(+1)P.(&,~,E), (~)

&=max((X(, ~it(), 4q'= (t 4m')'"—

where p and X are the total initial and final helicities, q
is the eigenvalue of (—1)sF, e= &1 is the signature of
the amplitude, and $ is the square of the c.m. energy in
the crossed chaniiel. From the properties of the rota-

where n is a function oi l, g, $ as before,
tion functions, it can be shown that the nonsense-
nonsense amplitude satisfies'

F„(O,t, s1, &)=F„(—1, l, —
s1, —e)

at the nonsense value J=O. The Regge-pole repre-
sentation of the partial-wave amplitude,

m is the nucleon mass, and s is the square of the c.m.
energy in the direct channel. The nonsense-nonsense
amplitude has the following form:

ll(~, v, k)
F»(J,&,n &)=

trajectories J—rr(k, g, ))

I exp( isru)+—QI'(1 n)—
(2) Ft, (s,l) =

trajectories sr(tr+1)

gives rise to a relation between residues and trajectory
functions of poles of opposite parity and signature:

s) j.

X
i Pit(l). (6)

4q')
ll .(~,~,&) o (~, n, —&)—

. (3)
trajectories n(l, g, $) trajectories ts(l, —ri, —$)1 1

Now, suppose that one of the odd-signature trajectories
is passing through J= —1 at t= tp. If there is no other
odd-signature trajectory passing through J= —1 at
t= tp, then the nonsense-nonsense amplitude will have a
pole at t=tp. The amplitude cannot have the pole at
zero or a negative value of l (it would be in the physical
region of the direct channel), and the pole cannot occur
at a positive value of t (it would represent a particle of
spin —1). Therefore, the residue function of the nega-
tive-signature trajectory passing through J= —1 must
vanish at least linearly in Ltx(l)+ Ij.

* Supported by the National Science Foundation under Grant
No. NSF GP 9273.

f National Science Foundation Graduate Fellow.
' F. Arbab and C. B. Chiu, Phys. Rev. 14?, 1045 (1966).
'M. Gell-Mann, M. L. Goldberger, F. E. Low, E. Marx, and

F. Zachariasen, Phys. Rev. 133, B145 (1964). ' Kinematic singularities in the variable s have been removed.
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Now, suppose that at l= $p, a trajectory is passing
through J= —1. If there is no other trajectory of the
same signature and parity passing through J= —1 at
l=$p, then the right-hand side of Eq. (3) has a pole. If
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Use of the finite-energy sum rule on Eq. (5) gives

s ds 1m', „(s,t)

1 )ass-
D+~(-1) +.j

trajectories 4 )

of the following mechanisms for the behavior of the
residue functions near n(t) = —1:
(i) Pity (n+1), Poon 1, Porn (n+1)' 'i;

( ) P "(+1), Poo (+1)', Po (+1)'";
(iii) Pxt cc (n+1)', Poo cc (n+1), Poi cc (n+1)'".

(10)

)(D'(n+g+1)p(n )+1)1'(n+is+])I'(n ~+1)j—t/o Note that the following behavior' is not allowed:

g a—M+a+1

XI'(n+ 1)Pi,„ (7)
o.—M+a+1

where a is zero or a positive integer. The sum rule for
the nonsense-nonsense amplitude has the following
form:

a—j,

s'ds In&it(s, t) = g L1—g(—1) j
trajectories

nP11
X E +' (8).

(a+a)I'(n+ 2)

Consider the a= 1 sum rule. If one even-signature tra-
jectory is passing through J= —1 at 3=to, then the
right-hand side of Kq. (8) has a pole at /= to. By the
very same argument presented above, this cannot
happen, and so the residue function of the positive-
signature trajectory passing through J= —1 must
vanish at least linearly in Ln(t)+1j.

Factorization of the residues,

PooP~ j.=POP )

as well as the information' that the sense-nonsense
residue must vanish at least as fn(t)+1]'", imply one

4 The sense-nonsense amplitude has a factor Ln(a+1)g'~ from
the rotation function fgoI~. ln order that the amplitude does not
have a cut due to this factor, the sense-nonsense residue function
must have a factor La(a+1)g'~'.

and

exp( —i~n) —1( s
I'(—n)Poo (~)

(4q'

~OX=—
exp( iorn—) 1(—s q

' n q'i'

(4q') +1j
Since the p is a leading trajectory, it must choose one of
the mechanisms (10). If (i) is chosen, then neither
amplitude vanishes at t= tg. In that case, the diGerential
cross section would not have a dip at t = to. If either (ii)
or (iii) is chosen, then the differential cross section
would have a deep dip at t= to, since the p contribution
to both amplitudes vanishes there. Reeder and Sarma'
choose mechanism (iii) and assume that only the p
trajectory contributes. They predict a zero in the diGer-
ential cross section at t~—2.5 GeV'.

The author gratefully acknowledges the help of
Professor John D. Stack and thanks him for many
helpful discussions.

' C. B. Chiu, S. Y. Chu, and L. L. Wang, Phys. Rev. 161, 1563
(19N).

'D. D. Reeder and K. V. L. Sarma, Phys. Rev. 172, 1566
(1968).

Pu" 1, Poo n (n+1), Pot n (n+1)'" (ll)

In the case of ~X charge-exchange scattering, the
crossed-channel helicity amplitudes are assumed to be
dominated by the p trajectory and may be written as


