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A solution is developed to the transport equation describing the drift, diffusion, and reaction
of an ion swarm moving under the influence of a uniform electric field E in a gas of uniform
number density N. An easily applied analytical expression is obtained for a particular type
of source input of the ions under the assumption that the only reaction occurring is one which
results in the depletion of the ion species under consideration. Data obtained with a drift-
tube mass spectrometer on K+ ions in N2 at low E/N, where the parameters in the solution
can be determined from other considerations, are presented to show that the solution does
closely describe the drifting ion swarm. The solution is then applied to K data obtained at
higher E/N to determine the mobility, the longitudinal diffusion coefficient and the transverse
diffusion coefficient for K+ in N2, up to an E/N of 350 && 10 V cm . The zero-field reduced
mobility of K in N& is determined to be 2.55 cm /V sec, in excellent agreement with the non-
mass analyzed data of other experiments and with the Langevin polarization limit prediction
of 2.60 cm /V sec. Both diffusion coefficients are found to be in agreement with the value
predicted from the Einstein relation at low E/N, and to increase as E/N is increased.

I. INTRODUCTION

It has been stated for many years that drift-tube
experiments can provide information about the drift
velocities, diffusion coefficients, and ion-molecule
reaction rates of ions in gases. However, the vast
majority of such experiments to date have yielded
only drift-velocity results. Except for measure-

ments reported by this laboratory, ' there apparent-
ly exist no determinations of the coefficient for
diffusion parallel to the applied electric field (the
longitudinal diffusion coefficient) and only a few
measurements' ' of the coefficient for diffusion
perpendicuiar to the applied electric field (the
transverse coefficient). Approximately 16 mea-
surements of reaction rates have been reported'
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from drift-tube experiments but most of these
have fairly large uncertainties. The purpose of
this paper is to present an analysis which allows
the extraction of both the longitudinal and trans-
verse diffusion coefficients from the measured
flux of an ion swarm after it has drifted a known
distance through a gas of uniform pressure under
the influence of a uniform electric field. In addi-
tion, this analysis will allow the accurate deter-
mination of the rate coefficient for a reaction
which results only in the depletion of the ion spe-
cies under consideration. Although portions of
this analysis have been discussed in previous pub-
lications, ' '~' the present paper is the first to give
a unified presentation and to include in detail the
use of the analysis to determine diffusion coef-
ficients. In addition, new data for potassium ions

in nitrogen are utilized to verify that the analysis
does closely describe the experiment.

The ratio of the drift velocity to the electric

field intensity, vd/E, is defined as the mobility,
K. The mobility is inversely proportional to the
gRS number density ¹ To simplify comparisons
of data obtained at different gas number densities.
the reduced mobility K, is defined by K, =Z(p/760)
(27$.16/T), where P and T are the gas pressure
and temperature at which the measurement was
made. For fixed temperature V', the para eter
E/N determines the drift velocity and average
energy as well as other transport properties of
the ions; thexefore data are presented here as a
function of E/N. As E/N is decreased toward
zero, the reduced mobility K, approaches a con-
stant value known as the "zero-field reduced mo-
bility". Thus at sufficiently low E/N, the drift
velocity is directly proportional to E/N.

The suggestion has been made' that the units of
E/N be denoted by the "Townsend" or "Td", where
1 Td = 10 "V cm'. Although this designation has
not been universally adopted, it is a convenient
one and will be used in this paper.

Consider an ion population created at one end of a.cylindrically symmetric drift space Mled with gas of

uniform pressure P, in which there exists an externally applied uniform electric field E along the axis.
Assume that the number density of the ion swarm, n(r, t), is low enough that the space charge field is neg-

ligible. For this situation, %annier has shown that the ionic current density is given by

where D is a 3x3 diagonal tensox, the first two components of which are equal. If we do not allow fox the

possibility of any gain in numbers of the species under consideration during the movement down the drift

tube, but do consider the loss of these ions through ion-molecule reactions with the frequency e, then the

ion swarm is subject to a continuity equation of the form

apl—+ &' j + an=0.
Bf,

If we denote the first two equal components of D (the transverse components) by DT and the third compo-

nent (the longitudinal component) by Dl, and add a source term, P(r, t), to represent the source of ions at

the initial end of the drift space and, possibly, an input due to ion-molecule reactions as the swarm dx ifts,
the equation for consideration becomes, in rectangular coordinates,

In the RppRrRtus fox' which this RnRlysls wRs developed, the ions enter the drift spRce thx'ough R cllculRr

aperture lying in a plane normal to the drift-tube axis and centered on the axis. If the coordinate system

is taken to have its origin at the center of this aperture and the electric field along z is in such a direction

as to cause the ions to drift in the positive z direction, then the solution to Eq. (3) in unbounded space" is

n(x, y, z, t) = dt' ' dx' dy' dz' ——

[4w{t t')]'I'D D -'I'
T

( ( l)2 g g)2 [s 8 tPd(t t )]

(t — )
—

4 (t — ) )~
T I
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That (4) is indeed a solution to (3) can easily be verified by direct substitution.
Suppose the input P is given by

p(~', z', t')=(e/z~;)s(~, r—')e(z')e(t'),

where 8(y) =0 if y&0, S(y) =1 otherwise. This function describes an axially thin disk source of e ions
with uniform surface density and radius x„being created instantaneously at t'=0 in the plane z'=0. I.et
e/vx, ' = s, the planar source density. Then (in cylindrical coordinates)

se exp[-(z —vdt) /4D t] x, 2v
I I r +x —2' cos8'

n(~, z, t) =
(4 vt)"'D D '~' x dr d8 exp —

4D t )T 0 0 T

The remaining two integrals can be performed" to yield

n(x, z, t)=[s/(4vD t)'I'-] exp[-nt —(z —v t)'/4D t]

Sl
Z Z

mlitt 4D t) 4D t 4D t /rn =0 1=0
(7)

Equation (7) is an expression for the ion number density at any given time at any point in space for an
ion swarm which (1) was instantaneously created with uniform density across an axially thin disk, (2)
drifts in unbounded space under the influence of a constant electric field, and (3) possibly undergoes a
depleting reaction with the gas molecules.

Since the apparatus to be considered here samples the ion swarm on the axis, the result of interest is
the axial ionic number density

1

n(0, z, t)=[se /(4vD t)'][1—e x(p-t /4D )] exp[-(z —v t) /4D t], (6)

where s is the initial ion surface density of the delta-function input of ions and x, is the radius of the ion
entrance aperture.

The quantity measured experimentally' is the flux 4 of ions leaving the drift tube through an exit aperture
of area A at a fixed distance z from the source plane:

e(o, z, t) -aj(O, z, t),

where j(0,z, t) is the z component of the ionic current density in the drift tube, on the axis, at the end of
the drift distance z.

The ionic current density is related to the ionic number density by Eq. (1), so that

q(O, z, t) = D(sn/sz)+v -n,

where n(0, z, t) is given by (8). Differentiation and substitution into (9) gives

4(0, z, t)=[Ase /4(vD t)'](v +z/t)[l —e p(-xx /4D t)] exp[- (z —v t) /4D t] .

In summary, Eq. (11) gives the flux of ions reaching the sampling location on the axis of the drift tube
as a function of the time t and the drift distance z. All of the ions of the species under consideration are
assumed to be introduced from the ion source in periodic delta-function bursts, and none are produced by
reactions in the drift space. However, loss of the ions in reactions producing other species is allowed,
the rate of loss being described by the frequency a.

III. POTASSIUM-ION RESULTS

The measurements were made by a time-of-flight

technique using a drift-tube mass spectrometer of
ultra-high-vacuum construction (see Refs. 6 and
12). A thermionic emitter is combined with an
electric shutter in the ion entrance aperture to
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FIG. 1. Comparison of experimental arrival-time
spectra and analytically calculated profiles for K+ ions
in N2 for seven drift distances.

admit to the drift tube, repetitively, bursts of
potassium ions that conform accurately to the de-
scription of Eq. (5). The ion swarm migrates
down the drift tube under the influence of a weak
uniform electric field. The distance of drift is
variable from 1 to 44 cm. During this migration
the swarm spreads due to diffusion, and may
undergo ion-molecule reactions with the neutral
gas. The ion population is sampled on the axis
at the end of the drift tube by a small exit aper-
ture, and a particular species is mass selected
by an rf quadrupole spectrometer. Ions are in-
dividually detected. The time of arrival of each
ion at the detector is recorded by a 256-channel
time analyzer. By repetitive pulsing of the ion
source, a histogram of arrival times can be built
up. From such time profiles the drift velocities,
diffusion coefficients, and ion-molecule reaction
rates can be obtained.

Alkali ions are ideal for illustrating the diffu-
sion-induced changes in the time profiles because
they do not react with the gas molecules. A typi-
cal set of superimposed arrival-time spectra of
K+ ions in N, for seven different source positions
is shown in Fig. 1. For this illustration, the
same counting time has been used for each spec-
trum. The points represent data from the time
analyzer; the smooth curves are obtained from
the analysis described. here. Although in princi-
ple determination of vd, DI, Dy, and a by corn-
parison of the experimental data with Eq. (11) in-
volves a multiparameter fit, in practice the ef-
fects of each of these parameters on the spectra
can be separated, and each one determined essen-
tially independently. The drift velocity may be
obtained to an excellent approximation from the
known distance traveled by a swarm divided by
the mean time of the resulting spectrum. Dif-
ferencing of two or more spectra will almost com-
pletely eliminate end effects. The widths of the
spectra are determined by the longitudinal diffu-
sion coefficient (but may also be affected by ion-
molecule reactions when they are present). The

D =D =K(gT/e) (12)

if the mobility is known. For potassium ions the
reaction frequency is zero. Hence from the ex-
perimental values of t the values of vd, K, DL,
and DT can be calculated and the flux given by
Eq. (11) evaluated. (Actually, the planar source
density s is not known, nor is the efficiency of the
ion-sampling apparatus, but these factors are
held constant for all of the seven profiles illus-
trated. Since only relative intensities are being
considered here, exact knowledge of such multi-
plicative factors is not required. ) The solid
curves in Fig. 1 represent Eq. (11) evaluated in
this way, normalized to match the height of the
peak calculated for only the shortest drift distance
to the corresponding experimental data. (The re-
maining profiles for the other values of the drift
distance are not independently normalized. ) The
agreement is clearly quite good. Variation of vd
in (11) from the value predicted by t shifts the
analytical profiles along the abscissa, as would be
expected. Variation of DL changes the widths of
the profiles, but does not change the total number
of counts represented by a profile, i. e. ,

remains a constant. Variation of DT changes I(z),
but does not change the basic shape of the profiles.
If the reaction frequency, n, is different from
zero it will also change I(z).

Figure 2 shows I(z) (on the ordinate, labeled
"Count Rate" ) at several pressures. [Note, from
(12), that since %~1/N, DI, ~1/N also. J The
curves are I(z) calculated from Eq. (13) using the
Einstein relation to evaluate DI and DT from vd.
The points shown are comparable experimental
evaluations of I(z). Since DI does not signifi-
cantly affect I(z), this represents further verifi-
cation that the analysis presented does adequately
describe transverse diffusion.

Figure 3 shows the mobility of K" in N,, as de-
termined by this experiment, and compares the
present results with the results of other experi-
ments. " " Since the three other experiments
were performed on systems which did not allow
for mass analysis, these results represent the
first positive confirmation that the earlier experi-
ments had indeed observed K+ ions, and that no

clustering of the ions with the N, molecules occur-

change in the relative total number of ions making
up each of the spectra at the various drift dis-
tances is governed by the transverse diffusion co-
efficient (but may also be affected by reactions if
they are present).

The data shown in Fig. 1 verify these statememts.
At low E/N, where the mobility is constant, the
longitudinal and transverse diffusion coefficients
are equal and can be calculated from the Einstein
relation
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The analysis can now be applied to determine D&
and DT' at high E/N.

Figure 4 shows the longitudinal diffusion coef-
ficient for K+ in N, . The results are presented as
NDg versus E/N, since Dg ~ 1/N. The values
shown were obtained by adjusting D~ in the expres-
sion for the flux, Eq. (11), until a best fit in the
least-squares sense is obtained. This procedure
is insensitive to the value of D2 assumed in (11),
as mentioned here, and as shown more fully in
Ref. 11. As can be seen, D~ increases rapidly
as E/N increases above 50 Td. Values of D~
for N+ and N, + in N„which have been published
in Ref. 1, are presented for comparison.

Figure 5 presents the transverse diffusion co-
efficient for K+ in N, . The values were obtained
by adjusting DT in the expression for I(z), Eq.
(13), until a best fit of the analytical expression
to the data was obtained. Figure 5 also gives a
comparison with the recent, non —mass-analyzed
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The fact that D~ and DT can be calculated at
low E/N from the drift velocities using Eg. (12)
has been used to verify that Eq. (11) closely de-
scribes the experimental flux. However, at higher
E/N, (12) is not expected to be valid, nor are the
two diffusion coefficients expected to be equal.
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FIG. 5. Comparison of the transverse diffusion co-
efficients for K+ ions in N2 with the results of Rees
et al. (see Ref. 14).
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results of Rees et al. ' The agreement is quite
good. Note that the scale on the ordinate in Fig.
5 is much expanded over the scale of Fig. 4.
Dy increases much less rapidly than DL, and
DZ ~Dr for a given ion over the entire range of
this experiment in all cases examined.

IV. REACTIONS

When a depleting reaction is occurring, analysis
of the experimental results is complicated by the
fact that both transverse diffusion and a depletion
reaction have similar effects on the measured
profiles —both result in an attenuation of the
counting rate as the drift distance (and hence drift
time) is increased. However, separation ot' the
effects of DZ and n is possible. The paper im-
mediately following this one" discusses in detail
the evaluation of two such reaction rates involving
nitrogen ions in nitrogen.

which will allow evaluation of both the longitudinal
and transverse diffusion coefficients as well as
the mobility from time-of-flight data on ion
swarms which drift under conditions meeting the
described boundary conditions and which are of
sufficiently low density for space-charge fields to
be negligible. In addition, as will be shown in the
following paper, " this analysis allows the evalua-
tion of the rate of a reaction which depletes the
observed species. Data on K+ ions in N, have
verified the correctness of the analysis at low
E/N, where D~ and D~ can be calculated, and
the analysis has been applied to the evaluation of
D~ and DZ at higher E/N.
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