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The formulation given by Smith et al. , for transitions induced by electron impact among
ground-State terms of atoms or ions with configurations 2p& or 3p&, is corrected. Close-
coupling equations are solved numerically for electrons incident on C, N, 0, N, 0+, and
0++. Shape resonances are found in low-energy elastic scattering by ground-state carbon
and nitrogen atoms. Peaks in electron-atom inelastic cross sections are found to occur at
lower energies than those calculated by Smith et al. , and the magnitude of the cross sections
is lower at high energies. Collision strengths for electron scattering by 0+, N+, and 0++
are presented.

I. INTRODUCTION

A theory for describing transitions induced by
electron impact among all the ground-state terms
of atoms and ions with configurations np q, where
n =2 or 3 and 0& q & 6, was given by Smith, Henry,
and Burke. ' Their analysis was applied to calcu-
lations' of elastic and inelastic cross sections for
electrons incident on atomic carbon, nitrogen, and

oxygen. However, these calculations must be modi-
fied, since an error was made in the antisymmetri-
zation of certain terms in the total wave function.
With the correct formulation, we obtain shape reso-
nances in low-energy elastic scattering by carbon

and nitrogen. We also present collision strengths
for electron scattering by 0+, N+, and 0++.

In the expansion of the total wave function for
these electron-atom and electron- ion systems,
only terms belonging to the ground-state configura-
tions are retained. We then solve the close-cou-
pling equations numerically using the method out-
lined in Ref. 1.

The corrections in the theory are presented in
Sec. II. In Sec. III, the corrected cross sections
for electron-atom scattering are given, and the
resulting low-energy shape resonances are dis-
cussed in detail in Sec. IV. The collision strengths
for electron-ion scattering are given in Sec. V,
followed by the principal conclusions in Sec. VI.

II. THEORY

The total wave function' for an electron-atom system, where the atom has one unfilled p shell with con-
figuration 2pq or 3pq, can be written as
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ln this equation x denotes the space and spin coordinates of all (X+ 1) electrons: x —k denotes the space
and spin coordinates of all the electrons except the 4th: 4 is constructed from the Hartree-Fock solution
for the atom and the angular and spin parts of the wave function of the kth electron: Fz& (rk) is the function
describing the radial motion of the incident electron: 4, is a term which allows for that component of the
incident-electron wave function which is in the unfilled p orbital: 1& =y.k l . I. SISMLMS denot. es the jth
channel, where y L.S. defines the atomic state, k l. defines the incident-elec ron state, and L and S are
the total orbital moinentum and total spin of the electron-atom system, respectively. The functions F"(r)
satisfy a system of coupled integro-differer-. till equations with boundary conditions
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Here E is the total energy and Ez is the energy of the atom in the state yz J. Sz. From the asymptotic form
of E,& (x), the matrix 8,

&
can be determined and the cross section evaluated in the usual manner.

The function 4', in Eq. (l) allows considerable simplification of the exchange terms since it is possible
to write

(E lE..)=0, for f.=l, (3)
nP zj z

as well as the usual orthogonality to closed shells. The derivation of the equations satisfied by the func-
tions E" (x), follows from the Kohn variational principle
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where D =d ~zj 5tz &
xs a diagonal matrix of Lagrangian multipliers which are required to ensure that Eq.

(3) is satisfied. The matrix l is defined by

r.. = fe+(r x)(rr-E)e(r x)dx (5)
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and the variation 5 in Eq. (4) is taken with respect to the functions E", subject to the boundary conditions
given by Eq. (2). In Ref. l, an error was made in the evaluation of t e terms involving 0,. The corrected
form of the equations satisfied by E (r) ma"y be given as
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Here N„~ is the number of electrons in the n/ subshell, and the remaining notation is given in Ref, i.
The X coefficient in Eq. (9) is defined by

X(afc pq~ xy~) —(-l) 7 (2f+l)W(tpcx'~a)W{pfvy'fq)W(xcyr fz)t
where s=a+5+c+p+q+x+x+y+z.

The direct and exchange potentials, V" and 8'~&, respectively, are unchanged, but the expressions for
V~ and E~ ~ differ from those given in Ref, 1, These differences have also been discussed by Smith,
Conneely, and Morgan. ' We agree with their expressions, except for some differences in Vf(s).

Recently, there has been some discussion concerning the signs of the fractional parentage coefficients
{qiS i jI 'S') for the p shell. ' Table l gives the values which we use in the calculations reported below.
These differ from the set used in oux earlier calculations, and cause some of the signs of the of'f-diagonal
elements of the 8 matrices to be changed. However, the cross sections are not modified by the changes
in signs.

III. ELECTRON-ATOM RESULTS

Because of the changes in V (r) and E& l, our
results for the cross sections for electron scat-
tering by carbon, nitrogen, and oxygen differ from
those presented in Ref. 2. Since these changes
occur in the treatment of 40 in Eg. (l), only those
I8 states which are allowed in the np~+ & config-
uration are affected.

%e present our new results, as a function of
energy above the inelastic threshoM, for forbidden
excitations in e--C, e--N, and e--0 scattering,
in Figs. 1-3, respectively. In these calculations
we have used the Hartree-Fock energy for the
ground state of the atom, and experimental values
for the energy differences between the atomic
levels, %'e compare our results with the earlier
calculations, which are denoted by dashed curves

in the figures. The main effects of the changes
are to cause the peaks in the cross sections to
occur at lower energies, and to lower the cross
sections at higher energies. At high energies,
the spin-forbidden cross sections approach the
asymptotic behavior of E ', and the electric dipole
and electric quadrupole cross sections fall off as
E 'lnE and E-', respectively, The coefficients
for this asymptotic energy behavior are given in
Table G.

The total cross sections for scattering of elec-
trons by the ground state of atoms are compared
with our earlier work (dashed curves) in Fig. 4.
The change in our results for atomic oxygen is
negligible, and so the theoretical cross section
near the threshold still lies about a factor of two
higher than the experimental results of Sunshine
et a/, ' This discrepancy is due to our neglect of
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FIG. 4. Energy variation of total cross sections for
electrons incident on carbon, nitrogen, and oxygen
atoms. Solid and dashed curves as in Fig. 1.

IV. SHAPE RESONANCES

In Fig. 4, the elastic cross sections for scatter-
ing of electrons by carbon and nitrogen are each
dominated by a low-energy resonance. In each
case the feature is a shape resonance which is
supported essentially by the angular momentum
barrier term, which corresponds to l =1, in the
effective potential. The low-energy p-wave phase
shifts for e- N('P) and e -C(-'D') are given in
Fig. 5. These phase shifts may be analyzed to
0btain the position and width of the resonance.

h-In the absence of long-range forces, the thres-
old dependence of the eigenphase 6l may be given
by the Blatt- Jackson formula

agreement. ' We find that below 1.6 eV the theoreti-
cal cross section is dominated by a resonance fea-
ture which did not appear in our earlier calcula-
tion. A similar low-energy resonance xs now ob-
tained in the e--C system. These features have
an important influence on low-energy cross sec-
tions, and will be discussed in greater detail in
the next section. Thus the main effect of the cor-
rections to our treatment of 4, in Eq. (1) is the
discovery of some low-energy shape resonances
in the elastic scattering of carbon and nitrogen.

The width in Eq. (16) is obviously energy-depen-
dent, so we choose to define the width of the reso-
nance at the resonance energy kr'. Thus

j.
I' = —(4/r, )(2/ar, )

This definition is commonly used in the literature.
In our analysis of the phase shifts given in Fig.

5 we plot k'cot6 versus k' in order to obtain the1

scattering length & and the effective range r,.
Hence we obtain kr'=0. 06577 Ry and I'=0.04688
Ry for e -N(SP), and kr' =0.036 10 Ry and 1"
= 0.03345 Ry for e C('Do) -There. is a slight
deviation from a straight line in a plot of k' cot5,
versus k' for the e -C('Do) system, due to the
presence of a small long-range quadrupole term,
which is included in the theory. Thus the thresh-
old dependence of the l =1 phase shift should be
modified slightly. We have ignored this small ef-
fect, and feel that the use of the simple Blatt-
Jackson formula should give a good indication of
the position and width of the resonance.

There is no direct evidence that the ground state
of the atomic-nitrogen negative ion is stable. Thus
we believe that the resonance in the e -N('P) sys-
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FIG. 5. Phase shift for the P wave versus energy
(in Ry) for e -C( D) ande -N(P) systems.



tern corresponds to the negative-ion state lying in
the continuum. It is also most probably the state
which is reached in the dissociation of the low-
energy '7t& resonance state of N, —. Polarization
terms are not included in our calculation. The
inclusion of such terms would make the potential
more RttrRctlve, Rnd Rs R lesult the en61gy of
the resonance would be lowered and its width
narrowed. However, it is doubtful whether the
polarizability would give enough attraction to
cause the N ('P) state to become stable.

%6 have also calculated the position of the first
and second excited states of N, relative to the
ground state of atomic nitrogen. These 'D and 'S
states lie at 0. 16842 and 0. 28811 Ry. Hence, we
find that the ratio of the energy differences ('D-'S)/
{'P-'D) is l. 166. In the 'D case, the lowest state
of N with which a P electron can couple is the 'D'
state, which is 0. 17617 Ry above N(4S'). However,
in the '8 case, the lowest state of atomic nitrogen
which is allowed j.s the 'I' state. This lies
0. 262 76 Ry above N('S'), and so causes a low-en-
61"gy shRpe 1'esonRDce of width 0.022 10 Ry lD elRS-
tic scattering of electrons from 'P' state of atomic
nitrogen.

We note that the 0-('P') state is stable in our
calculation, and so it does Dot produce a low-

ekergy resonance effect. This accounts for the
good agreement with Smith et a/. ' for elastic scat-
tering of electrons from. ground-state oxygen
atoms.

Experj. mental results of Hall and Slegelio indi
cate that the first excited state of C is weakly
bound, with a binding energy of -0.05 eV. Our
results show that the resonance in the e -C('D )

system corresponds to the excited negative ion

lying in the continuum at -0. 5 eV above threshold.
The atomic polarizability of carbon" is 14.5ao
compared with 7. 6a,s for nitrogen, "thus the ef-
fect of polarization on carbon should be larger
than on nitrogen, and may be sufficient to stabilize
the C ('D') state

TABLE III. Collision strengths @(n,n') for k~ ——0.

Ion
This

n n' paper

P D 2.98
I 8 0.395
D 8 0.410

Ref. 15 Ref. 16

3.14
0.342
0.376

I D 253
I 8 0.360
D 8 0 325

8 D 357
8 I 0.475
D I 177

2.39
0.335
0.310

1.43
0.428
1.70

In our calculation of Q(l, 2) we have included only
open channels in the expansion of the total wave
function for the electron-ion system, so we do not
obtRlD RDy 1"esonRnce structure for electron en61-
gies less than the n = 3 threshold. This structure

state, and k ' is the energy of the incident elec-
tron in the nth channel.

In Table III we give our values for the collision
strengths for k, ' =0, together with the results of
Saraph et al."Rnd Czyzak et al." The dominant
contributions to &(1, 2) and &{I,3) for 2P& ions
come from P waves, and Saraph et al. and Czyzak
eI; al. have used an improved form of the exact
resonance approximation to calculate these con-
tributions. For the other partial waves, they
have used the distorted-wave approximation,
whereas we have solved the close-coupling equa-
tions numerically for all partial waves.

The energy dependence of the collision strengths
Q(1, 2), Q(l, 3), and &(2, 3) respectively, is given
in Figs. 6-8 for the ions 01I, N xz, and 0 11I.

V. ELECfRON-ION RESULTS

Our calculations on electron-ion scatteri. ng are
carried out with the self-consistent-field (SCF)
functions of Roothaan and Kelly. " Vfe use the
Hartree-Fock energy for the ground state of the
ions and experimental values'~ for the energy dif-
ferences between the terms. The ground-state
configurations of the ions 0+, N+, and 0++ have
three terms which we will denote, in order of in-
creasing energy, by n = I, 2, and 3. The collision
strengths &(n, n') are dimensionless parameters
which are related to the collision cross sections
o(n, n') through

o(n, n') =(v/0 '~ )&(n, n'),
'n n

where QP„ ls the statistical weight of the initial

2.0-
Al

i,0-

0
0 6

ENERGY (eV)

FIG. 6. Energy variation of collision strength Q(1, 2)

for electrons incident on N", 0+, and 0++ ions.
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FIG. 7. Energy variation of collision strength Q(1, 3)
for electrons incident on N, 0+, and 0++ ions.

gies, the value of &(1, 2) is larger than that calcu-
lated when k,' approaches zero from above. This
is to be expected since some flux can escape
through the additional open channels for energies
above the n =3 threshold.

VI. CONCLUSIONS

When the correct expressions for V (r) and E~
are used, the peaks in electron-atom inelastic
cross sections occur at lower energies than those
calculated by Smith et al. ,

' and also the magnitude
of the cross sections is lower at high energies.

Low-energy shape resonances are found in elas-
tic scattering of electrons by ground-state carbon
and nitrogen atoms. These resonances occur
above threshold at -0. 5 eV for carbon and -0.9
eV for nitrogen, with widths of approximately 0. 45
and 0. 64 eV, respectively. The experimental in-
dications are that the inclusion of polarization
terms may lead to the lowering of the resonance
energy in the e--C('D') state, so that the state
becomes stable. However, we feel that the polari-
zation terms are unlikely to provide sufficient at-
traction to stabilize the ground state of the atomic-
nitrogen negative ion. An interesting calculation
would be to include polarization terms in addition
to 4, terms in expansion (1).

The results of Saraph et al." and Czyzak et al."
are found to be in good agreement with the present
results for collision strengths for 0 zr, N n, and
0 xxr ions, where comparison is possible.

is found only when closed channels are included
in the expansion. For example, when these chan-
nels were included by Henry" in a calculation of
photon absorption by atomic oxygen, the resulting
cross sections exhibited a resonance behavior. The
omission of closed channels leads to a discontinuity
in the collision strength at k, '= 0. We note that as
the n = 3 threshold is approached from lower ener-
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Ionization of the Aluminum K Shell by Low-Energy Hydrogen and Helium Ions~
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The yields for characteristic E-shell x rays in aluminum are measured as produced by H,
He, and He ions in the energy range 25-200 keV. The ionization cross sections deduced
from these data are in detailed agreement with the theory, if the Coulomb deflection of the
incoming particle by the target nucleus and the binding of the E-shell electrons to the in-
coming particle are included in the Born approximation.

INTRODUCTION

Until very recently, measurements of ionization
cross sections of inner atomic shells by heavy
charged particles were essentially limited to pro-
tons. ' In a previous paper, ' data on E-shell ioniza-
tion cross sections of Mg, Al, and Cu were re-
ported for low-energy hydrogen and helium atoms.
It was shown that the large discrepancies between
theory and experiment found earlier for, protons'
can be removed if, in addition to the effect of the
Coulomb deflection of the incoming particle by the
target nucleus, one incorporates the binding of the
target electrons to the moving particle. The pres-
ent paper reports new experimental data to test in
detail on aluminum this expanded theory.

EXPERIMENTAL

The apparatus is similar to that described ear-
lier. ' An ion beam, after characterization by par-
ticle energy and mass, impinges on a thick target
of high-purity aluminum. The target is inclined
by 45' with respect to the ion beam axis and to
the line of sight of a proportional counter. The
target is heated to 150'C to suppress carbon depo-
sition and insulated from the ground to measure
the incident particle current accurately. The x
rays emitted from the target are viewed by a flow-
mode proportional counter whose output is con-
nected to a multichannel analyzer. The total x
ray yield is obtained from an appropriate inte-
gration over the spectrum as recorded for pre-
set values of the integrated beam current.

RESULTS AND DISCUSSION

From the measurements of the Al (E) x ray

yield F, one extracts the x-ray production cross
section oz(E1) in a standard manner by the formu-
la'

o (E )=— S (E )+tt Y(E ) (1)d Y(E)

and calculates the E-shell ionization cross sec-
tion o~ according to

E, is the energy of the incoming particles, N, the
density of target atoms, S,(E,) the stopping power
of the target for particles of energy E„p., the
absorption coefficient of the target for its own

characteristic x rays, and y~ the E-shell fluo-
resence yield. The differentiation of the experi-
mental yield curves with respect to energy in-
troduces an uncertainty of -15/q, which is com-
parable with the uncertainty introduced by the
stopping power. We used recent stopping-power
data4 ' and data obtained in this laboratory. '
The ionization cross sections in absolute units are
calculated by normalizing our data to the ioniza-
tion cross section aE=53 b reported by Khan et al. '
for protons at 100 keV. This cross section is ob-
tained by assuming that y&= 0.03, independent of
the atomic number and the energy of the incoming
particle. The uncertainty of this value is +30%.'

The resulting E-shell ionization cross sections
for H', He', and He4 on aluminum are shown in
Figs. 1-3, respectively. The l.arge error bars
represent the uncertainty in the absolute cross
sections, the small error bars indicate the un-
certainty of the points relative to each other. The
data for protons on aluminum (cf. Fig. 1) agree
with the results of Khan et al. ' at all energies.


