PHYSICAL REVIEW

VOLUME 178, NUMBER ¢

20 FEBRUARY 1969

Cluster-Model Theory of the Ground-State Rotational Band of Ne2°

F. C. Cranc
Physics Department, St. John’s University, Jamaica, New York
(Received 4 September 1968; revised manuscript received 17 October 1968)

The excitation energies of the ground-state rotational band as well as the reduced transition rate for the
transition from the first excited state to the ground state in Ne? have been calculated with the use of cluster
wave functions. The agreement between the calculated and observed values suggests that the properties of
the ground-state rotational band in Ne? can also be explained in terms of cluster motion.

I. INTRODUCTION

HE low-lying states of positive parity of Ne? have

been analyzed by many investigators.!~5 Their
methods include deformed Hartree-Fock calculation
and diagonalization of the matrix of a shell-model
Hamiltonian with a residual interaction within the s-d
shell. It has been pointed out® that an O%-a struc-
ture can result in 04, 2+, 44, 6+, and 8+ states.
Also, the breakup energy of an a cluster in Ne?® was
estimated to be 10.3 MeV.” Thus it appears that an
appropriate cluster wave function should be capable of
describing the properties of the ground-state rotational
band in Ne®. In this paper we propose to study these
states in terms of cluster motion and in the framework
of the shell model, and show that the cluster interpreta-
tion of these states has validity.

II. METHOD OF CALCULATION

We consider Ne® as an inert O® core plus four
nucleons in the s-d shell. The Hamiltonian of the system
is assumed to be

H=3HA+32 VitH.
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Here ¢ and j run over the nucleons outside the core. H;
is a one-body Hamiltonian generated by the O core,
and is of the form

H=(p&/2m) +3imuwtr?, (2)

where m is the nucleon mass, w is the classical oscillator
frequency, and r; and p; are the coordinate and momen-
tum of the 7th nucleon. The last term in (2) describes
an average interaction between the ith nucleon and the
core. For the odd nucleons the spin-orbit interaction
is perhaps negligible, as long as we are dealing with
states in which they form an « cluster. ¥V, is the follow-
ing two-body interaction, used by Wildermuth and

1 E. Chacon and M. Moshinsky, Phys. Letters 1, 330 (1962).

21. Kelson and C. A. Levinson, Phys. Rev. 134, B269 (1964).

3 T. Inoue, T. Sebe, H. Hagiwara, and A. Arima, Nucl. Phys.
59, 1 (1964).

4 A. Arima, S. Cohen, R. D. Lawson, and M. H. Macfarlane,
Nucl. Phys. A108, 94 (1968).

¢ E. C. Halbert, J. B. McGrory, and B. H. Wildenthal, Phys.
Rev. Letters 20, 1112 (1968).

¢ R. K. Sheline and K. Wildermuth, Nucl. Phys. 21, 196 (1960).

’ K. Wildermuth and T. Kanellopoulos, CERN Report No.
CERN-59-23, 1959 (unpublished).

178

Kanellopoulos®:
Vii= Vo exp[— (r:;/70)*]{0.41[1—;(14-0:0,) (14-7:+75) ]
+0.09[3(1+0:05) —=§(1+7s07) 1};

Vo= —68.6 MeV, 0= 1.55 fm, rii= I Ii—7r; I.

| 3

H. is the Hamiltonian for the core, which can be
chosen so that the core nucleons are moving in the
same oscillator potential as the outside nucleons.

Four nucleons in the s-d shell in an oscillator potential
have a total of eight oscillator quanta. If they form an
a cluster in its ground state, the radial quantum number

—
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F1G. 1. Some ratios of the excitation energies of the ground-
state rotational band of Ne¥, as a function of 7. E; denotes the
excitation energy of the state with angular momentum J. 7, is in
units of (2h/mw)2,

N and angular-momentum quantum number J for the
c.m. motion of the cluster can have values as follows:

N J

O =N W
00O NO

It then follows that the structure of an inert O core

(1‘;%.) Wildermuth and T. Kanellopoulos, Nucl. Phys. 7, 150
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TasLE I. Coefficients C(hlaLidssLssJ) in the expansion of the
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TaBLE II. Excitation energies E; of the ground-state

space part of ¥, (JM) in terms of single-particle wave functions. rotational band of Ne®,
J h b Le W W Lu ClhhkLidLaJ) Es (MeV)
Experi tal Calculated
0 2 2 4 2 2 4 0.228 7 xpecimenta aculate
2 2 2 2 2 2 0.170
2 2 0 2 2 0 gggg 2 1.63 1.63
2 2 2 0 2 2 .
2 2 2 2 0 2 gggg 4 4.25 4.59
0 2 2 2 2 2 .
2 0 2 2 2 2 0.225 6 8.79 8.38
0 2 2 0 2 2 0.298 8 11.99 11.83
0 2 2 2 0 2 0.298
2 0 2 0 2 2 0.298
2 0 2 2 0 2 0.298
2 2 0 0 0 0 0.298 .. . .
O 0 0 2 2 0 0.298 plus an a cluster in its ground state gives rise to 0+,
o 0 0 0 o0 o 0.334 2+, 4+, 6+, and 8+ states. We shall treat the inter-
2 2 2 4 2 2 4 0.137 action (3) as a perturbation. The states just mentioned
% % 4 % % 2 8%% are all degenerate in the zeroth-order approximation.
2 2 % 2 2 2 0.107 It is reasonable to expect that states in which the «
2 2 2 2 2 0 0.167 cluster is broken up are not degenerate with these
. p g .
% % 2 (2) % g 8 18(7) states. The reason is that a nucleon not in an & cluster
2 2 4 2 0 2 0.190 should interact with the core more strongly than a
0o 2 2 2 2 4 0.190 nucleon in an a cluster does. Thus for the former
g (2) g g g ‘2* 8%2(1) nucleon a larger oscillator constant is required. This
2 2 2 2 0 2 0.141 allows the possibility that states without & clustering
g g % % % % giﬁ outsiQe the core may have higher (unperturbed)
2 2 0 0 2 2 0.221 energies.
2 2 0 2 0 2 0.221 For simplification of calculations we shall use one
g (2) % g % g gggi oscillator constant for both the a cluster and the nu-
0 2 2 0 2 2 0.187 cleons. This approximation is probably good, because
o 2 2 2 0 2 0.187 harmonic-oscillator wave functions for low-energy
% 8 % g (2) g 8%% states are not very sensitive to small variations in the
2 2 2 0 0 0 0.187 oscillator constant.? Hence, we assume, for the ground-
g 8 8 g % % 852; state rotational band of Ne®, a cluster wave function
0 0 0 2 0 2 0.247 of the form
0 2 2 0 0 0 0.247 18
2 0 2 0 o ¢ ot Ca[¥(0"*)¥,(JM)], (4)
4 2 2 4 2 2 a4 0.159 where C is a normalization constant, @ is an antisym-
2 2 4 2 2 2 0.150 metrizer, and the functions ¥(0%) and ¥,(JM)
2 2 2 2 1 ; 8%22 describe an inert O™ core and an a cluster with angular-
2 2 0 2 2 4 0.246 momentum quantum numbers J and M, respectively.
g % i % 2 2 0.157
2 2 0.198
2 2 4 2 0 2 0.198 TasLE III. Interaction energies for the J=0 and two states,
0 2 2 2 2 4 0.198 E, and E,, and the first excitation energy, E:— Eq, for several
EEEEEE -
2 2 2 2 0 2 0.208
0 2 2 2 2 2 0.208 o 72 Ey Ea—Eq
2 0 2 2 2 2 0.208 (fm) (MeV) (MeV)  (MeV)
2 2 4 0 0 0 0.275
0 0 0 2 2 4 0.275 0.82 —8.47 —-7.90 0.57
0 2 2 0 2 2 0.2/5
(2) g g 2 0 2 0.275 1.19 —19.87 —18.80 1.07
0 2 2 .
2 0 2 2 & 2 9215 1.55 —34.89  —33.41 1.4
6 g % 3 % 2 4 0.286 2.38 —74.90 —-73.19 1.711
2 2 .
5 2 2 3 3 3 9-319 3.52  —120.92 —128.51  1.41
202 49 2 2 9.4 5.08  —191.60 —190.84  0.76
0 2 2 2 2 4 0.423
2 0 2 2 2 4 0.423
8 2 2 4 2 2 4 1.000

9 A. de-Shalit and I. Talmi, Nuclear Shell Theory (Academic
Press Inc., New York, 1963), p. 41.
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The space part of ¥,(JM) is taken to be

o4 R
(;—”—;) Rys(R) V" (i) exp (— s (52+n2+§2)), )
with

R=3(n+r+4r:+1),

n= (1'3-— I'4)/\/2,

Here Rys(R) is the radial function of a harmonic
oscillator and Y ;(R/R) is a spherical harmonic. The
space part is totally symmetric (corresponding to the
partition [4]). The spin-isospin part is totally anti-
symmetric, and has spin S=0 and isospin T'=0.

The space part of ¥,(JM) can be expanded in terms
of single-particle wave functions as follows:

> ClhbaLilsliLal )Y (hlo(Lue) lsls(Las) TM).

l1l2l3l4,L12L34

In the state Y(hle(Li)lsls(Ls)JM), orbital angular
momenta /; and /; of nucleons 1 and 2 are coupled to
Ly, I3 and I of nucleons 3 and 4 are coupled to Lg,
and thery L2 and Lg to J.

Because of the antisymmetrization, we can use,
instead, a function ¥, (JM), obtained from ¥.(JM)
by deleting terms containing single-particle states
occupied by the core nucleons and normalizing. The
expansion coefficients C(lleLiolslslssJ) for the space
part of ¥, (JM) are listed in Table I. The spacings
between the energy levels are determined by the inter-
action of the nucleons in the « cluster, which is given by

E=(n—r1) /N2,

{(=}(n+r—r—r,).

(6)

/ VS AIM) 3V (M), )

i]

where ¢ and j run over the nucleons in the cluster.

III. RESULTS AND DISCUSSION

Some ratios of the excitation energies of the ground-
state rotational band have been calculated, and are
shown as a function of 7 in Fig. 1. These ratios are
larger than the corresponding experimental ratios for
all values of 7,. It is a fact! that the oscillator potential
is too strong near the nuclear surface for nucleon states
of zero orbital angular momentum. On the basis of this
fact, it is perhaps reasonable to use a smaller oscillator
constant for the J=0 state of the « cluster. In this way
a better agreement between the calculated and experi-
mental ratios can be obtained; an estimate of the needed
reduction in w is given below. It should also be noted
that, since the interaction energy given by Eq. (7) is
proportional to Vo, the calculated ratios do not depend
on V.

We have calculated the excitation energies of the
ground-state rotational band, with an oscillator fre-

10 A. Faessler and R. K. Sheline, Phys. Rev. 148, 1003 (1966).
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TasLE IV. Comparison between the cluster wave function and
the wave function based on the Nilsson model, for the ground
state of Ne*. 5 is Nilsson’s deformation parameter.

Probability
Configu- Nilsson
ration Cluster =4 n=
dt 0.152 0.321 0.264
d*s 0.203 0.423 0.419
d*s? 0.534 0.208 0.246
ds® 0.000 0.045 0.065
st 0.111 0.003 0.007

quency taken as (27i/mw)Y2=2.33 fm. For the /=0 «
cluster, w is reduced by about 0.1%; this results in a
lowering of the J=0 level by about 0.2 MeV. The
agreement between the calculated and experimental
values is satisfactory, as is shown in Table II.

The interaction energies of the /=0, 2, 4, 6, and 8
states, calculated from Eq. (7), are —34.89, —33.47,
—30.51, —26.71, and —23.27 MeV, respectively. To
illustrate the dependence of the interaction energies
on 7o, we give, in Table III, the interaction energies for
the /=0 and 2 states and the first excitation energy, for
several values of 7.

The reduced transition rate B(E2) for the 24+—0+
(the first excited state to the ground state) transition
in Ne® is calculated to be 9.8¢? fm*. Proton charge and
neutron charge are taken as 1.5¢ and 0.5e, respectively
(i.e., an effective charge of 0.5¢ is added to each nu-
cleon). As compared to the observed B(E2) value of
57.3£10% ¢ fm?, the calculated one is too small by a
factor of about 5.9; this discrepancy may indicate a
sizeable amount of core excitation. An agreement
within 109 of the calculated and observed B(E2)
values requires the assumption of an effective charge
of 1.8¢ for each nucleon. Since in our calculations only
one oscillator constant has been used for both the
nucleons and the « cluster, configuration mixing is
confined to the s-d shell. With the use of two unequal
oscillator constants more configurations will be mixed,
and the B(E2) value may be enhanced.

For the J=0 state, a comparison between our wave
function and a wave function based on the Nilsson
model has been made. The latter is taken to be a
product of four Nilsson single-particle functions, each
of which has N=2, 2=1% and belongs to orbit 6 (using
Nilsson’s notation). The probabilities for @*, d%, d*?
ds®, and s* configurations are given in Table IV. It is
seen that a nucleon in the state described by our wave
function is more likely to be in an s orbit, as compared
to a nucleon in the state described by the wave func-
tion based on the Nilsson model.

In conclusion, our calculations suggest that the
properties of the ground-state rotational band in Ne*
can also be explained in terms of a-cluster motion.



