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The effects of strain on optical critical-point structure in the imaginary part e; of the dielectric function
are considered. The motivation is to study how the symmetry-breaking effects of strain can be used to
deduce the symmetry location of the critical points ko. This knowledge is valuable for the empirical determi-
nation of pseudopotential parameters. The applications are to the diamond structure, but quite similar
results are to be expected for any cubic material. Effective strain and kinetic energy Hamiltonians are
derived in the effective-mass approximation for I, A, L, and Z critical points with and without spin-orbit
splitting. The effects of exciton binding are considered. The low-strain-induced changes of the dielectric
function can be described in terms of three functions of frequency (W1, W3, and Ws), which yield symmetry
information for nondegenerate bands. For high strain, the individual critical points in the star of ko, [apart
from the (ko, —ko) degeneracy] can be resolved, and much more symmetry information is available.
Lifetime broadening limits the amount of information which can be obtained.

I. INTRODUCTION AND CONCLUSIONS

HE pseudopotential method! has been quite suc-
cessful in describing the energy band structure of
a large number of solids in terms of a small number of
parameters, typically three in diamond-type struc-
tures.?'3 One of the most widely used methods of deter-
mining these parameters in semiconductors is based on a
critical-point analysis of structure in the fundamental
optical reflectivity.4
The reflectivity may be processed, using a Kramers-
Kronig transform to yield es(w),? the imaginary part
of the dielectric function. It is assumed that e; may be
described in terms of direct transitions with phonon
interactions giving a lifetime broadening to the pre-
dicted structure. Structure in e results from critical
points ko in the optical energy function, i.e., points
where V[ E.(k)—E,(k)]=0. E, and E, are the conduc-
tion and valence band energies. The region around these
critical points yields a nonanalytic contribution to e,
of square-root form which gives rise to characteristic-
structure in ey(w).? This structure may be further en-
hanced by exciton binding effects in the case of M and
M, singularities.*”
If the location ko of the critical point is known, the
energy #wo can be used to infer a pseudopotential
parameter. The major uncertainty in this method is the
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Phillips, in Solid State Physics, edited by F. Seitz and D. Turnbull
(Academic Press Inc., New York, 1966), Vol. 18, p. 55.
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location of the critical point ko. A number of arguments
have been used to locate ko but they have generally
been rather indirect.*

Since the introduction of differential methods by
Seraphin,? the sensitivity of detection of optical critical
points has been greatly improved. Much work has been
done using the differential electroreflectance method.®
Differential piezoreflectance has also been studied ex-
tensively.®1%11 Tt was immediately clear'' that the
differential methods were not merely advantageous for
their greater sensitivity but, because of the symmetry-
breaking character of the differential perturbations,
they offer the possibility of obtaining information con-
cerning the symmetry properties of critical points which
can be used to determine their location in % space.

The symmetry study of critical points is seriously
complicated by lifetime broadening effects for all but
minimal energy transitions. Because of this fact, a
fairly detailed understanding of line shapes will be neces-
sary to deduce the maximum amount of symmetry in-
formation. We favor the piezoreflectance method since
it is somewhat easier to interpret theoretically than
electroreflectance.

In this paper we concentrate on the piezoreflectance
problem. If we limit ourselves to the linear response
regime, it is easily shown that a cubic system can be
described in terms of three constants Wi, W3, and Ws
which can be determined by polarized reflectivity
measurements using stresses in the [001] and [111]

(1;6%) O. Seraphin and R. B. Hess, Phys. Rev. Letters 14, 138
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directions. The relations are

[001] Stress

Sequi= (&(w)jtzwa(w))z, (1.1)
V3 46
deg = (Y?—l(w)—fivi(w)>1 (1.2)
V3 26
[1117 Stress
Oey = (‘37_5(‘0)+2w5(‘°)>3:7
(1.3)

Segy= (%(w)—ws(w)>3:.

These relations will be derived and discussed in more
detail in Sec. IIT A of this paper. £ is the applied uni-
axial stress, and the parallel and perpendicular differen-
tial dielectric constants are defined relative to the stress
direction. With respect to these axes the dielectric
tensor is in diagonal form.

Two types of effects contribute to W, changes in
optical matrix elements and shifts of energy bands. The
latter effect is expected to dominate the former in the
vicinity of a critical point by a factor (AE)/T where I'is
alifetime broadening energy. For a nondegenerate band,
AE is a typical energy gap at ko, generally of the order
of 1 or 2 eV or more. For degenerate bands whose de-
generacy is lifted by spin-orbit interaction, AE is the
spin-orbit energy. For truly degenerate bands, AE may
be as small as an exciton binding energy. The linear re-
sponse regime is, of course, limited to strain energy
shifts small compared to either I' or AE.

The energy shift contributions to W are the most
interesting because they contain the most symmetry
information. For nondegenerate critical points in the
[001] direction or T'; symmetry in the [110] direction,
Wsshift=0; for [111] critical points, W;®*ift=0; and
for [000] critical points Wjskift="gshift=(, A Kramers-
degenerate band is effectively nondegenerate.

For degenerate critical points or for [110] critical
points having I'; or I'; symmetry or for a general critical
point there are no special relations involving the W’s to
indicate the symmetry. Actually, in the degenerate case,
de; is a nonanalytic function of stress direction which
might serve to characterize the degenerate case.

Another way to characterize the degenerate case or
the [110] case is to look at terms which are higher order
in the strain. If the strain splittings are large enough
compared to the lifetime broadening, the critical points
which were symmetry degenerate in zero strain may be
individually resolved and counted. In the intermediate
case, the lines may not be individually resolved but the
line shape may be altered sufficiently so that with a
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reasonable theory for the line shape it would be possible
to infer the symmetry character of k.

In this paper we study the strain splittings of critical
points in the effective mass approximation. We phrase
our discussion largely in terms of excitons. If by
“exciton” we mean electron-hole pair with their mutual
Coulomb interaction accounted for, then our discussion
is completely general. It is sometimes convenient to
ignore the Coulomb interactions but this will not be
necessary for the type of symmetry argument we apply.
It will be sufficient to assume that exciton binding
energies are large or small compared to strain splitting
and lifetime broadening energies. If the exciton binding
energy is large compared to lifetime broadening or
strain splitting one expects a set of exciton states which
transform irreducibly under the group of the critical
point ko. We call these states a symmetry multiplet and
we can use group theory to deduce a considerable
amount of information concerning the optical matrix
elements and strain energy shifts of the multiplet states.
We also derive the changes in the multiplet matrix ele-
ments which are first order in the strain and which result
from strain induced changes in the exciton binding
energy. This part of our analysis, which we call the low
strain limit, treats strain interactions exactly within
the multiplet states and treats strain interactions
between multiplets to first order in the strain. We
assume that the line shape of the unstrained multiplet
states is given by a Lorentzian, hence the differential
line shape would be the derivative of a Lorentzian for
energy-shift effects and Lorentzian for matrix-element
changes.

The case of a nondegenerate critical point is particu-
larly simple. The strain shifts the energy band “as a
whole” so that no change in exciton binding relative to
the band edge occurs and no change in optical matrix
elements results. We ignore wave function admixture
effects from higher bands. In this case the differential
line shape is a simple frequency derivative of the un-
strained line shape. This result is true, of course, re-
gardless of the nature or magnitude of the electron-hole
interaction. It is true for the individual exciton states
and it is equally true for the sum over all exciton states
associated with a given critical point ko. If the individual
exciton states are not resolved, due to lifetime broaden-
ing or because they are in the continuum, then the
“effective line” is the superposition of all the Lorentzian
broadened individual exciton lines. The differential
“line shape” of a nondegenerate critical point is the
energy derivative of the unstrained “effective line.”
There will be one such “‘effective line” for each point in
the star of ko. The vectors ko and —ko are always de-
generate, and other degeneracies may occur for sym-
metric stresses.

In the case of degenerate bands a strain which is
totally symmetric under the group of ko will not split
the degeneracy. The results in this case are the same as
for a nondegenerate band.
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For strains which act to split the degeneracy, if
the strain splitting is large compared to the lifetime
broadening and the exciton-binding energy, we again
arrive at a simple result. The bands are effectively
“strain decoupled” and the description given above for
the nondegenerate case applies, except that now we
have a “symmetry multiplet” of bands with a complete
exciton spectrum in each (both discrete and continuous).

The energy shifts of bands can be derived from group
theory. Optical matrix elements depend on both the
periodic part of the Bloch functions and on the exciton
envelope functions. The matrix elements due to the
periodic parts are related for different multiplet
members. In particular, certain polarization directions
give zero response. However, the envelope part of the
exciton wave function depends on the effective mass
parameters so that the over-all matrix element magni-
tudes are not simply related by group theory in the
high strain case. In this respect the symmetry results
are less complete than they are for the low strain limit.

For cases intermediate to the limiting cases described
above the effective mass formalism can, in principle, be
used to derive the line shape function, but in practice
this would be quite difficult and we do not attempt it
here.

The important symmetry locations for critical points
in the diamond structure are the I' and L points and the
A and Z directions and we treat the symmetry properties
of these points in detail in Sec. III. The A direction and
the X point are theoretically possible critical point
locations, but for the bands of interest the existence of
energy terms linear in k—k, and k—kx seems to pre-
clude their importance as critical points. Spin-orbit
splitting will, in fact, overcome the k—kj, linear terms,
but unless spin-orbit splitting is very large, the result-
ing critical point would be expected to be weak.

We study all the symmetry types which have allowed
optical matrix elements. We introduce spin-orbit inter-
action into the orbital multiplet and treat the symmetry
properties of the resulting double group. This approach
involves the approximation that only the hole (electron)
spin is coupled to the orbital motion and that the wave
function and energy are independent of the electron
(hole) spin coordinate.

Pollak and Cardona!? have independently derived
many of the symmetry results presented here although
their treatment is less general and they do not consider
exciton binding effects.

We have discovered the interesting fact that exciton-
binding effects generally reduce the absolute magnitude
of those deformation potential constants which lead to
splitting of band degeneracies.

Outline of Paper

In Sec. IT we develop the general formalism based on
the effective mass approximation. We perform a sym-

12 F. H. Pollak and M. Cardona Phys. Rev. 172, 816 (1968).
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metry analysis based on the group of ko, the critical
point, following the symmetry notation used by Koster
et al.'* Much of our analysis is based on the unitary
Clebsch-Gordan matrices v which give the irreducibly
transforming linear combinations of the outer product
of two irreducibly transforming functions. These v
matrices have been extensively tabulated by Koster
et al.®® for all point groups. The problem of indices be-
comes rather formidable. We have adopted the conven-
tion of reserving the subscript position for symmetry
information referring to the group of ko, although a few
exceptions to this rule have been allowed.

In Sec. III we apply the general formalism to specific
cases: the I point, A line, L point, and Z line in that
order. The discussion in the succeeding sections be-
comes progressively less detailed to avoid tiresome
repetition. The case of [001], [111], and [110] strains
is treated in most detail.

The principal results of this paper consist of the
energy shifts with strain and the optical matrix element
changes with strain. They are given for the k=0 point
without spin-orbit interaction in Egs. (3.39) through
(3.45) and (3.49) through (3.52). For the fourfold band
at k=0 (considering spin-orbit splitting) the results
are given in Eqgs. (3.77) through (3.80) with (3.83) and
(3.84). For the twofold (Kramers degenerate) band at
k=0 the results are given in Egs. (3.94) through (3.96).

For critical points in the A direction, the results are
summarized in Tables II, ITI, and IV; for critical points
in the A direction, Tables VI, VII, and VIII apply. The
2 direction is given in Table IX. The quantity F,
gives the contribution to the principal axis component »
of the dielectric tensor from the state ¢, F is defined in
Eq. (2.13). The D’s are “band-edge” deformation poten-
tial parameters, while the D*'s are deformation parame-
ters which take into account the change of exciton
binding energy of state ¢ with strain. 91, 53, and 75 are
strain components defined in Egs. (3.10) through
(3.19). The principal axes of the dielectric tensor de-
pend on the stress direction and are defined in Egs.
(3.1) and (3.2). E! is the unstrained exciton binding
energy of state ¢ and =\ is the spin-orbit energy. f*°
is a matrix element parameter in the unstrained crystal
while f*® and f* are matrix-element changes induced by
n3 and 75 strain components, respectively.

In Sec. IV we compare our notation to that of other
authors in the current literature.

We have not treated effects such as spatial disper-
sion,! electron-hole spin-spin interactions due to ex-
change scattering,'® or valley-orbit splitting!® due to the
overlap of k-space wave functions associated with dif-

18 G. F. Koster, J. O. Dimmock, R. G. Wheeler, and H. Statz,
Properties of the Thirty-Two Point Groups (MIT Press, Cambridge,
Mass. 1963).

14 J.J. Hopfield and D. G. Thomas, Phys. Rev. 132, 563 (1963).

8 R. S. Knox, Solid State Physics (Academic Press Inc., New
York (1963)) Supplement 5, p. 45.

¢ W. Kohn Solid State Physics (Academic Press Inc., New York
(1957), Vol. 5, p. 289.
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ferent points in the star of ko. In special cases, any or all
of these effects may be important. We remark that in the
presence of strong valley-orbit splitting the exciton is
best regarded as belonging to the group of I'(k= (0,0,0)).
Our “low strain” results for T' would be applicable to
this case.

II. GENERAL FORMALISM
A. Optical Dielectric Function

We are concerned with the absorptive part ex(w) of
the tensor optical dielectric function £(w), where

e(w) = g1(w)+ies(w). 2.1)

For a cubic crystal the e tensor is isotropic and may be
replaced by a scalar. Under the action of strain the cubic
symmetry is destroyed and the tensor character of &
becomes important. If we assume that the strain de-
pendence of ¢ is an analytic function, we can write the
linear strain dependence in the form

dé2,z2(w) = Wii(w)ezet+Wie W) (eyy+e.2)
662 »ZY (w) = WAA(CO)G,” .

These relations have the same form as the relations
connecting the strain tensor e and the stress tensor &
where W is the analog of the compliance tensor s (W
and s are actually fourth rank tensors but the ab-
breviated notation is standard). In Sec. III A we will
discuss the form that Eq. (2.2) assumes when e and e,
are written in symmetry adapted notation.

We wish to obtain more information about e; than is
available from Eq. (2.2). One approach would be to
continue the expansion of e; to quadratic and higher
terms in the strain. This has been suggested by Gerhardt
in a private communication and it may be a useful pro-
cedure in some cases. Our approach in this paper is to
look into the microscopic theory of the dielectric func-
tion and to study the strain dependence of optical
energies and matrix elements in the effective mass ap-
proximation. In simple cases we can obtain the func-
tional form of the w dependence as well as stress de-
pendences in the range where a power series expansion
for ez would not converge, namely, when energy shifts
due to stress are greater than the lifetime broadening
energy. We also study degenerate bands where the stress
dependence of e is nonanalytic. We find, however, that
(2.2) is still correct for stresses in the [001], [111], and
[110] directions.

We will treat only direct transitions and ignore the
small 2 vector of the light. We also ignore phonon inter-
actions except insofar as they can be treated pheno-
menologically as a lifetime broadening process.

The dielectric tensor can be written?

2.2)

202

€2,1m(w) = W Z‘: O] pu|¥)

X! pm| 0)8(8'— 8~ hw), (2.3)
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where p; is the /th component of the momentum opera-
tor and |0) refers to the ground state of the crystal at
absolute zero with energy &° assumed to be totally
symmetric under the crystal symmetry group. [¢*)
refers to a complete set of excited states labelled by the
index ¢, having energy &*. Because of time reversal, e;
is always a symmetric tensor, es,;n= €2,m: in the absence
of external magnetic fields. (We do not treat the effect
of magnetic fields.)

The excited statesy* consist of an electron and hole of
total momentum zero (ignoring the wave vector of the
light). When Coulomb interactions between the electron
and hole can be ignored, ¥ can be written as a product
of Bloch functions

Yi= V-1l iy, (k11)u,,! (kr,) (2.4)
&= Ey,(k)— En,(k), 2.5)

where 1y, 1, are the coordinates of the electron and hole
in energy bands 7, and #,, respectively. We take the
usual “one-electron” view so the hole wave function is
the adjoint of the corresponding one-electron wave
function.

¢ is then the energy density of the pair states (the
optical density of states or “joint” density of states)
weighted by the matrix elements of p. The optical den-
sity of states has analytic singularities (of square-root
type) at the critical points ko for which

Vk[Eﬂx(k) - Eﬂz(k)]ko= 0, (2-6)
hon Enl(ko)""Enz(ko) . (2.7)

These points provide the structure in €, and in the re-
flectivity and we wish to focus our attention on these
regions.

In the vicinity of a critical point, the optical energy
&*(k) can be written

3 #?
8'(k)=Hwo+ 3 R:;(ki—koi)z ’ (2.8)

J=1

where the R; are reciprocal “reduced” masses. The
critical point is said to be of type M ;(k=0, 1, 2, 3) when
k of the masses R; are negative.? The minimum #w, is, of
course, always of type M. The saddle point types M,
and M ; have often been cited as giving rise to important
reflectivity structure. It appears that M, and M, singu-
larities may occur close to each other in energy (‘“back
to back” so to speak) and thus give rise to peaks in e;.
M singularities are probably unimportant.

Due to crystal symmetry, all points in the “star”
of ko are critical points. In the absence of phonon
broadening and Coulomb effects the nonanalytic charac-
ter of ex(wo) guarantees that the interesting structure in
ez can be “localized” in % space in the vicinity of the
points ko. Weak Coulomb effects (without lifetime
broadening) blur this simple picture somewhat by
forming linear combinations of pair states k in the
vicinity of ko. If 7w, is the minimum direct transition
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energy, Coulomb effects produce stable bound states
which have well defined symmetry under the group of
ko. Hence, even in this case much precise symmetry in-
formation is available.

If 7w, is not an absolute minimum, but ko is of type
M, one expects that weak Coulomb effects will produce
metastable “bound” states which are not perfectly
sharp but have some lifetime for decay into pair states
of equal energy at a point k distant from the local
minimum k.

Phillips*7 suggested that even M critical points may
have metastable ‘‘saddle-point excitons” associated
with them if the positive reciprocal masses Ri, R, are
much greater than the negative mass | Rs|. This type of
metastability is that of a particle perched on top of
a rather flat A, and Duke and Segall'” have objected to
the use of the word metastable in such a context. How-
ever, Velicky and Sak” and the present author have
demonstrated that Coulomb effects do lead to additional
structure in this case although it is not that of a Lorentz-
ian broadened § function.

In the presence of strong Coulomb effects (still with-
out phonon effects), the metastable excitons will be
more seriously broadened. The minimum M, will still
have sharp excitons but they may not be described as
being associated with individual values of ko. The situa-
tion is analogous to the case of valley-orbit splitting due
to central cell effects in impurity states.!'® The true
states are linear combinations of all states in the star of
ko and the relevant symmetry group is the group of
k=0 rather than ko Valley-orbit effects should be
weaker for excitons than for impurities because the
hole is more spread out than the central cell potential of
an impurity. We will henceforth ignore valley-orbit
effects and use the group of k.

When phonon broadening is considered the informa-
tion content of e, is further degraded. Let #T'/2 be the
imaginary part of the self-energy where T is the recipro-
cal lifetime due to phonon scattering. Then in the ab-
sence of Coulomb effects the analytic singularity at Zwo
is pushed off the real axis by an amount ¢4T'/2 so that
(hw— hwo) >— Re(hw— hwot1AT/2)V2. 1f AT/2 is large,
the structure may no longer be regarded as coming from
the immediate vicinity of the point k. If several critical
points with inequivalent k, are separated by an energy
~#hT/2 the information in €, is badly degraded. This
is probably the case for the main transition at ~4 eV
in covalent crystals (sometimes called an X transition).
In silicon this is known to arise from a number of near
degenerate critical points.?:!8

When Coulomb and lifetime effects are considered,
the bound state delta functions become Lorentzians of

the form
r/(2m)

(@—ws)*+(T/2)?

17C. B. Duke and B. Segall, Phys. Rev. Letters 17, 19 (1966).
18 E. O. Kane, Phys. Rev. 146, 558 (1966).

L(w—wb)E (2.9)
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Equation (2.9) applies to the case when M, is an ab-
solute minimum so that the exciton states are perfectly
sharp in the absence of phonon broadening. Otherwise
the phonon broadening is additional to the meta-
stability broadening previously discussed. Of course, if
the material is “direct” the phonon broadening of the
lowest M, exciton (which is then the bandgap) must
vanish at T=0°K. (We ignore recombination broaden-
ing which is very small.)

Phillips'* has emphasized that the metastability
broadening due to Coulomb interactions of an M,
singularity which is not the lowest M, may show inter-
ference effects with the continuum resulting in a line
shape which is not Lorentzian. Phonon scattering, on
the other hand, is incoherent and hence gives a more
nearly Lorentzian broadening.

In the present work we will ignore many of the above
complications and assume that it is useful to study the
strain dependence of the wave function y* and energy
&t of an isolated state |£) or a group of symmetry related
states which are degenerate in energy. We will calculate
the wave function and energy of these states to terms
linear in the strain. On this basis we will obtain sym-
metry relations between the energy shifts and matrix
elements of states which are related by symmetry in the
unstrained crystal. The usefulness of this procedure de-
pends on the existence of an exciton binding energy
which is at least comparable to lifetime broadening
effects so that a measurable fraction of the dielectric
function can be ascribed to a single group of symmetry
related states. Some of the results we derive will be
valid independent of the strength of exciton binding.
For example, strains which do not split the band de-
generacies cause all states associated with a given criti-
cal point ko to shift together (although other critical
points in the star of ko may shift differently). This result
is independent of the degree of exciton binding. For
strain-splitting energies large compared to exciton
binding energies, the formerly degenerate bands are
effectively ‘“decoupled” and again the states associated
with a given band shift by the same amount indepen-
dent of exciton binding effects. However, in the high-
strain or “decoupled” band limit, we have no symmetry
relations between the matrix elements in different
bands with or without exciton effects. This is because
the matrix element in either case depends upon a suit-
ably averaged effective mass which will not be the same
for the split bands. Zero values of certain matrix ele-
ments may be predicted on the basis of symmetry in
this case, however.

To be more explicit, we assume we have a set of states
described by the labels

¥ite(ko),
&;t(ko).
19 J. C. Phillips, Phys. Rev. Letters 12, 447 (1964).

(2.10)
(2.11)
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The states are associated with a given critical point kg
and have symmetry type jo under the group of ko where
j denotes the irreducible representation and « denotes
a partner function of the representation. For zero
strain, §;* will be independent of the partner index «
and also of which critical point we choose in the star of
ko. t is a repetition index of the representation jo. For
practical purposes, ¢ will generally refer to the exciton
ground state which is much stronger in binding energy
and optical matrix element than any excited state
(binding energy goes like #~2 and optical matrix ele-
ment squared goes like #=% where » is the principle
quantum number). We will frequently wish to indicate
whether or not a result depends on ¢ so we will retain
the superscript explicitly.

Using Egs. (2.3) and (2.9) we write e, the contribu-
tion of the states of (2.10) to the dielectric function, in
the form

4722
e,n'(w)=——— > F;**(ko)
3mo*w?V ako
X L(E;# (ko) — &°—#w), (2.12)
Fie= (0] pu|yt2)@it=| 1| 0). (2.13)

L is the Lorentzian function defined in Eq. (2.9). The
dielectric constant is written in diagonal form e;,;;,20 In
the case of [001], [111], and [110] strains which we
discuss in detail, the principal axes are always parallel
and perpendicular to the strain. F;*« will always be
summed over all e, ko for which &,:=(k,) is the same.
We will calculate F and & to terms linear in the strain.
We will thus be able to calculate the differential re-
sponse of € to strain coming from both matrix element
variation and energy shifts.

If we suppress as many indices as possible de,!, the
variation with strain of €, may be written

bt e(t|D|1)f" e(t|D|1) dL
d_h;.

= - (2.14)
e (8'—8Y)F L

/¥ is analogous to F* but involves excited states ¥*.
(!'| D|t) represents the matrix element of the strain
operator which mixes the wave functions of states ¢ and
t'. e represents the strain. Assuming f*'~F*. (/|D|t)
~(t| D|t), we see that the optical matrix element varia-
tion is proportional to (&—&)~! while the energy shift
term is proportional to (#T)~!. Thus for sufficiently
small lifetime broadening, the energy-shift terms are
always dominant. This conclusion is valid if the line-

% In studying optical reflection at normal incidence for weak
perturbations on a cubic system, we need only consider the change
in the diagonal component of the dielectric tensor in the direction
of the polarization vector of the incident light. This is because the
reflected power is proportional to |Eo+3E|? where E, is the un-
perturbed reflected electric field vector and 8E is the perturbed
field. The term SE-SE is negligible compared to Eo-$E and E, is
the same direction as the incident field.
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shape function L is a Lorentzian or if it is assumed to
be of square root form. The energy denominator &t— &
may vary over a wide range. For a nondegenerate band
the only wave function admixture results from higher
bands at ko which may typically be separated in energy
by 1 or 2 eV or more from the band of interest. We
neglect these terms in our detailed calculations in the
spirit of the “effective mass approximation” but they
do actually make a finite contribution to the linear
strain effect on €. For bands whose degeneracy is lifted
by spin-orbit interaction, §*— &* will be of the order of
the spin-orbit splitting. We treat the symmetry proper-
ties of these terms in detail in Sec. III. For truly degen-
erate bands, §'— &% will be of the order of the exciton
binding energy. The optical matrix element variations
will clearly be of greatest importance in the case of
degenerate bands for strains which act to split the de-
generacy. If the lifetime broadening is of the order of
the exciton binding, or greater than the exciton bind-
ing, (8!—&*)~4T and both types of terms are com-
parable. The line shape contributions from energy-
shift effects and optical matrix element changes will
certainly be different but probably not qualitatively
different. There are sum rules effectively guaranteeing
conservation of e?! so that if the matrix element in-
creases at one frequency it must decrease at a nearby
frequency. Hence both terms will tend to have a
“derivative” shape consisting of positive and negative
peaks.

The importance of strain induced optical matrix ele-
ment changes have also been emphasized by Gerhardt??
and by Pollak and Cardona.!?

B. Pair Wave Functions

We construct the electron-hole pair wave function
out of one-electron-band functions using a Luttinger-
Kohn basis?® about the point ko. That is, we use as a
basis the complete set of functions e u,(ko,r). Since all
points in the star of ko are equivalent we implicitly
assume that the region of k about ko which we will need
to consider does not overlap an adjacent equivalent
region. There will inevitably be some overlap which
leads to what has been called valley-orbit splitting in
the theory of impurity wave functions.! If the overlap
is strong the ko basis is unsuitable and one should use
a basis with ko=0. The appropriate symmetry group is
then that of T.

Of course, in a sense, the symmetry group of T' is
appropriate in any case. One can always form combina-
tions of states belonging to different but equivalent ko
which transform irreducibly under I'. However, for weak
valley-orbit effects, there will be several different repre-
sentations of I' which are nearly degenerate with each

*! See for example, Eq. (10) in H. R. Philipp and H. Ehrenreich,
Phys. Rev. 129, 1550 (1963).

2 U. Gerhardt, Phys. Rev. Letters 15, 401 (1965).

8 J. M. Luttinger and W. Kohn, Phys. Rev. 97, 869 (1955).
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other. In this case it is simpler to study the group of ko
first and take account of the equivalent ko at the end of
the calculation.

The pair state consists of an electron and hole which
we describe by a two-particle wave function

YHrLr) = 2 @ning(r1—rp)etko (r1-r2)

o X thny (1) thnst (£2) . (2.15)

The coordinate r; refers to the hole, hence the t (ad-
joint) on its wave function. The “envelope” function
o(r1—r,) is constructed out of k vectors over a single
Brillouin zone.

e(r—ry)= / bi(k)eikko) - (ri—ragk,  (2.16)
BZ

The superscript ¢ indexes a complete set of ¢’s subject
to Eq. (2.16). ¢ is a function of r;—r; because we are
considering “direct” transitions and ignoring the small
wave vector of the light. Hence our exciton has zero
total crystal momentum.

We will work within the effective mass approxima-
tion as developed for degenerate bands by Luttinger
and Kohn.?? The effective Hamiltonian for the envelope
function ¢ in the absence of strain is given by

Hy=Hzge+Hc+ fux, (2.17)
#1620= Eny (ko) — Eny(ko), (2.18)
62
He=——"—, (2.19)
éo! 7’1"’2[
Hge=ppponGin/2=TinGim. (2.20)

#iwo is the band energy at the critical point, ko, Hc is
the mutual Coulomb interaction of electron and hole.
€0 is the zero-frequency, zero-wave-number dielectric
constant. A more sophisticated treatment of the dielec-
tric function may be desirable in some cases but we will
not treat these complications. We also assume that Hc
is a diagonal operator in band indices, which again is
only approximately true. We have neglected the ex-
change contribution to H¢ which leads to a correlation
between the electron and hole spins.'® The kinetic en-
ergy operator H gg is quadratic in p,, a crystal momen-
tum operator which acts only on ¢, and an effective-
mass tensor Gi» which is also implicitly an operator on
band indices. These operators can be expressed in terms
of matrices whose dimension is equal to the number of
degenerate bands. The matrices must transform under
the group of ky in the same way that poipem/2=Tim
transforms.
The strain Hamiltonian can be written

Hstr=z elmhlm, (2'21)
Im
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where e, is the strain tensor. Because the strain has
infinite wavelength it commutes with the envelope
wave function, ¢, but operates on the pair bands
Unytn, . This operator can also be expressed in terms of
matrix operators. In fact, because ¢ and p,* are both
symmetric second rank tensors, the structure of Hetr
and Hgg is formally identical.

We also wish to discuss the optical matrix element of
the momentum operator between the ground state |0)
and the exciton state Yt(r1,rz). Following Elliott,?* this
can be written

(011’1"‘1“): Z Vl/z‘Pm.nzt(O)

n1,n2

(2.22)

T

dr
X / s () pithng (1) — -
cell

The integral is over the unit cell of volume 7. V is the
crystal volume, ¢(0) is the envelope function evaluated
at the origin, r;—r,=0.

C. Symmetry Properties
Group of ko

We wish to use the symmetry properties of the group
of ko to characterize the exciton wave function and to
parameterize the effective-interaction Hamiltonian.

We assume we are interested in a set of band states
%3y, 00 (T1). %7 ay(r2) for the electron and hole which have
been selected to give irreducible representations ji, js
of the group of ko. The symbols a1, a; label the partner
functions of the irreducible representations ji, j.

Throughout this paper we use je in the subscript
position to indicate symmetry transformation properties
under the group of k. It is sometimes convenient to use
ja as a label without implying symmetry properties. In
this case we promote it to superscript position. We try
as much as possible to reserve the subscript position for
symmetry information pertaining to the group of ko.
We use Koster et al.’s'® notation for the representations
of the point groups.

(a) Irreducible pair bands, We wish to form linear
combinations of pair bands which will themselves trans-
form irreducibly under ko. This is analogous to the cou-
pling of products of angular momentum functions with
Clebsch-Gordan coefficients to give total angular mo-
mentum states. We can write

Uia(ry,r) = 2 Yiia, Gaan *; jabiras (1)

aj,az

X Ujsas! (r2)e™o- (F1=r2) | (2.23)

We will call the U’s pair bands. The indices (720:2) have
been starred to indicate that the matrix transforming
%;5a, is the complex conjugate of the matrix transform-
ing #%;,a,. v is a unitary matrix. The analogous matrix

%R, J. Elliott,'Phys. Rev. 108, 1384 (1957).
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without the * has been tabulated by Koster ef al.’®
for all point groups. Their results are immediately ap-
plicable for real basis functions, of course.

In Sec. II C 1(g) we discuss how one can make use of
Kramers time-reversal operator to adapt the Koster
tables to the complex case as well.

(b) Effective strain Hamiltonian. The strain operator
of Eq. (2.21) may also be written in an irreducibly
transforming manner:

H.¢r= Z (6,'.,’)*}1,'.,'. (224)

s, a

s is a repetition index which is needed for some poin.
groups. The transformation between e;o* and e, wilt
be explicitly given in the detailed applications in Secl
III. Since e;n is real, the * in Eq. (2.24) only affects the
transformation coefficients. Most single-group repre-
sentations are real so the * is usually not needed. Equa-
tion (2.24) looks unsymmetrical, but the * could equally
well have been chosen to operate on k;,* instead of
e;o". Equations (2.21) or (2.24) can be looked on as a
generalized scalar product of the quantities e and A.
A unitary transformation on % must be accompanied by
the conjugate transformation on e to maintain the
scalar product invariant.

In studying the symmetry conditions imposed on the
matrix elements between band states U of the operator
hio* in Eq. (2.24) we write the following linear com-
binations, using the unitary Clebsch-Gordan matrix vy
as in Eq. (2.23):

> 'Y(jmx)"'.jzaa;(J"a’)"'<Uim1|hJ'a| Ujsas)

al,az

=Dj5jj'5aa'\/” . (225)
The /7 is introduced for convenience. # is the dimen-
sion of j.

By explicit construction, the left-hand side of (2.25)
transforms like (5'’) if %;4 is not transformed. If %;, is
transformed as well, the requirement §,;-84a is necessary
and sufficient for the left-hand side of Eq. (2.25) to be
invariant under symmetry transformations of the group
of ko. Our approach is very similar to that of Pikus.?®
Our results for the T' point are analogous to those of
Luttinger?® as generalized to the case of the strain opera-
tor by Kleiner and Roth.?” We feel that Luttinger’s ap-
proach was unsatisfactory in not emphasizing the
fundamental role played by the representations gen-
erated by U;*X Uj,.

Equation (2.25) may be considered to be the defini-
tion of the quantity D; which is a deformation potential
constant connecting the pair bands Uj, and Uj;. We
will generally be interested in the case where j; and 7,

2% G. E. Pikus, Zh. Eksperim. i Teor. Fiz. 41, 1258 (1961)
[English transl.: Soviet Phys.—JETP 14, 898 (1962)].

26 J, M. Luttinger, Phys. Rev. 102, 1030 (1956).
(19’75;7;’. H. Kleiner and L. M. Roth, Phys. Rev. Letters 2, 334
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refer to the same band. Using the unitary character of
v, Eq. (2.25) is easily inverted

(Uinal‘ Bl Ujsas)= (Y Gran)* jzas: G *Div/n

=Yij1e1, (iadz)’;jaDj\/n . (226)

n is the dimension of j. For real representations, the
conjugations on vy are superfluous. For the complex case
we can simplify the conjugations somewhat using time-
reversal symmetry as discussed in Sec. II C 1(g).
[See Eq. (2.51).] Equation (2.26) is the point group
analog of the Wigner-Eckart?? theorem for the rotation
group. Equation (2.26) may also be regarded as defining
k as an operator on band indices. In this usage we will
use the abbreviation v;.. Equation (2.24) can then be

written
Z (eias)*')’iapi’:

8,5,a

(101] Fial J202) =AMV jra1, (G2a2) *; a5

Hg.=
2.27)

where 7 is the dimension of the representation j. An
entirely analogous expression may be written for the
kinetic energy operator

Hxe= 2. (T;a*)*¥iaR;*.

8,4«

(2.28)

The quantities R;* which are the analogs of the D;* are
reciprocal effective mass parameters. The formal iden-
tity of Egs. (2.27) and (2.28) stems from the fact that
e and T are both symmetric second-rank tensors.

The pair band deformation parmeters D;,* and recipro-
cal mass parameters R;* of Egs. (2.27) and (2.28) can be
related to the corresponding one electron parameters
through the use of Eq. (2.23), using the fact that the
strain and kinetic energy operators are given by the
difference of two one-electron operators O(r;)— O(rs).
The minus sign refers to the hole operator. To give a
simple example, assume the conduction band transforms
like the identity. We then have

Rt =r1"61—1;°,

D= dyiy—dy, (2.29)
where the d’s are the single-band analogs of the pair-
band D’s. Similar relations may be written for less
trivial cases, but there will be different numerical
coefficients.

With the strain and kinetic energy operators of Egs.
(2.27) and (2.28) and the Coulomb operator of Eq.
(2.19) we are, in principal, equipped to calculate the
exciton spectrum in the effective mass approximation.
(The Coulomb operator should be multiplied by the
identity matrix.) Calculations of this sort, involving
nonspherical kinetic energy operators, have usually
been performed by variational methods'$?® although

28 See, for example, U. Fano and G. Racah, Irreduczble Tensorial
Sets (Academlc Press Inc., New York, 1959)
2 D. Schechter, J. Phys Chem. Solids 23, 237 (1962)
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more exact methods have been used.® We will not
attempt such calculations here.

(c) Optical matrix elements. We wish to compute the
matrix elements of the electron-photon interaction en-
ergy A-p where A is the vector potential and p is the
momentum operator. We write the optical interaction
in irreducible form

e e
Hopt='—A'P=‘-‘ > Aia*Pia~
moc moC i,

(2.30)

We want the matrix elements of this operator between
the ground state |0) and the excited state ;. which
may be written

O] pira |Wia)= @38} 8aar - (2.31)

According to Eq. (2.22), ®, can be written in the form
Cit=ar'ei ()P V, (2.32)

Pi= 0| pja| Uja)- (2.33)

a1’ is a normalization constant so that ¢.¢is orthonor-
mal. Since Eq. (2.22) involves ¢(0), only the identity
symmetry ¢1 contributes. Equations (2.31) and (2.32)
are only valid for low strain where ;. is the same as in
the unstrained crystal. Equation (2.33) remains true for
high strain and will be useful in showing that certain
optical-matrix elements are zero. (We ignore the strain
admixture of other band multiplets Uj, into U)).

We now turn to the problem of the strain dependence
of exciton energies and wave functions. The results are
very simple in the case where no band splitting of the
U, multiplet occurs and will be described first. When
band splitting occurs, the results are more complex but
have simple limiting cases in the high and low strain
limits.

(@) No band splitting. The strain symmetries e;*
which are totally symmetric under the group of ko will
not give rise to band splitting. In other words, ¥; in
Eq. (2.27) is always the identity matrix. Strains of this
type will not change the exciton wave function or the
exciton binding energy relative to the band edge
(electron-hole continuum). The exciton spectrum then
shifts “as a whole” with an energy shift given by e;2D;?.
There are no optical matrix element changes (ignoring
admixture of bands outside the U;, multiplet) so that
des/ dey® is proportional to an energy derivative of the
unstrained e;, des/d(%w). Hydrostatic stress always has
this effect, of course. In the hydrostatic case, all mem-
bers of the star of ko respond in the same manner. Less
symmetric strains may have components ¢,* which are
totally symmetric under the group of a given ko but do
not have the same value for all members of the star of
ko. Nondegenerate bands only couple to strains of sym-
metry e;* so that the above simple description always

30 K. S. Mendelson and H. M. James, J. Phys. Chem. Solids 25,
729 (1964).
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applies to the nondegenerate case. Bands which have
only the Kramers degeneracy also behave in this way.

(¢) Low strain. By low strain we mean that strain
splittings are small compared to the exciton binding
energy. In this case we consider the exciton wave func-
tion Yo in the zero strain limit. We study the strain
splitting of the partner functions a in the degenerate
multiplet 7. ¢ is a repetition index but the ground state
will usually be of most interest. If we ignore the matrix
elements of the strain operator connecting one multiplet
with another we can use the identical symmetry argu-
ments as before to write an effective strain Hamiltonian
for the multiplet ¢. Equation (2.27) becomes

Hg..= Z (eiﬂs)*’?iaiDj"t .

8,j,a

(2.34)

The only difference is that we have different deforma-
tion potential constants D and 7,4 is an operator on the
Yo' subspace rather than on the pair bands, U. We
may use the Clebsch-Gordan matrix v to write the total
exciton wave function ¥;.’ in terms of envelope func-
tions ¢ and pair band functions U.

‘,’jat=zai1t 2 YVitevizasja®Pirar Ulsas- (2.35)

ks ay, a2
We have introduced the normalization constants a so
that the envelope functions ¢ can be taken to be
orthonormal.
(¢iat| @irart)= 8jjBaar. (2.36)
Normalization of ¢ and U then requires

> layt|2=1. (2.37)
J1

The values of ¢ and the functional form of ¢, apart
from what is determined by symmetry, must be found
by solution of the effective mass equation, using Eq.
(2.28). With the use of Egs. (2.35) and (2.37) the con-
stants D;*t in Eq. (2.34) may be related to the corre-
sponding constants D;* in Eq. (2.27). We will not at-
tempt this in the general case, but will provide a number
of examples in the specific cases which we treat in Sec.
IIT.

Equation (2.34) is sufficient to calculate the energy
dependence of the states y;q! to first order in the strain.
We also wish to write y;,¢ to first order in the strain for
the purpose of computing optical matrix elements to
that order. The results could be written in terms of per-
turbation theory, but the details may be bypassed
with the use of symmetry. We can write

V=it 3 Viiarjranijalita Wiras'".

Juans
J2a2

(2.38)

The form of Eq. (2.38) is obtained by recognizing that
Y*ie must transform like ja if both e and ¢ are trans-
formed. If e;,4, is considered fixed, then ¢;,' and %=
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transform differently, which we indicate by use of the
superscript position.

(f) High strain. In the limit of strain splittings large
compared to exciton-binding energies, the appropriate
procedure is first to diagonalize the strain Hamiltonian
of Eq. (2.27). Let us assume that Ujs represent the
bands which diagonalize (2.27). The elements of the
kinetic energy operator, Eq. (2.28), which couple Ujg
and Ujpg may be ignored in the high-strain limit and we
can say that the bands have been ‘“strain decoupled.”
The exciton-binding energies in the decoupled bands
will depend on an appropriately averaged effective mass
which will in general be a function of the index 8. The
wave function may be written

Yhib= 181U g1 3B

where, by definition, ¥ does not contain the envelope
symmetry ¢ and hence does not contribute to the
optical matrix element. The analogs of Egs. (2.31) and
(2.32) are

(2.39)

(0] pyrar |1:#)= ®;*%5;j:0ars, (2.40)
@jtﬂ=dltﬂtplm(0)Pj\/V. (241)

Equation (2.33) for P; still holds. The only difference
from the low-strain case is that ¢; and ® now depend on
the partner index 8. The occurrence of the 8;;:8ag fac-
tors, which strongly affect the polarization properties,
are a consequence of the Ujg term and are unaltered by
the strain. The exciton states in a given band will all
shift together with the same deformation potential con-
stant which is given by the appropriate combination of
D’s rather than the ©’s of the low-strain case. In this
sense, the high-strain results are simpler. The strain
decoupling has reduced the problem to the case of inde-
pendent nondegenerate bands, Ujs. The wave function
or optical matrix-element changes will depend inversely
on strain and will vanish in the infinite strain limit as-
suming one can still ignore admixing of other multiplets,
U ;1. The high-strain limit will be harder to reach for the
wave function than for the energy, since wave functions
are always more sensitive than energies. We illustrate
the general remarks of this section in more detail in
Sec. IITA 1(b).

(g) Time reversal and phase relations. The symmetry
implied by time reversal can be studied with the use of
Kramers operator, K.!* which may be defined by

K= —Cio,, (2.42)

where C is complex conjugation and ic, reverses the
spin direction in the usual representation associated
with the Pauli matrices. For special points like T, X,
and L where ko and —k, are equivalent, the operator
K may be used directly to deduce symmetry relations.
For any point ko in the diamond lattice we may intro-
duce the operator X defined by

%=K(z|J), (2.43)
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where (t|J) is inversion followed by a translation of
t=(a/4,a/4,a/4). X leaves ko invariant, commutes
with the Hamiltonian, and possesses the property

X2=K?=(—1)", (2.44)
where 7 is the number of electrons in the state on which
X operates. When # is odd, X cannot be diagonalized,
since Ky =Xy implies K%= |\|%= —y which is a con-
tradiction. Then y and Xy are independent states called
Kramers doublets and energy bands in the diamond
lattice are doubly degenerate throughout the zone, a
well-known result.

The discussion that follows uses the operator X.
However, we will actually use K whenever ko and —k,
are equivalent, i.e., for T' and L, in order to minimize
conflict with Koster’s conventions.

As discussed in Sec. II C 1(b), in order to find the
symmetry relations between matrix elements of the
form (Ujia|#ja| Ujyay) We need to know the unitary
Clebsch-Gordan matrix (¥ jyap*jgas; GGay*) ™. (See Eq.
2.26) Koster et al.'® have tabulated the y matrices with-
out the complex conjugations. We can use these tables
by noting that if the multiplet ;. transforms by the
matrix Daqo(®) where ® is a group element, then
Ky ;e transforms by the matrix (D,«(®))*. This result
follows from the fact that & and ® commute, modulo
a Bravais lattice translation.?! The lattice translation is
irrelevant because, in Eq. (2.15), the nonperiodic part
of the pair wave function involves ri—r; which is in-
variant under translations.®?

We can then use Koster’s tables to reduce the outer
products ¥;,a,* X¥j,a, if we know the relations between
Xy and ¢.

We will limit our discussion to the two cases we will
need in the detailed examples, namely, for an even num-
ber of electrons, the case where we may take

Kja=Yja;

n even (2.45)

and for an odd number of electrons where we may take!®
Kja=(—1)%; _o; n odd. (2.46)

Here a basis has been chosen such that « takes half in-

tegral values from —¢ to ¢. See Koster ef al.’3 for a more
general discussion.

The defining relation for Koster’s v matrices is

Bja= 3 Yira1,j2az;ja¥iiai¥isas -

ag, o2

(2.47)

If the y/ja correspond to 7 even and Eq. (2.45) applies,
the v matrices must be real and all complex conjuga-
tion relations can be ignored. (It is sometimes con-
venient to use complex representations even when

8 M. Lax, Group Theory Notes (to be published).

# Even for a one-electron state the lattice translation is ir-
relevant. if one notes that KyjaXyj o is invariant under lattice
translations when ;4 and ;.o have the same £ vector.
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(2.45) can be satisfied but we will not discuss this non-
essential complication.)

In case (2.46) applies, we may substitute Eq. (2.46)
for ¥j,a, in (2.47) and obtain the relation

q’ia= Z (— 1)"u—‘"’YJ'x(—al).izuz:ia:’c‘l’jmx‘ﬁjm:- (2-48)

aj,a2

Since Xyj,a, transforms according to the conjugate of
the transformation of ¥;,q,, we have the relation

(2.49

We may further operate with X on both sides of Eq.
(2.47) and use (2.46) to obtain the relation

(Yirapagia) ¥ = (— 1) O a—ary, oy i apija-  (2.50)

We have assumed that ¥;,, and ¥j,a, both satisfy Eq.
(2.46) and that ®;, satisfies Eq. (2.45).

Equations (2.49) and (2.50 may be used to write
(2.26) in the simpler form

<Uixax| hial UJ'zaz>= ("' l)qﬁaz’)'hax.i:(—az):J'aDJ'\/”- (2-51)

We wish to determine the phase of the matrix ele-
ments, Dj, in (2.51) and in the analogous expression for
the even electron case. These phases are essential when
two matrix elements are to be added. Taking an arbi-
trary Hermitian operator 0, we use X to obtain

<‘I’J‘1a1| (‘),-., I ‘l’:‘:a1>= (x‘piza:l Oiaxl :K'pixal) ) (2-52)
0,».,5‘5 :KO,’GCKT’I. (253)

The self-adjoint character of ©% has been used. For 0
equal the unperturbed Hamiltonian or the strain
Hamiltonian 0;,%¥=0;,. For O equal the spatial part
of the spin-orbit Hamiltonian ~VV Xp, 0;a¥= —0ja.
For our purposes we will then assume 0%¥=+0.

Using Hermiticity and Eq. (2.52) together with
(2.45) we obtain

Y Grap*gansia= (— 1) 7Y (Cay),izagija-

Wiras] O™ | Wireq)= Wiras| Ojal¥ira)*; meven. (2.54)
Using (2.26), we have
D;==xD;*; 0%=+0. (2.55)

For the case of # odd, the relation analogous to (2.54) is

Wis(—an | O5a®|¥iran)
= ("' 1) ql—a1+qz—~az<¢ha’| Gjal‘pth)* . (256)

Using (2.26), (2.49), and (2.51) in (2.56) we can then
show that Eq. (2.55) also holds for #» odd. Hence the
“reduced” matrix elements D; as defined in Eq. (2.51)
are real for operators ©¥=0 and pure imaginary for
operators O¥=—0.

It may seem irrelevant to discuss the odd electron
case since we are concerned with electron-hole pairs.
However, if the electron is nondegenerate and the hole
is degenerate (or vice-versa) only one spin will be
coupled to the orbit since we ignore spin-spin interac-
tions. The dynamical problem can be solved using
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double group states where the spin of the nondegenerate
particle is ignored. The ignored spin states must finally
be summed over at the end of the calculation when we
compute optical-matrix elements.

(h) Spin-orbit interaction. The spin-orbit interaction
may be written in the form

Hup=81-01—5:-0,,
(2.57)

%
S.’“—'

4m?c?

[vv:Xp:l,

where 1 and 2 refer to the electron and hole as usual.
S; operates on the orbital wave function and transforms
like an axial vector. It has the time-reversal character
0%X= —0 as discussed in the preceding section. o; refers
to the Pauli spin matrices. Since the main contribution
to S; comes from the atomic core where VV; and p; are
large it is a good approximation to ignore the depend-
ence of S; on the envelope function ¢ and treat S; as an
operator which acts on the pair bands U and commutes
with the envelope function ¢ just as in the case of the
strain operator. The time-reversal property 0%=—0
makes the spin-orbit interaction between the pair bands
quite different from the strain and kinetic energy opera-
tors which are even under time reversal. We proceed to
write an effective Hamiltonian for H,, in the usual
manner. Write (2.57) in irreducibly transforming
manner

Hso=z (Ul,ja)*sl,ja—z (Uz,ja)*Sz,;‘a. (258)
ja ja

Writing the ;. matrices for U*XU as in (2.27) and
(2.51), we have

Huw=3 Yia(M,io1,5a*—N2,j02,a%) , (2.59)
Jja

where the \; are spin-orbit constants analogous to the
D; in (2.51) though coupling to different j because of
the different time-reversal character.

When both electron and hole bands are degenerate we
must consider both terms in Eq. (2.59). The relevant
group is the single group since the wave function con-
tains an even number of electrons. Because of the spin
degrees of freedom the number of bands Uj, closely
spaced in energy will be quite large. Usually more than
one value of 7 will be represented so that our present
approximation of considering only a single 7 would be
inadequate. If one of the bands is nondegenerate, how-
ever, it has no diagonal spin-orbit coupling. The spin
degree of freedom then does not enter into the Hamil-
tonian. For the solution of the dynamical problem the
spin degree of freedom of the nondegenerate particle can
be suppressed and the effective wave function belongs
to the double group. The neglected spin degree of free-
dom must be summed over at the end of the calcula-
tion when optical matrix elements are computed.
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(i) Noncubic rotations and the Wigner-Eckart theorem.
The tables of Koster ef al,'? for the unitary matrices v;q
are given in terms of a specific representation. It is fre-
quently convenient to transform to an alternate repre-
sentation appropriate to the symmetry of the problem.
In this connection it is useful to consider ‘“‘pseudorota-
tions” which are more general than the true rotations
compatible with cubic symmetry. Our approach is a
generalization of the method of Luttinger who expressed
the v;, matrices in terms of angular momentum opera-
tors.?¢ Luttinger’s method was first applied to the strain
perturbation problem by Kleiner and Roth.?”

Consider Eq. (2.26) which we write more compactly
as

(il Byl )= 120 je)dy. (260

We assume j; and j, are irreducible under both the
cubic group and the full rotation group. The method of
“pseudorotations” applies only to this case. On the
other hand | j101)X | jo2) may contain representations
which are irreducible under the rotation group but are
cubically reducible.

We apply the unitary transformation

| re)=2" rv1| frar),
ar (2.61)

| jacs)=2" rara| joctar).
7%

The 7’s correspond to an arbitrary pure rotation if
| 7101), |jec2) are angular momentum eigenstates but
correspond to “pseudorotations” of the cubic harmonics.
A true noncubic rotation would, of course, take a cubic
harmonic out of its degenerate subspace.

Substituting (2.61) in (2.60) gives

<j1a1| hial jz(!z)= (112 l Ry ] ja>Ai )

2.62
(1,21R| 1',2’>= 711/7‘22'*. ( )

We may also write (2.62) in the form
(f1enhjal jaca)= (1,2|Y®| ja)A,, 2:63)

®=y"Rly,

where ® transforms the | ja). When | ji01), | j2as) are
double group representations, ® belongs to the single
group and hence is more convenient to work with than
R.

| j1n) X | jes) may contain states |ja) and |j'o’)
which are separately irreducible under the cubic group
but which are “united” by a noncubic operation. Then
® will couple j and j'.

We may think of ¥ as an operator v;. coupling the
states | jix1), | joaz). Then ® effects a transformation

(VR)ja= X YiraRjra ja- (2.64)
:Iql

Note that while v is transformed, % is not. The y’s are
the same for the rotation group as for the cubic group
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provided we use a basis for the rotation group which is
irreducible under the cubic group. This follows because
any transformation property which holds for the cubic
group must also hold for the rotation group.

If the full rotation group applies, Eq. (2.60) is called
the Wigner-Eckart theorem?® and A;=A;, when j and
4’ are united by noncubic rotations. The “pseudorota-
tion” method does 7ot assume A;=A;, of course.

In applying the “pseudorotation” method it is con-
venient to use the tabulated values of Clebsch-Gordan
coefficients. These refer to an angular momentum basis
where raising and lowering operators have positive
signs. This does not agree with Koster’s choice of basis
for the single group. In Condon and Shortley’s nota-
tion®® the v’s would be written

(2.65)

Luttinger’s use of angular momentum matrices is re-
stricted to the case ji= j, which is less general than the
Wigner-Eckart theorem.

Virma amaiim= (J17amams| j1gagm).

(2) Star of ko

Let g* be a minimal set of symmetry operators of the
crystal point group which generate the star of k.

gko=ko. (2.66)

All crystal properties are independent of whether we
consider ko or ko’. However, the effect of the external
forces of stress and vector potential are not independent
of this choice. In fact, the effect of the vector potential
A on the critical point ko is equivalent to the effect of
the vector potential A* on the critical point k¢, where

Ai=(g9)A (2.67)

with a similar relation for e in terms of e.

The simplest way to sum over the star of ko is to keep
ko fixed and sum over a complete set of A and e.
(Whether we think of stress or strain is immaterial since
the tensor connecting them is invariant under the point
group). The complete set of operators (g?)~! is identical
with the set g* to within an operation of the group of ko
which makes no difference. Since e is invariant under
inversion and since the dielectric constant is bilinear in
A, ko and —ko are equivalent. This reduces the number
of sets A* which we have to sum over.

III. APPLICATION OF GENERAL FORMALISM
TO SPECIFIC CASES

In this section we propose to investigate the sym-
metry properties of strain effects for critical points in
the symmetry locations T, A, L, and = for the diamond
structure. Our most detailed discussion will treat the
effects of uniaxial stress in the [001], [111], and [110]

#E. U. Condon and G. H. Shortley, The Theory of Atomic
S p?gra (Cambridge University Press, Cambridge, England, 1959),
p. 76.



1380

directions. With this limitation on the stress direction
more symmetry restrictions prevail and the results are
simpler. We study all symmetry types for which optical
transitions are allowed for the cases of large and small
spin-orbit splitting. We follow the notation of Koster
et al.*® as much as possible.

For the case of [001], [111], or [110] stress, the
principal axes of the dielectric-function tensor are
oriented parallel and perpendicular to the stress. We
introduce the following definitions of coordinates which
will be useful in these three cases. x, y, z always refer to

the cubic axes:
[111] Stress

o= (x—y)/VZ,
y'=(x+y—22)/V/6,
7= (x+y+2)/\3;
[110] Stress
«'=(x—y)/V2,
y'=(x+y)/V2,

7'=z.

3.1)

(3.2)

A. T Point; ko= (0,0,0)

At the T point, ko=0, the symmetry group is O; in
the diamond structure. All quantities have a unique
parity, ==, under inversion-translation (| J). The strain
tensor has positive parity and the vector potential has
negative parity. Since the crystal ground state has sym-
metry Ty, all allowed transitions lead to excitons of
negative parity. To simplify the notation we will sup-
press the parity designation as much as possible.

Following the procedure described in Sec. II C1, we
decompose the strain tensor into its irreducible represen-
tations under Oy according to the following definitions:

e1= (0t €yyte..)/V3, (3.3)
e36=(2€,,—€22—€y,)/\/6, 3.4

ess= (€zz—e4s)/V2, 3.5)

€5yz=¢€yz, (3.6)

€52:= €2z, (3.7

€52y=C€ay. (3.8)

Similarly, the vector potential yields the representa-

tion ( 3_9)

The strain tensor e,y is related to the stress tensor I,
by the complicance constants s, $12, 44 In a cubic
crystal. The relations are

€zz= Sllizz"' 512(Iyy+tzz) ) (310)
€zy=5uZ 2/2. (3.11)

The other relations follow by cyclic permutation of
x, v, 2, For convenience and for the sake of definition we

Am=An; m=x,y, 2.
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also list the components of e for a uniaxial stress of
magnitude ¥ in the [001], [1117, and [110] directions:

[001] Stress

eu=ew=sn$:; ezz=sllz) (3-12)
e1= (su+2s12)T/N3=m,, (3.13)
e3e=(V/3) (s11—51) T=1s; (3.14)
[111] Stress
ere=eyy=e,,= (su+2512)3/3, (3.15)
Cay= €2:= €y, = ST /6=1;, (3.16)
e1=11; (3.17)
[110] Stress
z2=yy= (Sut512)T/2; €,.= 515, (3.18)
ezy=3443:/4;
er=n1, (3.19)
e3a=—13/2, (3.20)
eay=47s. (3.21)

All components not listed are zero.

Since the momentum operator transforms like T'y_,
only excitons derived from pair bands U, will have
nonzero optical matrix elements. Similarly for double
group bands, only 'y X T, =T¢ + I's_ will have non-
zero optical matrix elements. (I's; is the representation
of spin 3.) Hence we will treat only these cases.

Equations (3.3) to (3.8) serve to define irreducibly
transforming components under O, for any symmetric
second rank tensor. If we use these definitions for ¢, as
well as e, the linear dielectric response in Eq. (2.2) may
be written

de2,1(w)=Wi(w)es,

dez,30(w)=Wi(w)ess; o=0, B, (3.22)
dez,50(w) =W s(w)ess; =2y, 22, yz,
W]_(w)= IVll(w)+ 2W12(w) )
Wa(w)=Wi(w)—Wis(w), (3.23)

Ws(w) = W44(w) .

We regard Wi, W3, and W5 as the fundamental response
functions which describe the response of the cubic
medium to strains of symmetry e, e3, and e5. The W’s
can be determined from the polarization dependence of
the dielectric function according to

[0017] Stress

Sep,2e(w) "1W<)+2"3W() Tlel
€2 22\ W) =— w — ; 5
2, 3 1 6 3(w); paralle
(3.29)
n
aez,u<w>=aez,w<w>=%‘wl(w>—\%ws<w>;
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[111] Stress

n
Beg,vrw () =W 1(w)+ 2ngW 5(w); parallel,
V3

(3.25)
O€g,00 00 = €2,y1y = EWl(w) —nsWs(w);
v3
[110] Stress
e grrgr = BWI(‘*’) + ' N3 3(w) — 310 s(w)
V3 2¢/6
oo = W)V
\3 2/6
+3nWs(w); parallel, (3.26)

1 13
662,zz = "_Wl(w) - —W3 (“’) .
V3 V6

The three quantities Wy, W3, and W are conveniently
determined from [001] and [111] stresses. The [110]
results may be used as a check. For nondegenerate
bands the energy shift contributions to W3 and W5 are
expected to be zero for critical points in the [111] and
[100] directions respectively. For a nondegenerate
(0,0,0) critical point both W3 and W ; have zero energy-
shift contributions. Kramers degenerate bands are
effectively nondegenerate. Equations (3.22) are based
entirely on symmetry considerations and the assump-
tion of a linear relationship between de; and e. Com-
pletely analogous relations can be written involving the
stress rather than the strain, namely,

562,,',:‘“71'3:]',. (327)
The symmetry character of the W’s is the same as the
W’s. The W’s were introduced and discussed in the
introduction.

(1) U4 Bands

According to Koster’s tables,* the outer product
UsX U, generates the representations I'iy, I'sy, Ty,
and I'si. In an x, y, 3 basis the 3X3 ¥ operators are

(7="37)

v1=1I, (3.28)
(—1 00
% ! 0 10
Y3a= " -
3 VZ ’
0 0 2
(3.29)
r1 0 0
V3
')73,9=\—/5 0o -1 0},
L0 0 0
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0 0 0)

V3
')74z=\72 0 01 )
0 —1 0J

0 0 —1N
V3
74y=\—/2" 00 0],

(1 0 0J

(3.30)

1 0
0o 0,
0 0oJ

&

'74:=_'
V2

0 0 O

V3
’)75“:\72 0 O 1 )
w 1 0o

0 0 1
¥szze=—|0 0 0},
T

1 0 0/

&

(3.31)

M 1 0
Yszy=—|1 0 0].
Szy \/_2_

Lo 0 0

&

In terms of these matrices the effective strain and
kinetic-energy Hamiltonians of Egs. (2.27) and (2.28)
may be written

How= Diexy1+ Ds(esaVsat€3573s)

+ Dé(ezyyhy—l_ ezzi5zz+eyz')75yz) ) (332)
Hxe=RiT 71+ Rs(Tsasa+ Ts57s5)
+R5(sz'75zu+ Tzz')’.522+ Tﬂz’)‘;SyZ) . (333)

The D’s are pair band deformation potential con-
stants and the R’s are reciprocal reduced masses. T'jq is
an envelope kinetic-energy operator whose definition is
identical to that of ¢;, as given in Egs. (3.3) to (3.8) with
e replaced by (poipem)/2 where the p, are momentum
operators acting on the envelope function ¢.

(a) Low strain. For zero strain the eigenfunctions of
the kinetic-energy Hamiltonian of (3.33) plus the
Coulomb Hamiltonian of Eq. (2.19) may be written as
Vasty Yal, Yao!. Other symmetries are of no interest to us
since they have vanishing optical-matrix elements. Us-
ing the Clebsch-Gordan matrix v as in (2.35) ,we may
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write ¢ in the form

V3
‘hz' =a,' s01' Uit aa‘( - % ‘Paat U4z+—2-¢3,5‘UAz>

1 1
+‘7'4'(\72“P4th e \EW'tU 4v>

1 1
+a5‘(‘\_/‘2_¢5u‘Ull+E (Pszy! U(u) . (334)

The ¢’s are orthonormal and the a’s are real and satisfy

i (af)?=1. (3.35)

t==1

¢ labels a complete spectrum of states with symmetry
T'y. The functional form of the ¢’s, apart from sym-
metry, must be determined by explicit solution of the
Schrédinger equation.

On the basis of the same symmetry considerations
that led to Eq. (3.32) we may write an effective-strain
Hamiltonian operating on the multiplet 4 in the form

Hoir= Dr'er]+ DstesaVaat-es5738)

+ Dst(exyTsayt+ €zeVsast eysVoys). (3.36)

The relation between the new deformation potential
constants D;* and the constants D, in (3.32) may be
calculated using (3.34) to be

Ds'=Di[ (a1")*+ (as")*—3(a4")*—3(as)?],
D= Di[ (a19) —(as*)*— 3 (e4)*+3(as")].

(3.37)

To calculate Ds* we also need the expression analogous
to (3.34) for y4,‘. In deriving (3.37) we have used the
orthonormality of the ¢’s and the fact that H,, com-
mutes with ¢. Note the interesting fact that, due to Eq.
(3.35) we have the inequalities
| 24| <| Dyl . (3.38)
For the identity representation in any group we always
have D,'=D; since all exciton states shift “rigidly”
with the band. The differences between D, and D; are
associated with changes in the exciton binding energy
relative to the band edge (electron-hole continuum
threshold) due to a splitting of the degenerate bands.
We now wish to diagonalize the strain Hamiltonian
of Eq. (3.36) for stresses in the [001], [110], and [111]
directions. Using Egs. (3.12) through (3.21) and (3.29)
through (3.31), Eq. (3.36) can be diagonalized by in-
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spection with the results
[001] Stress

2033
Va'; ut=Dm+ +Et, (3.39)
V2
Ds'ns
\l’ht;‘l’w‘; 84z'=64u‘=D17Il— +Et, (340)
V2
[111] Stress
Yaut= (¢4z'+¢4v'+¢4z‘)/‘/3;
2V3Dstns
8u'=Dim+——+E, (3.41)
Varr'= (Yas'— V') /V2;
V3Dsns
G4x'=84y'=Dim— +Et, (3.42)
V2
Yay'= ('l’4z'+¢4u"" 2\04:')/\/6;
[110] Stress
Yl Gut=Dumm s (3.43)
45y Ods m v ) .
Vazr'= (Yaz'— 4, ) /V2;
1 Dstns 3V3Dstns
54z~'=D17)1+5 a2 v +Et, (3.44)
Var'= " +¥a)/V2;
1 Dstn; 3 V3Dsins
Burt=Dumt-— 7 T3y TE G4)

In these formulas E! is the energy of the state for zero
strain.

Using (2.38) and (3.12) through (3.21) we can write
the wave functions to first order in the strain as

[001] Stress

¢I¢z=¢/4z¢_ 7734’43’3 ,

V=vy'— s, (3.46)
VE=vu' 20904,
[111] Stress
Vo =Yt — e,
VY =Yyt — ey 8, (3.47)

YV =Yt 205t
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[110] Stress

n3
tl/“”=l//4,~‘+?h=~‘3—%nsz/azn“ ,

N3
yr =¢4u"'+;1//4u"'3+%'75‘//4u"'5 ’ (348)

'/,u= ‘p“t_ 1’3‘1“'63 .

We ignore the admixture of wave functions whose
optical matrix elements are zero. The implicit defini-
tion of the first-order wave functions ¥4;%* and ¥.,*
agree with Eq. (2.38) except for a constant factor in-
troduced for convenience. The quantities Y4z, Y4z,
etc., are related to the quantities ¥4,/ as indicated by
Eqs. (3.41) through (3.45). #/, «”/, etc., also define the
principle axes of the dielectric tensor as described in
Eqgs. (2.12) and (2.13). Using (3.46) through (3.48) the
quantities Fy*2 in Eq. (2.13) may be written

[001] Stress
F'M: f¢0+ 2173]!3 ,
F,v="F ts= ft0—n, 13

(3.49)

[111] Stress
Fo's' = fo04- 20,115,
Fote' = Fyt¥ = [0 o5

(3.50)

[110] Stress

Fata'' = f‘°+-112—‘f‘3—%175 6%

T (351)

Fte= fi0—n, f13;

1o=(0] p:|¥eat)?,

18=2(0] p=|¥4=") (Y45 | p] 0,
FP=2(0] pa|¥4a")(s"®| p20).

The functions y are assumed real, as is permitted by
time reversal. The F*¢ not listed, such as F,** are all
zero.

The listing of the F’s in (3.49) through (3.52) together
with the &’s in (3.39) through (3.45) constitutes a com-
plete description of the strain effects on optical proper-
ties in the low-strain regime for U, bands at the T
point when inserted in the expression (2.12) for the
dielectric constant.

In case the strain splittings are small compared to
the lifetime broadening the strain split components will

(3.52)
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not be resolved. One can then write a much simpler ex-
pression for e; which, of course, contains much less in-
formation than if the lines are resolved. The simple
results are

[001] Stress

m 213
562.::‘=%W1‘+\-%W3‘; (parallel) ,

(3.53)
s s . 171W‘ ﬂsWt
€2,22" = 0€3, =— ——W3"
2 2,y 3 1 '
[1117 Stress
m
662‘,',rt=%W1'+2775W5'; (Pamllel) ’
(3.54)
e, o' =dea v’v’t=2W1t“n5W5t;
' ' V3
[110] Stress
5 ¢ mwe+1 mW' 29sWst; (parallel)
€2,z g1 = ———W3g—31 H
9 vs‘ 1 2 \/6 5¥YY 5 P ’
s . ﬂth+1 "731/Vt+i Wt
€2, yrryrt =" - n
2””'\/3-12\/63255’
" s (3.55)
b€y, o0t =—Wit——Wt;
V3 A6
daL
Wit=V3¢ f“’Dl(————> ,
dE* (B'— & hw)
dL
pimvad oo )
dE! (B~ &% haw),
+ fBL(E'—8—hw) |, (3.56)

dL
Wit= c[ftoS)at(____) ,
dE!] (g e_pw)

+fOLE -8~ w) |,

472

c= .
3MQ2(.02 %4

L is a Lorentzian function as in Eq. (2.9). Equations
(3.53) through (3.56) represent the changes de;* in the
contribution to the dielectric constant from the degen-
erate multiplet, ¥4*. The principle axes are parallel or
perpendicular to the stress direction.

Equations (3.53) through (3.55) are entirely analo-
gous to Egs. (3.24) through (3.26). The derivation of
these latter equations was much simpler than the former
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but the assumption of analyticity was not justified in
the case of degenerate bands. Also, the detailed descrip-
tion in (3.56) was not obtainable by the simpler
approach

Equations (3.56) show that for the case of degenerate
bands at T' there are no special relations between Wy,
W3, and W5 so that these quantities cannot serve as a
“signature” of a degenerate T' critical point. For more
general directions of stress than we have considered,
the diagonalization of Eq. (3.36) leads to energy shifts
and hence W’s which are nonanalytic in the stress com-
ponents. The dependence on stress direction would then
be different from the predictions of Egs. (3.22) which
are analytic. This would be a possible means of dis-
tinguishing the degenerate I' point from a less sym-
metric nondegenerate critical point.

Of course, if the energy shifts in Egs. (3.39) through
(3.45) are resolved they can be used to characterize the
degenerate I' point. For instance, the case of a Z critical
point, treated in Sec. III D, shows that the energy shifts
for a [111] stress differ from the shifts in the degenerate
T point case. Both cases lead to finite values of W, W3,
and Ws.

(b) High strain. In the case of high strain we diagonal-
ize Hg: of Eq. (3.32) and neglect the matrix elements
of Hkg, the kinetic energy operator, between strain
split bands. The diagonal kinetic energy operator will
lead to different exciton binding energies for different
bands. We will write out explicitly the case of a (110)
stress as an example. The diagonal components of the
kinetic-energy operator Hxg in (3.33) are

R3T3a ‘\/3.R5Tx”

HKE=R1T1— —_ N U4;N (357)
V2 V2
RsTaa \/3—R5sz
Hgg=R\T,— s Ugyrr (3.58)
V2
2
HKE=R1T1+6R3T3::; U4z, (3-59)

where the definition of Uyy, Usyr, Uy, parallels that in
Egs. (3.44) and (3.45).
The wave functions which contain a ¢; component
are of the form
wtm= (altmgaltm_l_ aatmﬂpﬂatm‘i_ aﬁ‘m¢5zy‘m) U4m s (3_60)
where m=x"', y"’z. There is a spectrum of states y* for
each band which depend on the band index, m, by
virtue of the kinetic energy operator in Egs. (3.57) to
(3.59). There are no symmetry relations between the
envelope functions in different bands . Similarly the
exciton binding energies will be unrelated. The strain
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energy can then be written

[1107] Stress

Dsns
§11=Din——~+ B, (3.61)
s D 1Dsms 3 \/3D57I5+E[ (3.62)
2 — 7]+_ — ,a:”’ .
v 2 v
1 Ds"la 3 \/3D5775
840" = Dy +Ev". (3.63)
2V2 2 V2

Comparison with the low-strain results of (3.43) through
(3.45) shows that the constants D,* have been replaced
by D; while the exciton binding energies E‘ have been
replaced by E*™ which now depend on the band label
m. In this limit all exciton states in a given band shift
together so that the sum over ¢ with fixed # may be
regarded as a single line if the individual states ¢ are not
resolved.
The momentum matrix element is

<O| Pm’ ]‘le): altm‘pltm(o) (0‘ Pml U4m>6mm' )

E(P,;""

(3.64)

Because of the factor a,/¢;:*"(0), the matrix elements
for different bands are no longer symmetry related. The
quantities (0| pn| Usn) are related, of course, being in-
dependent of . We may write

(0] Pm’ ! U4m>= P45,,,mr .

Equation (3.65) shows that the most striking symmetry
property, that due to dmm, remains but the @4 depend
on m. These properties are generally true of the high
strain limit for all symmetry types. The symmetry of
¥’s is lost but that of the U’s remains because we make
the effective mass approximation. The ¢ symmetry is
lost for strain splittings of the order of the exciton bind-
ing while the validity of the effective mass approxima-
tion requires the strain splittings to be small compared
to the energy interval to the nearest band U not in the
degenerate multiplet under consideration. We mean, of
course, the “vertical” energy interval at the same value
of ko.

(c) Spin-orbit splitiing. The spin-orbit interaction is
given in Eq. (2.57). We consider the case where only one
of the two Bloch bands is degenerate so that we can
ignore the spin coordinate of the nondegenerate particle
in solving the dynamical problem. We take the degen-
erate band to be that of the electron. This means we
must form Us = U, XT%,. If we considered the hole
we would form Us = U, X (Te.)* and we would use
(2.46) to obtain the appropriately transforming com-
binations, namely, (31/1/2‘1/2)*’\4//1/2'_1/2 and (¢1/2__1/2)*
~—¢12,1/2. The axial vector S transforms like Ty,
consequently, in an x, y, z basis, the spin-orbit energy

(3.65)
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may be written

1AV2

Hgo=— (Fa202FFay0y+Vae02) (3.66)

where the ¥4 operators are defined in Eq. (3.30). The
1 is chosen to make A real and the numerical factor is
introduced so that A will be the energy splitting of the
Us_ and Us_ multiplets which are generated by U,
X Ty oy is the representation of spin 3 at k=0. The
sign is such that the Us_ energy is greater than that of
the Us— multiplet for A positive.

The spin-orbit splitting is diagonalized by transform-
ing the bands Uy Xspin to the |Jm;) representation.
Koster’s T's representation corresponds to J=% while
T corresponds to J=%. We take these up separately.

(2) Us_ Bands
Koster’s choice of phases is as follows (see Table 83,
p- 92 in Ref. 13):
U8,3/2= (_¢U4z+ UAu)T/\/Z )
Us,1i2=(—iUsut+Uy) l/+/6+i(v/3U.T,
Us,—1/2= (iUt Uy)1/vV6+i(/3U.|,
Us,_3/2= (iU4z+ U4y) l/\/z ’
The choice of phases in (3.67) is such that Eq. (2.46)
holds with K substituted for X. We will use K rather

than & for time reversal at I' to agree with Koster
et al. 1

Using Koster’s tables together with Eq. (2.51) it is
easily seen that the effective Hamiltonian ¥ matrices are

I 1(—0, 0)
Y1=L5 Y3a=— ’
! ’ V2\ 0 o,

} 1 0 —o,

m=x_/§(—a, 0)’

. 1y=e, O\ 17 0 i
75”’=$( 0 a,);75W=\—/E(~i9 0)’
/=0 0

75”=w72( 0 a,)’

10
s=(
01

(3.67)

a'¢=<(1) _(1)) (3.69)

The ’s are 4X4 matrices expressed in terms of Pauli
matrices in the conventional representation.

The precise definition of % in terms of Koster’s unitary
s
7's is
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TFia( 101 ]'20!?)= (=)o VP sty (3.70)
Ja= 3(1, 36’ Sxy, sz, SyZ,

Via(jra1; jan) = (—1) 912y s aniia (3.71)

Jjoe=1.

We have modified our usual convention here slightly in
order that Eqgs. (3.32) and (3.33) should be valid for
either U,_ or Us_ bands with the same values of D; and
R;. This can be verified with the use of Egs. (3.32) and
(3.67).

It is noteworthy that the second TI's representation
which Koster calls ¢5 does not occur in (3.68) and it may
be questioned whether the transition from D to D inter-
action matrices as in (3.32) to (3.36) should include the
extra representation in the Us_ case. The answer is
“no” if we want the interaction between ys_ and itself
but is “yes” if we write a phenomenological interaction
between two different s multiplets. This result is a
consequence of time reversal as embodied in (2.55).
Since 0X= 0 for the strain operator, we have that the
D’s must be real. Calling the ¢; representation ¢ and
adopting (3.70) we have

: i (0 0',)
Toroy=—
‘ V2\e, O ’

~751M=i(i“” _\/3,,:), (3.72)
2V2\V3o, iy

; i [0 V30,

Yo _2—\/3( —V3ay a,) |

Evidently the ¥ multiplied by a real D5 are not Hermi-
tian and hence cannot occur for strain interactions be-
tween states of the same ys multiplet.

In diagonalizing the strain Hamiltonians for strains
in the [110] and [111] directions it is helpful to use a
set of basis functions which have been “pseudorotated”
from the cubic axes to the stress axes of Eqgs. (3.1) and
(3.2). The “pseudorotation” method was discussed in
Sec. II C 2. In using Clebsch-Gordan coefficients we also
want to represent the appropriate v operators in an
angular momentum basis. It is convenient to use poly-

nomials in x, ¥, z to indicate transformation properties.
We then have

V2,22=3(x1y)?,

1
V2,0=—(222—x2—9?),
4/6
. (3.73)
773,i352—v3(x:f:iy)3.

is,izzzz(x:}:iy)ﬁ.
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We can relate these operators to the earlier ones by the
equations

'73a= ')72.0 ’

‘7W=TQ('72,2* ')72,_2) ) (3.74)

1
7 i(“ +73,-2)
Ve, 2y="—"\73,2T73,-2).
V2

Equations (3.74) can be taken to determine the scale
factor of the operators defined in Eq. (3.73). Using
(3.73) the transformations to the stress coordinates can
be written

[1107] Stress coordinates

'784 = 'Y~2” 09
Fzv= —‘72_('72” ,2+’72",—2) N (375)
‘75'.zu="/5(‘173",2— Yarr —2);
[1117] Stress coordinates
"Y-zy+')7zz+'iyz =‘/3-'.Y'2' 09
(3.76)

Bi
Vo eyt VorzstVorye= "/?(78' a7 .—3) .

The notation 2/, 2 signifies that the axis system is
given by Egs. (3.1) and (3.2), respectively.

Low strain. For zero strain the interesting eigen-
functions of the kinetic-energy Hamiltonian plus the
Coulomb Hamiltonian may be written in terms of func-
tions ¥sqo!, =%, 3, —3, —% with ¢ a repetition index.
Only these representations have allowed optical-matrix
elements because of the ¢;(0) factor in Eq. (2.32).
Expressions analogous to (3.34) could be written out
using Koster’s tables with ¢=¢XU. The expressions
are lengthy and will not be given. As previously dis-
cussed, an effective Hamiltonian operating on the st
subspace can be written on the basis of symmetry in a
form identical to Eq. (3.32) with ¥ given by (3.68) ex-
except that the D’s are replaced by D¥s. As always,
Dyf= D,. Expressions analogous to (3.37) relating the
D¥s and D’s could be written out but we have not
computed them.

We now wish to diagonalize the strain Hamiltonian
for stresses in the [001], [110], and [111] directions.
Using Egs. (3.12) through (3.21) and (3.74) through
(3.76) together with Condon and Shortley’s Clebsch-
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Gordan coefficients we can write
[001] Stress
Ds'ns

¥s,3/2'; 6,3/2'=Dim— +E¢,

3.77)
Dstnz

V2

¥s,172%; 88,12 =Dim+ +EY

[110] Stress
¥s,+'; 8s.4'=D'm+Ep+E,
¥s,-'; &, —'=Dm—Ep+E',

LEEVY

3=

3 s .
AT
ED=(’32+'52)1/2:
Vs +'=as,a20 '+ Bs, 172"
Vs, =LBy¥s,3/2 — g 1/2%,

(Ep+rs)2 (Ep—r3)V2 15D5t

(3.78)

= ;
(2Ep)12 (2Ep)'? | nsDst|
[1117 Stress
V3Dstns
¥s,3/2; 8s,3/2'=Dim— +E,  (3.79)
V3Dstns
Ys,1/2% 85,172 =Dim+ +E¢.  (3.80)

The wave functions for the states which are Kramers
degenerate with the states given above are obtained by
applying Kramers operator, K. Note the nonanalytic
nature of the strain dependence in the [110] case. E*
is the exciton binding energy for zero strain. The nota-
tion 8, 3’ and 8, £, etc., means that we use the axis
system oriented along [110] and [111] as in Egs. (3.1)
and (3.2). Results similar to these were first obtained by
Kleiner and Roth.?”

We now consider the evaluation of optical-matrix
elements to first order in the strain. We must first in-
clude the spin degree of freedom we have been neglect-
ing. We do this by forming the products ys.*(1")* and
¥8a'(]")* where 1’ and |’ are spin functions of the spin
degree of freedom of the hole which we have been
neglecting and which is assumed to have no effect on
the dynamics of the exciton wave function. The product
Ts_X(Tet)* contains T'y and Koster’s Table 83 can
be used to relate all the optical matrix elements of the
form (0[A4-p|y¥s*X(spin)*) for a given multiplet ¢.

The strain will mix other wave-function symmetries
into the unperturbed symmetry ¥st but we are inter-
ested only in admixtures transforming like I's since all
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other symmetries are optically forbidden because of
the ¢1(0) factor.

With the use of perturbation theory we write

¢8“=¢8a‘+>; (Wss" | Hote | Wsa' Was"' / (Es'— Eg*) . (3.81)

The matrix elements (¥sg" | Hatr|¥sa®) can be written
down using symmetry in identical form to (3.36) using
(3.68). The coefficients should be written D;*'*. When
¢t the non-Hermitian s of (3.72) may also occur.
We can write

<tl 1 Hutr I t) = Dy ¢ '(ezy')"'ﬁ’ zy+ ezz’?ﬁ' zz+ ey:’iﬁ'w) (382)

with D¢t real. With the help of (3.76) it is easily
shown that the I's» representation does not contribute
to the first-order matrix element for stresses in the [111]
direction. However, it does contribute for stress in the
[110] direction. It is now straightforward to write
down the optical matrix elements to first order in the
strain

[001] Stress
3f10 34

F213/2= F"t312= ._______fl.'i; F'¢3/2= 0 ,

4 2

F,“/Z=F,,'”2=%f'°+%’f”, (3.83)

F 2= fi04 op, f13,

The expressions for the Kramers degenerate pairs
(3, —3%) and (3, —3) are the same.

[1117] Stress

t0
F:,13/2=Fﬂ,t3/2=7__%1,5f15; F1113/2=O’

Fz,u/2=Fy,“/?:%f‘o-}-%f”, (3.84)

F‘u/z:fto_*_szza_
The [110] stress results are complicated and will not

be given.
(3) Ue_ Bands

Koster’s phases for the Ug_ representation are

U¢,1,2=\/13{(—iU,+ U)l—iU.T},
. (3.85)
Us,_1/2='\-/3—{(—1:Uz— UV)T+'LU.1} .

These levels are Kramers degenerate, hence the effective
strain and kinetic-energy Hamiltonians are extremely
simple.

Hyyr= DyeyJ ,

3.86
Hyxg=RiT\l. (3-86)
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Dy, R; are the same constants as in Egs. (3.32) and
(3.33) and I is the two-dimensional identity matrix.
The allowed wave functions then have the simple form

Vo, £1/2'= 01'Us,11/2. (3.87)
The optical-matrix elements can be written
(—id.+A4,)
0 A.' tl/. ¢ *):—____.______(pt’
0] 4-plye,2!l "
1A,
0|4 -p|¥e12'T*)=+—0",
V2
(3.88)

014Dl Yo%) = — 2
Pl¥e,-1/2 = v ,

(+i4.+4,)
—_— ¢
V2

These relations lead to the simple isotropic dielectric
tensor

©|4-pl¥s-12T*)=

Ft=F/ =F}= o, (3.89)

The strain does not change the wave function if we
ignore interaction with the Us_ bands. This is only valid
if the spin-orbit splitting is very large.

For small or intermediate spin-orbit splitting, the
deviations from isotropy will be significant; hence we
will calculate these deviations by considering the strain
admixture of wave functions from the Us_ band. The
outer product I'e_*XTs_ generates I's;, 'y, I's;. The
corresponding nonsquare operators can be written in
terms of operators which transform like the strain com-
ponents, namely,

Hyr= D512 12(e3473a+ €35738)
+ D212 gy F oyt €2V 2t eysTys).  (3.90)

Equation (3.90) is the analog of (3.32). The matrix
elements of Hg. are most easily found using Egs.
(3.74) through (3.76) and Condon and Shortley’s
Clebsch-Gordan coefficients. Treating Hy. by pertur-
bation theory we then have

[001] Stress

YO l2=g 170+ nas,1/2%; (3.91)
[111] Strain

YO =170+ nss,1/2:%; (3.92)

[110] Strain
’r 3 \/3
yo1 =¢e.1/z~——2¢s.1/z~“——2'ﬂa¢s.—a/2"5~ (3.93)

The primes and double primes refer to the coordinates
in Egs. (3.1) and (3.2).
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We may now form the outer product of the above
wave functions with the suppressed spin coordinate
and use Koster’s tables (or the Wigner-Eckart theorem)
to calculate the following contributions to the dielectric
tensor:

[001] Strain

Ft=F,t= f0—nyf13,

(3.94)
Ft= f042nsf*;
[111] Strain
Fot=F,t=f0—n.ft5,
(3.95)
Fot= f04-2n5f'5;
[110] Strain
n3
F,u‘=f’°+zf'3—%’75ft5:
13
F”ut=fw+;ft3+%7’5f‘5, (3'96)

F,t=fto—np,ft3,

The admixture of I's wave function has lowered the
symmetry from the simple isotropic result obtaining
when wave function admixture was ignored. In the
limit of unresolved lines, the admixture of I's wave func-
tion yields finite values for the constants W3 and W
in Egs. (3.22) to (3.26). If the spin-orbit splitting is
large compared to the lifetime broadening energy these
terms should be small compared to W,.

B. A Direction; ko= (0,0,k)

The group of A is C4,. Under this group the irreducible
components of the strain tensor become

er'= (ezoteyyte..)/V3=e1, (3.97)
€1°= (2625~ €22~ 4y)/ /6= €34, (3.98)
3= (ez2—ey,) /VZ=tsp, (3.99)
€=¢qy, (3.100)
€5:="0:z, (3.101)
esy=¢€.y. (3.102)

The numerical subscript is the representation under
Cs» in Koster’s notation. For the identity representa-
tion a superscript is needed as a repetition index. We
use the corresponding representation of ¢ in the full
cubic group (0,) as a repetition index in this case; e.g.

1 (Can)=e3a(0n). (3.103)

EVAN O. KANE

178

The vector potential may also be decomposed into
irreducibly transforming components

Ai=4,, (3.104)
AﬂzEAz, (3105)
As=A4,. (3.106)

Since we are interested only in excitons which couple
strongly to light, we will only consider pair bands U
with symmetry U, and Us.

(1) U, Bands

This case is very simple. The exciton energy can be
written
&t=Dy'e;'+ Dy%e,*+ Et (3.107)

where E!is the exciton binding energy in the absence of
strain as determined from the effective mass Hamil-
tonian with the kinetic-energy operator

Hgg=Ri'\T1'4R3T 43, (3.108)

The “bare” band-edge deformation potentials D;! and
D,? are not altered by the exciton wave function since
the exciton binding relative to the band edge is un-
affected by the energy shift of the band as a whole. In
this case, ac strain produces a very simple energy deriva-
tive spectrum of the unstrained dielectric function. The
optical matrix element is

(O]A-plyrty= 4104t (3.109)

The matrix element does depend on the exciton state
through the envelope part of the wave function, ¢1¢(0),
but is independent of strain.

(2) U5 Bands

In determining the effective-strain Hamiltonian, we
first inquire what representations are generated by
Us*X Us. According to Koster et al,!? they are I'y, Ty,
I's, and T'y. We have used a polar vector representation
in (3.101), (3.102) where Koster has an axial vector.
Under C,, these transform differently. However, the
tables where I'; appears twice in I';X T'j=I'; will still be
the same. We correct a misprint in the table

UsVisz~Wss,
UzVayN—Ws,,,

where ~ means ‘““transforms as.”
With the use of Koster’s tables the strain and kinetic-
energy Hamiltonians are easily written down as

H .= Dy'e;'I+Dies* I+ Dyesys+Daesya, (3.111)
Hgg=R T\ I+ R*T¥ I+ R3T 573+ RsToys, (3.112)

0 1 1 0
w5 )
10 0 —1

(3.110)

(3.113)
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Although ¥; and ¥, can be expressed in terms of the
Pauli matrices ¢, and o, they do not transform like an
axial vector. Equation (3.113) refers to the basis set
Usay Usy.

We can use the ¥ matrices to construct irreducibly
transforming exciton wave functions in the absence of
strain, namely,

Vsot= a1t 1 Uset a2t 02! Usy

+ast3tUse+ 04"P4'Usy )
Ysy'= dlttpl‘Usu—lh‘(Pz‘st

- da‘sﬂatUsy‘l' 04'<P4'U5z .

(3.114)

The a’s are constants satisfying the normalization.

> a2=1. (3.115)

Since the R; in (3.112) are real as shown in Sec.
II C 1(g), the a’s and ¢’s can be taken to be real.

We can write down an effective strain Hamiltonian
for the multiplet Y4t corresponding to (3.111) with the
D’s everywhere replaced by ©’s. Using Eq. (3.114) the
relation between the two sets of D’s is given by

Dil=Dyt,

Di'= D3,

Da*={(a19*— (229 (as*)*— (a4")*} Ds,

Da'={(a1)*— (a2")*— (a5")*+(a4")*} Ds.
Note that, by Eq. (3.115) we have the inequalities
| D¢ < | Dyl

We may write the wave functions to first order in the
strain in the form

Y=y, tHeals P eas, 4,
YI=15,t— eqls, Pt eabstt.

In the left-hand side of these equations the symmetry
label is put in the superscript position to indicate that
the symmetry designation is correct only if we transform
e as well as ¢. From these equations the optical matrix
elements are easily calculated using the symmetry
relations

(3.116)

(3.117)

0] psa|¥sa')= 0| psy [ ¥ )= @st.  (3.118)

Spin-orbit splitting. We write the spin-orbit Hamil-
tonian in the form (ignoring the spin of the hole)

Ho=S-o, (3.119)

where the ¢ are the Pauli spin matrices and S is an
operator transforming like an axial vector which oper-
ates on the orbital wave functions. We can write .S in
irreducibly transforming form
Sso=3S, R)
Ssy=—3S2,
52=S ze

According to Koster’s tables, only the S» component

(3.120)
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couples to the U; bands. We can then write
0 1
Hso=)\az( ) , (3.121)
—i 0

where o, operates on spins and the explicit matrix
operates on Us;, Usy. The ¢ is introduced so that X is
real in keeping with Eq. (2.55) since S*=—S. The
spin-orbit matrix is easily diagonalized by the band

functions
(U52+iU5v)l (U5z'—iU5y)T
ESO = )\; ) 3
V2
(3.122)
(Uﬁz—iUEy)l (U5z+iU5u)T
Eso =— )\; y .
V2 V2

The double degeneracy is of Kramers type.

We can transform to the representation given by
(3.122) where the spin-orbit energy is diagonal. The
transformed Hamiltonians are

1 0
HSO=>\( ))
0 —1

01
Hsu=D11€111+D13€131+D383<1 )
0

0
- D484(
)

01
HKE=R11T111+R11T131+R3T3<1 0)

(3.123)
—i
o)’ (3.124)

0 —1
—R4T4<. ) . (3.125)
0

1

These two by two matrices refer to a basis consisting of
the functions

(Uﬁz_'iUSV)T (U5z+iU5y)T
V2 ’ Y/

The basis set

(U52+1:U5y)l (USz—iUfm)l
/)

is uncoupled to the spin-up basis set and possesses a
Hamiltonian which is the complex conjugate of Hg:
and Hxg. The states in the spin-down set are Kramers
degenerate with states in the spin-up set. We will only
discuss the spin-up states explicitly.

Assuming that the spin-orbit splitting is large com-
pared to the exciton binding energy we neglect the off-
diagonal matrix elements in (3.125) and obtain the
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TasLE 1. Effective irreducible components of the stress tensor
and vector potential for points in the star of ko= (0,0,k0). The
effective components are primed and are given in terms of the
true components for (0,0,%).

(0,0,k0) (0,k0,0) (%0,0,0)
A 4. A4, Ay
4, A4y A, A,
A,/ B 4, A,
(er?)’ (') (e?) (811)1/3'
@)’ (e®) —}eP——es "4‘01"1'—2-63
ey’ e —e’—ie; '——211"-}8:
e €4 €5z €sy
esz' €5z €5y 7]
85,,' €5y €4 €5z
optically allowed eigenfunctions
( Usz —iU Sy)T
Ye'= ¢1‘T— ’
) (3.126)
¢ ; u(Uﬁz'*"LUSu)T
T T .
V2

The envelope functions and exciton binding energies of
states y¢!, ¥+* are identical because the kinetic energy
operator, Eq. (3.125) is the same for both bands when
off-diagonal terms are neglected. To first order in strain
the energy may be written

8¢'=N+E'+ Di'er'+ Dies®,

g7l= .—.A+El+ D11€11+ Dlsels. (3-127)

The subscripts 6 and 7 are Koster’s notation for the
double group of Cyy.

In the large spin-orbit splitting limit given by (3.126)
and (3.127) the exciton states behave just like non-
degenerate states with the energy spectrum shifting “as
a whole” under strain. The off-diagonal strain terms
connecting Y¢* and ¥* give an energy shift which is
second order in the strain and will be neglected. How-
ever, the wave function is changed by an amount linear
in the strain which we wish to consider even though the
effect vanishes in the limit A— . In practice, this
limit is seldom well approximated.

Treating (3.124) by first-order perturbation theory
we may write the wave function to terms linear in the

strain as
(ezDa"‘ie4D4)
Yro= %t-{_‘h'_—-Z_)\ )

(—esDs—1esDy)
Y=y .
2\

(3.128)

The very simple form of (3.128), where y¢* is only mixed
with its spin-orbit split “twin”’ y+*, results from ¢:* being
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the same in both bands. For the same reason we have
the optical-matrix-element relations

0] 4-pl¥st)=(4,—i4,) 5"
Ol4-plgst)=(4.+i4,) 0%

The simple form of Egs. (3.128) and (3.129) has the
consequence that matrix-element change effects can be
described in terms of the “band-edge” deformation
parameters D; and D,. For the degenerate band with-
out spin-orbit splitting the wave functions are given in
(3.117) and there is no simple relation between s.*,
l[l5,‘3, and ¢5,,“.

(3.129)

) Star of ko= (0.0.%)

The star of ko consists of (£,0,0), (0,%,0) and (0,0,k)
together with their negatives which we need not con-
sider since ko and —ko have identical strain splittings
and squared optical matrix elements. We use the device
discussed in Sec. II C 2 and sum over the star of ko by
thinking of ko as fixed while A and e vary. We present
the apparent components of A and e in Table I. The ap-
parent components are primed, the actual components
are unprimed. The two sets coincide for ko= (0,0,%).

(a) U bands. The simplest case to treat is the non-
degenerate case first discussed in Sec. III B 1. With the
help of Table I, Eqs. (3.12) to (3.21) and (3.97) to
(3.102) we can use (3.107) and (3.109) to compute the
energy shifts and matrix elements of the exciton states
summed over the star of ko. The results are presented in
Table II. States degenerate in energy are not listed
separately. Their dielectric contributions have simply
been added together in the table. Dielectric tensor com-
ponents not listed are zero.

There are no matrix element terms linear in the strain
because the band is not degenerate. Actually, linear
terms would arise if we considered the strain mixing
between the U; bands and other bands at ko. These
terms will generally be small compared to the terms we
have considered except where there is a near degeneracy
of two bands. If the energy separation of the states in
Table II is not resolved, the results reduce to the limits

TasLE II. Energy and diagonal dielectric tensor form factor
F for the nondegenerate Uy band in the A direction. States de-
generate in energy have their F factors summed over. Low strain
approximation. Principal axes of F are parallel and perpendicular
to the stress.

Energy F, Dielectric form factor
[0017 Stress
E‘+Di'm+Di’ns Ft=ft0
E‘+Dllﬂl_iDl‘nl th= Fyl:ftl)

[111] Stress

Et+ D1y, Fit=F=Ft= ft0
[110] Stress

E*+4-Dlny—3D\ 39 Ft=f®0

E*+Di'm+1Di*ns ot =Fyt= f10
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Tasre ITI. Energy and diagonal dielectric tensor form factor
F for the degenerate Us band in the A direction. States degenerate
in energy have their F factors summed over. Low strain approxi-
mation. Principal axes of F are parallel and perpendicular to the
stress.

F, Dielectric form factor
[001] Stress

Fyt=2f0+42 %,

Energy

73 V3
E‘+D1‘m—D1'—2'+—2'3):‘m

n V3
E‘+D1‘m—Dx'—2'—';5)a‘m Fyt=Fyt=f00— [P,

E'+-Diin+Ditm Fut=Fyi=f0
[1117] Stress
E*+Di'm+Ditns F,'=2f+12ftns

Fot=Fyt=§ 044 10,
Fat=Fyt= 10— 110,

[110] Stress
n3
E""'Dtlm—Dl"z“F $Dd'ns Fyt=f0+-§ s

E*+Dy'ni—Di'ns

n
E"}'Dl""—Dl";— $Dens Fant= ft0—§ ftng

n V3
EDikDi———Dim  Fi=2fm

m V3
E‘+Dxlm+D1’z.+:5)a‘m Fant=Fyt= {04} foin,

given in Eqgs. (3.24) to (3.26) except that the term Wy
is equal to zero. This fact should be very helpful in
identifying this case.

(8) Usbands. We sum over the star of ko with the use
of Table I. Equations (3.97) to (3.102) together with
the strain Hamiltonian in (3.111), the wave functions
in (3.117) and the optical matrix element symmetries in
(3.118) can be used to compute the entries in Table III.
In contrast to the nondegenerate case there is now an
energy shift term proportional to s which comes from
splitting the double degeneracy of Us. The splitting
coefficients D;f and Dt are altered from the D; and D,
of the band edge and depend on the exciton state f as
indicated in Eq. (3.116).

When spin-orbit splitting is considered and is assumed
to be large compared to exciton binding energies and
strain splittings the strain dependence becomes that of
a simple nondegenerate band. However, the polariza-
tion dependence is different since U, states and Us
states couple to orthogonal polarization modes. For
finite spin-orbit splittings the linear strain admixture of
wave functions between the spin-orbit split states is
usually significant. With the use of Egs. (3.128) and
(3.129) the dielectric tensor has been calculated to
terms linear in the strain as given in Table IV. The
strain-dependent terms have opposite signs for A
states. It will be noticed that Table II lacks the linear
strain terms in Table IV. This qualitative difference
depends on neglecting admixtures of other band states
into the band edge function U;. The neglected terms
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are first order in strain but will generally be of order
A/ AE smaller than the linear strain terms in Table IV
where \ is the spin-orbit splitting and AE is the smallest
energy band separation between U; and another band
at ko.

C. L Point; ko= (2=/a) },}:3)

The L point is always a critical point in the diamond
structure. The symmetry group is D;q. In this group the
irreducible components of the strain tensor may be
written

e1:'=(esat€yytess) /N3=01(0n) , (3.130)
e1,5=(ezytezateys)/V3, (3.131)
€3a+3= (—€zz—eyyt26,.)/\/6=€3.(01s), (3.132)
€351 = (€za—eyy) /VZ=e35(0n) , (3.133)
3045= (— 25— ys+264,)/1/6, (3.134)
eaps b= (—ezstey.)/V2. (3.135)

The numerical subscript is the representation under
D;q in Koster’s notation.!® The superscript is the corre-
sponding representation of ¢ in O, which is used to
identify repeated representations.

TaBLe IV. Energy and diagonal dielectric tensor form factor
F for the degenerate Us band in the A direction with spin-orbit
splitting included. States degenerate in energy have their F
factors summed over. Low strain approximation. Principal axes
of F are parallel and perpendicular to the stress.

Energy F, Dielectric form factor

[001] Stress

f® m
Ft=Ft=—F—ft3
2

Ft= [0t gy f13
40

M +EfH-Di'm—4Dins

N +Ef-Di'm+Dins Ft=Ft=—
2
[1117 Stress
7%
N Et+ Dyl Fpt=F,t= fmq:_z_ 18

Fot=f0tq,ft5
[110] Stress
c 0
Fout=Fynt=—dln ft4
HA+EHDi'm+1Di¥ns < " 2
Ft=foF—fn
L 2

C f‘o
Fant="—Finfs
+N+E+Dyin—3Didn, : A
Fv"‘=-2—=l=§nsf“
f5=fDu/\ -
V3D,
f‘l = fto__,_
2
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The vector potential may also be decomposed into
irreducibly transforming components

Ay =(AAA+A)NE=A4,,  (3.136)
Asa=(A4.—A,)/V2=A4, (3.137)
A=A+ A,—24,)//6=4,. (3.138)

These results show that we need only consider pair
bands of symmetry Uz and U;_ since they are the only
symmetries which will couple strongly to light.

(1) Us_ Bands

Since this is a nondegenerate case it is very simply
treated. The exciton energy can be written
gt: D11611+D15€15+Et , (3139)
where E*is the exciton binding energy in the absence of
strain as determined from the effective-mass Hamil-
tonian with the kinetic-energy operator
Hygg=R:'\T1'+R:°T+". (3.140)
The deformation potentials D! and D,° are not altered
by the exciton binding since the energy band shifts “as
a whole”” under strain. The effect of ac strain is to take
an energy derivative of the unperturbed dielectric
function.
The optical-matrix element is

0] po|y2t)= @,

The matrix element depends on the exciton state but is
independent of strain.

(3.141)

(2) Us— Bands

The primary source of symmetry information is the
reduction of the outer product Us_*XUs;_ into irre-
ducibly transforming combinations. Koster et al,'® use
a complex representation. A real unitary Clebsch-
Gordan matrix ¥ may be written

Usa—V3a— Usa—V3p— UspVsa_ Usp_Vip_

W NI 0 0 12
Wt 0 INZ —1IANZ 0

Wiaw —1NZ 0 0 12

W 0 12 IV 0. (3.142)

We also record the vy matrix for the product of U,,
Wlth U 3—e

UsaVay Uss_Va,
Wsa- 0 -1
Was_ 1 0. (3.143)

With the use of (3.142), the strain- and kinetic-
energy matrices can be immediately written down
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H g: = Diley '+ D, °1

-1 0 01
+Dg? {83a3( )+8353( > }
01 10
(3.144)
-1 0 0 1
+Dsb ‘€3a5( )+6’aﬂ5( )} ,
01 10
HKE=R11T111+R15T15I
-1 0 0 1
srefra( " Y] )]
01 10
(3.145)

-1 0 0 1
carf enel ).
01 1 0

We can use (3.142) and (3.143) to construct irre-
ducibly transforming exciton wave functions in the
absence of strain. (We must change the parities in
(3.142) but this is very easy since (r|J) commutes with
all group operations so that the parity designation may
be treated as a multiplicative factor.) The wave func-
tions are

Via—t=0a1' 014 Use—— (12‘<P2+'U3ﬂ—

030+ Usa— ¢354 Usp
+aa‘(- Hv; + 3;73 ) (3.146)

Ysp_t= 01'<P1+'Uaﬂ—+ a3t 024 Usa—

tU3s_ tU 30
ag‘(¢3a+ 36— ¢38+ Usa

+ ) (3.147)
V2 V2

Other symmetry types have zero optical matrix ele-
ments because they do not contain the symmetric
envelope function ¢1,. The ¢’s are orthonormal. The
@’s are scalars with the normalization

3

2 (a)2=1.

=1

(3.148)

The functional form of the ¢’s is determined by solving
the Coulomb problem with the kinetic-energy operator
given by Eq. (3.145). The ¢’s and a’s may be taken to be
real. The superscript £ is a repetition index for the repre-
sentation y;_.

We can use (3.146) and (3.147) to write down an
effective-strain operator for the multiplet ¥3_¢ which is
the exact analog of (3.144) with D, replacing D;. The
connection between the deformation constants may be
written

2011 = 1)11 y
D 15= D15 ,
D’={(a1)?— (a2} Ds*,
3)35: { (alt)2_ (0'2‘)2}1)35 .

(3.149)
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By (3.148) we have the inequalities
|9,< Dyl (3.150)

We may write the wave functions to first order in the
strain in the form

o +(—03a3l//3a—3 | 3353'#3&—3)
‘l/ —‘//311— ‘\/7 T '\/2
—€30"Y3a-" 83;95%5—5)
+ , (3.151)
Hg )
Y=y -i—<63“3'l/38—3 . 8”3'#3"_3)
TN v v
83a5¢3ﬂ—5 €35°%Y3a"
+< =+ ) . (3.152)
V2 V2 (

From these equations the optical-matrix elements are
easily calculated using the symmetry relations

<Ol D3a— I ‘p3a—-t>= <0 1 D3p— I 1[’33_‘)-———— ®@;t.

Spin-orbit splitting. We refer to the spin-orbit
Hamiltonian of Eq. (2.57) and neglect the spin of the
hole. The irreducibly transforming components of the
axial vector S are

Say=(So+S,+S.)V3=S.
S3a+= (Sz—S”)/\/Q'E S;/
Sspr=(SatS,—25.)/v/6=S .

Equation (3.142) indicates a coupling to both the repre-
sentations Wy and Ws.. However, W3, is incompatible
with time reversal and so must be thrown out. Under
time reversal SX= —§, hence by Eq. (2.55) the coeffi-
cient multiplying ¥ must be pure imaginary which con-
flicts with the requirement of Hermiticity for the rep-
resentation Ws,.
The spin-orbit matrix may be written

0 1
Hso=)\0'zr( ) .
-1 0

The 4 is introduced to make X real. ¢ is the spin com-
ponent in the [111] direction as indicated by Eq.
(3.154). The explicit matrix in (3.155) operates on the
orbital functions. ¢, is a Pauli matrix operating on the
spin functions.

If H, is to be treated by perturbation theory, Eq.
(3.155) is in a convenient form. However, if the spin-
orbit interaction is large compared to the strain-
splitting or the exciton-binding energy (which is
usually the case), one wants to diagonalize the spin-
orbit interaction and leave the strain- and kinetic-
energy operators nondiagonal. The Kramers degeneracy
permits us to write

(3.153)

(3.154)

(3.155)
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(3.156)

1 0
H80=)‘( ))
0 —1

H yr=D7'ey' I+ D%, °1

01 0 3
+Dg? { - e3u3< )+8353( ) }
1 0 —1 0
0 1 0 1
+D5® ‘ _e3a5( )+0355( . )} , (3.157)
10 —1 0

Hyxe=Ry'T\ "I+ R\°Ty°1
)
0

0 1 0
+R33{—T3,,3( )+w( .
10 —1
01 0 12
+R35{—T3.,5( )+w( )} (3.158)
1 0 —1 0

These matrices refer to a basis consisting of the band
functions

(Usa——1U3s)T . (Usa—"t1iUsp)T

)

V2 V2

The basis set
(Usa—tiUss)] ) (Usa——1Uss-)]

2

V2 V2

corresponds to a Hamiltonian which is the complex
conjugate of Egs. (3.157) and (3.158). The only differ-

ence is that
( 0 z) ( 0 1)
—)—
-1 0 —1 0

since all other quantities are real. The states in the spin-
down basis set are Kramers degenerate with the corre-
sponding spin-up states. We will only discuss the spin-
up states explicitly.

If the spin-orbit splitting is large compared to the
exciton binding energy we can neglect the off-diagonal
components of the kinetic energy operator. The kinetic-
energy Hamiltonian then takes the simple form

Hgg=R:*\T\[+R:°TH51. (3.159)
The optically interesting eigenfunctions are then
,_ 01" (Usa——1Uss )]
V2
1/ (Usa—t1Usp)T
= " .

12
(3.160)

t

Because of the simple form of the kinetic-energy opera-
tor in Eq. (3.159), the envelope functions for both
bands are identical for corresponding states &. The en-
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TasLE V. Effective irreducible components of the stress tensor and vector potential for points in the star of ko= (27/2)(3,3,3). The
effective components are primed and are given in terms of the true components for (3,3,3).

39 G,—3-% (=33,—9 (—%,—-3,9)
Az Az A —A: —4.
4, 4, —4, 4, —4,
Ay A, —4, —4. sz
(ea?)’ al el el €
V2 V2 €5 V2 . V2 . 2V2 s
5)! § ——e3S—est—— ——e3a’——e3 — }e ——e3a5— 31
(&%) € 3 3 3 38 3 3 \/333 1 3 3
(esa®)’ esa® esa’ ess’ esa’
(eas®)’ e’ esg® esg’ ess’
1 V2 1 V2 2V2
(esa®)’ e’ — et ——esgt——er® —3esatt+—esgt——e® %e:a“+—;815
1 1 \]
(ess?)’ esg® _"‘B_f‘elas'i"%els —€a® ——er° —e3
V2 V2 V2 V2 2V2
Az 42 —%AH"‘EAN-F;Aw —%Az—\EAxa‘f-?Aaa —%Az—TAaa
1 1
Asar Asa \/§A2+EAM —\/%Az—:/—gAas —Asa
V2 1 V2 1 V2
Asg Asp —Ast+—Aza—3A438 —As——Aza—3A3p ——As+3A43
3 v3 3 V3 3

ergies are also identical apart from the spin-orbit shift
8+‘= A"l‘ E‘+ Dllell+ I)lsel5 y
8_t=—N\+E'+ Diles'+ Dibes®.
We have used the simple designations plus and minus
rather than the double group notation. Minus corre-
sponds to the double group symmetry I's while plus

is a mixture of the Kramers degenerate symmetries
1‘5_ and I‘e_.

(3.161)

TABLE VI. Energy and diagonal dielectric tensor form factor F
for the nondegenerate U._ band at the L point. States degenerate
in energy have their F factors summed over. Low strain approxi-
mation. Principal axes of F are parallel and perpendicular to the
stress.

Energy F, Dielectric form factor
[001] Stress
Dy m Ft=Ff=Ft=4f0
[111] Stress
Di'm+V3D1%ns Fpt=ft0
D595 f0
D\lg— F,;‘:Fv,‘=§f‘°; Fot=—
3
[110] Stress
V3
Dllﬂl+;Dlﬁ"l5 Fyt=4f10 Ft=3f"

V3
Dl"fn—;Dx“m Fot=4f0; Ft=3%ft0

In the large spin-orbit splitting approximation of
Eqgs. (3.159) through (3.161) the exciton states behave
just like nondegenerate states with the energy spectrum
shifting “as a whole” under strain. The off-diagonal
strain terms connecting ¥.* and y_* give a contribution
to the energy which is second order in the strain but
they contribute a term in the wave function which is
linear in the strain. We wish to include these terms even
though they vanish in the limit A — o because they
represent the dominant effect of the strain components
€34, €3 Which otherwise have no effect on the spectrum.
We use (3.157) in lowest order perturbation theory for
the wave function. We take advantage of the ortho-
gonality of the ¢* in (3.160) for different f£. We may
then write

Dg3
¢‘+=¢+'+¢_*[—i(es..weaps)
13

—2—;(e3a5+ieaﬁ5)} (3.162)

D 3
2l S ot {i(eaaa—iezﬁs)

Dsb
+'2‘;\—(53a5—‘i03ﬁ5)} . (3.163)

In using these equations to determine optical-matrix
elements we note the symmetry relations

(A3aTFidsp)

(O[A-ply.)= 7

®s. (3.164)
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Equations (3.162) through (3.164) permit the matrix-
element changes to be expressed in terms of the “band-
edge” deformation parameters D;® and D;®. This result
is much simpler than Eq. (3.151) for the zero spin-orbit
splitting case. We remark that ®;¢ in Eq. (3.164) will
not be equal to the ®;* in Eq. (3.153) because the en-
velope functions ¢; will not be the same.

(3) Star of ko= (27/a)(3,3,%)

The star of ko con51sts of (3,3,3), G, —-3% -1,
(=%, % —3) and (-3, —%, ). We sum over the star
of ko by summing over the effective components of A
and e as given in Table V.

The results for the nondegenerate U._ bands are
given in Table VI. States degenerate in energy have
been summed over. Components not listed are zero.
The linear-strain terms in the matrix elements have been
neglected since the band is nondegenerate. The strain
component 73 does not appear in the table. This char-
acteristic feature serves to identify a nondegenerate
critical point in the (ko,k0,%0) direction.

The results for the degenerate Us;_ case are given in
Table VII. Because of the degeneracy, the »; strain com-
ponent appears both in the energy-shift and the matrix-

TasLE VII. Energy and diagonal dielectric tensor form factor
F for the degenerate Us- band at the L point. States degenerate
in energy have their F factors summed over. Low strain approxi-
imation. Principal axes of F are parallel and perpendicular to the
stress.

Energy F, Dielectric form factor
[001] Stress
c_F t— %J’tl)_‘_%.mfﬂ
Dy'ni+ Dstns { ——f‘°+~mf“
Dylni— Ds3'ng Fu‘_ f‘o 2na f13
[11] Stress
Dy'ni+V3D1ns Fpt=Fyt= ft0
0
Fot=F, __+_f¢3
1 23 ‘ 6

D'y ——D1*ns+——Ds*ns
%] V3 8 8

Fyt=— 04—y f13
3 3

2V2
D'y ——D1Sng———Dy'tn5 Fot=F,t=3ft0—
V3 %]
[110] Stress

/3 Dsns

$nsf®

Fot=2f04p;ft3—

V3
Dx‘ﬂ1+?D15ns+i3x“m— s St

Fypt =2 [+ fe
Furt= 30— dnaf0t3ns o

=4/~ Inaft34nsft
Fart=3f10— L3 f8— s f15

= 40— [ e

V3
Dl‘m——é—Dl“ns-l-ifDa”nH‘\/ §Dsttns
V3
Dl‘ﬂl'l'?Dx“ms—i Dstns++/3 Dstons

V3
Dx‘m—'?stns— 30303 — /3 D415 {
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TasLE VIII. Energy and diagonal dielectric tensor form factor
F for the degenerate Us_ band at the L point with spin-orbit
splitting included. States degenerate in_energy have their F
factors summed over. Low strain approximation. Principal axes
of F are parallel and perpendicular to the stress.

Energy F, Dielectric form factor
[001] Stress
[ 8
Fyt=F,t=—f0F §ns f©8
3
E‘:!:X-}-Dl‘m < 8
!— _jlo:h_ﬂ'fﬂ
L 3
[111] Stress
E*+=2\+Di'ni+V3D:ns Fot=F,t= js'“’
Fot=F b= [0 4, 15
1 3
Et=N\+Dy'ni——D:ns <
v3 8 8
Fot=—ft04— fpyts
(773 s
[110] Stress
[ 75/ m
Font=3 f0F——od-—f13
2 6
V3
Et*+N+Dy'ny——D:5ns < N2
2 Fynt=2 104§ ft5— ft3
2
[ P oo e
f 73
Fot=2f0F %mfmiZ_fu
V3
E*3=N+-Di'ni+—D1*ns < 75/ s
2 Fyt=23f04— 4 —f13
2 6
F.t=4 0k ns f5F ins f8

2VZ D¢t

L —

Dyt
fro=— 10,
A V3 A

element terms. Furthermore, if the strain splittings are
not resolved one obtains formulas identical with (3.24)
through (3.26) with finite values of W; which arise
from both energy-shift and matrix-element change
contributions.

When spin-orbit splitting is included, the strain de-
pendence is indicated in Table VIII. The results for the
two spin-orbit split bands are identical except for the
strain dependence of the optical matrix element which is
equal and opposite for the two bands. This simple result
is a consequence of assuming that the spin-orbit splitting
is large compared to the exciton binding energy so that
the nondiagonal kinetic energy terms in Eq. (3.158) can
be neglected.

The energy shift terms have the same form as for the
nondegenerate Uz case in Table VI. The effect of an
73 strain component on the energy shift terms is zero.
However, the 7; strain does affect the matrix elements
and hence will contribute a finite value to the W3 com-
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TasLE IX. Energy and diagonal dielectric tensor form factor F for the nondegenerate Ui, Us, and Us bands in the Z direction. States
degenerate in energy have their F factors summed over. Low strain approximation. Principal axes of F are parallel and perpendicular

to the stress.

F, Dielectric form factor

Energy U, U, Us
[0017] Stress
E‘+7]1011+7]3D13 thsz!= ftﬂ th=2fl0 F:'=Fy‘= flo
Et+7]1D1l_ED13 le_—;Fyt:fto; F,l:Zf‘O Fz¢=F”t=2fl0 Fz¢= Fy!: flo; th=2f¢0
2

[1117 Stress

]':£+771[)11+TI5D15 Fz"=F,,"=%f‘°; Fz,l=2f¢0

Fot=Ft=3f0

Fot=F,t=Ft=ft0
Fpt=F,t=1ft0; F,t=2f10

Fot=F t=Ft=f0

[110] Stress

Et+mD—nsD,® Fpt=F,t=3f0
3
Et+mDyt——D13+3nsD1® Fynt=ft0
2
n3
Et+m9 D' ——Dy3— $ns D)8 Fprt= ft0
2
3 Fpit=Fyt= ft0
Bt mDi 4Dy
4 Ft=2ft0

th__./m Fz,,t=ft0
Flt=fl0 Fv,,¢=f10
Fyt=Fyt=ft0
Fpt=Fyt= ft0
Ft=2ft

ponent of the dielectric function. The contrast of this
result to that of the nondegenerate U,_ case is more
quantitative than qualitative. There should be linear-
strain terms in the U, case also if we had considered
mixing effects from higher bands. Mixing with a U;_
band would lead to matrix element changes propor-
tional to 7. In general, the U, _(ko)— Us_(ko) separa-
tion is likely to be a good deal larger than the spin-orbit
splitting of the Us_ bands. The coefficient f* is in-
versely proportional to this separation which justifies
the approximation we have made except for unusual
cases of accidental near degeneracy.

D. X Direction; ko= (k¢,k0,0)

The symmetry group of the = direction is C»,. We
follow the T notation of Koster et al. but we label our
axes according to the cubic notation so that our choice
of x, y, z disagrees with his. In our notation, the sym-
metry operations are ,= (xyZ), o,= (yx3), Co= (yx%Z).
The irreducible components of the strain tensor and the
vector potential may then be written

er'= (et ey,+e€..)/V3=e1(04), (3.165)
er*=(—ez—eyyt+26..)//6=¢€3(01), (3.166)
e1*=e.y=e5:,(O4), (3.167)
e2=(ea:t€,:)/V2, (3.168)
3= (ezz—€yy)/V2=e35(0n), (3.169)
es=(es:—ey:)/VZ, (3.170)
A= (A +A)NI=Ay, (3.171)
As=4,, (3.172)
As=(d,—A,)NI=A,. (3.173)

All £ bands are nondegenerate. According to (3.171)
through (3.173) only Ui, U,, Us; bands couple to light
in lowest order. Since the bands are nondegenerate
U;XU;=T4, hence only the symmetric strain terms
shift the bands. The strain- and kinetic-energy Hamil-
tonians are easily written

Hgy. = e’ Di'+e:3Di3+4-e.°Dy® ’

3.174
Hyg=T1'Di+T1*Di*+T1°Dy®, ( )

where the definition of the irreducibly transforming T°
components is the same as for e.

The effects of spin-orbit interaction can be ignored
since the bands are nondegenerate and we ignore mixing

TaBLE X. Comparison of the notation of this paper (Koster’s)
wi{h that of Bouckaert, Smoluchowski, and Wigner and also
Elliott.

k=0 k=L

Koster BSW Koster BSW
P1+ I, I‘H- L1
Ty T, Ty L,
I‘3+ I‘u I‘3+ LR
Ty The T Ly
Tsy T2s T Ly
T Ty s Lg
T Ty Elliott
I‘;_ T I“* L&
Ty T Tsy Loy
Ts_ Tas Ty Lsy

Elliott k=A
Toy Top Koster BSW
Ty Ty I M
I‘& I‘s:h T, Ay
k=2 P; Az

Koster BSW T, Ay
T 2y T's As
T, 4 Elliott
T Z, T A
Ty Z3 Iy Aq
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between different bands. The Hamiltonian (3.174) is
valid for any symmetry type U,. The optical matrix
elements are different for different symmetry types,
however.

OlA-plYi)=4,;04 j=1,2,3. (3.175)

The star of ko consists of the six points (ko, ko, 0),
(ko, 0, ko), (0, ko, &=ko) together with their six nega-
tives which need not be considered separately. We sum
over this star in the manner of Secs. III B and III C to
obtain the results listed in Table IX. Only energy shift
terms appear since we neglect mixing of different bands
U. The different symmetries U;, Us, Us; have different
polarization dependences. The constants f* naturally
depend upon U; but we have not indicated this ex-
plicitly to simplify the notation.

If the individual states are unresolved the dielectric
function has the general form given in Egs. (3.24)
through (3.26). Note that the term in W5 would be zero

TasLE XI. Comparison of the notation of this paper for the
deformation potential parameters, d;, with that of Kleiner and
Roth, Pikus and Bir, Herring and Vogt, and Brooks.

k=0
This Kleiner Pikus Pikus
paper and Roth and Bir and Bir
(+2m)
d 1= \/3-Dd” = +\g£l =
V3
2 1
dy=——D, =V3b =—(—m)
V3 V3
2V2 v
ds=——Dy=V2d =—n
V3 V3
A ko= (O;O:ko)
This Herring and
paper Vogt Brooks
di'=V3(Ea+3E.)=V3E,
V2 V2
di¥=—FE. =—FE,
V3 V3

2
L; k0=—(iy }1 *)
a

di'=V3(Ea+3E.) =V3E,
Bu 2

dif=— =—EFE,
%] %]

2; kO = (ko,ko,o)

d1'=V3(Z4+ 3E.) =V3E;
2V2
di¥=—(—Eu+3E,) = —Es/+/6
V3
d15=":f =E,
2
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TasLeE XII. Comparison of the notation of this paper for the
reciprocal mass parameters 7; with that of Dresselhaus, Kip,
and Kittel and that of Luttinger.

ko=0
This Dresselhaus, Kip,
paper and Kittel Luttinger

1 V31
n=—(L+2M)2/W)=———
V3 mh?

1 2V3y
rs=— (L—M)(2/#)=—
V3 mh?

24/673

mh?

)
rs=—N(2/%?) =—
V3

A; kﬂ = (0,0,ko)

171 2
ﬂl=—(_+—)
V3\mu m
V27 1 1
nz=_(___)
V3\mu my
27
Lyko=—(}, %, §
a
1/1 2
711=‘—(_+‘~)
V3\mu my
2

1 1
'15=_. ———
V3\mu m

Z; ko= (ko,k0,0)

1 1

P J

mu  Miz

for a band of U, symmetry. This is similar to a non-
degenerate band in the A direction. The symmetry
types Ui and U; give finite values for Wy, W3, and W
and could not be distinguished from a general point in
the zone.

IV. NOTATION

We have adopted the group-theoretic notation used
by Koster et al.'® rather than the notation of Bouckaert,
Smoluchowski, and Wigner and also Elliott®** which is
more standard in energy-band theory. In Table X we
indicate the correspondence between the two notations.
We reserve z, y, 2 exclusively for the cubic axes. We
also use axis systems oriented along the [111] and

3 L. P. Bouckaert, R. Smoluchowski and E. Wigner, Phys.
Rev. 50, 58 (1936); R. J. Elliott, ibsd. 96, 280 (1954).
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[110] directions as defined in Egs. (3.1) and (3.2). Note
that for the group of Z, Koster uses x, y, z to refer to
the [110] axis system. We have reserved the subscript
position as much as possible for group theoretic informa-
tion pertaining to the group of ko but we have permitted
a few exceptions to conform to standard notation. For
the strain tensor and the associated deformation poten-
tial parameters the subscript position denotes the rep-
resentation in the group of ko. When a repetition index
is required the representation in the group of k=0 is
used as a superscript.

A number of authors have introduced notation for
the deformation potential parameters and the exactly
analogous effective mass parameters. The definitions
have been more or less arbitrary and no two agree. We
have adopted a unique procedure based on Egs. (2.24)
and (2.26) together with Koster’s tables.!3 The ¢j, in
Eq. (2.24) transform irreducibly under the group of ko
and are related to the standard stress tensor components
ey, etc., by Koster’s unitary Clebsch-Gordan matrix
7. Similarly, the reduced matrix elements of the opera-
tor kjo in Eq. (2.26) are given by the Clebsch-Gordan
matrix y. Equation (2.26) is the crystal analog of the
Wigner-Eckart theorem.?8

The deformation parameters D; and the reciprocal
masses R; so defined are strictly two-band parameters
and so do not correspond to any standard notation
which all relates to single-band properties. We introduce
exactly analogous definitions for single-band parameters
which we call d; and r;. Table XI relates these quantities
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to the notation introduced by Herring and Vogt, by
Kleiner and Roth, by Brooks, and by Pikus and Bir.3
In Table XII we give the analogous relations for the
reciprocal mass parameters compared to those used by
Dresselhaus, Kip, and Kittel and by Luttinger.38

The relations between the single-band d’s and the
two-band D’s can be worked out with the use of Eq.
(2.23). When one of the bands transforms like the iden-
tity we have the simple relations given in Eq. (2.29). In
general, the relations are more complex.
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