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ratio of m, /m~~~0. 7 is obtained which is reasonable for
electrons and light holes. This value is somewhat larger
than the ratio ns, /mal, 0.58 calculated from the values
listed by Cardona. "
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Nonlinear optical difference mixing of CO~ laser radiation is studied in the semiconductors GaAs, Ge, Si,
and InAs. The fourth-rank electric susceptibOity tensor receives independent contributions from the bound
or valence electrons, y, and, in n-type material, from the conduction electrons, y". These two contributions
are separated and measured in GaAs. y 4 is found to be anisotropic and y" to be isotropic for carrier concen-
trations n «&5X10'~/cc. The relative signs of the susceptibilities are determined. y4 in Ge and GaAs and y"
in GaAs and InAs all have the same sign for the particular frequency combination studied. Theoretical and
experimental evidence indicate that this sign is positive. At room temperature, x" in GaAs is a linear function
of n for n «& 5X 10'e/cc. The value of the slope 8+"/8n is a direct measure of the nonparabolicity of the conduc-
tion band in GaAs. It is shown to be inconsistent with Kane s model for small direct-band-gap semiconduc-
tors, and in agreement with Cardona's indirect measurements of the nonparabolicity in GaAs.

I. INTRODUCTION

HK existence of a nonvanishing electric polariza-
tion cubic in electric 6eld strength offers the

possibility of studying optical nonlinearities in centro-
symmetric crystals. In noncentrosymmetric crystals
the sects of a polarization cubic in the 6eld are usually
much smaller than quadratic polarization effects, but
the cubic eBects may be singled out for study. Several
workers have studied polarizations third order in
electric field. Maker and Terhune' studied materials
transparent in the visible using a pulsed ruby laser.
More recently, the CO& laser has been used~ to study
semiconductors which are not transparent in the visible.

Jha and Bloembergen~ (JB) have shown that, for
e-type semiconductors of group IV and the III-V type,
the nonlinear susceptibility may be separated into two
independent contributions, the bound or valence elec-
tron contribution X~ and the conduction-electron con-
tribution X". Wynne and Boyd' (WB) measured the
eifect of the valence electrons x~ in Ge and Si, and JB
calculated X' for Ge, Si, GaAs, InAs, InSb, and GaSb
using stationary state perturbation theory to derive

~ This research was supported in part by the Advanced Research
Projects Agency under contract No. SD-88 and in part by the
U. S. Joint Services under contract N00014-67-A-0298-0006.' P. D. Maker and R. W. Terhune, Phys. Rev. 137, A801(1965).

4 C. K. N. Patel, R. F. Slusher, and P. A. Fleury, Phys. Rev.
Letters, 17, 1011 (1966).

4 J. H. McFee, Appl. Phys. Letters 11, 228, (1967).' J. J. Wynne and G. D. Boyd, Appl. Phys. Letters 12, 191,
(1968).

4 S. S. Jha and N. Bloembergen, Phys. Rev. 171, 891 (1968).

nonlinear susceptibilities in terms of multipole moments
in a tetrahedral-bonding orbital ground state. The
agreement in magnitude to within the experimental
error is encouraging, but, as shall be seen, there are
still serious discrepancies.

Wolif and Pearson' (WP) made a simple one-band
calculation of the conduction-electron contribution X"
based on Kane's~ band structure for InSb. Their
results are in good agreement with the experimental
results of Patel, Slusher, and Fleury' for InAs and InSb.
JB have shown that the WP results for X" need a
correction when the photon energies are not very small
compared to the energy gap between conduction and
valence bands.

The experimental work has been extended to measure
both X~ and X" in GaAs for varying carrier concentra-
tion. In addition the anisotropy and the relative signs
of X~ and X" have been determined in Ge, GaAs, and
InAs (n =2.6&(10"/cc) using an interference technique.
In Sec. II, the experimental method of determining X is
discussed. All measurements were made relative to the
absolute determination of X in Ge by WB. The basic
experimental uncertainty of &50%%uo in the magnitude
of X(Ge) carries over to all measured X, but the relative
measurements are more accurate. In Sec. III, the experi-
mental results are presented and compared with theory
in terms of magnitude and sign.

4 P. A. Wol8 and Gary A. Pearson, Phys. Rev. Letters 17,
1015 (1966).' E. O. Kane, J. Phys. Chem. Solids 1, 249 (1957).
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FIG. 1. Schematic diagram for detecting and measuring radia-
tion at 11.8 p,. Triggering for synchronizing the boxcar integrator
with the laser puhe is achieved by detecting a light pulse reflecting
from the rotating mirror.

II. EXPEMMENTAL METHOD
AND INTERPRETATION

A. Method

Consider the nonlinear cubic polarization which is
responsible for the generation of a combination fre-
quency. The polarization is given by

@l (cdr r) Dx l o( cdr ~1, cdl cd2)

XZ„(cor,r)E„(cdr,r)E,*(cd„r), (1)

where cos=2cor —cps, E(—co,r)=E*(cd,r), and D is a
degeneracy factor which accounts for all permutations
of the 6eld components when the frequencies are not all
identical. D=3 in this particular example. X I, is an
element of the fourth-rank electric susceptibility tensor.
Optical difference mixing of coherent laser radiation of
the form ro3 ——2' j—cog, where the two frequencies co I and
co2 are emitted by the laser and the co3 radiation is
created by the mixing, has proven useful for studying
weak nonlinear susceptibilities. This frequency com-
bination is nearly phase-matched in the materials
studied so that detectable radiation levels are achieved
with susceptibilities too small to be observed by third-
harmonic generation (THG) or sum-frequency mixing
where the phase mismatch is a severe limitation. Maker
and Terhune' realized the advantages of this technique
and studied materials such as LiF, CaF&, quartz, and
benzene using a pulsed ruby laser and mixing the laser
output with Raman stokes shifted radiation to get
third-order polarizations at the antistokes frequency.

Note that materials which are not transparent to
third harmonic (TH) can still be studied using dif-
ference mixing to measure the fourth-rank susceptibility
tensor.

A CO2-N2-He laser of the type described by Patels
and others was operated in the Q-switched mode with

e C. K. N. Patel, Phys. Rev. Letters, 16, 613 (1966), and ref-
erences cited therein.

mirror rotating at 200 rps, a 6-ft-long dc electrical
discharge, a 1-in.-diameter plasma tube, and NaCl
Brewster-angle windows. The operating pressures were

10 mm He, 1 mm air, and 1 mm CO2, and the operat-
ing current was 25 mA. The laser output consisted of
several P transitions of the 00'1-10'0 band near 10.6 p
and several P and R transitions of the 00'1-02'0 band
near 9.5 p and 9.2 p. For the quantitative measurements,
only radiation near 11.8 p, was studied, although all of
the di6'erent possible frequency combinations were
generated and could have been studied. Let coI be the
frequency of the radiation close to 10.6 p, and co2 the
frequency of that close to 9.5 p, . Then cv3=2co&—co2 is
the frequency near 11.8 p generated by difI'erence

mixing.
The experimental setup is shown in Fig. 1. The

monochromator, a Spex 43-m Czerny-Turner single-
grating instrument with a /5-line/mm grating, served
to identify the wavelengths and to isolate the particular
frequency combination desired. Two long-pass inter-
ference 61ters were necessary to reduce the laser in-

tensity transmitted to the detector below the detector
noise level, since the grating scattered about 1 part in
10'. Typical operating laser powers were 1 kW at
10.6 p and 300 W at 9.5 p in several lines with pulse
widths of 200 nsec. A converging lens was used to
create high intensities capable of generating detectable
signal power levels in all crystals studied. For the
materials with the smallest nonlinearities, a 10-cm-
focal-length lens was used, creating a focal region
characterized by a cross-sectional area of 10 3 cm'
and a length of 3 cm. At the focus this resulted in
intensities of 10' kW/cm' at 10.6 sc and 300
kW/cm' at 9.5 rc. Sample thicknesses of no more than
3 mm permitted comparisons and calculations to be
made under the assumption that the focused light beam
did not spread appreciably in passing through the
crystals.

The use of a PAR Boxcar Integrator (a gated signal-
averaging device synchronized with the laser output
via a trigger pulse taken off the rotating mirror) im-

proved the signal-to-noise ratio and allowed accurate
relative measurements to be made by averaging the
signal over many laser pulses. The detector was a
Santa Barbara Research Corp. copper-dopedgermanium
photoconductive device, cooled to liquid-helium tem-
perature. (See Fig. 1.)

A necessary innovation was the incorporation of a
dispersive element within the laser cavity (Fig. 2).
Without this dispersive element the peak power point
for the higher-gain or~ radiation occurred 200 nsec
before that for the lower-gain ~2 radiation. Since pulses
were 200 nsec long, the time overlap of the co~ and
co2 radiation was very poor, so that only a small mixing
signal could be generated. By giving the beams at ~I
and corn paths within the laser cavity diGering by an
angle equal to the angle the rotating mirror turned in
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200 nsec, the mode at co2 was made to resonate first, and
its output occurred with peak power point superimposed
on that of co1. The observed signal power at ave increased
by more than a hundredfold with the use of an appro-
priately wedged (1.2') crystal of NaCl. (See Fig. 2.)
Kith this arrangement detectable radiation levels at co3

were achieved with susceptibilities as small as 10 "esu.
The experiments consisted of measuring the signal

generated by focusing the laser into various samples
and comparing them to one another or to a standard
Ge from which the magnitude of the nonlinear suscep-
tibility could be determined.

As explained below the signal was measured as a
function of carrier concentration in n-type GaAs. To
calculate I the signal had to be corrected for linear
absorption at or1, co2, and co3. Linear-transmission mea-
surements were therefore made on all samples from
which 0., the absorption coefBcient, could be calculated
and applied as a correction.

Each sample of GaAs was measured via the Hall
effect to determine its carrier concentration. Low-
resistivity Ohmic contacts were placed on GaAs by
using indium solder and baking for ~h at 400'C in a
dry-nitrogen atmosphere to cause diffusion away from
the surface layer of impurities (probably copper) which
created p njunctions. T-he carrier concentration was
calculated assuming the ratio of Hall to conductivity
mobility equal to 1. Any error in this assumption will
mean only a constant multiplicative factor correction
to each value of n since, for the carrier concentrations
and temperatures considered, the statistics were
essentially Boltzmanlike with no shift in the relative
occupation of energy states in the conduction band as
carrier concentration was changed. Calculations of
scattering mechanisms in GaAs indicate that the ratio
of mobilities lies between 1 and 1.1.The maximum 10%%uo

error will be seen to be negligible compared to the
inherent uncertainty in the absolute magnitude of x
which amounts to 50%%uo.
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FIG. 2. a) Without dispersive NaCl wedge, cu1 and co2 radiation
achieve threshold at di8erent times. Higher-gain ay1 pulse peaks

200 nsec before coA. b) With wedge cut so that (de/dt) r = 8, cu2

starts to build up before a&1, compensating for lower gain at coA.

Peak-power points of co1 and arA are now superimposed.

For a laser operating in the fundamental transverse
Gaussian modes for both co1 and ~2, the electric fields
in the near field approximation are given by

E(~ r z) g. e r /at et(2(t-a(t)e-(at/2)t
sQ 7 (2)

with ~3 the dielectric constant and

where m; is the beam spot size," k, the propagation
constant, and n, the power absorption coefBcient. With
co1 and co2 radiation both linearly polarized along the
same cubic fourfold axis L100j, (1) and (2) yield a
combination frequency polarization along the same
direction,

'$((d r z) 3(. g 2+ z-r /ttt &rf(22)—22)t-att]

X e—[at+(at/2)] z (3)
where 1/2()22=2/2(/)2+1/2(/22.

The wave equation for E((dt,r,z),

6g8 —4~82
VX VX E(tot, r,Z)+ E(a)2,r,S)= '$((02,r,Z), (4)

c28P c28t2

B. Interpretation

All crystals studied are of point group mmmm or
43m for which spatial symmetry imposes identical
restrictions on the form of the fourth-rank electric
susceptibility tensor. ' The 2i nonvanishing tensor
elementS Of &t„a.'(—a)2, CO(, CO), —c22) in general reduCe
to four independent components in these point groups.
In the region of frequencies far from any system reso-
nances, dispersion is negligible and the number of
independent variables is further reduced to two, c1111
and c1122.

9 P. N. Butcher, Nonlinear Optical Phenomena, Bulletin
No. 200, Engineering Experiment Stations, Ohio State University,
Columbus, Ohio, 1965 (unpublished) p. 4"l.

C1111=Xggg:a =Xyyyy =Xggg g

~1122 Xgg:yA/ Xyygg. Xa1/g'y Xyg:yg; Xgyf)/a Xyag y ~yygg Xggyi/=Xygj/g = Xgygy =Xyggy =Xgyyg =Xggg:g: = Xgggg =Xgg:gc = Xgggg
Xggg g X]zgggl ~

E(tdt, r Z) =A2t)(r S)e'("t' "2')e (at")',

reduces to"

BA 22(r, z) 22r(a2
'jP (a) 2 Z) i(e2tz—att)&(at/2) s (6)

8

where it is assumed that

82A BA
&& k3

Bz Bz

n3 is the index of refraction at cog. The solution with
initial condition A2()(r,0)=0, when 'Q(a)2, r,z) is given

"G. D. Boyd and J. P. Gordon, Bell System Tech. J. 40, 489
(1961).

~ J. A. Armstong, N. Bloembergen, J. Ducuing, and P. S.
Pershan, Phys. Rev. 127, 1918 (1962).
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by Eq. (3), is

$2%'cd3 ei(h k) ze—(6a) s

A 30(r s) 3cllllA 10 A20e
id' —An

where Ak=2kl —k2 —k3 and be= et+I(n /22) (—123/2).
For a Gaussian beam the total power is given by

P;(z) = (n;clcP/16) IAIQI2e- '* (g)

as can be obtained by integrating l E(ce,,r,s) l' over the
cross section. The total power at or3, emerging from a
crystal of length l is then

256n'(og'PPPg 4e3'
(3C1111)

Si SIS3C K'y 'N2

X e-asl (9)
ill —hn

Note that the confocal parameter" of the focused
beam within the crystal is always at least ten times the
crystal thickness, justifying the use of the near-field
approximation. The phase anomaly associated with a
focused beam is responsible for the absence of any net
THG produced by an infinite medium in which the
beam is symmetrically focused. ""But for these thin
crystals one can show that the phase anomaly of a
focused Gaussian beam is unimportant in affecting
third-order mixing.

The experiments give relative values of signal power
for two samples. From the relative signal power one
calculates relative values of X. In comparing one crystal
to another, the beams may have any mode structure as
long as it is the same for each crystal. In general, the
spot size factor 42c32/Icl'2C22 is replaced by an area
factor A 3/A PA, (A; is the area of the beam at frequency
&v~) multiplied by an appropriate numerical factor.
Upon refracting into a crystal at the beam waist (or
focal point) the area will not change so that this factor
is constant from one crystal to the next, independent of
an index of refraction change, and may be ignored in the
comparison.

In comparing experimental signals, account must be
taken of reQection from the faces of the crystal. Assum-
ing that signal at a&3 is generated only on the first pass
through the crystal (which is slightly wedged and tilted
away from normal incidence or antireQection coated to
avoid coherent interference multiple reQection prob-
lems), reflectivities R, result in a corrected formula

R(110/100) = 0 (1+3CI122/Cll l1)

R(111/100)= 0 (1+6CII22/Cllll)
(16)

where P3 is the transmitted total signal power and E is a
proportionality constant.

For the case of arbitrary crystal orientation relative
to the laser polarizations, c»» is replaced by the appro-
priate factor derived from Eq. (1). In particular, for
the laser beams incident along [100]with polarizations
parallel and linearly polarized at an angle 8 to [010]

EI, (001) EQ(011)(9 cos8+g sin8),

Ez (012) EQ (012) (2 cos8+j sin8) .
Then by (1)

Qa(013) 3EQ (011)EQ (012) (Cllll COS 8

+3C1122 cos8 sin'8),
12)

SQ (003) 3EQ (001)EQ (012) (Cl ill sin'8

+3C1122 SII18 Cos 8) .
The polarization and radiated 6eld at cps will also be
linearly polarized but, in general, they will not remain
parallel to the incident beam polarizations. The total
power at co3 will be proportional to

0'(~3)+4.'(~3) = [3&0'(»)EQ*(~2)]
X [C111p (cos'8+

sin�'8)

+ (9CI122

+6C1111C1122)cos'8 sin'8] . (13)

Then c»IP in Eq. (10) is replaced by

cllll (cos &+sill'8)+[9C112P

+6C1111C1122]COS 8 Sill 8. (14)

Measurements of signal as a function of 8 give only the
ratio,

(9C1122 +6C1111C1122)/C1111

= 9(C1122/C1111) +6(C1122/C1111) (15)

c»»/c»II is then obtained as the solution of a quadratic
equation with ambiguity in both sign and magnitude.
If a different propagation direction is selected, inde-
pendent quadratic solutions may be obtained which
yield c»22/c»11 unambiguously.

In the experiments one propagation direction [110]
and 3 orientations are sufhcient. These correspond to
the laser polarized along [001], [110], and [111],
respectively. The ratios of signal power for the laser
polarized along [110]and [111]to that given by Eq.
(10) are

(1—Rl)'(1 —R,)
P3=E (C1111)

(1+R3)npnln3
(~cz) ~—I

e
—a3l

7

ihk —hn
(10)

For isotropic materials R(110/100) =R(111/100)= 1
and C1122/Cl1 11 3

The relative signs of nonlinearities in two samples
may be determined by a method first used by Chang
et al."and more recently by Simon and Bloembergen. "

"W. G. Rado, Appl. Phys. Letters 11, 123 (1967).
'4 G. H. C. New and J. F. Ward, Phys. Rev. Letters 19, 556

(1967).

"R. K. Chang, J. Ducuing, and ¹ Bloembergen, Phys. Rev.
Letters, 15, 6 (1965)."H. J. Simon and N. Bloembergen, Phys. Rev. 171, 1104
(1968).
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This method utilizes the fact that a de6nite phase
relationship exists between the electric 6eld at A&3

created by two or more successive plane parallel slabs
of nonlinear material. This is true because of the definite
phase relationship between the 6elds at co3 and the
electric fields at co& and co2 which create the nonlinear
polarization through X. By keeping track of the orienta-
tions of the crystals and therefore of the components of
X which contribute, one can predict how the electric
6elds at ~3 created in successive media will interfere.
In previous work this task was complicated by the
need to distinguish between a + and —direction in a
crystal which lacked a center of inversion, because the
susceptibility tensor studied was a third-rank tensor
nonlinearity, responsible for second-harmonic genera-
tion (SHG). ln addition, the coherence lengths of the
materials studies were relatively short, of the order of
several microns, complicating the phase relationship
between the SH and laser electiic fields.

Here, both complications are absent. The fourth-
rank susceptibility tensor does not change sign upon
inversion so there is no need to distinguish between the
+ and —directions. Also the coherence lengths are so
long that thin crystal plates can be used which are
essentially phase matched, allowing the phase dif-
ferences between fields at co~, co~, and ~3 to remain
essentially constant, and greatly simplifying the
analysis.

Consider a plane parallel slab of nonlinear material
and ignore reQection losses from the air crystal inter-
faces. Incident radiation at co j and ~2 creates a polariza-
tion which radiates at ~3 with the resultant field growing
linearly with the length of the crystal. If the slab is split
into two pieces of equal thickness, each half generates
half as much 6eld at co3 as the undivided slab. The two
fields are in phase and add linearly to give the same total
6eld. If, however, the second piece should have its X
change sign, the field generated by it would be 180'
out of phase with the field generated by the first piece.
Since amplitudes would be equal and opposite, there
would be complete destructive interference and no net
radiation at co&. By a simple extension of the analysis,
with two slabs made of different material one can
determine the sign of X in one relative to the other. Even
if one slab generates a field of different amplitude than
the other it is still possible to determine relative sign.
For example, if slabs A and B generate amplitudes E~
and E&, respectively, A and 8 in series generate total
amplitude E~~E~, the sign being + for X's of the same
sign and —for X's of opposite sign. The signal power
goes as (E~~Es)' so that even if

( E~
~

= 10
~
E~ (

the
signal will be 25% larger for the positive sign compared
to the negative sign.

The crystals studied have large indices of refraction
with reflectivities as great as 36%. To avoid the com-
plication of having to account for reQection losses, there
are two alternatives. The crystals can be antireQection
coated with a coating of thickness and dispersion small

enough so that the phase difference introduced may be
ignored. Or using a sharply focused laser beam, both
crystals can be placed in the light path. Away from the
sharp focus, reQectivity losses are the same since
reQectivity does not depend on intensity. Negligible
mixing signal is generated in the first crystal if it is out
of focus, in a region where the laser intensity is low. As
this first crystal is moved into the focal plane near the
second crystal the amount of mixing signal changes
without a change in the transmitted laser power avail-
able to the second crystal. '7 In this way the inQuence of
reQection losses is experimentally eliminated.

This discussion is applicable without additional con-
siderations only when X is real as it will be for the crys-
tals studied in these experiments. When photon
energies are comparable to or greater than bandgaps,
the X's become complex and further analysis is neces-
sary. Chang et ul."consider this problem in detail.

III. DISCUSSION AND RESULTS

A. Valence-Electron Contribution y„~

Theory

JB have calculated X~ for GaAs using tetrahedral-
bonding orbitals pointing in the (111)directions. Their
definition of X is a factor of 4 larger than that used here.
Defining a component crtrr, where $ is the [111Jdirec-
tion, their calculation give c~~r~ (GaAs) = —0.13X10-"
esu. WP and JB expect one-band calculations to give
accurate results for the conduction-electron contribu-
tion X" in GaAs, where the conditions that all photon
energies are small compared to the band gap are satis-
fied. As will be shown in the next section on X", for
high resistivity GaAs, X" is neghgible compared to X~.

The tetrahedral-bonding orbitals used by JB are
essentially an isotropic model. %B showed that Ge and
Si were anisotropic, and in general, the anisotropy is
not surprising. It may, in principle, be traced to the
anisotropy of the electronic band structure. Theoretical
refinement of the tetrahedral-bonding orbital model
might be able to take anisotropy into account by taking
more realistic and accurate wave functions.

Results

Under certain conditions GaAs of the semi-insulating
type can be formed by doping with oxygen. A sample
with measured resistivity p—1.7X10' 0 cm was used
to measure X~. Samples of this type have mobilities
greater than 4000 cm'/V sec so that n is less than
10'0/cc, assuring that X" may be ignored. fn this GaAs
sample ~cu~~~ was measured relative to Ge and the
sample was shown to be anisotropic. The results are
collected in Table I along with results for Ge and Si
reported by %B. No change was observed by cooling

' The parametric assumption, that the laser power depletion
due to mixing-signal generation is negligible, is made throughout
this analysis.
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Tmz.z E. Valence-Electron contribution g~.

A+i( (exp)
c[ (estimate) ~

C112ijCl l11
lctttt (e&)
cgp(JS)
l„h (calc)'

1&(10 "esu&50'Po
0.7X10 "esu

+0.61+0.02
1.5X10 "esu&50 jz—0.88X10 "esu

~1 cIn

Si

0.06(cugy [(Ge)&10%
0.2[c((Ge)

+0.48~0.03
0.08)&10 "esu&50%—0.063X10 "esu

~1 CIn

GaAs(high p)

0.12 cqqq~
~
(Ge)&10%

0.15 c~ (Ge)
+0.25a0.02

0.10X10 "esu+50 jp—0.13&(10 ' esu
~1 cIn

& Miller's phenomenological rule —see WB (Reference 4).
~

/ cppgg I
~ QR(111/100) ]«~/ cllll f.

e From index of refraction data of C. D. Salzberg and J.J. Villa, J.Opt. Soc. Am. 47, 244 (1957) and dispersion data available from SHG experiments of
C. K. N. Patel, Phys. Rev. Letters, 16.613 (1966).

the GaAs sample from room temperature to 77 K'.
Comparison of the Ge, Si, and GaAs data shows that
the relative values are in good agreement with the
theory of JB and also in reasonable agreement with an
estimate based on Miller's phenomenological rule as
outlined in %3.

The anisotropy is interesting. Whereas Ge and Si
have the largest susceptibility for radiation polarized
along (111), GaAs is most polarizable along (100).
A detailed calculation aimed at explaining the difference
between Ge and Si on the one hand, and GaAs on the
other would probably require a full summation of
electric dipole moment matrix elements over electronic
h states with explicit account taken of the anisotropy
of the electronic band structure. The agreement in
magnitude for all three materials with the JB model is

encouraging, anisotropy notwithstanding.
The relative signs of X~ in Ge and GaAs were experi-

mentally found to be the same in agreement with the
JB model. However, xs should have the opposite sign
from X" for this particular combination of difference
mixing. This is not the case, as will be shown below.

B. Conduction-Electron Contribution y,
"

Theory

By studying the behavior of X as a function of n in
GaAs more can be learned about anisotropy, band
structure, and even the absolute sign of x". From JB
in a one-band model X" can be calculated as

e 2 8 Eg—Z fs(Es) (17)
24A4c«sects( cps) V &— c)k,4

where E& is the energy of an electron in the state k in
the conduction band, fs is the Fermi function, and the
sum is over the conduction band. If the surfaces of
constant energy are spherical in k space near the con-
duction-band minimum at k=0, and if the conduction
electrons are all sufficiently close to this minimum, X"
is expected to be isotropic.

The magnitude of X provides information about the
dependence of E~ on k. In particular, expanding El, in
a power series in lt, Eq. (17) implies that only terms in
k4 and higher contribute to X". This affords a direct
experimental means of measuring the nonparabolicity

of a band, independent of the parabolic k~ terms. Mea-
surements such as optical transmission, reAectivity,
and Faraday rotation are indirect in that the nonpara-
bolicity is only a small correction to the parabolic
behavior of the band.

The sign of X" is seen to depend on the sign of the
nonparabolicity. For Rane's model used by WP and
JB to calculate x" in InAs and InSb,

Eg 2114'ks ) '"Es= 1+ —
i

—1
2 m*Eg)

Zs fs(E) ( )'E4/Bsk, ') is seen to be negative for the carrier
concentrations and temperature of experimental interest
(Patel et al ') and the. refore Eq. (17) predicts a positive
(+) sign for x". The agreement between Patel et al
and WP for the dependence of X on n in InAs, plus
numerous other experimental investigations' of the
conduction band structure of InAs, give strong evidence
that Kane's band structure is applicable and it is safe
to assume that X" is indeed positive for t,his particular
frequency combination.

Applying Kane's theory to GaAs with m*=O.O7 m
and Eg= 2.40 eV, the one-band calculation gives
x"/44—1.5X10 "esu cc so that x"~10 "for e 10"/cc.
This assures that in the high-p sample of GaAs &" is
indeed negligible compared to x~, a confidence borne
out by measurements to be discussed.

In a given crystal of GaAs, the relative sign of &"
and X~ may easily be determined. For n such that
/x"f = fx'/, ix) = //x'J a /x"/

/ depending on the
relative signs. If power at co3 is measured as a function
of increasing n starting with n 0, the signal power will
increase monotonically if the sign is positive. If the
sign is negative, signal power will go through a zero
when [x"

f
= [x'[.

Results

Figure 3 plots
~
x~ cc S'Is versus 1/Rp for a sample of

GaAs which at room temperature had t4 2X10'4/cc.
The experimental point in the upper right of the Figure
corresponds to room temperature. As the sample was
cooled, n decreased. Experimentally, 8'" was measured

' For example F. Stern in Proceedings of the Internatiomd
Conference oe Semicondgctor Physics, Pragge, l0 (AcadeInic
Press Inc., ¹vrYork, 1961), p, 9Q4.
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as a function of R, the sample resistance. p is a correc-
tion applied to account for the changing mobility of
the sample. '

p, was not measured but extrapolated from
data taken by several observers. ~ The detailed behavior
of

~
X~ versus e is not very important. What matters

is that
~

X
~

does not go through zero. This shows that
X~ and X" have the same sign. For temperatures below
7'= 180'K, where 1/Rp was essentially 0 on the scale of
Fig. 3 and I&10"/cc, (X( was equal to (X~~ measured
from the high-p GaAs sample. This was shown by
direct comparison of the high-p sample and the sample
used for the plot in Fig. 3.

Figure 4 shows ~X~ versus e for several diferent
samples of GaAs. Each point corresponds to a different
sample, and all measurements were taken at room
temperature. Beams at ~~, co2, and co3 were all polarized
along the $111) direction. This establishes the value
for n=0 as

~

X'~ =
~
criers(GaAs) (

=0.1X10-"esu. This
plot conhrms the conclusion from Fig. 3 that & and
&" have the same sign.

The experimental slope is BX/Be=4.4X10 "esu cc.
The absolute magnitude of BX/Bn is subject to the
~50% uncertainty of the vertical scale. Relative values
taken with respect to the high-p sample as a reference
are accurate to &10%%uo as shown by the error bars.
The horizontal error bars are due to the uncertainty in
the Hall measurements of n. The sample with largest
n was tested for anisotropy. To within the experimental
uncertainty it was isotropic indicating that the conduc-
tion band is spherical near k=0 over the range of
occupied states. Previous experimental investigations"
have not detected any aspheric behavior of the k=0
minimum of the conduction band in GaAs.

A computer calculation of BX/Brl was made using
(17) and (18). Replacing the sum with an integral,
(17) becomes

1.8

f5-

t.O fH

S

5-

Ga As

EL along &100&

X ~s'
n m 1/Rp

0 I I l

4 8 12
1 16
~Rp,

FrG. 3. Variation of (signal power)'/' with sample resistance in
GaAs as sample temperature is changed. Signal power is normal-
ized to 1 at its low-temperature value. The horizontal axis is
conveniently normalized with dimensionless units. p is a relative
electron mobility.

2.0-

tail of the Fermi function. Hence X"/n is a constant
independent of e, and we expect the straight line slope
in Fig. 4. However the magnitude calculated is
BX/Bn= 1.05X10-" esu cc. This is below the range of
the experimental result including uncertainty (2.2 to
6.6X10 "esu cc), and means that Kane's band struc-
ture is not correct to terms in Ej, higher than O'. This

e4

(a P(a pw gn'(m*)'Eg
dk

(A4k' h'k4

m*Eg'D'" m*EgD'12 X 00"
esu) I

k' 1
+

4DSI'I expL(E Eg)/kT—j+1
D= 1+ (2A' 'km/*Eg),

E= (Eo/2) (D'"—1)

(20)

(21)

1.5-

1.0

Ga As

EL along III

with
1 dkk'

n=
s(E Ez) I M'+ 1— (22)

dX
cln

=4.4 x10 esu cc

With m*= 0.07m, , Eg ——1.40 eV, and T=300'I,
Ep/k T& —2 for all e considered, so that the occupation
number in the conduction band looks like the Boltzman

' Since o = net, , and R ~ 1/a, it follows that n rx: 1/Rp.~ O. Madelung, Physics of III-V ComPmcmSs Uohn Wiley R
Sons, Inc. , New York, 1964) p. 136.

"For example, H. Ehrenreich, Phys. Rev. 120, 1951 (1960) and
references cited therein.

1 2 3 4 5 6
~ (/Qts y )

FIG. 4. Variation of nonlinear susceptibility with carrier con-
centration in n-type GaAs. The straight line is the 6t which
minimizes the fractional mean deviation from each point.
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A'O' BA'k4

2m* 4(m*)'E,
(24)

is a truer representation of the band structure. The
nonparabolicity is proportional to J3, a dimensionless
constant coefficient. By measuring redectivity and
Faraday rotation as a function of n, Cardona measures
a quantity called es,~&*, the reQectivity effective mass.
His measurements of m, ~t~, diGer from the result pre-
dicted by (23). In fact it is easy to show that his
results are consistent with 8=2. The nonparabolicity
is roughly twice as great as predicted by Kane's model.
Using (24) withB=2, (14),and(17), BX/ctss=2. 94X10 sr

esu cc. This falls within the experimental uncertainty of
Fig. 4. Working backwards the experimental slope
gives 8=3.0+1.5.

C. Relative Signs of g

With the method of interference X(GaAs), X(InAs)
and X(Ge) were compared using a sample of InAs with
re=2.6X10c6/cc, GaAs with n=1.85X10cn/cc, and Ge
with p 40 0 cm. In InAs, JB estimate ~cssss~ =1.5
X 10 '0 esu for the valence-electron contribution.

It has proven impossible to prepare crystals of InAs
with N(2X 10"/cc at which concentration X" is
calculated to be 1.5X10 ' esu or roughly ten times
the valence-electron contribution. Since the impurities
responsible for this extrinsic carrier concentration do
not freeze out, it is experimentally impossible to separate
X~ from X" in InAs and determine their relative sign as
was done in GaAs. %P ignore the contribution of X~

in InAs and the agreement of their theory with the
results of Patel et cl.' show that X' is experimentally
unimportant for available crystals of InAs.

Since the nonlinearity in InAs is primarily due to
conduction electrons and since no direct experimental

~ Manuel Cardona, Phys. Rev. 121, 752 (19{i1).

&s not surprising in GaAs inasmuch as there are known
to be subsidiary conduction-band minima only 0.3 eV
above the k =0 minimum. Kane's model is a four-band
calculation including an s-type conduction band and a
P-type triplet valence band. This model is appropriate
for InSb and InAs where Eg is 0.12 and 0.35 eV, respec-
tively, and all other bands are much farther removed
energetically. But in GaAs the approximations break
down. The subsidiary conduction-band minima so
energetically close to the k=0 minimum are incon-
sistent with Kane's model. Cardona'~ recognized this
fact and his measurements provide an alternative model
for the band structure. He assumes that only terms in
E to k4 need be retained. Whereas Kane's model gives

A'k' 44k'

2m~ 4(m*)'Ea

Cardona supposes that

determination of the sign of this nonlinearity is possible
at these optical frequencies, the sign of X(InAs) will

be taken as positive as explained in the earlier discussion.
The InAs sample (0.6-mm thick) by itself generated

75 times as much signal as the Ge (1.15-mm thick).
The Ge was antireRection-coated, but the coatings were
not very good, and when Ge was inserted (out of the
focal plane) in the beam in front of InAs, the signal
from InAs dropped by 20%. This was consistent with
the measured linear transmission of the Ge sample.
When the Ge was moved into the focal plane right next
to the InAs, the signal increased by 25%. These results
are consistent only with the interpretation that
X(InAs) and X(Ge) have the same sign.

Similarly AR coated Ge and GaAs each gave roughly
equal signal power. A piece of GaAs followed by Ge or
vice versa gave roughly four times more power than
did one piece of either material alone. Also two pieces
of Ge or two pieces of GaAs gave four times as much
power as one piece. Again the interpretation is that
X(Ge) and X(GaAs) have the same sign. Combining
results, all three materials had the same sign for X.

IV. CONCLUSION

The contribution to the nonlinearity in Ge is from
valence electrons only. Then X(Ge) =X~(Ge). As has
been explained X(InAs) —X"(InAs). In GaAs, X' and
X" have been shown to have the same sign. Putting all
this together, X~(Ge), X~(GaAs), X"(GaAs), and
X"(InAs) all have the same sign, which is positise

JB calculate a negative sign for X~ in Ge and GaAs in
contrast to the experimental results. A more elaborate
orbital calculation due to Flytzanis~ appears to give a
positive sign in agreement with experiment.

The calculations have been carried out in the low-
frequency approximation of photon energies less than
the band-gap energy. X~ should be frequency indepen-
dent as long as this condition is met. But JB show that
X"(—cdc, co&, cps, c03) should vary as

X"cc 1/(cd ccd ~@ac). (25)

For the case of THG or the sum of three diGerent fre-
quencies, all frequencies in Eq. (25) are positive, and
with the same nonparabolic contributing conduction
band structure X"(GaAs) should be negative, in con-
trast to diBerence mixing where one frequency is
negative. Then for THG one expects a zero in X for a
carrier concentration such that X"=—X~. Such a zero
might be experimentally observable using a detector
such as photovoltaic InSb which peaks in detectability
near the TH at 3.53 p, . The THG signal power will be
limited by a short coherence length of 40 y in GaAs.

~ C. Flytzanis and J. Ducuing, Phys. Letters 26A, 315 (1968);
C. Flytzanis and J. Ducuing, Compt. Rend 266, 344 (1968).
These papers discuss calculations of the third-rank nonlinear
susceptibility in ID-V compounds. Unpublished work by C.
Flytzanis on the fourth-rank tensor was communicated privately
to Professor N. Bloembergen.



OPTICAL MIXING IN GaAs, Ge, Si, InAs 1303

Kaw" has recently proposed an alternative mech-
anism for producing nonlinear mixing. It depends on
the modulation of an energy-dependent relaxation time.
His calculation is not entirely correct. The conclusion
that such a mechanism is as important as the non-

parabolicity in producing optical difference mixing
third order in electric Geld is very doubtful. In par-
ticular, a correct consideration of the duration of an
electron-scattering collision in GaAs shows that Kaw's

'4 Predhiman Kaw, Phys. Rev. Letters 21, 539 (1968).

mechanism would be unimportant compared to the
eGect of nonparabolicity.
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The problem of phonon instability of an electron-phonon system is studied. When the electrons have a
net drift velocity relative to the lattice in the presence of a static, uniform magnetic Geld, it is found that the
phonons may become unstable when certain threshold values for the drift velocity and the magnetic Geld

are exceeded. This is more or less expected. However, even after the thresholds are exceeded, it is predicted
here that there exist alternate bands of the magnetic field in which the phonons are unstable in one band,
stable in the next band, unstable again in the following band, etc. These alternate bands have their origin
in the discreteness of the Landau levels of the electron.

I. INTRODUCTION
'

&&
ECENTLY, microwave emission from InSb was

~ ~ & observed at various temperatures when a sample
was subjected to the combined inBuence of dc magnetic
and electric fields, provided the Geld strengths exceeded
certain threshold values. '-' The physical origin of such
microwave emission is not entirely clear at present.
It has been suggested4 that an instability of phonons
which are Grst excited by the drifting electrons, with the
resulting unstable longitudinal wave then coupled to
an electromagnetic wave at the boundary of the sample,
may possibly give rise to such radiation. This possi-
bility has motivated us to study in more detail the
problem of phonon instability of an electron-phonon

' R. D. Larrabee and %. A. Hicinbothan, in Proceedings of the
Symposkcm, on Plasma sects in Solids, Paris, 1' (Dunod Cie,
Paris, 1965), Uol. 2, p. 181.

s S. J. Buchsbaum A. G. Chynoweth, and W. L. Feldmann,
Appl. Phys. Letters, 61 (1965).

r D. K. Ferry, R. W. Young, and A. A. Dougal, J. Appl. Phys.
N, 3684 (1965); T. Musha, F. Lindvall, and J. Hagglund, Appl.
Phys. Letters 8, 257 (1966); J. C. Eidson and. G. S. Kino, ibid.
8, 283 (2966).

4 G. Bekefi, A. Bers, and S.R. J.Brueck, Phys. Rev. Letters 19,
24 (2967).

system. In this system the electrons have a net dirft
velocity e& relative to the ion lattice and we assume
that the system is also under the inQuence of a static,
uniform magnetic Geld 80. Although this mechanism
may or may not be truly responsible for the experi-
mentally observed radiations, the problem of phonon
instability is itself of sufhcient interest for an indepen-
dent investigation, particularly in the low-temperature
regions. Indeed, we shall Gnd that, at temperatures
k~T&&p, , bc'„where p, and ao, denote the Fermi energy
and the electron cyclotron frequency, respectively, the
phonons may become alternately unstable and stable
as the magnetic Geld strength is varied, i.e., there exist
bands of the magnetic field in which the phonons are
unstable in one band, stable in the next band, unstable
again in the following band, etc.

In Sec. II, a kinetic equation based on the linear
approximation is set up for the phonon distribution
function. This equation is then utlilzed to establish
the criteria for the onset of the phonon instability in
Sec. III. The growth rate of the phonon distribution
function at low temperatures, which is of particular
interest, is then derived and discussed in Sec. IV. A
brief summary and conclusion is given in Sec. V.


