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A study is made of the interaction of an electron bound to an impurity center in a semiconductor with the
phonon field of the material. In particular we study the shift and shape of optical absorption lines of donor
impurities in semiconductors when the excitation energy lies close to the energy of an optical phonon branch
of the vibrational spectrum of the crystal. The results exhibit a variety of phenomena. The optical absorp-
tion lines may be split or broadened either symmetrically or asymmetrically. The different possibilities de-
pend primarily on the dispersion of the phonon bands in the vicinity of the electronic excitation energy. If
the phonon energy is approximately independent of the wave number, a splitting of the line arises. Particular
emphasis is given to the case of bismuth donors in silicon interacting with transverse optical phonons.

I. INTRODUCTION

N a recent publication Onton ef al.! have reported,
among other experimental results, a remarkable
broadening of an excitation line of bismuth donor in
silicon. They find that the optical transition lines from
the ground state of Bi in Si [1s(41)]? to the excited
states 2p4, 3po, 3p. are sharp. However, the 1s(4,) —
2p, transition line is anomalously broad and asym-
metric. The energy of this excitation is 59.51 meV. The
authors of Ref. 1 attribute this broadening to an interac-
tion between the electron excitation and transverse
optical modes TO (100) of Si which have energies around
58.741.2 meV at the Brillouin zone edge. They also
notice that the 1s(4:) — 2p. transition has an energy
of 64.57 meV, which is very close to the Raman energy
of Si, 64.8 meV. However, this line is not anomalously
broad.

That the 1s(41) — 2p, line is broadened by the reso-
nant interaction of the bound electron with an optical
mode is demonstrated by the behavior of this line when
the material is subjected to uniaxial strain. By applying
a uniaxial stress along either a (100) or a (110) crystal-
lographic direction,® the lines 1s(4:) — np split into
two components called #p(& ), where the + refer to the
high-energy and the low-energy components, respec-
tively. Figure 1 of Ref. 1 shows the excitation spectra
of Bidonors in Si. It is seen that under uniaxial compres-
sion along (110) the 2p,(+) component is much sharper
than the 2po(—) component, both being sharper than
the zero stress line. The sharpening of the 2po(=) lines
arises because the energy shifts are sufficiently large to
take these excitation lines out of resonance with the
strongly coupled optical modes; the 2po(+) line is
sharper than the 2po(—) line because the former is
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shifted twice as much from the zero stress position as
compared to the latter, which apparently takesit farther
out of resonance. The pronounced resonance effect is
clearly seen in Fig. 2 of Ref. 1. Onton ef al.! also draw
attention to the anomalous width of line 2 of the gallium
acceptor in silicon?; for this case, the energy of the tran-
sition is indeed close to the Raman energy of silicon.
These results appear to suggest strongly that the nature
of the impurity wave functions determine the nature of
the phonons involved in the resonant broadening. It is
indeed interesting that such a pronounced electron-
phonon interaction occurs even in a covalent crystal
like Si, given the resonance conditions. The recent ex-
perimental findings of Dickey and Larsen® and of
Summers et al.% are further examples of line broadening
under resonant conditions. The effect of uniaxial stress
on line 1 of tellurium donors in aluminum antimonide’
is yet another example of a similar phenomenon.

The object of the present paper is to discuss a theory
of the phenomenon described in Ref. 1 with special
reference to bismuth donors in silicon.

Section II deals first with the general theory of the
broadening of an optical absorption line due to the inter-
action of the electronic system with a phonon field. We
then discuss the particular problem under consideration
and analyze the different forms which the line shape can
take.

II. THEORY
A. General Formulation

We are concerned here with an optical transition from
the electronic ground state of an impurity to some ex-
cited state whose excitation energy e (we shall take units
such that #=1) is approximately equal to the energy of
the phonons that are most strongly coupled to this
electronic transition.

(1946%.) Onton, P. Fisher, and A. K. Ramdas, Phys. Rev. 163, 686
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Thus we first consider a simple model in which we cal-
culate the transition rate from the initial state to each
of the “exact” eigenstates in the space spanned by the
unperturbed states (of an excited impurity and a de-
excited impurity plus any phonon).®! We denote the
states by

| #)=impurity excited, no phonons and
and no photons,
|qu)=impurity in the ground state, one phonon
in state qu and no photons.

(M

We enumerate all lattice modes by the labels q and g,
where q is the wave vector of the phonon and u the par-
ticular branch to which it belongs. If the crystal con-
tains NV primitive cells and 2z, atoms per primitive cell
there are 32,V phonon modes. Thus the label x indicates
whether the phonons are longitudinal or transverse,
optical or acoustical. We assume that the Hamiltonian
can be decomposed into a diagonal and a nondiagonal
part

H=H,+H, (2)
in the representation given by Eq. (1). We will have
Holu)=¢|u), HOlQﬂ)’_‘""qul‘U‘)y

(3)
Hylu)y=3 Boulau), Hilqu)=8*q|u).

H, is the electron-phonon interaction in the concrete
example that we analyze later.

Thus H is represented by a (320N+1)X(320N+1)
matrix whose diagonal components are € and w,, for all
gu. The nondiagonal matrix elements are {(qu|H:|«)
=B, (u|H1|qu)=p*,, while all other matrix elements
vanish.

The rate at which photons of energy » are absorbed is
proportional to

Pe)=2r 3 |(u|N)|*8(p—Ey),
* (4)

where the |\) are the exact eigenstates of H with eigen-
values E,. Using the well-known relation

§(v—E\)=—(1/7) Im(v— Ex+in)~, (5)

where 7 is a positive infinitesimal, we have

P(y)=—21Im ; (| M) (v— Ex+in) "\ | )

=—2 Im(u|(v—H+1in)"'|u). (6)

8 A simpler model for this broadening was developed concur-
rently with the present work by Harris and Prohofsky, Phys. Rev.
170, 749 (1968). In their model, the transition is coupled to only
one phonon mode, which in turn is mixed with all other phonon
modes by a constant matrix element. This model also gives a line
broadening with structure. Since the model corresponds to a par-
ticular and rather unrealistic specialization of the model presented
here, the structure should not be considered so comparable with
experiment. The Harris and Prohofsky model is discussed in some
detail in Appendix A. Some necessary mathematical results are
derived in Appendix B.
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If we define
|X%)=(@—H+in)~"|u) )
and expand in our subspace
[%)=B() |u)+2 Daou(¥)|qu), 8
qu
then
P()=—2ImB(»). 9)

To obtain B(v) we combine Egs. (7) and (8), obtaining
the set of linear equations

(v— 6+i"7)B(V) —Z ﬁ*qquu(V) =1, (10)
—BauB()+ (r—weutin) Dy (v) =0. (11)

These equations are simply solved:
Dou(v)=[Bou/ v—waut1in)]B(v) (12)

and
_ |Baul® T
B(v)=|:v— e+in—>3_ ——:l . (13)
aw v—wa+1n

In the limit in which V approaches infinity, the summa-
tion over ¢ can be replaced by an integral. We define

ASu|Bul?

b
] Vq‘*’qnl

@)[B@)[*=X
? u (2m)3

(14)
where @ is the volume of the crystal and the integral
over dS, is to be taken over the surface in ¢ space for
which wg,=w. It might appear at first sight that
p(w)|B(w) |? is proportional to the volume of the crystal.
However, we shall see that 8,, is proportional to Q—1/2
so that | B(w)|2p(w) is independent of Q; p(w) is the den-
sity of phonon states of energy w. The quantity |8(w)|?2
is thus the average of |8,|% over all phonon modes
having energy w. We can now rewrite Eq. (13) as follows:

B(u)={y_e_@/lﬂa¥?gfg

-1
Filrrlso) o]} . (15
Thus, for » such that B(v)>0,

P()=2r|80) | %o(v) /

|[»—e—a> / “’(“’%"%Tﬂrmonzp@nz} .
(16)

Here @ before an integral signifies that the principal
value of the integral is to be taken.
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B. Inclusion of the Natural Width

We have assumed that the only states to which |u)
is connected by the Hamiltonian are the states |qu).
To include the natural width, we must also allow |%) to
decay to states with the impurity in its ground state and
a photon p present, states which we denote by |p). If
vp=c|p| is the energy of such a photon, the Hamiltonian
has the following structure:

(p]H|p>=Vp; <MIH[’M>=€, ((]ﬂ|H|(]}L>=wq,,,
(au|H |u)=Bqu, P|H|u)y="5,.

Notice that we have not specified the photon polariza-
tions explicitly but they are to be considered as implicit
in all sums over p. Equation (8) must now be replaced by

1X,)=3% 4,() | p)+BE) | 4)+2 Dou(v)|qu).  (18)

(17)

The system of Egs. (10) and (11) is now enlarged to
(r—vptin)dp(») —7,B(r)=0, (19)
=22 7% A,(0)+ (v —e+in) B()
’ ~E #*Du)=1, (20

and
—SG#B(V)'*'(V_wqu'i'in)an(V):O- (21)
From Eq. (19)
Ap(”) = [‘Yp/("_”p'i'iﬂ)]B(V) , (22)
so that Eq. (20) becomes
(v— E+i77)B(V)“Z ﬂ*qn(V)Dq#(V) =1, (23)
where
5 I'Ypl 2 .
f=et®l ———ir 3 lvpl28(r—vp)  (24)

is an effective complex energy for the excited state.
Thus the natural width is included in our original cal-
culation if, in Eq. (15), we replace € by &, the energy of
| ) when the real and imaginary parts of the self-energy
due to interaction with the electromagnetic field are
included.

C. Electron-Phonon Interaction

We now turn to the calculation of 3,4, for the particu-
lar problem that we have in mind. We consider a donor
impurity in Si. Let k;(j==1, 2, +3) be the positions
in k space where the minima of the conduction band of
Si occur. These minima are located at ky1= (&£, 0, 0),
ky2= (0, &=k, 0), and kys=(0, 0, &= %,), where %, is 0.82
of the wave number from the center of the fundamental
Brillouin zone (FBZ) to its boundary along the [100]
direction. Within the framework of the effective mass
approximation,? the wave functions for the stationary
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states of the donor electron are of the form F;(r) ¢;(r),
where

¢;i(r) = exp(ik;- r)u;(r) (25)

is the Bloch function for a conduction electron at k; in
the FBZ and F;(r) is an envelope function satisfying the
equation

[E;(—iV)—e*/kor JF;(r) = EF,(r). (26)

Here «o is the static dielectric constant of Si and E;(k)
is the energy eigenvalue of a conduction electron near
the minimum at k;. If we take the minimum at (0,0,k,),
we have

E(k)= (k*+k,2)/ 2m+ (k.—ko)2/2m,, (27

for values of k in the vicinity of ks;. The Cartesian axes
are parallel to the cubic axes of the crystal. The longi-
tudinal and transverse effective masses are m,=0.98
and m,=0.19 in units of the free-electron mass.® Using
the trial wave function!®

FO (r) = (ra?b) 1 exp{ —[(&*+?)/a*+2/62]'7) , (28)

a minimum of the expectation value of the Hamiltonian
in Eq. (26) is obtained by setting a=25X10"% cm and
b=14.2X10"% cm. We mention this fact only to remind
the reader that, despite the large anisotropy of the effec-
tive masses, ¢ and b differ by much less. From now on
we shall take a=5 in order to simplify our calculations.
We also remind the reader that the ground state is six-
fold degenerate within the framework of the effective
mass approximation. However, this degeneracy is split
by the crystal potential into a single 4;, a doublet E,
and a triplet T';. The symmetry-adapted wave functions
corresponding to these states can be found in Ref. 2.
In this paper we shall only need the state 1s(41) given

by
Wo(r) = (1/4/6)2 F; (1) ¢4(r). (29)

The excited states are also degenerate and are, in
principle, split by the crystal potential. However, since
these wave functions extend over many lattice constants
their energy is not substantially altered by the central
core potential and can then be regarded as degenerate.
This is indeed supported by experiments. The excited
state 2p, will be taken to be

FC (r)=[2/40*(2ma)'*] exp(—7/2a),

where we have already set a=b as before.

We must now consider the matrix elements of the
electron-phonon interaction involving transitions be-
tween the ground state 15(4,) to a state 2p, with absorp-
tion of a phonon.

Let n be the lattice points and ¢ be the vectors from
the origin of a primitive cell to the different atoms in the

®R. N. Dexter, B. Lax, A. F. Kip, and G. Dresselhaus, Phys.
Rev. 96, 1222 (1954); G. Dresselhaus, A. F. Kip, and C. Kittel,
ibid. 98, 368 (1955).

10J. M. Luttinger and W. Kohn, Phys. Rev. 98, 915 (1955); C.
Kittel and A. H. Mitchell, 7bid. 96, 1488 (1954).

(30)
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cell. For Si n is the set of translation vectors of a face-
centered-cubic lattice and p=(0,0,0) or ar(%,},1), where
ay, is the lattice constant. The equilibrium positions of
the atoms are n+ ¢ while their actual positions will be
designated by R,,=n+p+u,,. The vectors u,, are
simply the displacements of the atoms from their
equilibrium positions.

The Hamiltonian of the crystal with one electron in
the conduction band is

H=p*/2m+V(r, {n+ 9+unp})+z quafquaqn
ap

~Ho+Y Upp (aV/a“np)(unp’=0 , (31)
np
where

Ho=0*/2m+V(r, {n+0})+23 weua'ququ. (32)
ap

Here a',,(a,,) is a creation (destruction) operator of
a phonon in state qu and ¥ (r,{n+ o-+u,,}) is the poten-
tial energy of an electron in the deformed lattice. In the
second line of Eq. (31) we have expanded this potential
and neglected terms containing the displacements u,,
to orders higher than the first.

We notice that (31"/0un,)(u,,l<0 is a function of the
position vector r of the electron. It is easy to convince
oneself from symmetry considerations that

(3 V/au"p> lupJ=0= C,(r—n) (33)
depends on r—n only. Also, it is clear that C,(r—n) is
significantly different from zero only if r is in the vicinity
of n. This is because —C,(r—n) is the force acting on the
atom at ng due to an electron at r, or equivalently the
negative of the force on an electron at r due to the atom
at mp. Thus the electron-phonon interaction can be
written as

Hy=3 u,,-C,(r—n). (34)

The displacement u,, can be expanded in terms of
creation and destruction operators for phonons as
follows:

U, =3 epqn(z‘sﬂgqu)_l/2(aqn+af—q#) exp(iq-m), (35)
s

where €,,, is a unit polarization vector, 8, the mass den-
sity of the crystal, Q its volume, q the wave vector of
the phonon, u its polarization and character (i.e.,
acoustic or optical), and w,, the frequency of that mode.

Since the six 2p, states are degenerate we consider
transitions from |qu)=|1s(41); qu) [in which the elec-
tron is in state (29) and there is one phonon present in
the state qu] to |u#;)=2p,i; 0) [where the electron is
in F;®7)(r)o,(r) and there is no phonon present]. The
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matrix element is

(us| He|qu)=3"(260Qwq,) =112

Xere, i [ (I, (—mwe)ir. (30)
We now let ‘
2 €504 Cp(r—n) =Dy, (r—n). 37)
Then |

(ui| H1| qu) =37 (1260Qwq,) 2%

XE [P0 00 0ur-0)F, 000

Now F;279(r) and F;'9(r) vary slowly with r as com-
pared with U,.(r—n) because the latter is significantly
different from zero in the vicinity of r—n=0 while the
former wave functions extend over many primitive cells.
Thus we write

(sl H | qu~ (1260020,,) ™72 5= 5 Fit#0*(m)F;©(n)
n

Xexplitky—keta) ] [ dr o8O0 (9
Here we have used
/ dr *(1)Vgu(r—n)¢;(r) =exp[i(k,—k:)-n]

x / dr ¢*(E)Vau() 05(r),

which follows from Bloch’s theorem. We can now rewrite
Eq. (38) in the form

(s Hy | qu) = (1280Qw,,) /2 Z /dl’ @ *(1)Vgu(r) 05(x)

X3 F2r0*(n)F;®(n) exp(iQi;-n), (39)

where
Qij=kj_ki+q. (40)

We can approximate the sum over n in Eq. (39) as
follows:

3 F,@p0)*(n)F;()(n)eiQ-n
:;',Qo—l/dr F'.(‘a’po)'(r)Fj(O)(r)eiQT’

where o is the volume of the primitive cell. The integral
can be estimated using Eqs. (28) and (30), where, in the
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former, we set a=b. We find that

Fi@»)*(n)F,®(n)ei@am—— ko), (41
T R @0 @ee o cos( @), (41

where
k=3/2a, (42)

and cos(Q,k;) is the cosine of the angle formed by the
vectors Q and k;. We see from Egs. (41) and (40) that
the selection rule k;—k;+q=0 for the matrix elements,
which one would expect from the naive consideration
that a donor electron, because of its extended wave func-
tion, behaves approximately like a Bloch function, is
not correct. In fact we can write for transitions to
lus)=|2po,t; 0) the following matrix element:

= (| Hy|qu)*=3_ A9 cos(Qy;. ki), (43)
i (K*+Q45%)?
where

A= —i(6/800w ) *(a5Q) !
XfﬁwﬁWWMWﬂﬁ (44)

Thus, when the selection rule k;—k;+q=0 is strictly
satisfied, B4,=0. For Q;; small, 8,,50, but because 8,,
decreases very rapidly when Q;;a>1 it is appreciably
different from zero only for small values of |Q;;|. Thus,
in a sense, the selection rule mentioned above is not
entirely inaccurate.

According to Lax and Hopfield,!! transitions between
one valley and the opposite one (k; — k_3) occur only
with a longitudinal acoustic phonon (LA) of symmetry
A;. Transitions between adjacent valleys occur either
with a LA phonon or a TO phonon of symmetry Z;.
Because of energy considerations the last case is the
only one of ultimate interest to us. This explains why
the 2p, line is anomalously broad while 2p, is not, as
mentioned in the introduction.

D. Calculating the Self-Energy Function

We return now to a detailed consideration of the
actual line shape. According to Eq. (16),

Ts(v)

P(y)= ) (45)
{r—e—25(n)}2+{5T5(»))?
where
%FB(V) =m Z lﬂqul 25(”“"«1#) (46)
and
1 Ts(€
Za(v)= ?(P/- —{i—,)de' (47)

' M. Lax and J. J. Hopfield, Phys. Rev. 124, 115 (1961).
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are the imaginary and real parts of the self-energy
function

[Baul?
Zp(v)+3iTs(r) =2

W V= Way— 17N

(48)

We have neglected the natural line width, which we assume
to be small compared with all values of Ts(v) of interest.

Of fundamental interest, we see, is the line-width
function T'g(v). This function has contributions from
decay processes via phonons connecting all pairs of con-
duction band valleys. The dominant contributions to
T's(v) will be from phonons having q’s for which

Q:i(q)=q—ki=q— (ki—k;) (49)

is small and q may be outside the fundamental Brillouin

zone. In this latter case the phonon frequency wg, is

defined by periodically extending w,, from the FBZ.
Using Eqgs. (43) and (44) we must calculate

[Baul 2
_5 A% 445 #%Q4;045 cos(Qijzks) cos(Qyyr k) . (50)
i (k*+Q:2)*(k*+Qyr)?

Terms in the sum for which 7= j* will be negligible be-
cause at least one of Q;; and Q.; will be large. Thus

[A4:9]%Q;;? cos?(Qyj, k)
Bl =2 = .
i (+Q:)8

(1)
In evaluating

Ts(v)=2m 2 |Baul 2(v—wau), (52)
ks

the contributions from k;;=0k;; along [101], [011],

[io1], [011] and k;; along [100] will occur at well-

separated energies, so we can compute them one at a

time.

Now the dependence of | 4:;%|? on q is not known, in
general. For some branches, it vanishes for q along
certain symmetry directions. We shall neglect any
branch and pair of valleys for which A4;*i#=0. If
| A;*i#2#0 we may expand in Q;;. The dominant term
in Tg(») will come from [4;*i|?, and we ignore
corrections.

Also, we shall only be interested in modes for which
v=e.

Let us then discuss the three different cases in turn.

Case I. k;j=0 (j=1). For the uth band we must
evaluate an integral of the form

(83)

wal) ’

L06)= [0 Q,)s 36—

where we have taken the z axis in the k; direction. If
v~ ¢, we must consider only optical modes for which we
shall assume w,, to have the form

Wou=Wqmo,u—M Q2.

(59
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Let us call the frequency of the phonon g¢;;,, for this case
W1,

W1,y =Wee0,p+ (55)
We find then that
(wl'“_y)a/z
LWOG)=2xM, 72—~ , 1 v<wi,
(M >+ w1 ,— )8
=0, if v>w,. (56)

Case II. ki; along [101], [011], (1017, [011] (i.e.,
j#=£1). It is obvious that the contributions from these
four directions are the same. We consider k; along [001],
k; along [010] so that k,—k; is along [011].

We see from Fig. 1 that k;; lies outside the fundamen-
tal Brillouin zone, because A>2, where the valleys lie
at Memax(A=0.82) and k.. is the distance to the zone
boundary in the [100] direction. In fact, it lies on the
square face of the zone boundary between the primitive
cells in k space centered at (1,1,1) and (—1,1, 1) in k
space. We take k;; as a polar axis and introduce three
unit vectors my, Uy, and u; in this coordinate system, as
shown in Fig. 2. Then we have

Q=0 cosfu;+Q sinf(coseu;+sineus),
g= (V%) (urtu;),
Q.=Q-2=0(cos#+sinf cos¢)/+/2.

Also, in the neighborhood of k;;, we can expand w,,:

wqu=wk.‘,~,u+ Qu (quﬂ)11=kij+ e (57)
We call the resonant frequency of case II
w2-MEwkij,M' (58)

Furthermore, by symmetry, we can see from Fig. 1 that
(Vewgu)ky; is along ki;. Let

Vg, u=5$2,,u3, (59)
where s2,, can be 20.
Then we must evaluate
Q2
2)(y) = T enc2 _
L®0) /QQ@L+Qasam(Q$M@ w0
(sinf cos¢+cosh)?
- [aose:
(K?+Q2)G
X8(v—w2,u—Qss,, cosb). (60)
We obtain
[s2u]7 9(r—ws )2+ 52,,%2
L®@)=—2 e T (61)

80  [(v—ws,)?+(s0,)2]5

Case I11. ki; along [001]. We note again that k;; is
not in the FBZ. This time it is within one of the neigh-

boring primitive cells in k space, and is equivalent to
ki,‘=2(1—)\)kmu2 in the FBZ.
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[l <

F16. 1. Two cells in k space showing that, in case II,
ky; lies outside the fundamental Brillouin zone.

Now we can take the polar axis along [001] so that
Q? cos2(Q,2) =02 cos?4.

If we make the linear expansion of w,,,

Weu=w3,,—S3,,0 cosf, (62)
then we find that
T3] 7 (r—wy,)?
L®@) =" - (63)

5 [o—ws)+(ss,)2]0
This is in error when
(r—w3,1)* < (53u6)2(x/ q17)

(we assume «/g:;<<1) because of the inadequacy of Eq.
(62). The form of I, () is more accurately determined
near w, if we replace Eq. (62) by

wau=wsu—S3,.(|q] —qs]). (64)
Then, when » — w;,,, we obtain
1,® @)= (m|s3,4]7/120)[ (53,ug:5)*(s3,,)° T,  (65)

which is small but not zero.

~kj=[0,k0,0]

Fic. 2. Coordinate system u,, uz, u;s to describe Q;; in case II.
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In the three cases we observe that I's(v) has a local
minimum at wy,,, wa,,, OF ws,,, respectively, and goes to
zero again rapidly away from the minimum. In the first
case I's(v) is zero for all ¥>w;,, as well. In the second
and third cases, I's(v) is an even function about this
central minimum. We now turn to a qualitative discus-
sion of the expected absorption line shape to be observed
if € is near one of these three frequencies.

E. Qualitative Discussion

We wish to discuss the energy dependence of P(v) as
given by
T's(v)

[v—e—Z5() 12 +[3Ts(») ]

P®)
where
Tp(v) =21 3 |Bou| 28(v—wqu)=2x|B() | 20(»)  (67)

and
Ts(e)
de

7
V—e

1
o) f (68)

and we have neglected the natural linewidth I', (and,
of course, n). We assume I's(») to be localized around
some frequency wy, to have a value T'y at wo, and a half-
width & defined in some reasonable way [like I'g(wo+8)
=3T0].

The exact character of the absorption curve, for a
given form of I's(v), depends on three parameters: I,
8, and
(69)

To put this dependence into its most explicit form, we
express I's(v) in terms of a function g(x) centered at the
origin and having unit peak height and unit half-width:

g(x)=Tp(wotx8)/To, (70)

Tg(») = Tog[(v—w0)/3]. @)

Then g(0)=1 and g(1)=3.
Similarly, the real part of the self-energy function
2s(v) can be expressed in terms of a function o (x) defined

A=e¢—uwq.

so that

glx)

o (x)

—.50

F1G. 3. Graphs of the functions g(x) and a(x).
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by
1 [ gx)
o(x) =@ A, (72)
g Xxr—x
so that
Zp(v) =3T oo (v—w0)/8]. (73)

In case I, because I's(w;,,) =0, we take wo to be some
frequency <w1,,. In case III, I'g(ws,.) =0 unless we use

(b)

F16. 4. Absorption line shape for various values of 5§ when in
resonance [A=0, Fig. 4(a)] and off resonance [A=0.5, Fig. 4(b)].
Energy units, T'g=1.
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F16. 5. Absorption line shape for
various distances from resonance,
A=¢—wo, when the effective width of
the phonon continuum is small
[6=0.25, Fig. S5(a)], moderate [&
=0.75, Fig. 5(b)], and large [6=1.25,
Fig. 5(c)]. Energy units, I'oy=1. Note
added in proof. The ordinates on Fig. §
should read 1.00, 2.00, ---, 5.00 in-
stead of 100, 200, - - -, 500.
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the more accurate form implied by (64). g(x) is an even  the particular form of g(x), o(x) is not only odd but also
function about x=0, whichever form we use. In case ¢’(0)=0. For this case g(x) and o(x) are shown in Fig. 3.
11, we take wo=w2,, and g(x) is again even. Because of We can now express P(v) in terms of the functions g(x)
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and o(x):
0)=— 8 . (79)
T [[(28/To)(x—A/8) —o(2) 12+-[g(») 1]
where
x= (V—wo)/a- (75)

Although there are three independent parameters all
having the dimensions of energy, variations of these
parameters for which I'o/6 and A/§ remain constant
produce changes in P(v) that amount only to scale
changes of P and ». In the calculations displayed in
Figs. 4 and 5, we have fixed I'y and varied independently
8 (or 8/T) and A [or (A/8)/(To/8)].

As an aid in discussing the qualitative behavior of
P(v) for arbitrary g(x), we should recall from Eq. (4)
[or its analog in terms of the exact eigenstates of (17),
in the event the natural width of |«) is included] that

/‘P(v)dv=21r¥ | (| N)|2=2r. (76)

Thus, whatever the function g(x) and the values of the
parameters A, Ty, and 4, the total area under P(v) is
just 2.

From the form (73), the qualitative behavior of P ()
can now be discussed for various values of A, T, and 8.
We restrict our discussion to case II.

Characteristics of case II. The line shape P(v) for
case II is plotted for different values of 8 and A in Figs.
4 and 5. Before considering limiting cases and detailed
behavior, we can make some general remarks about
these line shapes.

(a) If A=0, the line is symmetric; otherwise, it is
not and the bigger peak occurs at a higher (lower) en-
ergy when e is greater (less) than wo.

(b) If Ts(») is a slowly varying function near ¢, be-
cause either 8 or A is large, then P(v) will be close to a
Lorentzian line of width T's(e).

(c) In general, the line is neither symmetric nor
Lorentzian. It can have one or two prominent peaks and
po.sgibly a third one if T's(v) has a sufficiently pronounced
minimum at wo.

In order to understand the dependence of line shape
on § and A, we have calculated P(v) for many points on
the “6— A plane,” especially along the lines A=0 and
0.5 and 6=0.25, 0.75, and 1.25 as shown schematically

Iy
° a 3 F16. 6. Schematic diagram
b E g showing the ranges of § and A
i [ F16.4b in Figs. 4(a) and 4(b) and

5(a)-5(c).

N
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in Fig. 6. It is useful first to comment on the various
limiting cases and then to make more detailed
observations.

8 — . As seen in Figs. 4(a) and 4(b) and anticipated
above, the absorption line approaches a pure Lorentzian
around e with linewidth T, for all A. This is because the
linewidth function T's(v) is then essentially constant
near e.

6 — 0.1If A0 [Fig. 4(b)], P(v) becomes an extremely
sharp line at e. If A=0 [Fig. 4(a)], P(») becomes two
very sharp lines at ez [(1/27) /' Ts(e)de]'/* which stay
apart if T'¢8 is held constant but which merge if T is
held constant. This special case, with T'¢d=const, was
treated by Sander.!? The electronic state |«) forces dis-
crete states to split off both above and below the cluster
of continuum states around wo, each being composed
about 509, of |u).

A — oo [Figs. 5(a)-5(c)]. When A is sufficiently large
that the absorption line near € and the width function
T's(») have well-separated peaks, then T's() is essentially
constant in the neighborhood of ¢, whatever the size of
8. The absorption line near e is a Lorentizan with a width
~T4g(e). The line is centered about an energy e—Zg(e),
i.e., it is displaced slightly from e in a direction away
from wo by the small self-energy function Zg(e). There
will also be a very small (and possibly broad) absorption
peak around wp essentially proportional to I's(e). This
“peak” will have a height aI'¢/A?, a half-width §, and
so an area I'o8/A?, which is assumed to be very small.

A=0 [Fig. 4(a)]. The line in this case is symmetric.
For small §, in addition to the two peaks mentioned
above (as § — 0), there is also a small central peak aris-
ing from the central minimum in I's(»). In order that
J'T's(€)de remain constant, I'o must tend to « if §— 0.
But the central peak height is proportional to 1/T', so
in this limit it disappears. As é increases, the central
peak remains while the big side peaks move out, are
broadened, and become smaller. Finally the side peaks
disappear, leaving only a central Lorentzian.

If A is small but different from zero [ Fig. 4(b)], then,
for small §, the three peaks seen for A=0 are still present
although the one nearest to e is larger and the others are
smaller. As § increases, the side peaks decrease in magni-
tude the central peak increases and merges with the
dominant side peak. Eventually only this central peak
remains, becoming a Lorentzian centered at e.

We also observe that, even for large A, if § is large
enough there is never more than one noticeable peak,
whatever the value of A, although the shape may be far
from Lorentzian.
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APPENDIX A

In a recent paper,® Harris and Prohofsky have con-
sidered a similar model in which the impurity can decay,
emitting a phonon into only one special mode which we
shall call ko, which in turn can be scattered into any
mode of a continuum ki, ks, - - -, kx. We designate the
frequency of the mode &, by 2,. Thus, neglecting natural
widths, this model, slightly generalized, is described by
the Hamiltonian

e B* 0 o 0
B Q0 M An*
H=10 » @ --- 0 |, (A1)
0 Ay O Q
in the representation |u), |ko), - -, |kw). The trivial

generalization has been to let A, depend on #. We note
that A,=0(N"/2).

It is immediately clear that this model is equivalent
to a special case of that described by Eq. (3) if we make
a one-to-one correspondence between the states |qu)
and the eigenstates |a) of the (N4 1)X(N41) matrix
in the lower right corner of (A1). To see this we write

|a)= ¢ao| ko)+ EA_L, Gan|kn).

n=1

(A2)

Then, the eigenvalue equation
H|a)=wala)

is equivalent to the set of algebraic equations

(A3)

N
Qo¢ao+ Z )\n*ﬂoan =WaPao,

(A4)
n=1
A @a0t i Pan=WaPan. (As)
Xa|?
2 "(—2= [Wp(wa)x("’a)jz(l_{’Coszaa)’i'o(l)
7 (W iy
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These equations are readily solved to yield

N[ Aa]?
wa=90+z ’

n=1 Wg— Qn

(A6)

while the normalization of the eigenvectors gives

l¢ao|2=[1+ % _ﬂ]—l'

n=1 (wa— Qn)2

Whatever the value of Qq, if the @, (n=1,2, ---, N)
form a quasi-continuum, there are N-1 quasicontinuum
energies w,, one lying between every consecutive pair
of @4, Qny1. There are also two discrete energies wo and
wy lying below the continuum and above the continuum,
respectively.

In the new representation |%), and {|«)}, the Hamil-
tonian has the same form as that in Eq. (3), with

(A7)

Ba={(a|H|u)=Bpa (A8)
for all a. Thus
N |)\n|2 1/2
=l 14+ 2. —— . A9
g BI: nz=:1 (wa-ﬁn)zI (49)

Now for a finite box and no degeneracies, the energies
Q, are split by O(N—1). It is shown in Appendix B that
as N approaches infinity, if w, lies between @, and @41,
then

SR U PPN
» (wWa— Q) Wa—
+7|AMwa) | 20(wa) cotd., (A10)
where
wa—Qm
5.,=7r<-——-———), m>1. (A11)
Qm+1— Qm

p(Q) is the density of phonon energies at 2, and |\ () |2
is the average of |A(2,)|2 over all modes with energies
lying in a small neighborhood of Q. The phase shift §,
is determined by inserting Eq. (A10) into the eigenvalue
equation (A6) to give

INQ)|*

w,,—SZo—(P/dQ ()

=7|Mwa) | 20(ws) cotd., (A12)

where now w. can be replaced by 2, everywhere except
in 8q.
It is also shown in Appendix B that

[wa— Q20— @/ d2 p(Q) M) |/ (wa— @) I+ [mp(wa) [ Mwa) | ]*

|}‘("~’a) I 2

= /dﬂp(ﬂ) |NQ) | 2(wa—R)~24-0(1), if we is discrete.

+0(1),
if w, is in the continuum

(A13)
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FFor the case considered in Ref. 8, as N —x,

| A(wa) ! 2
wa—Qo— @/ dL p(2) | MNQ) |2/ (wa— Q) T+ [7p(wa) | Nwa) | 2]

Bal2=|B8|? (A14)
l | :

Since the vectors (8,0,0,- - -,0) and (8o, B3, - - ,On) are related by an orthogonal transformation, they must have
the same norm: |B|2=2"a|B|2 That this is so is seen explicitly in the limit A\ — 0, when

Ba = B8(wa— ). (ALS)
Thus the model of Ref. 8 is equivalent to assuming that the electronic transition is coupled to all phonon modes
but with a coupling strength dependent only on energy and having essentially a Lorentzian shape [neglecting the
energy dependence of A(2) and p(Q) and the line shift /"dQ p|\|2(w— Q)] around an energy Q.
To complete the rederivation of the result of Ref. 8 for optical absorption under the assumption (A14), we return
to Eq. (13). To include the natural linewidth, we make the replacement

e— e—3il,. (A16)
We must evaluate
N Bal? 1N\ (we
> L 182 Th(ee) (A17)

o 7p(wa) [0a— Qo+ 31 T2(0a) Jwa— Qo—3iTr(wa) ] (v — watin)

a=0 y—wat17

where we have introduced I'\(w)=2mp(w)|A(w)|? and have neglected the line shift
[aso@h@izo-9.

When N — we may convert the sum to an integral. The dominant contribution comes from w, near Qq or e. If
these are close together we may replace I'x(wa) by its value in this range, which we call T'y. If these regions are
also sufficiently removed from the minimum and maximum frequencies among the w., we may also extend the
integration (which goes from wmin to wmax) to the entire infinite interval (— e, »). Then we obtain, by a simple
contour integration,

B(v)=[v—e+3iT,—[B8]*/(v—Q+3iT\) 1. (A18)
Thus
T3 |81+ Iy [ (v—wo) -T2
P=—2 ImB= s ALl 0] . (A19)
Lo—(—2)— 82— Ty D3P+ [(— 3 Iat (r— Q)3T ]
Except for a spurious factor 3I'y, Harris and Prohofsky’s  to calculate
Eq. (3.20) agrees with (A19). When I'y — 0, N |[\a]2
Si(w)= 22 (B3)
I\[B? m=to—
P— . (A20) and
[r—e&)(r—2)— 18|+ EFTN)*(v—¢)? NEINE
APPENDIX B o=z (0—Dn)? (B4)

Consider a set of coupling constants {\,} and energies as NV —>w, where  lies within the range of the .. If

{Q.} which are quasicontinuous functions of the integer
n as it ranges over 1, - - -, N. We assume that asn —

An— (1/+/N)\(n/N) (B1)
and
Q.— Qn/N), (B2)

where A(x) and Q(x) are continuous functions and the
ordering is so chosen that Q(x) is monotonic. We wish

w lies outside this range, then the sums go directly to
the integrals
[\(x)}2

dx—
[o—Q(x)]"2

and there is no problem.
Suppose w lies between 2,, and Qp.1:

w= 9m+ am(nm-{-l— Qm) = 9m+ 6mAm ) (BS)
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i.e., 8 is the fractional displacement of w from
toward Q1. Then

g N [An]?
= oA,
—0m)Am
+>§ [Aa]? 4-) (B6)

(Qn- Qpn— 6mAm)(Qn_ Qm— %Am) .

nw=1

When N — o, the first sum can be replaced by the prin-
cipal value integral

[A(=)|?
d
w—Q(x)

®

The second sum is rapidly converging with the dominant
contribution coming from Q,~Q,. When N —wx
we can replace |[A\.|2 by |Am|22=(1/N)|\(m/N)|?
and approximate @,—Q, by (n—m)A, — [(n—m)/N]
XQ'(m/N), and extend the range of summation to
(— o, »). Using the relation

© a—b
— twb— cot B7
lgw —ai=b) w(cotwrb— cotmra) (B7)
and setting a=3%, b=46,,— 8(m/N), we obtain
IM®)]?
5i0) 2,0 [ ——s(@a
N> w—
+7|Mw) | %(w) cotrd(w), (BS)
where p(w) is defined by
(w) : (B9)
plw)= .
() =0
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Similarly, to evaluate S:(w), we use the fact that

w 1 T \?
={——] =721 2rb B10
l§w (I—b)? (simrb) (I+cotird) - (B10)

obtained from (B7) by letting ¢ — b, and obtain

N VL
A e Qe 0nAn)? NAKE — (—b)?
= N[7Mw)p(w) ][ 1+ cot?rd(w)], (B11)

i.e., if w is in the range of Q,’s, then Sy(w), but not S1(w)
is of order V.

The assumptions (B1) and (B2) are consistent with
the interactions encountered in Appendix A if the modes
are those of a one-dimensional lattice or of just one rep-
resentation of the point group of the lattice cum im-
purity for a three-dimensional lattice, because we as-
sume that, when NV —, percentage variations in A,
and Q, of the same order occur over the same range of #.
In general this is not true. In three dimensions, A, can
vary appreciably when » changes by O(NV?/3) while, if
the labelling is chosen to make the Q,’s vary mono-
tonically, @, changes appreciably only when # changes
by 0(V). This is the case, for example, if the 7’s refer to
different k vectors and enumerate all the k’s on one sur-
face of essentially constant energy before going to the
next surface.

Ultimately these difficulties are more formal than real.
One way out is to assume that the Q,’s will divide into
many [0(V!/3)] degenerate sets while the A\,’s vary as#
runs through each set. If one assumes such strict de-
generacies, then one must first sum over all # in each
degenerate set and then sum over the different sets. If
there are 9(w)=0(V*/?) modes in the set with Q,=w,
then [An|2— (1/N)|A(w)]|?9(w), where |A(w)|? is the
average over the 9(w) modes. The different sets can now
be indexed with #. Formulas (B8) and (B11) are still
valid if by p(w) one now understands 9U(w)/Q (%) | g (z)maw
the total density of modes per unit range of w.



