
DYNAMIC CRITICAL PHENOMENA

not the characteristic mode of the order parameter in

region I. In contrast to the magnetic system, the gas-
liquid transition does not have a propagating critical
mode cP(k), either above or below the transition. The
Quid system which is most closely analogous to magnetic
systems (in particular, antiferromagnets) is superfluid
helium, where the critical mode is second sound (analo-
gous to spin waves) below Tz, and a nonhydrodynamic
relaxation mode Loot'(0) Noj above Tq.

The scaling viewpoint gives a unified description of
a wide variety of critical phenomena, both static and

dynamic. Although it is too early to tell whether any of
the new predictions of the dynamic theory are exactly
correct, it is hoped that the qualitative picture can
already be a useful guide to further experimental investi-
gation. As more accurate experimental results become
available, and more detailed microscopic and phenomen-
ological theories are developed, their results can be
compared to those of the scaling theory. The speci6c
mathematical assumptions of dynamic scaling can then
be put to a test, and. the reasons for their success or
failure investigated.

PH YSICAL REVIEW VOLUME 177, NUMBER 2 10 JANUAR Y 1969

Ultrasonic Velocity and Attenuation in KH&PO, t
CARL W. GARLAND AND DomLD B. NovoTxv*

Department of Chemietry, Jtesearch Laboratory of Electronics, and Center for Materials Science and
and Engineering, Massachusetts Institute of Technology, Cambridge, Massachusetts OZ139

(Received 22 July 1968)

The velocity and attenuation of ultrasonic shear waves have been investigated at temperatures above
To= 1228&'K in single crystal KDP. An elastic Curie Weiss law, (seP —see ) =D/(T To), is obta—ined with
an elastic Curie constant D equal to 6.31)(10 "dyn ' cm' deg. The attenuation data are consistent with a
cooperative relaxation time at constant stress r which varies as r = 24X 10 "/(T —To) sec.
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T a Curie temperature of 122'K, potassium
dihydrogen phosphate (KDP) undergoes a co-

operative transition from a paraelectric to a ferro-
electric phase. '~ There has been a great deal of current
interest, both theoretical' ~ and experimental, " in

this transition and the analogous transition at 223'K
in KD~PO4. The present ultrasonic investigation in-

volves the measurement of the anomalous shear velocity
and attenuation at temperatures above T~.
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In its paraelectric phase, KDP is tetragonal (rrt)42
and the x„mechanical strain is coupled to the polari-
zation along the ferroelectric s axis. Therefore, a trans-
verse ultrasonic wave propagating in the L100)direction
with its polarization in the L010j direction is the shear
wave of interest. The elastic constant related to this
shear is called c66, but there are two limiting values of
this constant depending on the electrical boundary
conditions. One can specify the elastic properties at
constant dielectric displacement (c~) or at constant
electric field (c~). Mason's low-frequency resonance
measurements" on bare and on plated crystals shove

that @66~ exhibits a normal linear temperature de-
pendence above T~, whereas @66~ drops toward zero at
the Curie point. Elastic shear constants of KDP
measured at ultrasonic frequencies have been shown by
Jona" to correspond to cs; thus, we have determined
C66@=p U, where p is the density and U is the ultrasonic
velocity.

In addition to the rapid decrease in velocity, there is
an anomalous increase in the attenuation of this shear
wave as the temperature approaches the Curie point.
Since KDP is still piezoelectric in its paraelectric phase,
there is a strong coupling between the elastic wave and
the polarization even above Tg. Thus, attenuation
measurements provide a convenient way to determine
the polarization relaxation time. As in other cases

'~ W. P. Mason, Phys. Rev. 69, 173 (1946)."F.Jona, Helv. Phys. Acta 23, 793 (1930).
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involving the relaxation of long-range order parameters
in cooperative systems, " one expects a very rapid
increase in the relaxation time near T&. Recently,
Geguzina and Krivoglaz" have discussed both the
velocity and attenuation of ultrasound in a ferroelectric
near its Curie point, and our experimental results will

be compared with their predictions.

EXPERIMENTAL RESULTS

The ultrasonic equipment used in this work is essen-
tially the same as that used previously for investigating
ammonium chloride. "However, a new sample holder
was constructed to permit two-transducer operation.
This sample holder fitted inside a heavy copper cylinder
wound externally with a heating coil. The entire
assembly was suspended coaxially in a long Pyrex
jacket, which was immersed in a Dewar of liquid
nitrogen. The temperature of the sample assembly was
set by adjusting the pressure of helium gas in the jacket
and by regulating the current in the heating coil.
Temperature stability of &0.002'K was achieved with
a Fisher Proportional Temperature Control by using a
low-temperature thermister (Keystone Carbon Co.)
as the thermal sensor. Temperatures were measured
with a Rosemount Engineering Corp. platinum resis-
tance thermometer (Model 146L-2), a 100-0 calibrated
standard resistance, and a YVenner potentiometer. The
resistance thermometer was calibrated by Rosemount
at Gve fixed points, including the ice point and the
boiling point of nitrogen, and the absolute accuracy was

"C. W. Garland and J.S.Jones, J. Chem. Phys, 42, 4194 (1955).
~5 S. Ya. Geguzina and M. A. Krivoglaz, Fiz. Tverd. Tela 9,
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FIG. j.. Shear stiBness c66 versus temperature. c6P values were
obtained directly from ultrasonic velocity data; the smooth curve
dePendence of csen is taken from Mason (Ref. 12).

reported to be +0.02'K. The precision of our tempera-
ture measurements was ~0.001'K.

Oriented single crystals of KDP were obtained from
the Harshaw Chemical Co. with 1 cm path lengths in
the

I 100$ direction. Y'-cut quartz transducers were
bonded to the KDP with e-propyl alcohol, and good
echo patterns were obtained below its freezing point
at 146'K. Attempts to use Nonaq stopcock grease or
Dow-Corning 200 silicone Quid were unsuccessful since
these bonds failed at about 190'K on cooling. Most of
the data were obtained using 10-MHz transducers
specially polished for overtone use, although velocity
measurements within 0.5 deg of Tg were made with
1-MHz transducers because of the very high attenu-
ation at 10 MHz. All velocity measurements were made
by the pulse-echo method, which is quite adequate
(less than 1% uncertainty in U) since the delay times
are long (12—100 @sec).Attenuation measurements were
made at 10, 30, 50, 70 and 90 MHz, and the differences
between the amplitude of successive echoes were in
reasonably good agreement (+10%). For high-fre-
quency data close to T&, the acoustic loss became greater
than 30 dB/echo and only two echoes were measurable;
in these cases the uncertainty in the attenuation values
is probably greater.

Attempts were made to pole the KDP crystal by
applying a Geld along the s axis, but these were not
successful, and no echoes could be observed below Tg
(presumably because of domain scattering). Above Tc,
the results are given for zero applied 6eld.

Unsmoothed data for the shear velocity at various
temperatures mere used to obtain the c66~ elastic-
constant values shown in Fig. 1. The present values
agree well with those reported by Mason" and they
extend much closer to the critical temperature (a value
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Fio. 2. Attenuation coeKcient n, in neper cm 1, at various
ultrasonic frequencies. The value of Tz, as determined from the
velocity data, is also shown. The smooth curves through the data
points at 30, 50, 70, and 90 MHz were drawn independently with
no attempt being made to force these curves to conform to a
common shape.
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of 0.094)&10' dyn cm ' was obtained at 121.88'K,
whereas Mason's lowest value was 3)&10' at around
125'K). The essentially normal variation of cssn is also
shown in Fig. 1 for comparison; between 122 and 136'K
this quantity only varies from 6.955&(10"tp 6.893)&10'
dyn cm '.

Figure 2 shows the attenuation e as a function of
temperature for 6ve different frequencies. The overtone
measurements at 30—90 MHz were all made at one time
on the same KDP crystal, whereas the data at 10 MHz
were obtained at a later time on a different crystal. It is
clear from Fig. 2 that the background attenuation for
the 10-MHz run is lower than that for the other fre-
quencies, and this will have to be taken into account in
the analysis of the data.

DISGVSSION

Velocity da/a. The anomalous temperature de-

pendence of the various equilibrium properties of a
ferroelectric crystal can be correlated by a general
thermodynamic analysis. In terms of the notation used

by Kanzig, ' one 6nds for KDP that

(~ss' —~ss') '=xss/bss', (css —css') '=xss /~ss', (1)
I

20
I I

+0 60
f~ 101~ Hz

I

80

where sss is the elastic compliance (= 1/css) at constant
zero field (s~) or constant polarization (s"), xss' is the
reciprocal susceptibility parallel to the s axis in the free

Fio. 4. Plot of n versus f' at various constant temperatures.
Points were read from the smooth curves in Fig. 2. The dashed
line represents a possible linear fit to the 135'I data.
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crystal, X3~" is the reciprocal susceptibility in the
clamped crystal, a36 is the piezoelectric stress constant,
and b36 is the piezoelectric strain constant. In a high-
dielectric-constant material, the elastic properties at
constant polarization are essentially identical to those
measured at constant dielectric displacement. Thus, no
distinction will be made between c and c .

The dielectric susceptibilities are known to follow a
Curie-Weiss law

x„'=(T To)/C, x„"=—(T Tp)/C, —(2)

where the Curie constant C= 259'K for KDP.' In Kq.
(2), Tc is the actual temperature at which spontaneous
polarization appears, and To is used to denote the lower
temperature at which a clamped crystal would become
ferroelectric if "spontaneous strain" did not occur at
Tc. Combining Eqs. (1) and (2), one obtains

(sss —sss ) '= (T To)/D, —
(css —css ) '=(T—To)/Do,

(3)

122 125
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Fn. 3. Elastic Curie-%'eiss plots. On the assumption that
c (s ) is equal to s (s ), these plots correspond to the two forms
of Eq. (3). Data are shown over a wide temperature interval in
(a), whereas much more detailed data close to Tg are shown in

. (b). The corresponding lines in (a) and (b) are identical, i.e.,
drawn with the same slopes and intercepts.

where D= Cbsss and Dp Cusss. Either form of Eq——. (3)
can be called an elastic Curie-Weiss law, where D or Dp
are the elastic Curie constants. '2

The present ultrasonic velocity data (c~ values) and
Mason's data for c~ can be combined to test both forms
of Eq. (3). The appropriate plots are shown in Fig. 3,
which indicates that the elastic Curie-Weiss law is well
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TAnrz I. Values of (Bn/8 j)r and of (n n—p)/fs at 10 MHs,
together with values of C(T) calculated from Eq. (6), and the
resulting values of the relaxation time r.

T-To, (Bn/ft fs)r, C(T), r,
'K 10 "cm 'sec' 10 'cm 'sec 10 "sec

135
132
130
128
127

123.5
123.1
122.7
122.5
122.3

13.18
10.18
8.18
6.18
5.18

1.68
1.28
0.88
0.68
0.48

6.55
9.72

15.0
23.5
30.4

(n —n,)/fr
140
320
620

1020
~1600

8.37
10.46
12.57
15.77
18.36

39.9
47.3
59.2
68.8
83.5

1.98
2.35
3.02
3.78
4.19

8.9
17.1
26.5
37.5

~49

obeyed over a wide temperature interval. The Curie
temperature Tg as determined for our sample from the
elastic properties is 121.82'K, while the value of To is
found by extrapolation to be 117.45'K. The difference
Ta—Tp=4.32'K is in good agreement with that ob-
tained from dielectric measurements, ' and our value for
Tg can be compared with the values 121.97 and
121.715'K obtained from thermal measurements'~ and
122.0'K obtained from Brillouin scattering. "From the
slopes of the straight lines drawn in Fig. 3, one obtains
1/D=1.585X10"dyne m'deg 'and1/Dp ——3.30)&10—"
cm' dyn ' deg '. Thus, D=6.31X10 "dyn ' crn' deg
and Do——3.03X10"dyn cm ' deg. lt can easily be shown
that D/Dp =(s«~)s. Sin—ce s«~(=sspD) varies by only
0.6% over 10 deg, the sppD value at 123'K can be used
to test the internal consistency of the two straight lines
shown in Fig. 3. One 6nds that D/Dp ——2.08)&10 ", in

good agreement with (spp ) = (1438&&10 ") =2.067
X10 ".Another check on the data involves comparing
the experimental value of D with the value calculated
from D=Cb362. According to data cited by Kanzig, ' the
piezoelectric constant b36 varies from 5X10 ' at 122'K
to 4.9X10 ~ at 127'K. On the assumption that b

=4.95&10 ' and C= 259 the calculated value of D is
6.35)&10 ", and this value is probably uncertain by
~3%. In any case, the present elastic results are in
much better agreement with the dielectric and piezo-
electric data than the earlier data of Mason, which
indicated that D was 4.6X10 "dyn ' cm' deg."

The analysis by Geguzina and Krivoglaz" of the
velocity of ultrasonic shear waves in a ferroelectric
crystal having one polar axis indicates that at acoustic
frequencies

pU'= pU s(X'/X") =pU„' as/X". —

This is identical with the static thermodynamic result
given in Eq. (3) if pU' is equated to cg and pU„' is

» C. C. Stephenson and J. G. Hooley, J. Am. Chem. Soc. 66,
1396 (1944); W. Reese (private communication); see also W.
Reese and L. F. May, Phys. Rev. 162, 510 (1967).

equated to c . We have already used the relation
pU'=c~ in calculating our c~ values, and the relation
pU„s=c~(=cD) will be used below in analyzing the
attenuation data. This latter relation is clearly valid
since at infinite frequency the polarization wouM not
be able to follow the applied stress and the eAective
(or "frozen") elastic constant would correspond to a
constant polarization.

Evidence that our velocity data at 10 MHz were
obtained at a sufficiently low frequency to correspond
to static c«~ values is provided by the relaxation times
obtained below. These r values indicate that velocity
dispersion should be negligible at 10' Hz and very small
((1%) even at 5)&10P Hz. This is confirmed by very
good agreement between our velocity data and Bril-
louin data obtained at frequencies ranging from
0.5X10' to 5X10' Hz."Thus dispersion measurements
at frequencies below 10'0 Hz are not very suitable for
determining the relaxation times in KDP, and we must
turn to an analysis of ultrasonic losses.

Attenuation data. Landau's theory of the relaxation of
a long-range order parameter near a critical point was
first applied to ferroelectric crystals by Yakovlev and
Velichkina" and more recently by Geguzina and Krivo-
glaz" (see also Refs. 14 and 16). For a mechanism
involving a single relaxation time associated with the
polarization, one finds that the low-frequency ultrasonic
attenuation in KDP can be written in the form"

cr =Qp+C (T)to t y (5)

where y is a temperature-independent rate constant
describing the time variation of the polarization and

~8I. A. Yakovlev and T. S. Velichkina, Usp. Fiz. Nauk 63,
522 (1957).

+ W. p. Mason, Physical Acoustics artd the Properties of Solids
(D. Van Nostrand Co., Inc., Princeton, ¹ J., 1938).

where 0.0 is a largely instrumental background attenu-
ation and C(T) is a function of the shear velocities which
is highly temperature-dependent. With

C(T)= (U„'—Up')/2UU ' (6)

the corresponding relaxation time is 7X, the relaxation
time at constant (zero) stress. It is also possible to
choose C(T)= (U s—Ups)/2UUp'~(U '—Up')/2Up'
and thus obtain v.„ the relaxation time at constant
strain. "These two relaxation times are simply related
by

r&/Te cep /cps =Xss /X33

We shall consider only r~. (For convenience, the sub-
script X will be dropped from vx in the subsequent
discussion. ) For this case, C(T) in Eq. (6) can be ex-
pressed in terms of the elastic constants by C(T)
=p'ts(c«~ cop)/2c—es~(c~p)'ts, which can be calculated
directly from the data shown in Fig. 1. According to
Geguzina and Krivoglaz, "
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A =Cp '. Thus, we can analyze the attenuation data in

Fig. 2, obtain experimental values of r(T), and compare
these results with Eq. (8).

As long as co'r'«1, Eq. (5) indicates that the excess
attenuation o.—no at any given temperature should
increase as fs Fig. ure 4 shows a plot of n versus f' for
each of six diGerent temperatures between 127 and
140 K. The points shown in this 6gure were read
directly from the smooth curves in Fig. 2; no 10-MHz
data have been used since there is practically no overlap
in temperature between the excess attenuation at
10 MHz and the data obtained at higher frequencies
and since the background 0.0 value is also diGerent. The
data shown in Fig. 4 are quite consistent with a f'
dependence at 127, 128, 130, and 132'K. At 135'K the
data show appreciable curvature, and the dashed line
drawn at that temperature represents a reasonable
linear 6t which is consistent with the other lines. No
attempt has been made to fit the 140'K points, which
correspond to readings quite far out in the tail of the
curves of Fig. 2. It would appear from Fig. 4 that no has
a constant value (0.45 cm ') over the small range
127—135'K. The slopes (Brr/8 f )r obtained from Fig. 4
are given in Table I along with the appropriate values
of C(T). Since (rln/Bf')r 47r'C(T——)r, one can immedi-

ately obtain the value of r at each temperature.
The 10-MHz attenuation data were treated separately

to obtain values of 7 very close to the Curie point. For
this purpose, eo was assigned the constant value 0.18
cm ' (which is the experimental 10-MHz value of rr at
125'K and above). The resulting values of (rr ns)/f'—
and C(T) are listed in Table I for five temperatures in
the range 122.3—123.5'K.

The reciprocals of the r values in Table I are plotted
against temperature in Fig. 5. On the basis of Eq. (8),
one would expect r ' to be linear in T and to vanish at
T= Tz, and the data certainly seem to be consistent
with that conclusion. "The straight line shown in Fig. 5
is given by

r = 24&(10 "/(T—Te)sec,

and this provides a reasonable fit to the two somewhat
scattered groups of data points. In retrospect, it might
be desirable to have more data in the temperature range
123—128'K, and this could be obtained best by working
at the odd harmonics of a 5-MHz transducer. However,

2 It should be noted that r~, the relaxation time at constant
strain, is given by r, =A/(T To). Thus r will ha—ve the finite
value A/(Tg —To) at the Curie point in contrast to r, which
diverges.

0
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FIG. 5. Plot of r ' versus 1'.

it is worthwhile to mention that such short relaxation
times (2—50&(10 "sec) can only be determined from
acoustic measurements at 10'—10'Hz because of the
unusually large values of C(T) near Te. In contrast to
the C(T) values given for KDP in Table I (8—80&&10 '),
the corresponding C values in NH4Cl near its X point"
are only 0.3)&10 ~. In view of the very rapid tem-
perature variation in both n and C (T) for KDP, it is not
surprising that the temperature dependence of v is
some~hat diIII.cult to determine.

The above results for KH2PO4 can be compared with
those of a recent ultrasonic investigation" of KD2PO4,
in which it was found that r=24.4X10 "/(T—To),
where T&=205.6'K for the incompletely deuterated
sample studied. This tenfold increase in the relaxation
time on deuteration seems quite reasonable in view of
the proton tunneling which is an intrinsic feature of this
ferroelectric transition. '

Both the Brillouin work' on KH2PO4 and the ultra-
sonic work" on KD2PO4 show interesting features in the
region below T~. Therefore, it would be of interest to
improve our technique for poling KDP crystals and
investigate the ferroelectric phase at ultrasonic fre-
quencies. Such an investigation is now in progress.


