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Neutron scattering from BaTiO~ crystal has been investigated in the critical region (T,=130 C &T
&270'C) above the ferroelectric Curie temperature. In this temperature range, strong quasi-elastic scatter-
ing was observed. The temperature dependence of the quasi-elastic scattering indicates that it is associated
with a critical polarization Quctuation in the crystal. An energy analysis of the cross section proves that
the polarization fluctuation in SaTi03 is of the relaxation type in this temperature region, with a relaxation
time longer than S)&10 "sec. This result is in marked contrast to the case of SrTi03 and KTa03. The neutron
cross sections, observed as functions of temperature and wave number, can be interpreted equally well
with either an overdamped phonon model or a tunneling-mode model. The strong anisotropy of the quasi-
elastic scattering in reciprocal space indicates that the directions of strongest correlation of the fluctuation
are along the (100) axes.

I. INTRODUCTION

' 'N recent years the mechanism of ferroelectric phase
~ ~ transition has been extensively reexamined from the
viewpoint of lattice dynamics. This was initiated by
theoretical studies of Anderson' and Cochran' in terms
of a temperature-dependent low-frequency optical pho-
non. This soft-phonon mode theory is believed to be a
particularly suitable explanation of ferroelectricity in
the displacive-type ferroelectrics such as BaTi03.
BaTi03 is the most extensively studied ferroelectric
among the displacive-type ferroelectrics; in addition,
it has the perovskite structure which is the simplest

type to exhibit ferroelectricity. The name "displacive
type" is used in contrast with another typical ferro-
electric, namely, the order-disorder type represented

by KH2PO4.
In the soft-phonon mode theory, it is assumed that

the polarization fluctuations are entirely due to the ex-
citation of optical lattice vibrations. In this case, the
static dielectric constant is expressed in terms of the
frequencies of the optical phonons as follows:

e(0)/. (~)=II;~ Lo/II;~ vo,

where e(0) and e(~) are the static and high frequency
dielectric constants, and co;~o and co;Lo are the char-
acteristic frequencies of transverse and longitudinal
optical modes. The dielectric anomaly near the critical
temperature is connected to the temperature depen-
dence of a particular transverse mode which has the
form coy gx: T—Tp, with Tp the paraelectric Curie
temperature.
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Experimentally, the existence of this soft-phonon
mode and its strong temperature dependence have been
observed in SrTi03 and KTaO3. These are both
perovskite-type crystals which show an anomalous
temperature-dependent dielectric constant, but neither
of these materials actually undergoes a ferroelectric
transition. On the other hand, in the case of BaTi03,
which undergoes a ferroelectric transition at 130'C,
the results on the existence of a soft phonon mode as
determined by diGerent experimental techniques are
found to be in disagreement with each other.

Infrared data have been analyzed by Barker~ using
the classical oscillator model with a large damping
force. At 200'C, the characteristic energy of the soft
phonon mode hoot was given as 5.2 meV (1 meV= 8.07
cm '), in agreement with Cochran's theory, along with
a damping parameter of F/2cot ——2. On the other hand,
Ballantyne' found a dielectric loss peak at 1.6 meU
at the same temperature. Recently, Harada et al.'
deduced a soft-phonon mode energy of 5.8 meU at
q=0.34 A ' along L100$ from x-ray diffuse scattering.
The significance of this x-ray result is the fact that this
optic mode energy lies below the energy of acoustic
mode as determined by thermal neutrons (see Fig. 1).

The neutron scattering measurements' are depicted
in Fig. 1, which are in line with the x-ray result and
Ballantyne's estimate at q=0. It was noted, however,
that the cross section due to the excitation of this soft
mode exhibited unusually weak intensities despite their
low excitation energies.

It is the purpose of the present study to extend the
neutron measurements into the important temperature

e A. S. Barker, Phys. Rev. 145, 391 (1966).
4 B. M. Ballantyne, Phys. Rev. 126, 1710 (1962).
J. Harada, H. Motegi, G. Honjo, T. Mitsui, and S. Hoshino,

J. Phys. Soc. Japan 22, 1515 (1967).
e G. Shirane, B. C. Frazer, V. J. Minluewicz, J. A, Leake, and

A. Linz, Phys. Rev. Letters 19, 234 (1967).
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range between the Curie temperature and 230'C. In
particular, near the Curie temperature it is expected
that the observation of the scattering due to polariza-
tion Quctuation will enhance our knowledge of the
mechanism involved in the ferroelectric transition.

II. EXPERIMENTAL RESULTS

The measurements were performed at the Brook-
haven high-Aux beam reactor, utilizing a triple-axis
spectrometer Th.e constant-Q technique~ was employed
with a fixed incoming energy Eo between 13 and 48
meV. A typical energy resolution was 0.70 meV FWHM
(full width at half-maximum) at Eo 17 meV.——This was
obtained with 20-min collimator before and after the
scattering and monochromator and analyzer crystals
having mosaic spreads of approximately 15 min.

The BaTioa single crystal utilized in the present
investigation was the same sample used in the previous
experiment, and the growth technique was described
previously. ' It had a volume of 1.7 cm' and an ex-
tremely narrow mosaic spread of less than 0.01.'. The
Curie temperature was determined. as (130&0.5)'C, on
heating, by a discontinuous change of Bragg intensity.
This crystal was indeed an excellent crystal and the
only one available of this size. Unfortunately, however,

a few passages through the Curie temperature resulted
in fracture of the crystal. Thus the present study was
terminated somewhat prematurely.

The crystal was mounted with a (001) axis vertical.
The momentum transfer

~ q~ is expressed in units of
g ', where the direction of q is along (100) except when
speci6ed. The zone boundary value varies from 0.784
A ' to 0.783 A 'between 130'C and 270'C. The present
experimental results may be divided into three cate-
gories according to the q range. In order to specify the
exact location of reciprocal space at which a cross sec-
tion was measured, a coordinate of reciprocal space such
as (/s+P, k+g, I+t') is also used. In this expression,
(6+0.5, k, l) corresponds to the zone boundary along the
L100j direction around the reciprocal point (h, k,l).

A. q&0.15 A '

The results in this q range were reported previously
and are shown in Fig. 1. Since the data indicated only
slight shift of energy between 430 and 230'C, no more
eBort was made to investigate this q range at lower
temperatures. As shown in Fig. 2(a), the main diKculty
in observing the soft mode is its extremely weak in-
tensity despite its low excitation energy. As a erst
approximation, let us assume that the inelastic scatter-
ing due to the soft mode and the TA mode has the same
structure factors as those of the TO~ and TA mode of
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7 B. N. Brockhouse, Inelastic Scattering of Neutrons in Solids
and Liquids (International Atomic Energy Agency, Vienna, 1961).' A. I inz, V. Belruss, and C. S. Naiman, J. Electrochem. Soc.
112, 60C (1965).

FIG. 2. Energy spectrum of neutron scattering at higher tem-
peratures. Peaks indicated by arrows correspond to excitation
of the low frequency mode. Positive values of 4u correspond to
neutron energy loss.



850 YAMA DA SHIRANE AND LINZ

0-

I-
Kl
Q

l- 2—
M

UJ

I
I

I
I

TA

I I

T = I60 'C
q =O.I2A I—

T = I 57 4C

be approximately I
I"sl'~«s/I~Tais~ s

tion indic ates that the intensity due to the soft
e observa-

excitation is 60 times
o e sot mode

imes smaller than this ratio w ld
in'icate. This ad . '

pparent intensity anomaly mi ht be
o wou

result of an entirel d'

BaTiO c

'
e y Perent structure factor for

a i03 compared with that for SrTiO . I h'

one mi ht ex
i 3. nt iscase,

g expect stronger intensities in the
ypes o reciprocal lattice points such 1 0,0)as )

, , ). The measurements around (3,0,0) and
q5, 1,0) proved this is not the case.

B. q&O.OS A i

—I.O
I

I, O

I I

2.0 5.0
h~, meV

I

4.0
I

5.0

meV FWHM
e measurement at q[=0 with, wi a resolution of 0.5

me revealed a shoulder in ener s
shown in Fi . 2 b . o

energy spectrum as
'ig. ~ '. ompared with the resolution func-

profile does not appeartion (broken line the
roa . It wa

very

this eak deer
was reported previously' that tha e energy of

p ecreases from 1.4 meV at 430'C to 0.8 MeV

SrTiO. F 11

correc
3 ollowing Cowley s' calculati f S T'a ion or r i03,

P 2 2=
cting for the mass difference f 8 d S,o a an r, wehave

I pal /l pT~ l
a=3.0 around the (4,() ()) reci

t e so t mode and TA mode, respectivel . Th
the intensit rati

ive y. ere ore,

y ratio of the two peaks in Fig. 2(a) should

[olo]

[loo]

ATED

0

K
I-
tQ

V)

UJ

FIG. 5. Intensity distribution of the uasi-
d (2,2,0). Th dott d

su rac ing t e large background in the L110$

f

Tc l50
f

200
l

250

at 230'C. Below 230'C in thein he present investigation,

cult to observ
e ea of the cross section at q=0 is tis ex remey i

low-ener h
o observe because of a large back r d dac groun ue to

around 1 me

- nergy phonons. Nevertheless a sli ht h ld
1 meV seems to persist down to 137'C.

C. O.OS A;i -q -O. iS A-i
OC

Fn. 4. T. Temperature dependence of the uasi-e as
'

The dashed line represents the tern ep rature-independent cross

is the calculated curve with E . 3 n
e nuc ear incoherent scatterin .

i q. , normalized at the point shown

9R. A. C. Cowley, Phys. Rev. 134A, 981 (1964).

This is the range of q where the ke pea s of the neutron
sca ering ue to soft-mode excitation and TA-mode
excitation come close together and wh
section due to so t-ue o soft-mode excitation was reported to be

rie ou main y in this q range at temperatures



CRITICAL FLUCTUATIONS IN Ba Ti03

just above the Curie temperature. As is shown in
Fig. 3, the inelastically scattered cross sections were
not observed in this temperature range. Instead, a
quasi-elastic scattering with an energy width less than
0.6 meV was observed. In this figure, the scattered
neutron cross section at (2,0.076,0) is plotted against
the energy transfer, Ace, for the temperatures 137 and
160'C. The shaded part in the 6gure corresponds mostly
to the elastic incoherent scattering due to the titanium
and barium nuclei and was obtained by observing the
cross section at T=270'C. The width of this elastic
peak therefore gives the instrumental energy resolution.
In the figure, we clearly see the additional quasi-elastic
scattering around ko=0, rapidly increasing with de-
creasing temperature toward the Curie temperature.
We call this quasi-elastic scattering "critical" scattering
hereafter. The shift of the peak position from the zero
energy value is caused by the combination of a strongly
q-dependent critical scattering and the finite resolution
of the neutron probe.

In Fig. 4, the observed temperature dependence of
the quasi-elastic scattering cross section at (2,2.05,0) is
plotted. The temperature-independent component re-
maining above 250'C corresponds to the cross section
due to the nuclear incoherent scattering mentioned
above, and is indicated by the dashed line. The solid
line corresponds to the calculated curve explained later.
Here, it is emphasized that the observed intensity is
considerably lower than calculated value at high
temperatures.

It is of great interest to map out the intensity dis-
tribution in q space. The intensity distribution around
(220) at 7= 137'C is given in Fig. 5. In the figure, we
have subtracted the intensity distribution measured at
T=270'C corresponding to the remanent background
so that the contours show the distribution due to only
the critical scattering. A marked elongation of the
contour was observed along the (100) directions, which
correspond to the direction perpendicular to polar axis
of the tetragonal phase. This measurement was carried
out in the Brillouin zone around (220) rather than
(200). This is due to a technical reason, namely, the
resolution function of the neutron probe in reciproca1
space is elongated along t 110] at (2,2,0) and along
L010) at (2,0,0).M For this reason, the critical scattering
in the L010$ direction about (2,0,0), where the scattering
is a maximum, would be superposed by an additional
background of low-energy phonons. Around (2,2,0),
the added background is along L110j,where the critical
scattering is a mimimum; the dotted parts of the con-
tours represent the parts where the additional back-
ground precluded an accurate measurement. The sec-
tions of the distribution along the t 010j direction at
T= 137'C and T= 270'C are plotted in Fig. 6.

The results of the energy analysis at q=0.08 K ',
0.12 A ', and 0.16 A ' are shown in Fig. 7. The increase

"M.J. Cooper and R. Nathans, Acta Cryst. 23, 357 (1967).

thI-
R 3—
0-

cg
K
I-
N
K 2—
«g

I-
Mz I—
LLJI-

o T= I37'C
~ T + 270'C

1

0.05
I I

O. IO 0. I5
qA '

0.20

FI| . 6. Wave number dependence of the quasi-elastic scattering
along the L010$ direction at T=137'C and 7'= 270'C. The solid
line for T=137'C represents the calculated curve with Eq. {3),
normalized at the point shown by the double circle.

of intensities for ~her~ &1.0 meV in the profile of q=0.08 A ' is due to the finite resolution detecting the
excitation and the deexcitation of transverse acoustic
phonons.

I

OT=I37 C
T= 270 C

q= 0.16 A

V)

5
Ct

2
K

I

M

LLI

ggQgg. o

0.08 A

— I.O
I

0
'h+, meV

I.O

FIG, 7. Energy spectrum of the quasi-elastic scattering at three
values of il taken along the L010) direction. Curves with black
circles taken at T=270 C corresponds to the cross section without
critical scattering.

III. ANALYSIS OF CRITICAL SCATTERING

The q dependence and the temperature dependence
of the quasi-elastic scattering are similar to the critical
scattering which is observed in magnetic substances
near the magnetic transition point, as well as in other
substances which undergo various kinds of order-dis-



YAM ADA, SH I RANE, AN 0 LINZ

order phase transitions. Therefore, it is inferred that
the observed quasi-elastic scattering of neutrons in
BaTiO3 is directly connected to large fluctuations of
the atomic positions near the critical point which is
accompanied by the polarization fluctuation.

Van Hove" has shown that the neutron-scattering
cross section due to the particle-density fluctuation near
the critical point is given by

= const
dade «'+q' a&s+y'

where the reciprocal of y is the relaxation time of the
time-dependent Auctuation, while the reciprocal of f(. is
called correlation length of the fluctuation and varies
with temperature as (T T,)", v b—eing a number of
order of 1. As is discussed later, in the case of BaTi03,
where the static dielectric susceptibility obeys the
Curie-gneiss law over the temperature range under in-

vestigation, we may take v as -'„or

«'=A (T Tp). — (2)

Tp is the paraelectric Curie temperature and 3 is a
parameter to be determined by the experiment. Sub-
stitution of (2) into (1) gives

d2c7 7
— =const-

d()ldpp A (T Tp)+ q' pps+—p'
(3)

which will be used to analyze our results.

A. m Dependence

The value of y is estimated from the line shape of the
inelasticity of the quasi-elastic scattering. The instru-
mental energy resolution function was approximated by
the elastic peak observed at 270'C. It can be expressed

by a Gaussian distribution function with 0.72+0.15
meV FWHM. According to Eq. (3), the pp dependence
of the critical scattering is given by a I,orentzian dis-
tribution. To obtain the value of y, we fold a Lorentzian
function with the Gaussian resolution function. The
folded curves are compared with the experimental line

shapes to determine the parameter y of the Lorentzian
function. The estimated inelasticity for various q values
and temperatures are summarized as follows. Data
taken around (2,2,0) reciprocal lattice point at T
= 137 C give the value of Ay as 0.40&0.15, 0.55&0.15,
and 0.60&0.15 meV for q=0.08 A ', 0.12 A ', and 0.16
A ', respectively. Data taken around (2,0,0) at q=0.12
A ' give 0.35&0.15 and 035&0.15 meV at T= 137 and
160'C, respectively. The energy width of the observed
critical scattering changes appreciably in the process
of subtracting the incoherent scattering, which intro-
duces a large uncertainty of &0.15 meV. Within this
error we could observe neither appreciable g dependence
nor temperature dependence in y.
"L. Van Hove, Phys. Rev. 95, 249 (1954).

C. Absolute Value of the Integrated Intensity

The data shown in Fig. 7 also give us an estimate of
the absolute value of the critical scattering cross section
integrated through pp. The temperature-independent
part of the elastic peak observed at 270'C is due to
the nuclear incoherent scattering.

In such circumstances, we obtain the absolute value
of the differential cross section of the critical scattering
from the following equation:

(
do)

dQl„;p I; . 4pr
(4)

where o.;„, (5.6 b/sr) is the total incoherent-scattering
cross section, I.„~ and I;„.are the observed scattered
intensities of the critical scattering and the incoherent
scattering, respectively. The observed value is

(d~/dn)„;, =1.51 b/sr

for T= 137'C and q=0.12 A '.
(5)

IV. MODELS

To interpret the experimental results mentioned
above, we set up models describing the dynamical be-
havior of the atoms in BaTi03.

A. "Harmonic Oscillator" Model

One possible interpretation might be to assume that
the observed peak is the overlap of two peaks due to the

rs S. Roberts, Phys. Rev. 75, 989 (1949).

B. Correlation Length

In Kq. (3), A and Tp are considered parameters to be
determined so that a best 6t with the experimental
curves shown in Figs. 4 and 6 is attained. To obtain
these parameters we proceed as follows. We plot the
temperature dependence of the inverse of the relative
intensity, 1/I at q=0.08 A ' and the q dependence of
1/I along

C $00] at T= 137'C, which gives

at q=q&. 1/I ~ (T Tp)+—AT, AT= qrs/A,

at T= Tr. 1/I ~ «'+q', «'=A (Tr Tp) —.
The extrapolation of the observed curves gives

AT= Tp 110'C —at qr=0.08 A ',
«'=0.0055 A ' at Tr=137'C,

whence the parameters are determined as

To= 124'C,
A =0.43X10 ' A ' deg '.

The diRerence of the paraelectric Curie temperature
and the observed transition temperature, T,—Tp, is
6'C. The same quantity given by Roberts" from a
measurement of the dielectric constant is 12'C.
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excitation and deexcitation of a very soft mode with
phonon energy less than the resolution function
Puo&0. 6 meV). However, this possibility is ruled out
by the following reason. The integrated scattering cross
section due to one-phonon excitation or deexcitation
is given by

(6)

Here, lV is the number of the unit cells and the phonon
excitation number is approximated by kT/hoi. Fvi, (K)
is the structure factor given explicitly by

r
(~2 ~2) y ~2/22

l

CslF - 5

A: = 0.&
r

2&i

0.5
0.9
2.5

F,i, (K)=P(K e;) e'*'~'

where e; is the polarization vector, 3f; is the mass, b, is
the nuclear scattering amplitude, and r; is the position
vector of jth atom in the unit cell, respectively. Assum-

ing the polarization vector for this mode to be the same
as the soft mode in SrTiOs (Ti: 0.077, Sr:0.022, 0r and
On ' —0 129, Orrr' . —0.093), we calculate the integrated
scattering cross section at (220) as

(do/dQ) nb ——170 b/sr.

This is larger than the observed in.tensity at (2,2.05,0)
at T= j.37'C by a factor of 10'.

B. "Overdamyed" Phonon Model

In the case of the harmonic phonon, the peak position
of the neutron inelastic scattering directly corresponds
to the phonon energy. However, if the phonon system
is a6ected by large damping due to the anharmonicity,
this is no longer satisfied. The nature of the response of
such an anharmonic crystal to neutron waves was
studied by Cowley"; he gave an explicit expression for
the damping constant in terms of the third- and the
fourth-order anharmonic potential. However, we might
not be able to apply his results because these formulas
are based on a perturbation treatment assuming the
anharmonic interaction is small compared with the
harmonic interaction, which is not valid in our case.
Therefore, we might satisfy ourselves by using a some-
what phenomenological treatment, in which the an-
harmonic effect is expressed by a frequency-dependent
damping parameter in the equation describing the mo-
tion of phonon operator. The calculation to obtain the
neutron scattering cross section from such a system has
been performed by Blume. ' The result is

( )
X (8)

(cars —(os—ore" (q,o)))s+o&sF's(q, to)

"R.A. Cowley, Advan. Phys 12, 421 (1963.)."M. Blume (private communication).

0
0

FIG. 8. Calculated curves for line pro6le of neutron scattering
due to damped phonon. Observed line profile corresponds to the
case D, highly overdamped case.

tots/I"( d'(r k' hkT 1
=A —lF,i, (K) l' . (9)

kdQCho g~ k s. (ho~i)' o~'+ (o~ts/1")'

The line profile is given by a I,orentzian as is predicted
in Eq. (3), and the half-width is ~is/F'. To visualize
further the close relation between Eqs. (3) and (9), we
may expand the undamped soft-mode frequency nit(q)
as Lhori(g) O'=Puot(0)$'+aqs. Since the static dielectric
susceptibility due to the soft mode is proportional to
1/oasis(0), and the temperature dependence of the static
dielectric susceptibility obeys the Curie-Weiss law in
the temperature region under investigation, we may put

l ho~i(0) j'=n(T—Ts),

"M. DiDomenico, Jr., S. P. $, Porto, and $, H. Wemple, Phys.
Rev. Letters 19, 855 (1967).

where I"(q,oi) and 1'"(q,to) are the real and the imagi-
nary parts of 1"(q,o~), respectively.

Barker' and DiDomenico et ul. "&have derived essen-
tially equivalentgformulas to explain infrared and
Raman spectra, respectively, in BaTi02. As is discussed
by these authors, when the damping constant exceeds
&2~&(q) the motion of the soft mode is simply of the
relaxation type. This situation is illustrated in Fig. 8
for the simple case where I "=0, and F' is independent
of ~. In the figure, the line profiles are shown for several
values of 1"/2cot. For F'/2tei))1, as in case D, the line

shape is sharply peaked at ~=0. The observed neutron
scattering cross section has the characteristic of case D.
In this case, it is not possible to determine uniquely ~&

and I" from the experimental line shape. In fact, for
sufficiently large 1"/2e, we can rewrite the formula as
follows:
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the expression for the absolute integrated intensity:
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FIG. 9. Dispersion curve for quasiharmonic (undamped) TO
mode at T= 137'C. Because of high damping constant the peak
of the neutron scattering is at kcoI ——0. The dispersion for TA
branch is also shown. The initial slope calculated with the elastic
constant is shown by the solid line.

The observed intensity was scaled in an absolute manner
by comparison with the incoherent scattering at T
=137'C and q=0.12 A '. The energy hot~(q) was
calculated as ka&=3.4 meV. From Fig. 9, we see Puot(q)
=4.2 meV. This process of arriving at the phonon
frequency involves the assumption of the form factor.
In this calculation, we applied the same form factor
used in the harmonic model; thus the order of magni-
tude agreement could be fortuitous.

C. "Tunneling Mode" Model

assuming that the frequencies of the other optical
phonons are temperature-independent. With these equa-
tions, we have

ro P/I
X . (10)

tot+. (~p/pI)s

This formula coincides with Eq. (3) if we equate

A =n/a, y=(oP/I".

To obtain co& and I" separately from the observed value
of A and y, we have to determine o.. Barker' determined
the parameter n as 0.28 meU' deg ', using the Lyddane-
Sachs-Teller relation and the frequencies of the optical
modes determined from the infrared spectra. With this
value of a we can obtain &or(q) for small values of q.
The dispersion curve for 0&/&0.10 at 137'C thus
determined is shown in Fig. 9. It should be noted that
although the peak of the neutron scattering due to the
soft-mode excitation comes below the dispersion curve
of the TA mode even at higher temperatures, the dis-
persion curve of the undamped mode lies above that of
the TA mode. If, however, this value of n is to be
modified because of the contribution to the dielectric
constant from an additional degree of freedom which is
related to an optical-type displacement of atoms, then
the whole curve should be shifted accordingly. From the

In this model, we assume that the atoms are tunneling
through a potential barrier between equilibrium posi-
tions displaced by a certain amount, Ar; for the jth
atom, from the position of the center of symmetry.
Such a model has been discussed by several authors to
explain the ferroelectric transition in KH2PO4. ""
BaTiO& is usually considered to be a typical displacive-
type ferroelectric in which the polarization fluctuation
is described by the excitation of an optical phonon
mode and where the dynamical behavior of the atoms
is quite different from the order-disorder-type ferro-
electrics such as KH2PO4. However, a few years ago,
Takahashi" pointed out that the polarization fluctua-
tion in BaTi03 may not be described by a phonon
picture because of the large anharmonicity, but rather
can be described by another kind of motion in which
the atoms are jumping from one extreme position to
another. His picture seems to be similar to the model
presented in this section.

In the case of KH2PO4, each hydrogen atom is moving
between two potential minima. According to Tokunaga
and Matsubara, '~ such a system can be treated as an
Ising spin system with spin quantum number -', . The
eigenstates of the fictitious spin would correspond to
the states where atoms are moving around one of the
double minima of the potential. Since BaTi03 has a
high-crystal symmetry, there are six~positions of the
potential minima (two on each L1001 axis) between
which the atom can move. This will give a mathe-

"P.G. de Gennes, Solid State Commun. 1, 132 (1963).
'7 M. Tokunaga and T. Matsubara, Progr. Theoret. Phys.

(Kyoto) 35, 581 (1966).
rs M. Tokunaga, Progr. Theoret. Phys. (Kyoto) 36, 857 (1966).
'9 R. Brout, K. A. Muller, and H. Thomas, Solid State Commun.

4, 507 (1966).
L. Novakovic, J. Phys. Chem. Solids 27, 1.469 (1966).

n H. Takahashi, J. Phys. Soc. Japan 16, 1685 (1961).
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matical complication, which we avoid for the present
by simply assuming that the probability of tunneling
between minima on diferent axes is negligible. Then
the system is considered to be composed of three inde-
pendent tunneling systems, where atoms move col-
linearly with the t100$ direction and are tunneling
between one pair of the three double minima lying
along the (100) directions. Following Tokunaga and
Matsubara, '~ the effective Hamiltonian for the system
where atoms are tunneling along the Lool j direction is
expressed as

B,fg= —2n Q S;*—Q J(R;1)S..S~I (12)

where n is the kinetic energy of each atom and J(R;q)
is the potential energy between atoms separated by
R;~. The scattering cross section of neutrons is calcu-
}ated by Tokunaga' for the case when the energy width
is small as compared with the characteristic energy of
the tunneling motion. Since this condition is not satisfied
in the critical temperature region, we have calculated
the cross section in a self-consistent manner, using
Green's function method. The details of the calculation
will be reported in a separate paper. The preliminary
result shows that the cross section is formally expressed
as

Here, co&' is the renormalized characteristic frequency
of the collective tunneling mode; d, and F& correspond
to the shift and the damping constant of the mode,
respectively; and J (q) is the Fourier transform of J'(R).
ln this treatment, it is hard to give expressions for the
parameters 6 and I',„in terms of n and J'(R) explicitly.
F&„(K) is the structure factor which is approximately
given by

f d'0 * k' kT
=lN—IF.(K) I

&dnCko ~ k mh'

2n(s.)21',.
X , (13)

(~2 ~ &2)2+4@ 2(gs

J(q)
Acing' ——20 1— S~ ——

n ni

For the overdamped case (I',„))2coi'), we have the
same expression as Eq. (10), viz. , when q is along (100)
(see the Appendix),

d' ) b' iF,„(K)i'

dQdco) .„k 3x

P= 2mNp'/C.

p (T—To)+bq'

&i /21 c~
(13)

~2+ (&12/2r )2

In this case, the parameter P can be calculated assuming
that the dipole moment is given by the spontaneous
polarization per unit cell. With the value of tl thus
calculated and the observed value of A, b is estimated
to be 20.0 meV A '. Again, we cannot obtain the value
of ori' and I'&„separately from the observed value of y.

The integrated intensity for this model is inde-

pendent of I'&„and is calculated to be 6.8 b/sr at
T= 137'C and q=0.12 A ', where the structure factor
is estimated from Eq. (14) with the value of hr s given

by the equilibrium positions of the jth atom in the ferro-
electric state."

As for the anisotropy of the intensity distribution in

the g space, it is explained qualitatively as follows. As is
discussed in the Appendix, the integrated intensity in a
general direction in the q space is given by

pdoi' k'
i
—

i
=-;N—iF,.(K)i

&dni, „
X--- (16)

P (T To)+AN@' co—s'P+ bq'

where Q is the angle between q and hr;. The second
term of the denominator is associated with the long-

range electrostatic interaction included in J(q). It is
shown in the Appendix that

C is the Curie-Weiss constant, p is the dipole moment

per unit cell, and b is the coefficient of the quadratic
term in the expansion of J(q); J(q) =J(0)+bq'.
Equation (14) again coincides with Eq. (3) by equating

A =P/b,
p= Mp/2I g

P,.(K)=g K ~r,b,~'*' (14) (P(T Tp)+bq')/4m''—= 1/e(0) .

where hr; is the displacement vector of one of the
potential minima on the L001j axis, for the jth atom
(Ar;iitooij). LIn the derivation of Eqs. (13) and (14),
we have neglected the contribution to the cross section
from the "longitudinal" fluctuation, or (S*(t)S*(0))-
type correlation. This point will be discussed in Sec. V.i
As there are three independent tunneling directions, the
cross section from the whole system is given by the sum
of expressions similar to Eq. (13) for the cases when
~riiL100j and ~rii(010j.

Therefore, in the critical temperature region where

~(0)=10', the intensity is strongly @-dependent and the
direction of elongation of the intensity contour is along
the (100) directions.

V. DISCUSSION

The quasielastic scattering of neutrons near the
critical temperature in BaTi03 can be represented by

"B.C. Frazer, H. R. Banner, and R. Pepinsky, Phys. Rev.
100, 1'45 (1955).
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the formula

=const—
df)dpp 2 (T—2'p)+ q' co'+y'

I'(„)——I'p/(I —itpr) .
With this spectrum for I', the neutron scattering cross
section is expressed as

)d'0 ~
k' kT

I
=~—IF,.(K)l

Ed&kol p~

(17)
pr (tp '—aP8)'+tp'I"'

5= 1+rI'p/(1+co'r'),

I'=re/(1+~ere).

The cp dependence of Eq. (17) is similar to a super-
position of three Lorentzian peaks: One has a broad
maximum at co=0 with an effective width of apts/I; the
others are centered at +opt/8 with effective widths of
P/b. It is possible to choose parameters r and I'p so that

This is in marked contrast to the case of SrTiop and
KTaop in which a well-defined inelastic peak cor-
responding to the excitation of the soft-phonon mode
was observed at temperatures very close to To. We have
demonstrated that the temperature dependence and the
q dependence of the quasi-elastic scattering can be
explained equally well either by an overdamped phonon
mode or by a tunneling mode.

The important characteristic of the critical scattering
is its strong anisotropy in reciprocal space. If we take
the phonon picture, this will be explained by the
anisotropy in the characteristic frequency ppt(tl) and the
damping constant I"(tI). On the other hand, if we accept
the tunneling mode picture, it is attributed to the
singularity of J(q) around q=0, as is discussed in the
previous section.

It was previously reported' that inelastic peaks due
to excitation of a soft mode was observed at 230'C and
430'C. The frequencies were found to be much lower
than those expected from Lyddane-Sachs-Teller rela-
tion. On the other hand, the line shapes do not seem to
be broader than the instrumental resolution function.
These experimental results are not explained by a
simple overdamped mode model assuming I" is inde-
pendent of co, since the line shape of the soft mode
should be considerably broader when the peak is shifted
from the frequency of undamped mode. (See case B and
case C of Fig. 8.) However, if we take into account a
co dependence in I', the sharp peaks observed at higher
temperatures might be explained with the overdamped
mode model as follows. We assume that the damping
constant which describes the motion of the soft-mode
phonon has a 6nite memory time and the time de-
pendence of the damping constant is given by an
exponential decay with a decay constant v. '4 The fre-
quency spectrum of I'~t, ~ is then given by

the experimental line shapes as shown in Fig. 2 are
qualitatively explained. However, at present it is
dificult to assess the signi6cance of these parameters.

Recently, the Raman scattering experiments in the
tetragonal phase were performed by three groups.
Among them, DiDomenico et al.»5 observed a relaxation-
type peak around co =0.They analyzed the data by the
overdamped oscillator model and found I'/2art=1. 15
at 30'C. On the other hand, Pinczuk e& al."and Rimai
et al.'4 observed a resonance-type Stokes line at room
temperature with Ace»—0.6 and 1.2 meV, respectively.
The latter result is in line with the low estimate of the
soft-mode energy shown in Fig. 1. Our result for the
critical scattering seems to be closely related to the
results due to DiDomenico et al., though the half-width
of the energy spectrum is appreciably different (I'/2att
=4.6 at 137'C as determined by neutron scattering).

In Tokunaga's treatment' of the tunneling mode, the
term proportional to (S*(t)S*(0))-type correlation is
explicitly taken into account, resulting in a relaxation-
type correlation Quctuation. The experimental result,
however, indicates that the observed relaxation-type
fluctuation is not due to a (S*(1)S*(0))-typecorrelation.
Tokunaga has shown that the probability-density
distribution contributing to this term is due to the
overlap of the wave functions of the tunneling atoms
and is symmetric with respect to the center of symmetry
position, while the correlation (S*(t)S'(0)) is associated
with the antisymmetric part. The form factor given in
Eq. (14) is the Fourier transform of the antisymmetric
part of the probability density. The observation of the
intensity distribution around various reciprocal lattice
points shows that the form factor is consistent with
Eq. (14). For instance, in the intensity distribution
around (200), the lobe elongated along L1007 disappears
because of the factor (K.d, r) involved in Eq. (14).
Therefore, we infer that the observed relaxation-type
correlation fluctuation is not mainly due to (S*(t)S'(0))-
type correlation.

ACKNOWLEDGMENTS

We are indebted to M. Blume and H. J. Lee for
developing the theoretical treatment on critical scatter-
ing and for conveying their results prior to publication.
We also wish to thank B. C. Frazer, R. Nathans, and
J. Skalyo for many stimulating discussions and V.
Berlruss for growing the excellent single crystal used in
the present study.

APPENDIX

The integrated intensity of the critical scattering as
calculated by a tunneling mode model is independent

~' A. Pinczuk, %. Taylor, K. Burstein, and I. Lefkowitz, Solid
State Commun. S, 429 (1967).

~' L. Rimai, J. L. Parsons, J. T. Hickmott, and T. Nakamura,
Phys. Rev. 168, 623 (1968).
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of F&„and is given by

trdo~' 20(S')kT
I

—
I

=sNIF -(K)l'
kdQi' („(kopt'(q))s

ho»'(q) =20(1—J(q)/0(S ))'Is
(A1)

By substitutmg Eqs. (A3), (A4), and (A5) into (A1),
we have

(do) *

I

—
I

=xNIF,.(K)l-
t dQJ,„2P(T—Tp)+4nNp, ' cos'P+bq'

P 2orNps/C. (A6)

To expand J(q) in terms of q, it should be noticed that
J(q) has a singularity at q= 0, due to the depolarization
energy. This originates from the fact that the inter-
action energy which causes the tunneling Quctuation
includes a long-range interaction; whence there exists a
finite energy difference between the longitudinal Quctu-
ation and the transverse fluctuation. This point has
been discussed by Krivoglatz. 25 Taking out explicitly
the term corresponding to the depolarization energy,
we can expand J(q) as

J(q) =J(0)+4n.Np' cos'p+bqs+ ~ ~ ~, (A2)

where p is the angle between the vectors q and I 001],
the direction of a tunneling motion. Then

I
ho) t'(q)]' for

small values of g is expressed as

k'cot's (q)~k'o) t's (0)+40(S*)4nNp, ' cos'P+ bq',

(k,'(0))s= (20)sL1—J(0)/0(S*)].

The energy ha&'r(0) is related to the static dielectric
susceptibility, X'(0), by the following equation:"

X'(0)=Nps20(S*)/(ko) r'(0))'.

On the other hand, X'(0) is expressed by Curie-Weiss
law as follows:

X'(0)=C/4n (T—Tp),

where C is the Curie-Weiss constant.

(AS)

s' H. A. Krivoglatz, Fiz. Tverd. Tela 5, 3439 (1963) LEnglish
transl. :Soviet Phys. —Solid State 5, 2526 (1964)j.

For the special cases when q is taken perpendicular and
parallel to the direction of the tunneling motion, hr, we
have

(do~* 1 kT
I

—
I =sNIF. (K) I'-— qJ hr, (A7)

kdQ),„2P(T T,)+—bq'

trdo * 1 kT
=-',Nla, „(K)I--

~d0,„2P (T—To)+4nNp'+ bq'

«ll~' (A&')

Equation (A'I) corresponds to the cross section due to a
transverse fluctuation while Eq. (A/') is the cross
section due to a longitudinal Quctuation. The cross
section due to the longitudinal Quctuation is negligibly
small as compared with the cross section due to the
transverse Quctuation in the critical temperature range.
This can be seen as follows. From Eq. (A5), X'(0) is
given in terms of P as

X'(0) =Nps/2P (T—Tp) .

Since the value of bq' is of the same order of magnitude
as P (T Tp) in the t—emperature range and q range under
investigation, we have

(P(T—To)+bq')/4)rNp'= 1/4nX(o) =1/e(o) ~

Therefore, in the critical temperature region where
e(0)&10', we can neglect the contribution from longi-
tudinal fluctuation. By summing up the contribution
due to three independent tunneling motions, we have
the following expression for the integrated cross section
when q is taken along (100) directions:

(dog 1 kT
I

—
I =lNIF. (K) I'- (Ag)

~dQ) &„2P(T—Tp)+bqs


