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Hall Effect of a Compensated Magnetic Metal Proportional
to MB' in the High-Field Limit*

L. BERGER

Physics Department, Carnegie-Mellon University, Pittsburgh, Pennsylvaniu

(Received 10 May 1968)

The Smit asymmetric scattering on magnetic impurities is introduced into the spherical two-band model
of a compensated metal. Hall resistivity pz, ohmic resistivity p, and Hall angle @~ are calculated. ln the
high-field limit cd,r)&1, we find priccMB'/c, pcc 8'/c, tanpncc3E, where 3f is the magnetization and c the
impurity concentration. The more usual p~= EB+E, 3f is found to hold only for lour fields or uncompensated
metals.

t 4HZ Hall resistivity p& of a magnetic polycrystal is
dered by

p~= zLuu*(» ~) p"(—8, ——~)]; pv*=Eslj'

The simplest model of a compensated metal consists
of two spherical bands, containing, respectively, e,
electrons and ny,

——n, holes per unit volume. H y, and

yh, are the total momenta of the electron and hole bands,
(1) per unit volume, we have in the stationary state

The current density j is parallel to the x axis. The mag-
netization M and induction 3 are parallel to the s axis.
Usually, pII may be written'

0=dp, /dt =e,n,E+j, x B—(tn, /e, ) its'gj„

0=de/dt=ep, rssE+jsxB —(ms/es)Ps"]js, (4)

prr =Re8+R,M (mks units) . j=je+1s, e,= —e~, e,&0.

As shown by various authors, ' the Boltzmann equa-
tion is correct only to lowest order in the dimensionless
parameter fi/re, where r is the electron relaxation
time, and E~ the Fermi energy. For example, nonclassical
second-order contributions to E, are very important in
iron at room temperature or above (small r) and a
visualization of the phenomena becomes dificult. On
the other hand, the Boltzmann equation should be quite
adequate in the case of very dilute alloys at low tem-
perature; in that case, R, is Grst order in 5/rEr and is
caused by "asymmetric scattering" on impurities, as
introduced Grst by Smit': Because of a left-right
asymmetry in differential cross section, electrons tend to
pile up on one side of the sample. This simple mech-
anism is somewhat similar to the Mott scattering of
polarized free electrons on free atoms, and is a conse-
quence of spin-orbit interaction; usually R, and Rs are
then predicted' 4 to obey

The collision terms contain the linear operators Ls')
and Ls"], having the dimension of a relaxation fre-
quency. Since M

~~ s, the olf-diagonal elements s „'=
—s„,' and s~"= —s„," describe the asymmetric scatter-
ing and are proportional to 3f. They determine how

much momentum along y is gained on the average by an
electron traveling along the x axis and colliding with an

impurity. Of course, the diagonal elements s, '= s»') 0
and s "=s»~&0 are responsible for most of the ohmic
resistance p, and exist even in a nonmagnetic metal.
All elements of $s') and Ls") are proportional to c.

The boundary condition j„=0,added to the Eqs. (1)
and (4), gives

tang~ =E„/E.
tS.„' 8& tS. ' —8—

Ne NIt +e +It, )S' ) 5 S,"
oc c dRe/dc=0,

where c is the impurity concentration.
The purpose of the present work is to investigate the

consequences of Smit asymmetric scattering at arbitrary
values of co,7., where co, is the cyclotron frequency. We
will find prr ~ M8'/c for a compensated magnetic metal
in the high-Geld limit ce,r))1; hence Eqs. (2) and (3)
fail completely in that case. We will also find unusual
linear magnetoresistance terms in the low-6eld limit.
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p =E,/j, = L(u,+us) (1+ tan'err) ]-',

w =E./j*= «n4~/(N. +Is) (1+ tan'4e) (/)

where the tensors )S')=m.( )/saend )Sa)=msps")/es
have the dimension of a magnetic induction (reciprocal
of a mobility), and where the Geld-dependent conduc-

tivities u, and N~ are defined by

e,e,/S„'
1+L(S~' 8)/S ']'

el,eI S,"
1+L(S.v"—8)lS**']'

Inthelow-fieldlimit
~

co,v..)
=

( 8/S ') &&1, )cars� (
=
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In Eq. (18), the expression MB' is odd with respect
to simultaneous 3f and 8 reversal, as required by Eq.
(1).Because of the oddness, it cannot be confused with
the transverse-even voltage cc MoB'/c, which exists in
every compensated single crystal5' with nonspherical
bands. Because of c in the denominator, the pII of Eq.
(18) can be observed only in very pure materials. When
B-+rr or c—4, any additional term of the form RpB
becomes negligible as compared to Eq. (18). Note
that prr is independent of both Geld and impurity con-
centration, at high Gelds. In the special cases 5„'=
—S,,s or S~'/S„'= S,p/S, s, then the high-Geld

LEq. (13)$ and low-Geld values fEq. (10)j of P~ have
opposite sign and equal magnitude.

For a constant value of S,„'/S„' and S,ss/S, ,s (and,
therefore, a constant value of M), the general equa-
tions (5)-(7) imply the following "Kohler's rules'":

tanyir = f (B/po),

plpo= g(B/po), (20)

p~/ps= &(B/po),

where po is the resistivity at B=O, given by Eq. (11).
Examples of Kohler functions of a compensated

magnetic metal are shown on Fig. 1 for three diferent
values of the ratio of mobilities of electrons and holes.
Note the finite asymptotic value —0.2 of tangier and the
parabolic behavior of p~ and of p at high Gelds, in
agreement with Eqs. (16)-(18).This contrasts with
the vanishing tanprr value and linear prr obtained in the
absence of asymmetric scattering (curve d).

If the metal is not compensated (e,/ms), it can be
shown from Eq. (7) that Eq. (18) is replaced in the
high-Geld limit by an equation similar to Eq. (2):

p~ =&B+r sign(B) +R,M, (22)

where the constant r may exist even for a nonmagnetic
metal.

In the case of a saturated ferromagnet, the last two
terms would be dificult to differentiate experimentally,
especially since Kohler's rule implies that both constants
r and E, are proportional to c. This difhculty is present
in the interpretation of existing pII measurements in
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6 E. Fawcett, Advan. Phys. 13, 139 (1964) .
~ J. M. ZiDIan, E/ectrons and I'honons (Oxford University Press,
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(1959);33, 161 (1960).

dilute nickel' alloys. Note also that the high-Geld and
low-Geld values of + and E, are usually different.

The present theory may be generalized to a model
with an arbitrary number of spherical Fermi surfaces
of holes and of electrons, labelled by the index i. Then
Eq. (5) becomes, for example,

Q,u;L (S.„'—B)/S„'j

and Eqs. (16)-(18) still hold at high Gelds if the metal
is compensated (g;e,m;=0). The behavior in low
Qelds and at co,7. 1 is rather complicated.

Since the present theory assumes spherical Fermi
surfaces, it can be applied to real metals only for B
directions without open orbits (or to polycrystals,
where open orbits usually exist in only a few grains) .

Among the ferromagnetic transition metals, only
iron is compensated. ' The Kohler function for the Hall
resistivity of iron at 4.2'K has been investigated by
Berger and Majumdar, ' who reported considerable
curvature at co.r j..However, our most recent measure-
ments up to 70 kG indicate that the curvature decreases
considerably at higher ~,v. values, and give an upper
limit of 0.03 for the asymptotic value of

~
tan&Jr ~. The

spin-orbit parameter of ferrous metals is rather small,
and Smit' estimates theoretically that

~
tan/Jr

~
10 '

only, for nickel alloys in the low-Geld limit. This can be
taken as a rough prediction of S~'/S„' in similar ma-
terials t see Eq. (10)$. More suitable materials with
higher spin-orbit parameter are probably the ferro-
magnetic rare-earth metals, or very dilute rare-earth
impurities (with local moment) dissolved in a com-
pensated nonmagnetic metal and magnetized by an
external Geld.

Asymmetric scattering involves in a selective manner
scattering states located at the Fermi level and, there-
fore, constitutes a tool to study the perturbation of
these states by spin-orbit interaction. A similar tool is
provided by measurements of the ferromagnetic aniso-
tropy of resistivity. '
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