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A theory is developed for the behavior of waves in a warm inhomogeneous plasma in the
presence of a magnetic field perpendicular to the density gradients of the unperturbed plasma.
The full set of the Maxwell-Vlasov equations is solved by use of perturbation methods. The
theory is valid for arbitrary directions of wave propagation and both for strong as well as
for weak magnetic fields, including zero. It is shown that this theory possesses as limiting
cases previously derived results, and we work out as an example of the theory a quantitative
analysis of the O' Brien, Gould, and Parker experiment.

I. INTRODUCTION

Kinetic equations have been proposed in the past
few years in order to account for the behavior of
an electromagnetic field in a plasma. Buchsbaum
and Hasegawa' derived an equation for the radial
electrostatic modes in the positive column which
properly accounted for the observed absorption
spectrum. ' The problem of wave coupling to the
external fields was not considered until quite re-
cently; some theories were suggested' ' which
accounted for the coupling mechanism and gave
explanation to the fine structure observed.

The equations developed by Pearson' differed
from those by Allis and Azevedo' as well as those
by Bernstein' by having terms such as V[&up'(x) V.E]
instead of V'[~p'(x)E]. In Sec. II, it is shown that
if proper account is taken of the anisotropic nature
of the equilibrium distribution function in stron~
magnetic fields we obtain terms in V[vp'(x)V E];
when these equations are regarded as expansions
in xe/L and re/X (xc is the electron Larmor radi-
us, X is an effective wavelength, and L is the scale
length of the density gradients), they are correct
to order xe'/XL. The asymmetric nature of the equi-
librium distribution function is brought forth by
the diffusion in the presence of the magnetic field,
and the equations derived are valid in the strong-
magnetic-field limit. However, it is easy to ob-

tain equations that are correct to zero order in
rc/L and are valid for arbitrary magnetic fields
including zero. These equations have terms such
as v'[&p'(x)E] and are found by use of the dielectric
tensor formalism, ~ '~" which we show by an ele-
mentary argument to be valid in this approximation;
in this case, the ambipolar fields in the weak-
magnetic-field limit and the anisotropy in the equi-
librium distribution function due to diffusion in a
strong magnetic field can be neglected. Then the
equations should be regarded4~" as expansions in
L&/X and L&/L and are valid to terms of second
order in LD/X.

We came to the present theory in the process of
trying to understand quantitatively the nature of
the axial waves observed by O' Brien, Gould, and
Parker'; Sec. III is devoted to the derivation of
dispersion relations for the dipole modes described
by the above mentioned experiment. The pur-
pose of this section is to show that the derived
equations give account for the experimental results
in the zero-magnetic-field case better than other
existing theories. The theory explains also experi-
mental results in the strong-magnetic-field limit,
and in order to prove this, we show that the
Buchsbaum and Hasegawa equation may be obtained
as a particular case when we restrict our consider-
ations to longitudinal waves and perpendicular
propagation.

II. THEORY

We consider the nonrelativistic Vlasov equation

sf e v sf—+v Vf E+—xB .—=-0—
et S2 C QV

and look for solutions of the form

f(x, v, f; E) = N, g(x)f, (x, v)+ e' ' f, (x, v; E).

The first term on the right is the equilibrium distribution function in the presence of the magnetic field
and inhomogeneity. N, g(x) is the electron density at x. The second term is a small perturbation around
equilibrium with a separated z dependence in the form of a wave; this is not strictly necessary and is only
made to alleviate the algebra. We also separate the magnetic field B into two parts:

B=a,z+B,(x, t).
Here 8, is the external static magnetic field and B,(x, f) is a small perturbation, and we neglect both the
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electrostatic field that sustains the plasma and the ambipolar field. '~ '
Taking account of the prescriptions (2) and (3) together with the assumption that the plasma is quasi-

neutral and neglecting the ion dynamics, we may write the full set of the Maxwell equations as

V E = —4we f d vf„V B,= 0, V xE = —(i&u/c)B„V xB, = —(4we/c)f d'v vf, + (iw/c)E. (4)

We can also write from the above the wave equation

(c'/&u') V x V x E —E = —(4 we/i~) fd 'v vf, .

It can be seen that choosing cylindrical coordinates in velocity space, v= [v~cosP, v~sinQ, v~( ], we may
determine the equilibrium distribution function from the Vlasov equation (1). The equilibrium distribution
function satisf ies

8f v Vg+~ g~=0
0 c

where ~c= eB0/mc is the electron gyrofrequency. In deriving (6) from (1) we assumed that I gv Vf, I

(& ~fov Vgl which is correct when rc/L&& I; here rc is the electron I armor radius and L is the scale
length of the density gradient. At. this point, we restrict the density gradients to the (x„x,) plane; the
solution of (6) is given by

f (x, v) = (2wv ')-'" exp —[-,'(v/v )'+ ~ x (vg/g) ~ (v/(o )]

(6)

vT being the thermal velocity.
From the above equations, we can see that f, must obey the following equation:

[s/s~). Blf, = G,

where II=(i/&u )(&u —
k3v~~

—iv V) a d G= —
&u 'f0v F/4we+c 3 Il P 0 cT'

We have also set

iv '(vg) v

(047
~ vxE, F = gE — xxvg [(k ——)E —ivE ],

C
(d(0

C
3 v 4 3'

It

(8)

and zp'=4w&0e'/m is the plasma frequency. We are only interested in the particular solution of Eq. (8);
this is given in terms of an operator U by

00

2
I

f, = U 'f dp'UG, where U=expf dp'II.
0 0

If we expand U in (9) in an infinite series of Bessel operators and notice that eA+B= eAeB is valid for
commuting operators A and B we obtain

exp[- —,'(v/v ) ]
~

-- v

fl 5(2 )3' ' exp sing
c T

(9)

] i(m-n- I)g i(m —n+ 1)y i(m —n) y
xi e

v F + e vE + -v Fe
(m —n —1+g & + m —n ++I7i J — m —n+q ~~ 3~'

In the above expression, we have set

F =-,'(Fl+iF2); o.=(v /(g )g(s/sx. )g-, i=1, 2; q=((u/(o )-(k3/(u )v~~,

and the Im are modified Bessel operators of the first kind and order m. Equation (10) is an exact partic-
ular solution of Eq. (8). This same procedure can be used for any other type of equilibrium distribution
function. The above expression for f, must be substituted on the right-hand side of Eq. (5) in order to
obtain the desired expression for the current density.

The integrals can not be evaluated in closed form, and we must resort to approximations. The Bessel
operators can be expanded in a power series, and then we may expand f, in a power series of the param-
eters rc/& and r /L. We choose to keep only terms in (rc/X)', (rc/L)', rc/X, rc/L, (rc/X)', and rc'/XL,
and when L /A (&1 (LD is the usual Debye length) and rc/L & 1, higher-order terms may be neglected.
The case w ere we have very small magnetic fields [(rc/L)) 1]will be considered later.

The v~ and Pintegrals can be easily performed. The v~~ integrals are singular on the real axis at the
points k3v ll

= + —n&c, m =0, +1, . . . , and a prescription must be made to evaluate them. Use of the
Plemelj formula analytically continues the distribution function off the real axis and therefore leads to
Landau and cyclotron damping. The Cauchy principal-value integrals can be evaluated by means of an ex-
pansion in terms of Hermite polynomials.

Performing these integrals we get the following expressions for the current densities:
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&CO

J =e gE- e zxgE —A VxgVxE~ (zxVg)V E
& co -L 1 co 1

C

ZCO &(d
—(v gyygxyg Vgx)(A E —3 A gxE +imp A — A zx gvgp — Ay(6xvg)E (ll)2 3 3 4 ~ 5 CO 3

2 CO
47t C 2 COJ =gP V' ~ A — A z x gE+ e g-A T.gV' — A zxVg &E .3 3 4 co 5 3 6 (u 8 3'

C

(12)

Iu the at)ove expressions, we have J= —efd vvf, as usual, and the operator V is two dimeusi«ai, as weii
as E. The ez and Az will be expressed in terms of the following parameters:

n = (3)/Q'~ p= (d /(d~ y= W3k3LD
C

[(n —P) —y'][(n+ P) —y ]=I', [(n —2P)' —y ][(n+ 2P) —y ]=r,
(12a)

and are given by
1/2

2 1 —P —yI .( /) — ( +P)/ (6

1 3 n' —p2 21', i ny

1/2
n' —P2+ y' .(3)T/2) —3(n'+ P')/2y2 . 3nP+i e sinh

1/2
. 3n)/32 —3n'/2y'

E = --- + 2—]
— e

1/2
6IE* l,(, 3, 3,) 3LE (py/3) 3V'/pp e

pp'/ly 63Vp
()3n' n' —P'+ 21' (n' —y') nP'y

r'

, (n' P'+y')( '-n4P'+ y')-
(n2 P2) (n2 —4P2)

L 2(3~/2)+i, e
j 2e sinh 2

—e
D —3n2/2y2(1 —6P2/y2 . 6nP —3P'/2y2 . 3nPsinhe 2y r'

n2(n2 P2+ 3y2)(n2 4P2+ 3y2)
3 D (n' —P) (n' —4P') + 2(n' —y')I', I',

1/2
L '(3)T/2)D —3(v'+P')/ly (( —9P'/py 6vP 3vg 3 3P'/py')

7"

2I.D . D Sm —3(n'+ p')/2y' .~3m p h3n pn slIlh 2
—p cosh (12h)

1/2
3L '(3~/2)

2( 2 P2) P2y3
( '+ 3)/Ar (3„p,„3 3 p„'E,3 3,—33 /pr'

3/2
2

D . D —3(n'+ p')/2y'
( 2 2) h3np 2

. h3np 2 3p'/2y'
6 n'(n' —P') nP'y' n'+ p2 cosh +

—2npsxnh 2
—n e
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3L, » /»

D . D 3v —3o '/2y'
n'(o. ' —y') +'

o.y'

1/2

~

~

Restricting (11) and (12) to perpendicular propagation, we obtain

4m
CO C~

)(d

2 =Xg 1 —i — 2X E —E)VXEVXE+i—(JXVg)V E —i) V gV+2XVg VJX 2 —2i —JX}E2' A (d CO EO

(i3)

4z» I"
~ C0J =~ »gE ——V ~ gV+i —zXVg V

Scan

2 (d
3P (14)

~= I/(o,"—P') I"= 2'L '/n'(o. '- P')' A= 3L '/(o. ' —P')(o.' —4P')

Equation (13) is not exactly the same equation found by Pearson, the difference being due mainly to the
term ~/~c(z xVg)v. E, which is not contained in Pearson s equation.

The above equations fail to be valid for low magnetic fields. This is because the diffusion which causes
the anisotropy in the equilibrium distribution function in strong magnetic fields becomes ambipolar" in
weak magnetic fields, and the equilibrium distribution becomes Maxwellian isotropic. In this case the
ambipolar field is not negligible' and contributes to the current-density expression with terms of first
order in rc/L or LD/L. Z'herefore we use the isotropic Maxwellian distribution for the equilibrium con-
figuration and obtain a new G to be used in (8).

G= —
&u 'f v gE/4ve&u v

p 0 c T

It is easy to verify that in this case J can be expressed in the form4~"

3

Jk —— ~ okf(iV)gEI, k=1, 2, 3,
l=1

(Is)

(i6)

where okf(k) is the usual conductivity tensor for a warm plasma.
Notice that (11) and (12) are valid in the homogeneous case as well as (16); the conductivity operator in

(16) can therefore be written down by setting g= 1 in Eqs. (11) and (12). When this is done we obtain from
expressions (16)

2 CO A 1 Q7 2
J =(e —i @ax)gE —A V x—VxgE —V' A —2i Az&& gE+ik A——i — A ax)V(gZ ), (17)

1 2 ()t) 3 3 4 & 5 3 '

JE=(e, —A,V') gZ, +ik,V. A4-i A, z x gE. (18)

In the case of strong magnetic fields these equations are valid to zero order in xc/L and to retain terms
of the order of rc'/A' in the presence of terms of order rcE/&L we must have X ((L as observed by Pear-
son. In the low-magnetic-field limit the above equations should be regarded42" as expansions in LD/&
and LD/L correct to second order in LD/X.

If we restrict the above equations to the case where k, = E, =0, take the divergence of (17), and set E = —VCJ,

we obtain the Buchsbaum-Hasegawa equation

VE2IJ = (g —AV )V ~ gVCi+ j(&g /~)(e —2AV )z.V X g VC',
C

(IS)

where e and A were given in connection with Eqs. (13) and (14).
Care must be exercised in deriving Eqs. (17) and (18) from known expressions" for the dielectric tensor

as some of them have the wave vector in one of the coordinate planes, and we must rotate it off them and

next substitute i& fo; k.
Buchsbaum and Hasegawa, theory is therefore seen to be valid only to zero order in rc/L for arbitrary A,

and the fact that it fitted very well the experimental data is probably due both to the rotational symmetry
of the longitudinal modes under study and to the smallness of the density gradients in the core of the plasma
column. This can be seen by use of Eq. (13)under these restrictions.
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III. WAVES ALONG THE POSITIVE4 OLUMN =(-,'~ /I. )2(X+m)-2. (25)

We now work out an example of the above theory
and derive dispersion relations (+ —k curves) for
the first and second bands of dipole propagation for
waves along the column axis first measured by
O' Brien, Gould, and Parker. ' These waves have
the Tonks-Datner"~ ' resonances as cut-off con-
ditions; we set E = —VC', use cylindrical coordi-
nates, and separate the z, P dependence in the form

exp[i((ot- y- k,z)],
where P is the polar angle. The only magnetic
field present is the Earth' s, and it is important
for the correct analysis' of the experiment. We
set it equal to zero as a first approximation, and
use (17) and (18) for the current density. Taking
account of the fact that —(4v/iw)V. J= V ~ E and
making use of the above prescriptions together
with the assumption of small density gradients, we
obtain, by neglecting the coupling between trans-
verse and plasma waves, the following equation:

(A, +A, ) d~ + ——gc'1 d
6 &

g-~= 1+~(~/r )' (26)

f 2 2
is also in good agreement with experimental d t
or rz /Lg = 500 if we set A = 1.8 and restrict t

to x&0.58m~ = x0. Setting

,e( ~, r (e3 —1)

we write (20) in the form

Despite the approximations made, we obtain
good agreement with experiment. In fact for this
case LD'= 5.5LD' and~a= 5.5 n', so that we obtain
from (25) the values o, '= 0.36 and n~=0.85. The

ispersion relation (25) is plotted in Fig. 1, and
the agreement is reasonable as seen from the ex-
perimental points. The solid curve refers to the
profile (21), and we see that it does not give ac-
count of the observed' backward wave. This is
due to the density profile used. In fact the density
prof ile

+ [1/g- e, —(A, + A, )/r']gC'= 0. (20)
d R/dz'+ [1—(c/z)]R = 0. (27)

We consider only the real parts of the plasma
parameters in (12b). The density profiles can be
characterized'4&" by the parameter x '/LD'

ZU D&
where x~ is the radius of the plasma column and
LD' is an average over the plasma cross section
of the Debye length squared. For the experiment
in question this parameter is of the order of 500,
in which case the density can be expressed with
good accuracy by

g=[1 —(r/r ) ]/[1+ ,'(~/~ ) ]—.

The solution of the above equation can be written
in terms of Coulomb functions. We restrict to the
case s&) c and look for the asymptotic solution of
(27) to obtain the following expression, where we
introduced a phase shift m in order to match the
solution to the experimental data

R(z) -sin[z ——,'c ln2z+ argr (1+ic/2) m]. —(28)

As before we adjust m to one experimental point
only. We set R(r,) = 0 and obtain from (28) the
dispersion relation

Setting z = (e3+ ,')(x/r~)', R—=rgC', and e, = c —1 in
Eg. (20), we obtain

r 2
d so z-c

I
dz2 A~+A, z(c ——,

' —z) (22)
II2 .

1,0..

We can solve the above equation by the WEB ap-
proximation by restricting to o,'(1 matching the
two solutions at the turning point z = c we obtain

8
0, 8

n=I

ic d
z-c I~+ (A, + A,)»2(, ) ~

= m(A'+m)
C

&
8 ] SU

N=0, 1, 2, ..., (23)

where nz is also a constant to be adjusted by the
knowledge of one experimental point. Solving the
above equation and neglecting terms of smaller
order, we obtain

0.6

0,4..

0,2..

0.
0

n=0
A

Q ~.~ -.'
~ ~

~ ~

~ ~ ~ ~ ~ re

0 ~ ~ ~ ~ ~ ~ ~ ~ ew

8
0

8 IO 12 14 15

~~f JV
~ ~ ~ t

~ ~
~ ~ ~ ~ ~

~ ~ ~ ~~ ~ ~

——,'[(A, +A,) (c- —,')]'&'=X+m (24)

»+ ~4

which can also be written in terms of the plasma
parameters as

FIG. 1. Theoretical w- k curves calculated for the
first and second bands of dipole propagation. Solid
lines are a plot of Eq. (25), dotted lines are a plot of
Eq. (29), dashed-dotted lines refer to computer cal-
culations by O' Brien, Gould, and Parker, and circles
represent the experimental results obtained by them.
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c 2y, '

+ argI' 1+i— = Nm+ m .
(

.C

2

%'e set N=0, and adjust rn to the experimental
data to obtain m = 0.13'. Equation (29) is also

plotted in the figure, and we see that the lower
band exhibits a backward wave whereas the upper
curve has none.

The results derived in Part III are semiquanti-
tative. A detailed analysis should take into ac-
count the correct density profiles, "~"the cou-
pling between the waves, and the correct matching
of boundary conditions. This is being carried by
computer calculations and will be published else-
where.
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