
PCAC AND MUON CAPTURE

VI. DISCUSSION

The theoretical results for the capture rate given in
Table I are to be compared with the recent experimental
results

F(tt +p-+tt+v; ttp singlet)g, „vt,.=640&70 sec '
/Bologna-CERN (Ref. 3)],

I'(ts +Her~ H'+v)], v~. =1505&46 sec ' (44)

t Berkeley (Ref. 25)j,
=1465&67 sec '

LCarnegie (Ref. 26)7.

The over-all agreement between theory and experiment
is gratifying and must be viewed as lending general sup-

port to the belief in the validity of V-A interaction,
muon-electron universality, CVC, and PCAC.

The capture rate is not very sensitive to the values of
IiI and the present experimental errors are still too large
to eliminate one or the other version of PCAC. How-

"L.B. Auerbach, R. J. Esterling, R. E. Hill, D. A. Jenkins,
J. T. Lach, and N. Y. Lipman, Phys. Rev. 138, B127 (1965).

~ D. B. Clay, J. W. Keuffel, R. L. Wagner, Jr., and R. M.
Edelstein, Phys. Rev. 140, B586 (1965).

TmLE I. Theoretical capture rates in units of sec '. The cap-
ture rates (a), (b), (c), and (d) are, respectively, for Gv" and Irz
&((0; p-+ n)=1.18, Gp~ and Fg(0; p —+ n)=1.18, Gg and Fg
X(0; p~ n) =1.23, and Gp~ and Fg(0; p~ e) =1.23.

Process

p +p + s+p
p, +He'-+ H'+v

Capture
rate
(a}

625
1449

Capture
rate
(b)

613
1525

Capture
rate
(c)

662
1449

Capture
rate
(d)

654
1525

ever, in view of the recent spectacular success of the
Gell-Mann-Levy version of PCAC in the application of
current algebra to various problems of elementary-
particle physics, we believe that the capture rates with
Gv~L and Itg(0; P —+rt)=1.23, as given in the last
column of Table I, are the best theoretical values at the
present time.

Note added crt proof The fin. al result of the experiment
of Ref. 3 has been reported as

P(tt +P~tt+v;ttp singlet)1 v~
——651+57 sec '

(Phys. Rev. , to be published) which is in excellent
agreement with our theoretical estimate (d) in Table I.
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A low-energy theorem is derived for the structure-dependent axial-vector form factor in the radiative

decay E-+ l+p+p in the soft-kaon approximation. Corrections of the order of (mz'/mP) (V= p, &, y)
are obtained in the pole-dominance approximation. In each approximation, the model predictions of both

(i) asymptotic SU(3) and (ii) current mixing are investigated. The quantity ~7rc~ —= ~atr(0)/F(0) [ is

calculated in both approximations and in both models. It is found that the soft-kaon result is shifted upward

by approximately 20%, the separation between the models in the two approximations is of the same order

of magnitude.

I. INTRODUCTION

~ 'HE techniques of current algebra have recently
been used'' to study the radiative decays of

charged pions. In particular a low-energy theorem for
the structure-dependent axial-vector part of the radi-
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ative decay sr —+ l+ v+y has been derived both in. the

soft-pion approximation and in the pole-dominance

approximation (PDA).' In this paper we consider the
extension of such techniques to the analogous radiative

decay lt.' —+ 1+v+ad where the theoretical situation is

much less clear. One of the bases for our interest in such

a calculation is the expectation that the PDA calcula-

tion of, say, ' dA/dv(ps=0, hs=0), in this case, might

prove substantially different from the SEA (soft-kaon

approximation) result because of hardly negligible "cor-
rection terms" of the order of trtxs/rnv' (V=p, &o, to). At
the same time, we are not aware of any experimental
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data on thjs decay mode as yet, although such an ex-
periment would appear to be feasible. '

In Sec. II we outline the soft-kaon approach to this
problem. There, two expressions for the sum rule
for o»(v=0)=dA/dv(0, 0) are derived, depending on
whether results of asymptotic SU(3) obtained by Das,
Mathur, and Okubo, 4 or results of the current-mixing
model of Oakes and Sakurai' are used.

In Sec. III we derive an expression for A(qs, As) in
PDA, after calculating the various form factors by the
dj.spelMon-theoretic technique of Das, Mathur, and
Okubo. ' The SEA results for dA/dv(0, 0) are then
merely the limiting values (w»a~0) of the corre-
sponding PDA expressions. %e Gnd that although
individually large, the aggregate eGect of the correction
terms on Iy»I = Ia»(0)/F(0) I I F(v) is the structure-
dependent vector form factor) is just a shift to larger
values of the order of 20%%uo of the soft-kaon result in
both models. "Moreover, the diEerences in the mode14 5

predictions are of the same order of magnitude. The
remaining source of uncertainty in the numerical esti-
mates of Iy»I in the two models' ' resides, of course, in
the calculation of IF(0)l; there we have chosen to
relate the VVE couplings by nonet symmetry. ~

A "'(q) =s d'x e-'s'

«)(q) —s d4x e—i&& e

Analogous to the result obtained in Ref. j., one inds

A(v=0, q')

p~ (r»') —p«» (I&s')—p«» (r&s')
doss, (7)

qs+7Ns

pg~ (tls) p«» —(I&ss)—p«» (»I )
Zts

r&Ss(q'+III')

IL LOW-ENERGY THEOREM DT THE DECAY
X+~ l++v+y: SOFT-KAON APPROXI-

MATION (SKA)
Vector-meson dominance impljes that

I'ollowing Ref. j. we write

jd'„„=(2ks)I(s d'x e-'s *

)(:«I2'(I'.™(x)LI's 1(0)+As.l(0)3}I&+(k)}, (I)

with the axial vector part of 3f„„(forarbitrary q') being
given by

M„„"(v,qs) =A (v,q') b„„+B(v,q')q„k„+C (v,q') q„q„

+D(,q )q„k,+E(,q )k„k„. (2)

A (0,0)=
p«» (~')+pv (s) (~')—pg, (»s')-

d5$

G~~ G„2 G„2 GK~&

+ + — F»,

Using current algebra and taking the soft-kaon limit
P ~ 0) one 6nds

M„,"(v=0, q')
=—I:A""'(q)—A""'»(q)—A"""(q)j/"» (3) 'm»e. t at

Q 2 Q 9 g 2 G
~K p

fÃ p SSKQ fÃK»& ggKg2 2

where the decay constant Ii K is dehned by

(0 I A,.'(0) I Ic+(k))=—'k„F»/(2ks)I(s,

I We whish to thank Professor S. L. Meyer for some discussions
on this poInt.
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(1967).
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S. Weinberg, Ph)rs. Rev. Letters 18, SOP (196'/). Note that in
this paper G» is &ieane&i (as in Ref, 4) b7

G,;&»(~)/(2q.)»'=(o~ (,&»(o) ~;(g)
= (t/~)(ol &'s'. (o) Iv+(g)),

(»so J&Era'v4(rs') =ssG»*', as in the erst, bnt
sod the seconds of Ref. 4,

(«) Tile slln1 I'llle wlllcll tl1eI1 emel'ges from the str'aight
fol'wald nlaIllpulatlo11 of tile pl'ece&lnlg material (as in
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Ref. 1) is while in case (ii), where'

dA
az(v=o) —= (0,0)

dp

pg m —py(3) m —pv(s) m
dm

-Fx m' we And"

G ' G„' 1 1 Gp'
+ =- 4(sGz")

m my . 3 m+ mp
4 4 4 4

+sFz(r')z, (13) (az(0))os= —Fz
(mz"/mz„') (F./Fz)'

(mz '—mzes) m, '

where the derivative of the kaon electromagnetic form
factor fz(q') is given by

fz'(0) = ——',&r')

(G,G,zz G„G„zz G.G.zz)
, + + , ~, (14)

m, ' v3m„' /

and may be further reduced to4

(F-/Fz)'
(4m ps —mz+')

3m~g m

2(1 2+-I,+, . (19)
3 &m,s mz"

In case (ii) we need the results, "
1- 1 1 (m, 'G„'~ (m.'—m, ')-

fz'(0) = ——,+,+ I

Thus,
1 G»„' Gps Gvs G„')

~z(~=0) = —Fz
Fz mzg m„mv m

1 1 /m 'G ') (m '—m ')+,+i
m ps m„' i m„'G p'I mvsm„s

(16)

mQ mQ)
4 2

m, '(m„'—m„')

4 1 1
G s=1.43G s

(3mzes 3m ' m„'

m+7 mfP
4 2

m '(m '—m„')

(20)

Expression (16) may be simplified somewhat if we

accept (i) the proposal of Das, Mathur, and Okubos
that J'dm'p s(ms) satisfy the Gell-Mann —Okubo for-
mula, or (ii) the proposal of Oakes and Sakurai' (OS)
that J'dm'm 4p,s(m') satisfy the Gell-Mann —Okubo
formula. In case (i) we find'

[oz(& 0)]DMO

tr 4 1 1i
X ]

— — [G,s=0.24G s

&3mz*' 3m' m si

We shall present numerical calculations of the ratio'~

~yz~ =—~az(0)/F(0) )
in the next section, where the

"corrections" of the order of (mzs/mv ) (V=p, co, ip)
in PDA are taken up.

—(mz*'/mz„') (F /Fz)'
= —Fx

(mz„' —mz") mp 2

(F-/Fz)'
t3(m '+m ')+m '—4mz")

3m+ mQ)

1 (4mz" —m ')-
+ +

m2 m„' m„' 3 m„'m ' , (1~)

III. POLE-DOMINANCE APPROACH TO
THE DECAY J+~ 1++v+ad

In the pole-dominance approach to the decay K+~
l++u+y we are concerned with the retarded amplitude

d4X e-'&
' For calculational purposes we do not assume the existence of

the s meson in this paper. I However, see K. Kang, Phys. Rev.
Letters 21, 857 i1968), for arguments on the other side.] Thus
from Ref. 4 we have, for example,

@~@2—Q 2

and

where it is assumed that m~&=1320 MeV.

X(0
~
e(as) LV„&-i(a),As '(0)j ~

Z+(p)) (2p, )iis (21)

I As in case (i) we assume the validity of the second spectral
sum rule in the subgroup SU(2) &(SU(2).

» Our notation follows that of the second of Ref. 4.
~ In view of the experimental situation we con6ne ourselves here

solely to numerical estimates of this quantity.
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with absorptive part,

Abs~„„+= —zzr P(0( V„&™(0)( p (q); &)2(m +tl) ~ (p (q); &(Aspr(0) (E+(k))(2ks)rls8(qs+mps)

—zzr P(0[ V &'m&(0)
j tp(q); X)2(m '+qs)'"(iv(q) A[As '(0) [K+(k))(2k )'Izb(q'+m ')

—zzr Q(0 (
V„™(0) [ re(q); lj)2 (m„s+q')'I'(co(q); lI. [ A s„'(0) [ E+(k)) (2ks)'Isb(qs+m„')

+izr(0 ( A s„'(0)
(
K+(A))2 (mx'+ 4s)'I'(E+(6)

) V &' & (0) ( E+(k))(2ks)'"b (6'+mx')

+izr P(0(Asp'(0) )K~+(5) X)2(mrc '+cL')"'(E~+(6);X[V &'~&(0) )lt+(k))(2k )'I'B(LP+mx ') (22)

where 6p= (k —q)„. On substituting the definitions's

(oi V.™(o)lz'(q))=G. "'"(q)
(0~ Vp&' &(0)

~
&p,rd(q))= (1/v3)G„,~sp«"'(q), (23)

(0~As '(0) ~K~+(6))= —GKgs 'x" (&)

and the relevant form factors tabulated in the Appendix
in Eq. (22), one finds

AbsA (q' LV)

G~
wG P (p) (gs)g(qz+m 2)+~P «) (+2)$(qs+m 2)

G+~P,&"& (rk')S(qz+m„')
V3

A (q', 6') =—(Gx~'/F x)

with

dA (0,0)

q'+mx„s 1

mz '+6' = '. . ( tt'+my')m~„'+4'

Gx~gvG. ' (Gv'/Fx)
x +

(mvs mx~—s) v-p&, p, ~ mv'+qs

Gx g~ x,v

, (2g)
v-p'. p, ~ mv'+q' (mv' mx—„s)

2GK„'

mK~'~K
GK~gVG. K v

(29)
v-po, v, ~ (mvsmrr„s) (mv' mx„s)—

Gx~Qr (q') Cv
+ Z

mx„s+LV v=p, p, ~ mv'+q'
A (qs, LP) =—

2gK„Gp' G„' G„'-

rip+ rix„m p m„m„4 4 4
(Gx~'/Fx) GK~

+wG&„Qt(q')5(LV+m&~z) . (24)
On making use of the Eqs. (A29-A31) derived in the

From Eq. (24) we first determine A(q', 6') up to Appendix, one finds
"unknown" pole terms in q'. 1 GK '

gp 1
ax (0)= Frr 2——

Frr' mrr„' rip+rex„2

where
gv= G„(1/V3)G„,„, (26)

g G K, v Cv
X +Q, (25)

(mv' —mrcss) v mv'+q' where
mK

re~=1 q (A —p) z AN) Eg))
ma

2' (31)

'/Kg GpGpKK 3 GrpGrpKK 1 GrpzGcoKK

+4 +- +-
7Zp+rix~ m, ' 2 V3m„' 2 V3m„'

+terms{0(gx„—tv), O(ri„—rip)), (30)

Gp' GPGK~G, K P

C=P )
pK mK 2—m2

Gy, ~GK~G.
C

~K mKg mrp
2 2

(27)

and then fix the pole residues Cv (V= p, zp, to) by refer-
ence to the absorptive part of A as given by (24). Thus,

of course, in the limit mK' ~ 0, we recover the soft-kaon
limit, Eq. (16).

In order to make some estimate of, say, ~pre~, it is
necessary to derive an expression for F(v), the structure-
dependent -vector form factor, which is given by

Mp„v(qz=0, 6')

d'x e "*(0~T{V &'~&(x),Vs„'(0))
~
I +(k))

» We now dispense with kinematical factors Le.g., 2(m,s+ 4')'~'g
and polarization sums, for simplicity. =F(v) spvx pqA a ~

(g 0)

(32)
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TABLE 1. Values of the parameter ~yx ~
in the DMO and OS the method of Ref 6 ts Thus

models for soft and hard kaons.

DMO model

OS model

I &» I (SKA)

0.38
0.44

I v» I (PDA)

0 48
0.58

& '(q) l~ '(o) I&'(k)&

= '"'"(q)l:P '"(~')8„
+Ps'" (~')k (k+q),+ps'" (6')k„(q—k)„j, (A1)

In the pole approximation one 6nds

G, / 62+m ' ) G»„G,» v

Pt'"(A') =
&~'+m» i(m» —m 2)

' (A2)

g vG»*GK ~» v ps&» (&2)=—
I p(v) I

= 2, , , (33)
mv'(m»" m»—' 2v)—

Gx~Ga~'

2(62+m» 2)
(A3)

2G,zsc~x

As+ m»2 m» 2 (+2+m» 2)
Ps(v) (As) =

We evaluate the unknown couplings G»~»v in (33)
by assuming nonet symmetry, ' " so that G+++p

= (1/V2)G». »&= G»e» = (22)Gv, with~2 m 2Gv /2(4 )2r

=0.40. Note that because of the conventions of Ref. 14,
where and, for V=q, eo,

XLGa»' —2(m ' m»2)—Ga» vj, (A4)

22= —cos8 res+ sin8 rot,

I= sin8 roe+ cos8 cot,

one has, rather, "
(34) (l'(q)

I
~2.'(o)

I
&+(k)&

=2"'"(q)Lpt'" (A')8.,
+Ps'"l(A2)k„(k+q)„+Ps«&(A2)k„(q —k)„j, (AS)

IF(o) I
=G.-

2 (m»"—m»')

~ t' '+ '&P,«l (62) =
P» ~62+m» 2J (m» '—m ')

(A6)

X —(Z)r/2 —(2)t/2

flap

5$q2 ' 5$4o
2

'
2

'
2

(35)

The SEA and PDA predictions for ly»l are compared
in Table I for both models of interest. '~
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Ps«) (As) =
Gx~G~~ "

2 (62+m»A2)
(A7)

G»„(h'+m» ') gvG,
Q (&2)= + P I I, (A1O)

PK V-v', v, ~k LV+mV' fmV' —m»

2Grp+ QP JrA.

ps(v) (gs) =
As+m»2 m» 2(A2+m» 2)

XEG~»'& 22(m ' m»')Gs» —&j, (A—8)

with the E;&"~ being given by the simple replacement
22-+re in the p;«' LEqs. (A6)-(AS)j; also,

(&A+(q) I
l'.' '(o)

I
&+(k)&

=2"""'(q)l Q (~')8..
+Q2(62)k„(k+q)„+Q (As)k„(q—k)„j, (A9)

APPEND/X

We give here the pole-dominant solutions for the
matrix elements occurring in Abs M„„"LEq. (22)j after

g~s», V

Q(~')= Z
V-v'. v. 2(LV+mV2)

(A11)

"We use the conventions of Yellin [J. Yellin, Phys. Rev. 147,
i080 (1966)j."G. W. Barry and J. J. Sakurai, Stanford Linear Accelerator
Center SLAC Report No. 382, 1968 (unpublished).

"Note that in Ref. 4, G„=G8 costII+G1 sine and G„=—G8 sin8
+G1 cos8. We also use (Gy/Gp) = cos8, arid (G„/Gp) = —sino.

» We have taken (F~/Ii )=1.1 in our computations.

Q(A')= Z
V=v', v, ~ mV2(A2+mV2)

X [G v ——', (m»„'—m»')Gs» v]. (A12)

"We shall consider the application of some of these relations in
a forthcoming work on the E+—IP mass difference done in
coOaboration with K. Kang.
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To the matrix elements of (A1), (A5), and (A9),
we add those of the octet vector current (E'g+(q)~
XV„c'&(0)~X+(k)), and of the unitary-singlet vector
current (Eg+(q)

~
V„'"(0)

~
E+(k)),

« '(q) I V."'(o)
I
&'(k))
=ic.&»» (q) [R&(6')b„„+ j, (A13)

Gxg
R, (S2) =-'v3

~K
(6'+m»„') GvG z v

, (A14)
v-v, ~ k 6'+mv') (m»~' —mv')

g G K, v

X =0, (A25)
V~p0 ~ ~ mV2

Gv GK~G,
-+ +2Gvz»F»—

F» (m»„'—mv')

GK„

mKg 2

X[G z "——,'(mv' —mz')G z vj=P

(V= p, &o) (A26)

GK 2g G K, V

+ Q +-', (mx„'—mz')
v-~' ~ ~ m v'(m v' —mz„')

G~ z, v

R(S&)= P
v=~. 2(h'+mP)

V3GK„ G GK, v Gv
(A15)

2F» v=~.~ (mx~' m—v2) v-v, ~ mv'

R3(dP)= Q
v-v, ~ mv (6'+mv')

XC.G. "—k(mz '—mz')Gsz vj=P, (A27)

G GKq G GK~

and"
XLG x,v 2(mz 2—mv2)G~», vf (A16) —-', (mz '—mz') (G GP ~—G Gq» ")=P, (A28)

with

~VG K, V

5'~(~')= —Z
v=e. ~ A2+mv

(A18)
f mz') mz„' ( G,

X 11—
/ /

— +2G z»F»
/mz„') m Gp»E F» )&V'Gd

s,(a')= g
2(6'+mv')

(A19)
( mz') m, ' t' Gz„)-+I1-

I I

— i, (A29)
m, n)m»„2G, E 2F»)

'

5's(~')= 2
v-~. mv'(a'+mv')

( mz' l G»„GvG
X [G z " ,'(mz„' m»'—)G—g vj.—(A20)

m» )v e" V3mvmz
The divergence conditions, V= p', y, co,

(V(q) (
B„A „'(0)~E+(k))

GK2 2 G G Gxv
; (A30)

mx~'Fz v3 v-~, ~ m»~'mv (mv' mz„')—
2FKmE

Gvz»e ' k, (A21) note thatg2+ m»2

(E„+(q)~8 V c'~ ''&(0) ~K+(k))=0, (A22) f' ™z''t G»gGvGP'
A g

mz 2) v w, ~ VgmPmz 2with
/G„) |'mq2)

0'y= 0 ~
kG„) Im. )

(A23)
GK Gv' 2GvGv»»F»)+&I

2mz 'Fz v- &mv'Fx VSmv' )are then suKcient to determine the three s-wave and
three d-wave couplings, G,z ", Gq» v (V=po, y, c0).
These conditions are (mz' mz') tc mz' mz'~

t+'"m'Oj, —,~ O~, —
I (A»)

&m„' m ')' kmz ' mv2)
Gp GKgGs '

+ +2G,»»F»
FK mKg m The perturbations 0 (m»'/m '—mz'jms') may

straightforwardly obtained by suitably manipulating
(A24) Eqs. (A26)-(A28).

mKA
2

XLG,» ~—-', (m '—m»')G~» ~1=0,

(Z~+(q) I
V„«'(0)

I
X+(k))

=i&„'t »(q)[S~(dP)5»+ ], (A17) ( mz' mz' )
—'

Gz'=~ 2— —
~

(mn —m„„n)
m, mz„)


