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the 1ns/s term which gives the dominant behavior at
large s, one sees that the box amplitude provides a
concrctc example of a sltuatlon %'herc a contribution OJ

type (b) is important at high energy. In other words,
if only the on-shell contribution had been retained one
would have obtained an incorrect high-energy form for
the box amplitude.

To check that the first term in (10) gives the correct
leading term, the t~ and I3 integra, tions can be done to
glvC

2w —»+ L» (»—4p,')J»s)
P(») = 1n — i, (14)

t»(» —4»s)ji&s»+L»(» —4»')j~&s &
'

g4 —»+L»(» —4')J" 1ns
2 (s,») = — in

8 '[t(t 4)i—')]'" t+[&{( 4g'—)]'" ) s

+ (I&)
which is the same as (2).

In conclusion we feel that this example suggests that
the o6-shell contribution to iterated scattering ampli-
tudes is important at high energy (if one believes field

theory). Consequently, any iterative scheme which
does not include this contribution may make a serious
omission. Since the absorption and eikonal formalisms
apparently do just this, their ability to generate believ-
able corrections to Regge-pole exchanges is questionable.
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We present a method of improving the new strip approximation of Chew and Jones by calculating parts
of the elastic double spectral functions using the Mandelstam iteration procedure. These double spectral
functions are used to obtain additional contributions to the left-hand cuts of the partial-wave amplitudes,
and also to estimate the inelasticity within the strip region. The inelastic N/D equations are solved in the
way proposed by I'rye and Warnock. The method is applied to the problem of bootstrapping the p trajectory
in w-2r scattering, and some preliminary results are presented. We Gnd that it is possible to obtain a self-
consistent trajectory with the correct physical mass, width, and intercept n(0), but that the solution is
by no means unique, since self-consistency can be achieved with trajectories having intercepts anywhere
from 0.(0) =1 to a (0) =0.2. Also, the trajectories have a large curvature, and large residue, which result in
a violation of crossed-channel unitarity for low l.

I. INTRODUCTION

~~VER the past few years many attempts have been
made to demonstrate that the p meson approxi-

mately "bootstraps" itself in x-x scattering. '—"The
zero external sp1ns and equal-mass k1nemat1cs make this
one of the most attractive bootstrap problems, but as

~ R. C. Research Student; present address: Physics Department,
Toronto University, Toronto 5, Canada.' A fairly complete account of the background to this work can
be found in P. D. B. Collins and E. J. Squires, Eegge Poles in
Par»ide Physks Qulius Springer-Verlag, Berlin, 1968).' P. Zachariasen, Phys. Rev. Letters 7, 112 (1961); 7, 268{K)
(1N1).' L. A. P. Balsas, Phys. Rev. 128, 1939 (1962};129, N'2 {1963).

4 F, Zachariasen and C. Zemach, Phys. Rev. 128, 849 (1962).
~ J. I'ulco, G. L. Shaw, and D. Wong, Phys. Rev. 137, 81242

(1N5).' B.H. Bransden, P. G. Burke, J.W. Moffat, R. G. Moorhouse,
and D. Morgan, Nuovo Cimento 30, 207 (1963).

~ N. F. Bali, G. I". Chew, and S.-Y. Chiu, Phys. Rev. 150, 1352
(1N6).' N. F. Bali, Phys. Rev. 150, 1358 (1N6).

9 P. D. B. Collins and V. L. Teplitz, Phys. Rev. 140, B663
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more sophisticated methods have been applied to the
problem, it has become clear that while many qualita-
tive features support the bootstrap hypothesis, the
quantitative details of the solutions to the various
models are very unsatisfactory. s'0

Probably the most comprehensive approach has been
the so-called "new form" of the strip approximation
devised by Chew and Jones, ""which parametrizes the
amplitude in terms of the Regge poles in each channel,
and then uses the Eja equations to impose unitarity
and so determine the Regge parameters. However, it
has been found that this approximation is inadequate, '
one of its principal def1ciencics being that it includes the
forces only in the 6rst Born approximation. It has been
shown recently that the E/D equations for nonrelativ-
istic potential scattering give much more satisfactory
results if the forces are included up to at least the third
Born approximation, " and we can expect that this
will also be true in relativistic calculations.

"G.F. Chew, Phys. Rev. 129, 2363 (1963).
~' G. F. Chew and C. E. Jones, Phys. Rev. 135, B208 {1964}.

P. D. B. Collins and R. C. Johnson, Phys. Rev. 169, 1222
(1968).
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Higher Born approximations, for the region of ener-

gies where two-particle unitarity holds, can be calcu-
lated using the Mandelstam iteration method. '4 This
formed the basis of the old strip approximation, '5

and has been revived recently for the p bootstrap by
Bali et al. ~ These authors made a large number of
iterations of the potential given by 6xed-spin particle
exchange until they could identify the crossed-channel
asymptotic behavior, and used this behavior to obtain
the Regge parameters (see Sec. II). The disadvantages
of the iterative method are that very high numerical
accuracy is needed to obtain the Regge parameters,
and that it is not easy to improve the calculations by
including inelastic effects, etc. By comparison the
N/D equations enable one to obtain accurate Regge
parameters with comparatively simple calculations, and
to include inelasticity in a fairly straightforward way.

Our intention in this paper is to try and combine the
advantages of both methods, by continuing to use the
N/D equations with the potential calculated in the new

strip approximation, but using the Mandelstam method
to calculate parts of the double spectral functions, and
hence higher Born approximations to the left-hand cut.
At the same time we obtain information about the in-

elasticity within the strip region, and can use this as
part of the input for the N/D equations, which are
solved in the form suggested by Frye and Warnock. '

The basic assumptions of the approximation are of
course the same as those of the new strip approxima-
tion. '~ We suppose that the x-m scattering amplitude
can be divided into a high-energy region controlled by
the leading Regge poles in the crossed channel, to-
gether with a low-energy region containing the direct-
channel poles. In the low-energy region the dynamics are
supposed to be mainly in the elastic channel, the modi-
6cations produced by the inelastic channels being small,
though not negligible. In particular we do not, consider
the possibility that the low-energy resonances may be
Castillejo-Dalitz-Dyson (CDD) poles in the channels

we are looking at, despite recent evidence that this may
be the case. ' ' Thus what we are presenting is really

just a better approximation to the equations implied

by the strip approximation, and there is no change in the
basic assumptions as they were explained in Ref. 12.

In the Secs. II—IV we present the details of the boot-
strap scheme we are proposing. Although this scheme

may obviously be applied to many types of bootstrap
problem, here we have restricted ourselves to a discus-

sion of x-x scattering and have incorporated zero spin,

S. Mandelstam, Phys. Rev. 112, 1344 (1958)."G. F. Chew and S. C. Frautschi, Phys. Rev. 123, 1478 (1961).' G. Frye and R. L. Warnock, Phys. Rev. 130, 478 (1963)."P. D. B. Collins, R. C. Johnson, and E. J. Squires, Phys.
Letters 26B, 223 (1968)."S. Mandelstam, in 1N6 Tokyo Summer Lectures in Theo-

reticall

Physics, edited by G. Takeda and A. Fuji (W. A. Ben'amin,
Inc. , New York, 1966), Part II; and Phys. Rev. 166, 1539 1968).

FIG. 1. The Mandelstam diagram showing the strips (shaded),
and the curved boundaries of the elastic double spectral functions.
The elastic s-channel double spectral function is marked F. so
is the threshold, and sI the strip width, in the s channel.

equal-mass kinematics, and the x-x isotopic-spin cross-

ing matrix from the start. In Secs. V and VI we describe
the results of an attempt to bootstrap the p trajectory
in the x-m scattering amplitude. This is not our 6nal
answer to this problem because the effect of I=o ex-

changes (the Pomeranchon, etc.) is neglected. It is
well known' " that the exchange of this trajectory
presents special problems which we hope to cover in a
later publication. Also there is the advantage that the
inclusion of only one trajectory enables us to make a
comprehensive search for self-consistent solutions, and

to examine thoroughly the effect of the cut-off parameters
on our results.

Some conclusions are presented in Sec. VII.

II. CALCULATION OF THE POTENTIAL

The new form of the strip approximation, introduced

by Chew and Jones, "consists of representing the two-

particle scattering amplitude by strips of double

spectral function adjacent to the physical regions, as
shown in Fig. 1. The amplitude is assumed to satisfy
the Mandelstam representation, which, in terms of the

"G. F. Chew, Phys. Rev. 140, B1427 (1965).



nI invariantsq

OH NSONCO AgD

t it contains the ~-channelas
h the corre

s been const
t cuts ln~ =integ«~pole for Q

b'haviord playsReggeasy P
I

A(st)=- t- t7l $0

II ]I

I IVIII

(s"—s)(t' —t)

II I

ds"dm'
(s"—s)(m' —I)

II1 p{,„(t,N
(t' —t)(e"—I)

p„(s,t) s~(o.
g ~go

(2.6)

s — '& s t (—1)"8;"'(sI)j{)zz;~'(, t) =Z L&'"(,t

2 P(I,I )L~ "(t,s)+(—- —1)'~'R "'(t fi)]

rn a
' t the amplitude ofrn a roximation oThe Reggeized Born app

isotopic spin II in t e s channel consis s

ntinuities an the p's the double
s ectral functions. Here 0 in
the I, an

d f 1fi it (+)ith amplitu es oalways eb concerned wi

—1)»z.')(N, t)g, (2.'l)-l)'2 tt(1,1.)L~"(, )+(-

signature,

"D,(s,t') 1 "D (s,l'

g0

'
s in the threeover all the trajectones in

h pchannels. The P(I,I,), etc., are
0

osslng matrices.
The functions n(t) an

ent that they satis y efor the requiremen
sion relations,

II ]Ip. (s",t')~ p- s,
(s" s)(t' t)— —

p,„(t',I")ap)„(N",t'

I

"Ima(t')
~(t) =~(~)+-f {cP—4){t—t)

andR.f. I.1 for example, Rin reaterdetal in,
- ole func-

This is explaine g
he strips are parametrize

ti
0
g

(2.8)

"1m~(t')
dI .v(t) =-

go

—4es'

T
ro riate c annel.ons of the appropr

oletot esr' '
dia ramis

iredbyt eh Mandelstam represen-

f a given Regge p

g These forms Rlc I'cqu

c

iven by

—1—s gg t to pm
ano, ided t a our

Rl'C

pe~ s)~—

s nee e in the ispersi
h S V

s a(() (2 4)
discuss this ur ecorrect. We

()=[ ()+

thoseinthetan ec a e

e{(t)

bring

e r
'

itarit . Ke try o

1

e arameters whic
te t corresponds to e

fd t tho 1 ctral function g'
in function o

ation 1S

of doub e spe

formo t es a

This piece o

The proceduthe amplitu e se

h h. ,-n.h. -
tribution to t e e

the g D equations. T e
e are used to ca c

~ (o(~+s/2a~)2
e arameters, are

el artial-

2"(s,t) =-', r(t) — (,)

—f —s'j2g(2)
wave amphtudes, and the correspo
are so ve .s —s

It was shown in Re .
artlal-wave Rmplltu cel strips to t e par

R.„. , d %. Rarita, Phys.R. . N. Phillips, anF. Y. Had)10MlnoUs Ro s ~

Rev. Letters 9, j,83 I,'1962).



UNITARI7ED STRIP APPROXIMATION

is, using the Wong projection, "
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to the left-hand cut. Note that we only need to know the
Regge parameters for t(0 in these formulas. The
s-channel trajectory parameters can be obtained from
the solution of the E/D equations (see Sec. IV) and the
input can be varied until it coincides with the output.
This method has the advantage that the 1V/D equations
readily give very accurate values for the output Regge
functions, but the disadvantage that only the first Born
approximation to the left-hand cut is used. In particular,
the "corners" of the double spectral functions (Fig. 1)
are not included in the left-hand cut (though the 1V/D
equations calculate them for the right-hand cut auto-
matically). It has been shown that in many circum-
stances the use of just the first Born approximation to
the left-hand cut is not suKcient, "and the self-consis-
tent p trajectory obtained by this method is a very poor
representation of the physical p.' "

An alternative method of imposing unitarity is to use
the Mandelstam iteration (see Sec. III) to generate the
full s-channel strip starting from the t- and u-channel
strips. ~ Observation of the asymptotic t behavior of
the s-channel strips permits the identification of the
s-channel Regge poles since

( t (s& ~'('I'(n(s)+-,')
Ds+(s,t):I'(s)

~
. (2.13)

&2g,' I'(n(s)+ 1)

This method has the advantage that it is possible to
follow the trajectories even for s& so. Calculations along
these lines have been carried out by Bransden et al. '
and Bali, ' but only with fixed-spin poles in the t and N

channels, not Regge poles. The reason for the relative
lack of popularity of this method is that very high nu-

In addition, we can include the s-channel strips, which
contribute

r, (s')S„,.
P,szr(s) =P —— ds'

(s' —s) (—I"')'+'

merical accuracy of the iteration routines is needed to
isolate the poles. It is also not easy to include other than
purely elastic unitarity by this method.

Our procedure is in a sense a combination of these
two methods, which we hope will give us the best of
both worlds. We calculate the "potential" from the
strips as described above, but we also include the con-
tribution of the corners of the double spectral functions
to both the left- and right-hand cuts of the partial-wave
amplitudes in the 1('//D equation. These corners are ob-
tained by applying the Mandelstam iteration to the
potential, thus unitarizing it.

els(S t)—
n gets se

where

Dp(s~, tl) D,+(s,tm)

X , (3.1)
K»'(t, t„t„s)

K (t, tl, t2,s)
= (tts+tls+tms 2(ttl+ttg+t—lt2) —ttltg/(1s 5 (3.2)

and s~, s are points above and below (respectively)
the s cut of D&.

The fact that the integration runs only up to K= 0
means that to calculate p, s"'(s, t) out to, say, t= t, we

only need to know DP(s, t) for t & t, at a given value of s.
We also have

~
p

el. (S t)
DP(s, t) =— ds"+D,"+(s,t), (3.3)

7r s —s

where Dlr+(s, t) is the t discontinuity of the rest of the
amplitude other than p„"'(s",t). In the strip approxi-
mation

Dsr+(s, t) = A, L2Rsr(s, t)5, (3.4)

with R"(s,t) given by (2.5). We can thus in principle
calculate p„"(s,t) for any s and t given the t- and st-

III. UNITARIZING THE POTENTIAL

The Mandelstam iteration, '4 which was the basis of
the old strip approximation of Chew and Frautschi, "
uses the following equation for the s-channel elastic
double spectral function (the region I' in Fig. 1):

K=0
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channel Regge parameters. In fact, as is well known,
(3.1) diverges for large s, since if

D 6(s tl) sa(44) (3 5)

for some tl, we hand that after e iterations

p 'I'(S t ) ~ Ss44(44}
41 moo

(3.6)

for some ts& tl (the value of ts can be found from tl and
rs using the properties of E).

This divergence (which is connected with the problem
of the spurious Amati-Fubini-Stanghellini cuts") is due
to the false assumption of elastic unitivity for all s.
The diKculty can be circumvented if we rewrite {3.1)
as

g(s)
p s14(s t)

X'g8 S

DP(s+, tr) D4+(s, ts)
X , (3.7)

EI@(t,tr, ts,s)

where g(s) is some cut-off function. In our calculation we
have followed Balis in using

g(s) = (I+cxpL(s—»)/~j)-' (3 g)

With this cutoff we can calculate ,p4'e(s, t) out to s=sl
without there being any singularity of p, 4414(s,t) at the
boundary, as would be the case if we simply terminated
the integration of {3.1) at s= sl. Above sl we expect the
double spectral function to be given by the t-channel
strip (see Fig. 1).

%e could, as mentioned in the previous section, use
(3.7) to generate p«"'(s, t) for high values of t, and
attempt to 6nd the s-channel Regge trajectories from
the asymptotic behavior. However, the strip approxi-
mation already includes the asymptotic part of the
double spectral function so we are only concerned with
using (3.7) to calculate , p4(414t)sfor t(tr. In practice
we shall always use sl ——tl as in Fig. 1. Obviously, (3.4)
demands a knowledge of the Regge parameters for t&0,
unlike (2.10) and (2.12).

Crossing symmetry requires that the other corner
regions of the double spectral functions shown in the
diagram (Fig. 1) should be the same as , p4(414t)sapart
from permutation of the variables. More precisely,

give a more self-consistent p.44'(s, t). In practice, we
have not found that this makes much difference in the
values of p„"'(s,t) that are obtained. In any case the
existence of p, 4414(s, t) implies that it is not strictly cor-
rect to use elastic unitarity for s&sr {sz being the in-
elastic threshold in the s channel; =16m ' for m-m

scattering). The advantage of going to this extra trouble
is thus doubtful, and in this paper we assume that the
elastic double spectral functions calculated as above are
a suKciently good. approximation for obtaining the left-
hand cut of the JI//D equations. But we shall include
this inelasticity in the right-hand cut (see Sec. IV).

The contribution of these double spectral functions to
the full amplitude is of course obtained by substituting
them in (2.2), i.e.,

44 p e14(s44 t4)~p 4144(sent t4)

dS dI,
(s" s) (t' t)— —

p, "'(t' rs")ap4„" (I' t')
dl"dt'. (3.10)

(r4"—I') (t' —t)

Our complete approximation to the scattering ampli-
tude is the sum of (3.10) and the six strip contributions
(2.7).

BI+(s)=A I+(s)(t,—

( t dt
D4+(s, t)QIi 1+, (4.1)

2(I 2
g

21+9

and we write it in the form

with

&I'(s) =Ln((s)s"'"' —1j/2tpI(s),

s—4m. ' '"p —4m.')'
Pl(s) =

s 5 4
(4.3)

IV. X/D ZqUATIONS

As in the previous calculations' "we shall use the
N/D equations to llllposc llllltRllty 011 'tllc pRltlal-wave
amplitudes of definite signature. The reduced" partial-
wave amplitude is given by the Froissart-Gribov
pro]ectlon2

p.4"'(s,t) =p.4"'(t,s)

p4-"'(«) =p "'(t I)
p ""(t~)=p "'(lt)

The phase shift has been decomposed into its real and
(3.9) imaginary parts (for real s),

a, (s)= ap(s)+tv, r(s)
As a digression we may note that at this stage one

could use these results in (2.2) to obtain new values of
D(4')swhich could be used in (3.1) to 6ndanew value

of p44 {s)t). Rcpca'tlllg 'tllls cycle R fcw tlIIlcs woUld

~ID. Amati, S. Fubini, and A. Stanghellini, Phys. Letters I,
29 (1962).

(s)—s—ss}r(s) (45)

"M. Froissart, invited paper at the La Jolla Conference on
Weak and Strong Interactions, I961 (unpublished); V. N. Gribov,
Zh. Kksl}eri4n. i Teor. Fiz. 41, 66/ (1961) [English trsnsl. : Soviet
Phys. —JKTP 14, 478 (1962)j.
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Imn(t)=, x= t 4—.'—
(x—ai)'+ bP

(5.1)

which, substituted in (2.8), gives

7. y BOOTSTRAP

As an example of the above procedure we have at-
tempted to bootstrap the p in m-x scattering. It has been
shown that the force from the exchange of a p trajectory
will also generate an I=0 Pomeranchon trajectory.
The inclusion of this trajectory calls for special treat-
ment which we hope to discuss in a further paper, and
we shall restrict ourselves to a discussion of p exchange
alone. This approximation has been discussed by many
authors, 2 ' and has b=en tried both in the new strip
approximation' and in the Mandelstam iteration
method. '

We parametrize the input trajectory function by'4

which in (2.9) gives

c~ csc(—7rli) (a 2+b 2)x/2

y(t) = (e-' x)'(x—d)+
(x—ag)'+bP b2

X{[(d—as) (x—as)+ b~'j si nA&~ b—~(x a—s) cosX4~}

where
P;= tan —'(b;/a, )—m, /,= 1, 2. (5.4)

Imp(t), Imn(t) &0(t-') .
We are also assuming that

(5.5)

The form of these functions is shown in Fig. 2.
Note that Ime must be positive by unitarity, but

there is no such restriction on Imp. Both Imo. and Imp
must vanish at the threshold, and we are assuming that
the integrals (2.8) and (2.9) can be written without sub-
tractions, so that

ci csc( ll X)
n(t) =n(~)+ (e

—' x)'
(x—ar)'+br'

(a 2+b 2)X/2

+ [(x—ai) sinli&r+bi cosliPrj, (5.2)
b

and the residue by

Imv(t) = coax"(x—d)/[(x —ag)'+by'1, (5.3)

n(s) — .- const

/~ 50
~ -l00

(5.6)
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FiG. 3. The output p trajectories which result with the indicated
values of A. All the other parameters are as in Fig. 2.

as it does in potential scattering. If n(s) —+&~ we can-
not expect our single-channel bootstrap to work,
though it may still give a reasonable approximation to
the trajectory over a limited region of s near s=0 (see
Refs. 17 and 18 for a discussion of this). The input
width of the p meson corresponding to these functions
is given by

Im{n(m, ,') } Re{y(m, ')}
pi(m, ') . (5.7)

m, Re{n'(mp') } m p Re{n'(m, ')}
input ImI/5(t)

-300 -200 -lOO 0 lOO 200 300
s,t (m~~)

FIG. 2. Self-consistent p trajectory, and residue, functions
(input Re~g=— , input Imnp= ———,output Rem~ and
Renz=-- ——). The parameters (see text) are s1=1000, 6=50,
t =200, aI =47.0, b1 =3.94, cI=1.05, a~ = 540.0, b~ =392.5,
cg=0.068, and d=420, all in m units. This corresponds to an
input p width I'; =147 MeV, but the output width Fp~t=340
MeV.

'4A. Ahmadzadeh and I. A. Sakmar, &Phys. Letters 5, 145
(1963).

These parameters are used in (2.3) and (3.4) to find
p«"'(s t) for a given value of si ——ti and h. It is evident
that the number of iterations which we need to find
p„"'(s t) depends on how large is ti. The main weight
of D] at the point where Imn is a maximum, and since
this must be above the p mass (since the trajectory is
rising through the position of the p meson) the number
of iterations needed for, say, s& ——2000 m ' is only 6 or 7.
The calculated double spectral function is then used in
(4.19) to find B&L'(s) and to find i//(s).

There are thus 11 input parameters, ai, bi, ci, n(~),
d, a2, b2, c2, t, s~, and A. The first nine of these are to be
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FIG. 4. (a) The self-consistent p trajectory of Fig. 2; (b) the out-
put trajectory obtained when p is set equal to 1; and (c) that
obtained when only the strip contributions are included in the
left-hand cut, i.e., the 6rst Born approximation.

0.020
d~ )s.o

O.O16

made consistent with the output, so there are just two
free parameters, the cuto6's si and d. Our bootstrap is
only really self-consistent if the dependence on the
choice of sz and 6 is small. Since 6 only determines the
"width" of g(s) in (3.8) the results are in fact only
trivially dependent on it, as Fig. 3 demonstrates. In all
the rest of the results quoted in this paper it is fixed at
~=50. Also the scale factor in the residue function t,
which we expect to be roughly ~s&,

"has been fixed at
200m 2 throughout.

A self-consistent p trajectory is shown in Fig. 4. It
has been chosen so that its parameters correspond to the
physical meson by having n(30)=1, and the experi-
mental input width I';„=147 MeV."The output width
is still much too large, however, F,„&=340 MeV. The
trajectory is not qualitatively different from those ob-
tained in previous work, ' where the second and higher
Born approximations to the potential were not included,
but a good deal of extra force has been obtained.

Part of this extra force is due to the inclusion of in-

elasticity, and also show the trajectory which is obtained
with it~(s) = 1 rather than the calculated value. The vari-
ation of gati(s) with s for various values of t is shown in

Fig. S. The corresponding values at si I calculated by
substituting 1m{8iv(si) }from the strip region in (4.18)]
are also indicated in the figure. They do not match on
completely, of course, since nothing has been done to
make them consistent, but the discrepancy is not too
bad, except that for 3&0.2 unitarity is violated above s&.

This problem has been noted previously, ' and is due to
the fact that the self-consistent results tend to have too

I.O

0.012

0.008

0.004
200 400 600 800 looo 1200 1400

s, (M)

FH"-. 6. Plots of n(0) and u'(0) against sI with all the other
parameters fixed. The three cases are (a) the complete calculation,
(b) p set equal to 1, and (c) only the strip contributions included
in left-hand cut. The dependence on the choice of sI is much re-
duced by including the elastic double spectral function.

large a value of y(t) for t(0. This is compensated by
having a large n'(s) in the region of the p meson by put-
ting the peak of Imn(s) not far above the mass of the
particle (see Fig. 2). The problem" of needing a large
input width to generate enough force to produce a
reasonable output trajectory is thus circumvented.

The dependence of the results on the choice of s~ is
shown in Fig. 6. We see that the position of n(0) is
little affected by the value of this parameter provided
we take s&&800m ~, and is much reduced by the inclu-
sion of higher Born approximations. The slope tends to
decrease with increasing s~, but again the higher Born
approximations make the results almost independent
of this arbitrary parameter if it is su%.ciently large. The
dependence is certainly not so great as to make one feel
that it is playing a dominant role.

In Fig. 7 we show the variations of t4ie'(s, t) with t

for some values of s. The first peak corresponds to the
first iteration of those in D,(s,t) due to the particle at
t=m, ' and the maximum of Imn(t) just above it, and

IO

b
0 I i & l~

0 200 400 600 800 1000 1200
5 (mal

IO

p;"t;o
IO-

2
S~30 iI1TI

500m

Fro. 5. A plot of the inelasticity p&(s) against s with the parame-
ters of Fig. 2, for (a) /=1.0, (b) i=0.2, and (c) 1=0.0. The values
calculated from the strips above sI (=1000) are also shown, and
we see that for l &0.2 unitarity is violated at sI.

"G. F. Chew and V. L. Teplitz, Phys. Rev. 136, B1154 (1964)."J.Pisut and M. Roos, Nucl. Phys. $6, 325 (1968).

10' ——~
I IO

FIQ, 7. A plot of p, &"'(s,t) against t for two values of s. The
dashed line is the asymptotic strip for t(sI, and matches rather
well, showing that we have indeed reached the asymptotic region
for t&1000m '.
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we cannot expect oscillations, though we can hope that
they will occur when the Pomeranchon repulsion is
included. The form of Imp(t) in (5.3) has been chosen to
reproduce (5.8) for negative t, and the change of sign
at 1=d+4tts s seems to be the easiest way of achieving
this.

Since the output shape of y(s) is always much the
same, the values of d, a2, and b2 are more or less Axed.
The value of P should correspond to the known threshold
behavior' of Imp(i), which is

300 %00~ 0 l00
s,t (e~)

FIG. 8. Self-consistent p (i) trajectories, and (ii) residues, with
(a) ~(0) =1.0, cx(co) =0.49; (b) a(0) =0.57» a(~) =0.17; and (c)
o'(O) =O 17, n(~) =0.03. The dashed lines are the output, and the
full lines the input Regge functions. Once a(oo) has been decided
upon, the demand for self-consistency Gxes the shape of the tra-
jectory. The width of the 1= 1 resonances in the three cases are (a)
bound state, (b) 350 MeV, (c) 630 MeV. Note that case (b) is
similar to, but slightly diferent from, I'ig. 2. The parameters
which have been changed are b2=400 and c2=0.76. This indicates
the amount of variation vyhich can be tolerated in these
parameters.

the subsequen t maxima are due to the further iterations.
The double spectral function has settled dovrn to its
asymptotic value for $= j.000m ~, and so we take this
as our preferred value of s~. The double spectral function
calculated in this way matches smoothly onto the
asymptotic strip region above sg.

The chief problem in this type of calculation lies in

determining the range of parameters over which
"reasonable" self-consistency can be obtained Ke have
found that at the unitarity limit, tr{0)= 1, it is possible
to obtain such a solution and, for lower values down
to tr(0) =0.2. Some examples are shown in Fig. 8.

It will be noted that the basic shape of the residue
function is always the same. It agrees with the Chew-

Teplitz form,
( 2m~

v(1)=cons«'(1)(t-1)e. tol I+- I, (5.8)
i—4m. ') '

which was deduced in Ref. 26 from the form of the X/D
equations. The only way of avoiding this shape is for
there to be changes of sign of Bt"(s) in the strip region.
The need for such oscillations, if we are to 6nd residues
with a rapid decrease for negative 3, like those found in

many 6ts to the experimental data, has been discussed
in Ref. 27. Yah only the attractive p-exchange potential

"P.D. B. CoUins, Phys. Rev. 157, 1432 (19d'I).

Im~(1) (1—1,)~(~o)+t/s
toto

In practice we have fixed X=0.5 for all n(0). This has
been found to make rather little di6'erence so long as
) does not approach too close to j., when the integral
(2.9) would diverge. The only really free parameter,
which is not determined by the shape of the output
residue, is the over-all magnitude c2. It is this which is
determined by demanding self-consistency of input and
output, and ranges from ca=0.093 for n(0)=1 to
cs ——0.028 for n(0) =02.

Similarly, the range of shapes of the output trajec-
tories exhibited in solutions shown in Fig. 8 is very
limited, and the only really signi6cant free parameter
in (5.2) is the absolute height of the trajectory de-
termined by n(~). Again X was fixed at 0.5, though in
this case the integral (2.8) converges for X&2. The
values of az, bj, and c& are essentially 6xed by the form
of the output. As far as we have been able to discover
the trajectories shown in Fig. 8 span the full range of
parameters for which reasonable self-consistency can be
achieved. It has not proved possible to get a self-con-
sistent trajectory with n(~ ) &0 for any choice of input
parameters. Such trajectories produced much too little
force. To get a trajectory like the experimental p (for
example, in Ref. 28) we would like a much smaller
curvature, but Fig. 8 shows that the amount of curva-
ture is always about the same.

It will be noted from Fig. 5 that, as in earlier calcu-
lations, " though the input and output trajectories
agree very closely for t(0 it is not possible to make them
agree for t»0, and in fact Re(D~(s) }for /&0.9 does not
have a zero in the solution shown in Fig. 8. The output
widths quoted in Figs. 4 and 8 were obtained by plotting
out the partial-wave cross section. They are something
of an improvement over earlier calculations, but the
problem of achieving a sufBclelltly narrow p has cer-
tainly not been solved.

There is a related difhculty that, because of the
bunching of Irrur(t) in a peak just above the p mass,

,D(rs, )c1alculated from (3.4) also has a peak there,
and has the sort of shape plotted in Fig. 9. Normally
one would expect the maximum of D&r+(s, t) to be at

'8 G. Hohler, H. Schaile, and P. Sonderegger, Phys. letters
20, "/9 (1966).
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I'zg. 9. A plot of log10D~ (s t) against t for s = 15 m~'. &t sho~s
the Grst peak of D~ due to the particle at 5=30 ns ~ and the second
and larger peak due to that of Imo. at t =47 m ~.

t= m, ' (there is a secondary peak there) corresponding to
to the vanishing of sinmn(1).

A large Imn(1) of this sort is essential in our paramet-
rlzation 1f we are to obtain a 'trajec'toly with a curvature
like that of the output. This peak of D,"+(s,1) implies
that there is a peak of the t-channel cross section, but
no such peak is evident in our output c-channel cross
sections. FuH crossing symmetry has thus not been
achieved. In Bali's calculations' (see Fig. 8 of his paper)
Imn(t) was a continuously increasing function right up
to the boundary of the strip, t=sz, and an iteration of
such an input would not settle down to its asymptotic
form unitl ~&s~. One can hope to improve the satis-
faction of crossing symmetry by choosing one's parame-
ters to ensure that the t- and s-channel partial-wave
cross sections are consistent, but it is probably not
worth worrying about this until the Pomeranchon ha, s
been included as well.

VI. CONCLUSIONS

We have succeeded in bootstrapping a p trajectory
with the physical mass, width, and intercept n(0). This
is one of a range of rather similar self-consistent solu-
tions with n(0) ranging from the unitarity bound of 1
down to about 0.2. The physical trajectory is thus not
uniquely predicted in our approximation.

Also the output trajectory is only known to be similar
to the input in the region /&0. For f&&0 is not possible
to trace the output trajectory, and we can not be cer-
tain that it goes through 3= 1 on the unphysical sheet.
This was also the case in the new strip approximation, "
but not in the iterative calculation of Bali.' No calcu-
lation has ever been able to obtain trajectories which
rise much above l=2 and if the physical trajectories
do this we cannot hope to reproduce them in a single-
channel calculation of this type.

Similarly since there are no superconvergence rela-
tions built into our potential we know that the end-
point of the trajectory, n(ee), must be at some dynami-
cally determined. point, above ~= —j. u Unfortunately 1

seems to be impossible to get an output trajectory
which does not have considerable curvature, and so

ends lip above l= 0. Because (x($) ls a Hclglotz fllIlctlo11,
this curvature means that Imn(s) must have its maxi-
mum not far above threshold, and this makes the tra-
jectory turn over rather soon on the right-hand cut. We
have discussed elsewhere'7 the implications of straight
Regge trajectories with narrow resonances for boot-
strap calculations and will not repeat the arguments
further here. Ke can still hope that the single-channel
calculations will give a worthwhile approximation to the
trajectories in the region near 1=0.

It is proba, bly worth reminding the reader that,
because the Wong projection is used in (2.10), the strip
contribution to the potential depends only on the Regge
parameters for 3&0, where complete self-consistency
has been obtained. The corners of the double spectral
functions depend on the Regge parameters for t&to,
and it is not possible to continue the solutions onto the
unphysical sheet to And the zeros of DI(s). Despite the
fact that our parametrization of Imn(t) fLts the output
o.(t) for t(0 through the dispersion relation, the corre-
spondence is probably not very good above threshold,
because the sharp peak of Ima(1) in the input does not
seem to be reproduced in the output. There is very
little freedom in the possible form of the output tra-
jectory for 1(0, and only its height e(~) is variable
to any significant extent.

Very similar remarks apply to the residue function
which is almost constant, and, in order to produce a
self-consistent trajectory, has to be very large (though
smaHer than is required if we do not iterate the po-
tential). This size results in a violation of unitarity for
low values of t. The magnitude of the residue does not
mean that the input p meson is too wide, however,
because the trajectory is very strongly curved and has
a large slope at the position of the meson. But the output

p is certainly too wide by a factor of 2.
There is still hope that some of these deficiencies

will be rectified when the Pomeranchon is included as
a force, and we hope to return to this in a further
publication, but it seems all too likely that even then
we shall not be able to obtain a trajectory which is
similar to the physical p.

Calculations of the type described in this paper proba-
bly represent the maximum of sophistication which is
worthwhile within the con6nes of a single channel, and
if there is to be further progress it will probably be
necessary to perform multichannel calculations, includ-

ing particles with high spin. The approximate multi-
channel calculations which have been attempted so
far' '~' have not produced results suKciently cMerent
from the single-channel ones to make one feel opti-
mistic about this, however. We do not really know any
way round the fundamental diKculties of the bootstrap
philosophy described in Ref. 17.

» N. P. Bali and S.-Y. Chiu, Phys. Rev. 153, 1579 (196/l.


