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M. E. EBEL AND R. J. MOORE

Department of Physics, University of wisconsin, Madison, 8 isconsin 53706
(Received 17 June 1968)

The example of the box amplitude in the high-energy limit suggests that the o6-shell contribution to
iterated scattering amplitudes is important at high energies. The relevance of this to the application of
absorptive corrections to Regge-pole exchanges is discussed.

ECKNTLY, absorptive corrections have been ap-
plied to Regge-pole exchanges by several authors. '

Both the usual absorption model2 and the eikonal
formalism' have been employed to determine the form
of the corrections. Whether it is appropriate to make
such corrections to a Regge exchange at all seems to
depend upon one's model (or view) of Regge behavior.
In this paper, however, we are not concerned with such
questions of "double counting, " but rather with
whether these approaches generate realistic corrections
at high energies, assuming that some corrections should
be made. We raise this question in the first place because
it seems that in derivations of these formalisms one is
essentially summing an iterated set of two-body scatter-
ing amplitudes in an approximation in which the con-
tribution from intermediate states with the particles
off the mass shell (energy-nonconserving intermediate
states in a potential model) cancels to leading order in

1/p. Thus the eikonal appears to be a function of the
on-mass-shell Born amplitude only. Indeed, the useful-
ness of the absorption formulas derives from just the
fact that they connect only amplitudes on the mass

shell. However, the cancellation depends upon a par-
ticular extrapolation o6 the mass shell of the Born
amplitude, and it is by no means obvious what ex-
trapolation to use for a Regge exchange. ' Furthermore,
if one considers relativistic field theory rather than
potential theory as a model for high-energy behavior,
one again concludes that the off-shell contributions can
be important. This is suggested by the particular ex-
ample of the box amplitude (see Fig. 1) in the high-
energy limit. Here one can explicitly isolate the con-
tributions coming from (a) both intermediate-state
particles being on-shell and (b) one or both of these
particles being o6-shell, and it turns out that it is the
type (b) contribution which in fact gives the asymptotic
behavior of the amplitude. There is no contradiction
with the potential scattering result, since the kinematics
for potential scattering and single-particle exchange are
diGerent at high energies. ' The relation between po-
tential scattering and field theoretic models will be
discussed more fully elsewhere.

The invariant scattering amplitude for the box dia-
gram is'

g4

A(s, t) =i
(2zr) 4

d4k1
(k)'+tz' i ~) (k z'—+nz' i e) (k z'—+tz' i e) (k4'—+z)z' —ze)

where all particles are taken to be scalar mesons and g
is the coupling constant. The invariant energy and
momentum-transfer variables are defined by

s= —(px+pz)' and t= —(pg —pz)',

eter technique to perform the integrations, and is'

g —t+Lt(t —4tz')]'" lns
A (s,t) = ln

s Li(i 4p)]~ i+—L~(t 4I')]'&') s—
+ . (2)

4 Specifically, a ladder model for Regge poles gives an o6-mass-
shell extrapolation which is quite diQ'erent from that implied by a
single-particle exchange. This difference is decisive for the ques-
tion whether iterated Regge exchanges give rise to cuts or not.
Cf., S. Mandelstam, Nuovo Cimento 30, 1127 (1963).

5 This point is well recognized by L. Domash LPrinceton Uni-
versity thesis, 1967 (unpublished) j.

6 Viewing the box diagram in Fig. 1 as the first iteration, in the
s channel, of a single-particle exchange amplitude, the particles
labeled 2 and 4 are the intermediate-state particles.' See R. J. Eden, P. V. Landshoff, D. I.Olive, and J. C. Polking-
horne, The Analytic S 3Eatrix (Cambridge University Press,
Cambridge, England, 1961), Chap. 3, Sec. 3. Note that these
authors leave the t dependence of the amplitude in the form of an
integral over some Feynman parameters. Doing the integrations
one obtains the result (2).
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so that for s-channel scattering s&4m' and t&0.
The high-energy form of the amplitude (1) has been where the remaining terms are of order 1/s.

obtained by many authors using the Feynman param-



The Feynman parameter technique gives no insight
111'to w11etllel' tile lead111g behavior of amphtude (2) 1s

an on-shell or off-sheH contribution. However, by per-
forming the integrations in (1) directly to obtain the
high-energy form of the amplitude, one can explicitly
show that the leading term in (2) is an off-shell con-
tribution. First we make the change of variables d4kl —+

dhtdk2'dhadk4', where t,= —k ' and t3 ———k3'. The Jacobtan
for this transformation is'

&=~(-D)/2V'(-D),

where 8 denotes the unit step function and D is sym-

metric 4)&4 determinant

D=deti2k; k;i. (4)

X(hatt, ta) = 2ttt+2ttg+2tttg —t tP —tg ~ (6)

and the remaining terms in (5) can be neglected at high
energy (s&)4m').

Making this chRQge of vMlRblcs and using thc hlgh-

energy form of the Js,cobian, (1) becomes

In terms of s, t, and the new variables of integration,
onc 6nds

D= s9,—(t,tr )ta) 4stk—rmk 42+ ~ ~ ~

=
g' dt tet 3dk22dk4'8[s'X (t,t t,h 8)+4stk 2'k pjA(st)=i

32s' (tt—ht'+ie)(k2+m' —ie)(ta —p,'+ie)(k42+m' —ie)(s2)+4shk 'k4')'"
~ ~

The step function in the integrand of (7) determines
thc kincmaticaHy RHowed rcglons over which the lDtc-
grRtlons Rlc to bc performed. " Onc 6nds thRt k2 RDd
k4' are allowed to vary over the region of the k2', k4'

plane which includes the origin and is bounded by the
hyperbolas

k22k4' ———sX(t,tr, t3)/(4t), (8)

and that tl and 33 are both negative and lic in the region
of the tl, $3 plane that is bounded by the parabola

(t,—t,)'= h[2(h, +t,)—tj.
One might note that for large s the hyperbolas (8) lie
quite far from the origin of the k2', k42 plane, indicating
that particles 2 and 4 can get far off their mass shells
(kg' ——kg = —m').

Pclformlng thc p2 Rnd k4 lntegratlons glvcs

~(s,t) = i(g'/1«') [—(~i/s)»( —»/m«)
+ (~i)'/st (t) (1o)

vrhere

dhtdh, h)() (h, h„h,))
(t1—h ')(ts—

h
')

8 Since the transformation of variables is not one-to-one an
extra factor of 2 must be supplied. See T. %. S. Kibble, Phys.
Rev. 117, 1j.59 (1959).' lt is important to retain the term involving k~'k42 in thc deter-
minant (5). If this term is dropped then kP and k42 can assume all
values from —~ to +~, and the integrals over these variables
are logarithmically divergent. If performed according to the princi-
pal value prescription each integration will give Ar. In any case,
the resultant amplitude will have a leading term of order 1/s,
wlllch ls lncorl cct.

"In a recent article H. Rothe LPhye. Rev. 159, 1471 (196't)j
neglects the k2'k4'~term in (5) when he considers the high-energy
form of box diagrams with one or two of the single-particle ex-
changes replaced by Regge-pole exchanges. This causes him to
neglect branch cuts in the km' and kP complex planes, which should
not be neglected, and therefore apparently invalidates the argu-
ment that he gives to explain the cancellation of Reggc cuts in
these amplitudes, %hile we do believe in the cancellation of the
Regge cuts in these amplitudes, we do not believe that it occurs
by the mechanism that Rothe gives.

The amplitude has been left in the form (10) in order to
isolate the on-sheH and OG-shcH contributions. Separat-
ing the propagators for particles 2 and 4 into OG-sheH

and on-shell parts by the formal substitutions

(ks+m' ie) '=—I'(k'+eP) '+orb(k'+mt) (12)

in (t), one sees that the contribution which results from

constraining both intermediate particles to be on the
mass shcH ls

i(g4/32vr') (im)'s-'y (t)

which is just one-half of the second term in (10). The
remaining contribution to (10) is off-shell. "Since it is

FIG. j.. Thc box diagram.

"I'or completeness we add that thc ln( —sX//m4)/s term comes
from having onc lntcrmcdlatc-state pal tlclc on-shell and thc other
og-shell, while having both o6'-shell leads to a 1//s contribution
which is identical to (j.3).



M. E. EBEL AND R. J. MOORE

the 1ns/s term which gives the dominant behavior at
large s, one sees that the box amplitude provides a
concrctc example of a sltuatlon %'herc a contribution OJ

type (b) is important at high energy. In other words,
if only the on-shell contribution had been retained one
would have obtained an incorrect high-energy form for
the box amplitude.

To check that the first term in (10) gives the correct
leading term, the t~ and I3 integra, tions can be done to
glvC

2w —»+ L» (»—4p,')J»s)
P(») = 1n — i, (14)

t»(» —4»s)ji&s»+L»(» —4»')j~&s &
'

g4 —»+L»(» —4')J" 1ns
2 (s,») = — in

8 '[t(t 4)i—')]'" t+[&{( 4g'—)]'" ) s

+ (I&)
which is the same as (2).

In conclusion we feel that this example suggests that
the o6-shell contribution to iterated scattering ampli-
tudes is important at high energy (if one believes field

theory). Consequently, any iterative scheme which
does not include this contribution may make a serious
omission. Since the absorption and eikonal formalisms
apparently do just this, their ability to generate believ-
able corrections to Regge-pole exchanges is questionable.
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We present a method of improving the new strip approximation of Chew and Jones by calculating parts
of the elastic double spectral functions using the Mandelstam iteration procedure. These double spectral
functions are used to obtain additional contributions to the left-hand cuts of the partial-wave amplitudes,
and also to estimate the inelasticity within the strip region. The inelastic N/D equations are solved in the
way proposed by I'rye and Warnock. The method is applied to the problem of bootstrapping the p trajectory
in w-2r scattering, and some preliminary results are presented. We Gnd that it is possible to obtain a self-
consistent trajectory with the correct physical mass, width, and intercept n(0), but that the solution is
by no means unique, since self-consistency can be achieved with trajectories having intercepts anywhere
from 0.(0) =1 to a (0) =0.2. Also, the trajectories have a large curvature, and large residue, which result in
a violation of crossed-channel unitarity for low l.

I. INTRODUCTION

~~VER the past few years many attempts have been
made to demonstrate that the p meson approxi-

mately "bootstraps" itself in x-x scattering. '—"The
zero external sp1ns and equal-mass k1nemat1cs make this
one of the most attractive bootstrap problems, but as

~ R. C. Research Student; present address: Physics Department,
Toronto University, Toronto 5, Canada.' A fairly complete account of the background to this work can
be found in P. D. B. Collins and E. J. Squires, Eegge Poles in
Par»ide Physks Qulius Springer-Verlag, Berlin, 1968).' P. Zachariasen, Phys. Rev. Letters 7, 112 (1961); 7, 268{K)
(1N1).' L. A. P. Balsas, Phys. Rev. 128, 1939 (1962};129, N'2 {1963).

4 F, Zachariasen and C. Zemach, Phys. Rev. 128, 849 (1962).
~ J. I'ulco, G. L. Shaw, and D. Wong, Phys. Rev. 137, 81242

(1N5).' B.H. Bransden, P. G. Burke, J.W. Moffat, R. G. Moorhouse,
and D. Morgan, Nuovo Cimento 30, 207 (1963).

~ N. F. Bali, G. I". Chew, and S.-Y. Chiu, Phys. Rev. 150, 1352
(1N6).' N. F. Bali, Phys. Rev. 150, 1358 (1N6).

9 P. D. B. Collins and V. L. Teplitz, Phys. Rev. 140, B663
(1965).

'0 P. D. B. Collins, Phys. Rev. 142, 1163 (1N6). We follow the
notation, etc., of this paper.

more sophisticated methods have been applied to the
problem, it has become clear that while many qualita-
tive features support the bootstrap hypothesis, the
quantitative details of the solutions to the various
models are very unsatisfactory. s'0

Probably the most comprehensive approach has been
the so-called "new form" of the strip approximation
devised by Chew and Jones, ""which parametrizes the
amplitude in terms of the Regge poles in each channel,
and then uses the Eja equations to impose unitarity
and so determine the Regge parameters. However, it
has been found that this approximation is inadequate, '
one of its principal def1ciencics being that it includes the
forces only in the 6rst Born approximation. It has been
shown recently that the E/D equations for nonrelativ-
istic potential scattering give much more satisfactory
results if the forces are included up to at least the third
Born approximation, " and we can expect that this
will also be true in relativistic calculations.

"G.F. Chew, Phys. Rev. 129, 2363 (1963).
~' G. F. Chew and C. E. Jones, Phys. Rev. 135, B208 {1964}.

P. D. B. Collins and R. C. Johnson, Phys. Rev. 169, 1222
(1968).


