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A purely algebraic formalism is introduced in order to describe the relation between current algebras and
Lagrangian field theory. It is then applied to the description in differential-geometric terms of the equal-time
commutation relations for currents defined by Lagrangians derived from Riemannian metrics on internal-

symmetry spaces.

I. INTRODUCTION

ECENT work by Bardakci, Frishman, and
Halpern,!'? Sommerfield,? and Sugawarat has pro-
vided models in which the current algebra commuta-
tion relations take a very elegant and symmetric form.
Another interesting feature of the models is that they
seem to be closely related to the geometry of spaces
on which the internal symmetries act as transformation
groups.

The primary aim of this paper is to bring this con-
nection to the foreground; the result will be formula
(4.21), which expresses the commutation relations in
terms of the covariant derivative operation for a
Riemannian metric on the space on which the group
acts. (The metric arises from the choice of Lagrangian
describing the theory.) In order to express the ideas in
the clearest mathematical form, we also introduce
purely algebraic formalism, independent of Hilbert
spaces, for describing the connection between Lagrang-
ian quantum field theory and the theory of current
algebras.

II. GAUGE-GROUP CONSTRUCTION

First, we present several general algebraic remarks.
Let G be a Lie algebra over the real numbers. Let F
be an associative, commutative algebra over the real
numbers. Let Gr be the tensor product F® G, where the
tensor product is taken with respect to the real numbers.
Gr can be made into a real Lie algebra in the follow-
ing way:

[[i®X1, £20Xs]= f1f2®[X1,X2] ‘
for f1, szG (2.1)

It is readily verified that (2.1) makes Gp into a bona
fide Lie algebra. (The fact that F is a commutative
algebra is crucial here.)

Gell-Mann’s “current algebras’ are of this form. To
see this, specialize F to be the space of real-valued C*
functions f(x) of a real 3-vector x= (»;), 154, j<3.
Suppose G is finite dimensional, with basis (X.,),
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1=<a, B<m, and structure constants c,gy, i.e.,
[XeXp]=Capr Xy
Then, elements X, X’ of Gr are of the form
X= fa®Xa; X/=fal®Xm-

(2.2)

(2.1) and (2.2) combine to give the relation
[X,X"]= fafoCapr® X 4. (2.3)

(2.3) is, of course, the integrated form of the current-
algebra commutation relations proposed by Gell-Mann:

[Xa(®),Xa()]=8(x—)capr X,(x).  (2:4)
Now, (2.4) arises formally by defining
Xo(2)=0:@ Xa, (2.5)

where 8, is the Dirac delta function concentrated at the

point z, i.e.,
3:(y)=08(x—7).

We would like to use (2.5) to define X,(x) in a precise
mathematical way. There are certain difficulties in
doing this in a completely rigorous way—connected with
the well-known difficulties in defining the product of
distributions—but let us proceed as far as we can in
this direction.

Let F¢ be the algebra (under multiplication) of C®,
real-valued function f(x) of compact support. Define
the space of Schwartz distributions, as usual,® denoted
by ®. F¢ can be considered as a subspace of . Dis-
tributions can be multiplied by functions, i.e., D is a
module over the ring F¢. Let F now be the free associa-
tive, commutative module over F¢. Recall that it is
constructed as the space curves of formal products
81+ -0, of elements of D, with the only relations those
provided by commutativity, associativity and the
required module structure over Fo.

We can now use F as defined to construct Gr as
before, as the “current algebra.” Then, X.(x) as de-
fined in (2.5) makes literal sense as an element of Gy.
Of course, instead of (2.4), we have the following
relations:

[Xa(x),Xs(y)]= 5,3,,60,57@ X, (x).

8 R. F. Streater and A. S. Wightman, PCT, Spin, and Statistics,
and All That (W. A. Benjamin, Inc., New York, 1964).
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Since they give the same results in terms of test
functions, this is not too serious; for example, we can
introduce as new relations in F the relations

8.8,=08(x—1%)d,.

We can also consider elements of the ‘“universal
enveloping algebra”® of Gp, as integrals of formal
products of elements of Gp. For example, if G is a com-
pact Lie algebra, and if (X,) is a basis that is ortho-
normal with respect to the Killing form® of G, then

A= /Xa(x)Xa(x)dx

is a “Casimir operator” of Gp. Algebraic methods of
constructing linear representations of Gp and ‘de-
formations” of the Lie algebra structure relations (2.1),
(2.3), (2.4), i.e., “Schwinger terms,” have been given
in Ref. 7.

Finally, the formalism enables us to define the
“partial derivatives” 9; of such symbols as X (x). For
example, if x= (x;),

1
9.X ((x5))= lelfol :[X ((xitebi))—X((x))]. (2.7)

If we have something of the form X(x,y), 0:°X (x,y)
denotes this “partial derivative” with respect to =,
with y held constant.

III. LIE ALGEBRA OF CANONICAL
FIELD THEORY

Choose indices 1=a, 8=m. Let G be the Heisenberg
Lie algebra, defined by symbols (¢s,pa,1), with the Lie
algebra structure defined by

0=[1’a:1’b]=[9a,9b]; [1’«,95]=5ab, (31)

with 8,5 the Kronecker delta, i.e., 8,5=0 if a7b, =1
if a=b. Define, as before, Gr,, and Gr. Within Gg,
we can define

$a(%)8:® pa, qa(2)=08.@7s, (3.2)

and we have, analogously to (2.4), field-theoretic
canonical commutation relations

[ga(x),p6(») =802 (x—). (3.3)

As for any Lie algebra, we can define the universal
enveloping algebra of Gp as the formal “products”
of elements of Gr. This enables us to make sense of
“functions” of the symbols ¢,(x), po(x). In particular,
we can use the formalism of Lagrangians, for example,
to construct “currents.” One way of doing this can be
described as follows. In addition to the variables g,

6 R. Hermann, Lie Groups for Physicists (W. A. Benjamin,
Inc., New York, 1966).
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introduce variables g,, (0=u=3). Let L be a function
f(ga,gow) of the indicated variables. Let
paw=0L/0qup. (3.4)
Let us suppose that relations (3.4) can be solved for
a0 as a function of pao. [The condition for this is, of
course, that det(9%/8¢q400qps)><0.] This enables us to
convert any function f(g4,gs,) of the indicated variables
into a function of the variables ¢q, gas, pa by identifying
pa With pgo. In turn, this function can be converted into
an element of the universal enveloping algebra of Gr
by identifying ¢, with ¢,(x)=0.® ¢a, gai With 8:g.(x),
and p, with p,(x) =8,Q g,. (Of course, we face the usual
problem of taking into account the non-commutativity
of products in the universal enveloping algebra of Gp.)
For example, let us consider the Lagrangian for free
Klein-Gordon particles, namely,
L=3%8u8auart+Mqaqa, (3.5)
where g,, is the usual Lorentz metric tensor (g,,=0 if
u#y, 1if u=v=0, —1if 1=u=»=3). Then,

OL/3qan= gusqar;
hence,

Pa':an- (3-6)

The “energy-momentum tensor’’ 6,, can be constructed
as usual:

Ouv =3P auqar— Guv - 3.7)
The generators of the Lie algebra of the Poincaré
group can then be written as follows, as elements of the
universal enveloping algebra of Gp:

M= / (x,0,0— %,0,0) d%;

P,,= /00“d3x.

[Of course, in order that M,,, P, defined by (3.8),
really satisfy the commutation relations of the Poin-
caré group, the Lagrangian L must be Lorentz-in-
variant.] For example, with relations (3.5) and (3.6),
we have

(3.9

Py= / Bo0 (x)d?x

- / (30100 ()90 () gu (g &)1, (3.9)

which is, of course, the usual formula for the “energy”
for Klein-Gordon free particles.

We now turn to the consideration of more complicated
theories of this type mentioned in Refs. 1-4.
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IV. CURRENTS GENERATED BY GROUPS
OF INTERNAL SYMMETRIES

Let (x,q,p) be the variables used in Sec. III. Suppose
that L is a Lie algebra of vector fields on ¢ space.® Each
XE&L can be realized then as a first-order differential
operator

X=4.(9)(6/0ga). (4.1)

Associate with X the classical function

fX':Aa(Q)Pa- (4.2)

It is then well known from classical mechanics that the
assignment X — fx as a homomorphism between L
(considered as a Lie algebra under Poisson bracket)
and G the Lie algebra (under Poisson bracket) of
functions of p and ¢. We can also associate to X the
following element of the universal enveloping algebra

fo Gp:
X(x)=A.(gx)pa(x). (4.3)

Itis readily verified that “current algebra” commuta-
tion relations are satisfied :

[X (%), X" (y)]=08(x—y)[X,X](x),

for X,X'EL. (4.4)

Let L(gq,qs.) be a Lagrangian as explained in Sec.
III. Given XE&L, one can then define the “current”
associated with X, as follows:

VuX =AoLay,

" VX (#)=A44(g(x))pa(x); (4.5)
Vi¥=A4.(qg(®*))Las. (4.6)

In view of (4.3), we have
Vi¥=X(x), 4.7

i.e., the zeroth components of the “current’” generated
by elements of L satisfy the “current algebra” com-
mutation relations (4.4).

Our job is now to compute the commutation relations
between V,X and V,X’ for X, X’€L. Rather than
working in complete generality, let us suppose that L
is of the following form:

L=%guvgab(4)au9aavqb, (4.8)

where (g,,) is the Lorentz metric tensor—constant, of
course—and (gqs(g)) is a “metric tensor” for the
“internal symmetry” ¢ space.
Then,
Low= gur8abqr;

hence,

Pa= Loo= ZadGbo,
or

qoo=g tasPs,

8 R. Hermann, Differential Geometry and the Calculus of Varia-
tion (Academic Press Inc., New York, 1968).
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where (g14s) is the inverse matrix to (g.»), i.e.,

g—labgbt::aac-
Hence;
Lai= — 8abGbi,

or, following the rules for converting functions of
gay Qbu into elements of the universal enveloping
algebra of Gp,

VX (x) = — gas(q(x))igs (%) 4a(g (%)) .
We see that
[Vix(x);VJ'XI (y):l':())

[V (@), VX ()]
=[A.pa(x),gc09:q54 . ()]
=—Aa(g(®))[pa(®),8:5(g())0igs (3 A (¢())]
= —A,(q(x))dagcrdigsd '8 (x—7y)
+2e(g()) pa(),9:95 ()14 (¢(»))
+2:5(g())9:gs(3) 824" (q())5(x—y) .

(8. applied to a function of ¢ denotes the partial
derivative 9/d¢,.) Now,

[Da(x),0:95(y) 1=[6:® pa, 3:6,R¢5]
=0,0:0,00p

(4.9)

for X, X'€L. (4.10)

(4.11)

= [ J®pa, — / aff’(y)qb(y)dy]

=—[f®pa, 9:/'®¢s]

= — [8:f8us. (4.12)

Now,
[ F)F(3)0:88 (v—y)dady
— / 00 ()8 (e—y)dndy=—forf'. (4.13)

Hence, (4.12) can be written as

[pa(%),8:95(y) = 0:¥8 (x—¥)Bas.
Combining (4.11) with (4.14) gives
[Ve* (), V& (9) 1= — Aa(g(x))[dagerdiqsd  (g(5))

X8(x—9)+ges(g(9))A (g(5))0as9:v8 (x— )
+8c89:¢59.4. (¢())d(x— ) ].

Now, one sees directly from (4.9) that VX and V¥
are independent of the coordinate system (g,). Hence,
the right-hand side of (4.15) should be expressible in
terms of invariant quantities. Let

(X,XI>=gabAaA b,-

It is the inner product of the vector fields X, X’ with

(4.14)

(4.15)

(4.16)
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respect to the Riemannian metric
(4.17)

Let us fix attention at a point ¢°. We can then choose
(¢a) as Riemannian normal coordinates at ¢%8 In these
coordinates, we have, at the point ¢°

agab/aﬂh=0. (418)
Evaluating the right-hand side of (4.15) at ¢° using
relations (4.16) to (4.18), gives

(X,X")0:95(x—y)— Aadad ' 9:q1d (x—9) . (4.19)

Introduce the covariant derivative operation (X,X’)
— VxX'’ for vector fields associated with the metric
(4.17). Since (g4) are normal coordinates at ¢°, we have

ds*= g.4dqadqs.

gab=8ab;

VxXI=Aaaa(A b)(a/aqb) . (4.20)
Putting this all together, we have
LVoX (), V& (9) 1= (X, X")(g(x))d:°8 (x—y)
+VIE (g(x))5(x—y). (421)

This is the general formula for the current-algebra
commutations relations.

Now, these commutation relations may be considered
to be of optimally simple form if the relations. (4.21)
do not depend on the fields g(x). One can then read off
from (4.21) a set of conditions which will give such
conditions. Suppose that L, L’ are Lie algebras of vector
fields on ¢ space such that

(X,X"y=const for X&€L, X’€L’. (4.22)
For X€L, X’EL’, VxX’ is a linear combination of
(4.23)

It is then an exercise in differential geometry to work
out the conditions on the metric gq,sdg.dqs which are
implied by (4.22) and (4.23). This will be done in a
later work. For the moment, it suffices to mention the
most obvious solution of (4.22) and (4.23). Suppose
(ga) are variables on a compact Lie group L, with the
metric chosen as the unique one invariant under left
and right translation, and with L=L’'=Lie algebra

elements of L’ with constant coefficients.
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of left-invariant vector fields on L.89 This leads [e.g.,
for L=SU(2), SU@3), or SU(3)XSU(3)] to the
situations considered in Refs. 1-4.

We can also readily work out the energy-momentum
tensor 6,,. For example, consider the energy operator

600=3%pa0gao— L
= %PaQaO—L
=3Palat Po— 3 Lavgac  god pcpat 3 ga0iqs

=38469:7a9is. (4.24)

Suppose that L is a Lie algebra of vector fields on ¢
space, with X2=4,%(8/9¢,), 1=a, B<n, a basis of L.
Using (4.9), let us postulate a relation of the form

000=hagV i®V iB=hosguc0iqad c2gradiqud af. (4.25)
Comparing (4.24) and (4.25) gives the relation
haﬂgacA cagbdA dﬁ=%gab. (4.26)

Again, let us work in normal coordinates at a point.
(4.25) takes the form

%5ub=haﬂA aaA bﬂ- (4.27)
(4.25) can be written in coordinate free form as follows:

%(X,X>=ha5<X,X°‘><XB,X>

for each vector field X on g space. (4.28)

Again, solutions of this form impose conditions on the
metric that will be investigated systematically in a
later paper. One may readily verify that, in case the
metric is the biinvariant one on L, and in case (X<)
is a basis for L (the Lie algebra of left-invariant vector
fields on L) that is orthonormal with respect to the
Killing form,%? that relation (4.27) holds, with

haﬂ = % 6aﬂ .

ACKNOWLEDGMENTS

I would like to thank K. Bardakci and M. Halpern
for many helpful conversations.

9S. Helgason, Differential Geometry and Symmelric Spaces
(Academic Press Inc., New York, 1962).



