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It is shown in general that the algebra of the massive gauge fields can recover the current-algebra relations
only for the current-mixing model, and how the possible modifications of the spectral-function sum rules
can be made within the framework of the gauge-field theory. It is also shown that the Oakes-Sakurai gener-
alization of the first sum rule is a natural consequence of the current-mixing model.

ECENTLY, we have shown that! a modified form
of the Weinberg? second sum rule in accordance
with the Okubo ansatz® of symmetry breaking,

/ Pap® (m*)dm?= Ad.p+ Bdags, 1)

yields several physically interesting results when it is
applied to the U(3)X U (3) symmetry together with the
original form of the first sum rule,

f D206 (1) +-pag® () Jim? = sbep. (2)

Here ps™ and p.s® are the spin-1 and spin-0 spectral
functions of the currents J,% More recently Kimel* has
argued that a gauge-field model, in which the bare
masses satisfy a relation of the Gell-Mann-Okubo type
so as to warrant (1), does not retain the relations of
the current algebra.

In the present note, we would like to show in general
that the algebra of gauge fields® can recover the current-
algebra relations only for the current-mixing model,®
and in particular how one can construct a gauge-field
model which results in (1) and (2) and retains the
current-algebra relations at the same time. This is done
by considering a generalization of the massive Yang-
Mills theory,” in which the symmetry-breaking terms
are introduced both in the mass and the kinetic terms
of the Lagrangian density in quite a general form. This
consideration enables us to understand in general what
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restrictions are to be imposed on the manner of the
symmetry-breaking in gauge-field models which guar-
antee the current-algebra relations. It is felt that the
present discussions will be of some use in justifying a
certain successful modification of the spectral sum rules
in the sense that the algebra of gauge fields is generally
believed to be the only theory which explicitly gives
equal ¢-number Schwinger terms for both kinds of
currents, provided that we are justified in neglecting a
certain product of currents in taking the vacuum
expectation.® Among other results, we will see from our
discussions that (2) or the Oakes-Sakurai extension® of
(2) to the (8+1) currents, i.e., ssdas~+Soda0050 instead of
$648, 1s a natural consequence of the current-mixing
model.

Let us start with the Lagrangian density for a set of
massive gauge fields ¢,% o being an internal group
index, coupled to the general matter fields represented
by ¥,

L= —1F 0 ZasF P~ 3bu* (M) asbsP+ LW, D),  (3)
with
Fou®=8,6,"— 0,4~ gof aprbiP$)7 4)
Dap=0-+igeTo¢,%, ®)

where f.s, are the internal group-structure constants
and T is the matrix representation of its Hermitian
generators of Y. The symmetry-breaking is introduced
in Zag and (M?)ep, both of which are either arbitrary
sets of constants or of scalar functions of ¢ and Dy
but symmetric in « and 8 and positive definite so as to
be invertible. Adding a term like M,,*F,,*, M ,* being
an arbitrary set of tensor functions of y only, does not
change any of our conclusions. In particular, the case

8 Recently an interesting suggestion has been made on this
point by J. D. Bjorken and R. Brandt, Phys. Rev. (to be pub-
lished). They propose the minimal algebra of currents according
to which the J? terms can be made absent from the equal-time
commutators such as (14) by taking a formal limit go— 0,
(M?2)qg — 0 such that (M?).s/go — finite constant in the massive
Yang-Mills theory. In this case, the c-number Schwinger term in
(14) is possibly finite while that in (13) is infinite. However, the
a, B dependence of these terms are known and our discussion still
holds. We thank Dr. R. Brandt for showing us their results prior
to publication.
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(M?) yp=m 5, reduces to the situation discussed by
Lee and Zumino.!?

The field-current identity in the present generalized
gauge-field theory is given by

Ju*=—(1/g0) (M?) ap,®. (6)
The equations of motion may be written as
Zaﬁalle‘B_ (M2) aﬁ¢vﬁ= gosv“ ) (7)

where
%= fapyZssF w1 —i—T . (8)
f By LBl v Pu sD,
From (6) and (7), it follows that
3T u= 08,2, 9)

so that J,* is conserved when s,* is. The canonical

momenta conjugate to ¢;* and y are given by
%= —ZapF o

and (10)

Ty=08m/8Dey,

respectively. Then one can show from the canonical
commutation relations for ¢;* and ¢ that

Cso*(%,2),50(x',0) ]= i fagyse? (x,1)8° (x—x) . (11)

In addition, the following equal-time commutation
relations can be easily verified by making use of

(6)-(11):
[0 (x,0),J P (x',) 1= faps) o (x,1) 8 (x—x')  (12)

[:Jﬂa (X)t)ajiﬂ (X',t):l
=ig5 2 (M?)ap0i6° (X—X") — i fare(M*) s (M2) ey
X ]].‘y(x’t)as(x_x') ’
[aOJja (X,t) - 6_.,-]0"‘ (Xst)’]kﬂ(x,)t)]
= —igg 2(M2Z1M?) 15010 (x—x")
+ 1 fapt (M) a0 (M) 5, J 7 (%,£)026° (x—X)
— 180 favefaer (M) oo (M?) pa (M2) 1 e5(M?)ge
X (M2) 2y p T w7 (x,0)T £ (%,8) 8 (x—X7) .

(13)

(14)

Now we can show that the usual relations of the
current algebra can be recovered from (12) and (13)
only for the current-mixing model. Here, by the
current-mixing model we mean a diagonal M2, while Z
can be, in general, nondiagonal so that the eigenvalues
for the bare mass squared are not necessarily common
for all ¢,% To see that within the framework of the
present generalization of the algebra of gauge fields,
the current-mixing model is the only one to retain the
current-algebra relations, consider, for example, a=6
and 8=17 in (13) and

(M2) o= 18 4+ m1820880+ M2 (820085 Sasdso) , (15)

10T, D, Lee and B. Zumino, Phys. Rev. 163, 1667 (1967).
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which is a typical case of the mass-mixing model.*
Then one can easily verify that so long as #2540, (13)
does not reduce to the usual current-algebra relation
between Jo® and J;/ unless (M?)3 is nonzero. But
(M?)30£0 is inconsistent with (15). Thus we must have
my=0 and consequently only the current-mixing model
is compatible with the current-algebra relations.

The most important aspect of (13) and (14) may be
that the Schwinger terms are explicitly known ¢
numbers whose precise values are given to the extent
that M? and Z are known in a given gauge-field model.
Following the usual argument® of taking the vacuum
expectation values of (13) and (14), we find that

/ [ pasw(m2>+pag<°><m2>]dm2=;(M2>aﬁ (16)
1

/ pes® (N =— (M2 M)y, (A7)
8o

assuming, as usual,®5 that we are permitted to neglect
an ambiguous term® arising from the vacuum expecta-
tion value of the last term in (14).

It is then clear from (16) that (2) can be realized for
the current-mixing model in which (M?2).=m23s.
In this case, (17) reduces to

4
/p ﬁ(l)(m2)dm2—zz%(z—l)aﬂﬁ (18)

8o

which still leaves a great deal of arbitrariness in the
symmetry-breaking interactions. In particular, the
modified second rule (1) can be derived from a gauge-
field model in which the symmetry-breaking interactions
are specified by (Z71)as=04s+0adsss together with
(M?)p=mPdss in the Lagrangian density. We have
shown in Ref. 1 that (1) and (2) give the SU(6) mass
relation and mixing angles for the vector mesons and
fairly rigorous estimate of the decay constants of the
pseudoscalar mesons. Another interesting scheme of
symmetry breaking with current-mixing is the gauge-
field model in which Z.g=084s+ dags With (M?2)as
=m¢*04p. This model gives a mass relation of the Gell-
Mann—-Okubo type for the inverse mass squared of the
vector mesons.

It should also be noted from (16) that the Oakes-
Sakurai extension of the first sum rule to the (8+1)
currents is a natural consequence of the current-mixing
model in which (M?).s=m 8.+ m2800s0. In this case,

1S, Okubo, Phys. Rev. Letters 5, 165 (1963); S. L. Glashow,
Phys. Rev. Letters 11, 48 (1963); J J. Sakurai, Phys Rev. 132,
434 (1963). See also, Kroll Lee, and Zumino in Ref. 6
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(17) becomes

/ o () d?

Mo2m

mot 12
= _2(2'"1) apt [8a0(Z7)go+880(Z™ 1) 0]

8o 8o?

4

™o
+__“6a0650 (Z—l) afly (19)
g

which, in particular, for a model with (Z7).s=20us
+b5aoapo giVGS

_/ Pas® (m2)dm?= s:8ap+52'8a00p0,

and for
(Z™) ap= Bapt+DBa0dpotc(8a008s+0as8p0)  (20)
gives
/paﬂ m (mz)dm2 = A 26aﬂ+A 2’6a0630
+ 42" (3a00p5+0p00as) .  (21)

Both (20) and (21) are not very interesting because the
former yields the degenerate masses and the latter
gives mp?’=mg+* when they are applied to the nonet
vector mesons together with the first sum rule and the
usual saturation assumption. It is also possible to
derive (1) from (19).
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Note added in proof. Kimel* has shown that the
particular Lagrangian model corresponding to the
special case, (M2)apg=m@0es(1+D'dsap) and Zos=20ap
in Eq. (3), does not retain the usual current-algebra
relations for the once-integrated commutators [Q,
J:#(x)]. What we have shown here is that any gauge-
field model of Eq. (3) with mass-mixing in the termin-
ology of Kroll, Lee, and Zumino® does not recover the
relations of current algebra for the current-current
commutators Eq. (13). Moreover our proof has an
advantage over the discussions given in Ref. 4 as the
necessity of disappearance of the off-diagonal term, i.e.,
me=0 in (15), would directly imply that Weinberg’s
first sum rule should be given by that of Oakes and
Sakurai. We do not therefore need a separate proof for
this latter point unlike the situation in Ref. 4 where the
Jacobi identity [Jo®(x),[Q%,J:"(y)]] and the commuta-
tivity of the charge Q% and the unitary singlet current
density J° are used to show it. We note from (12) that
the time-time commutation relations obey the usual
current-algebra relations whether or not the symmetry
breaking is introduced in either the mass or the kinetic
term in (3). A similar point has also been noticed by
Sugawara'? who has proposed to test a theory of SU(3)
XSU(3) currents with the symmetry breaking given
by (M?).s=m¢*(8ap+edaps); another example of a
mass-mixing model, via Weinberg’s first sum rule.

2 H. Sugawara, Phys. Rev. Letters 21, 772 (1968) ; Weinberg’s
first sum rule for the mass-mixing model has also been considered
by D. P. Majumdar, Nuovo Cimento 57A, 170 (1968).



