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We devise an algebra of currents and their first time derivatives designed to damp at high momentum the
asymptotic behavior of lepton-pair scattering amplitudes from hadrons consequent from the local current
algebra of Gell-Mann. Given certain criteria, the algebra we find is unique, and the commutators are ex-
pressed linearly in terms of the currents themselves. The Jacobi identity, however, is formally violated for
this algebra; we argue that this does not invalidate it. A possible realization of this “minimal” algebra is
found in terms of the formal limit of a massive Yang-Mills theory as go, m0 — 0; go/m* — const>0. With
this algebra, all electromagnetic masses of hadrons are finite. Experimental consequences, the strongest of
which occurs in inelastic lepton-hadron scattering, are outlined.

I. INTRODUCTION

ANY of the predictions of local current algebra,*
notably the sum rules derived by Adler,?
Fubini,® Dashen and Gell-Mann,* and similar asymp-
totic sum rules valid at high ¢2,5° imply that very far
off the mass-shell, current-hadron scattering matrix
elements are at least as singular as those of free particles.
This result, if verified experimentally, would give one
great confidence in the general validity of the locality
assumptions on the weak currents which underlie the
supposed pointlike nature of these amplitudes. On the
other hand, the converse is not true. Were all the sum
rules to fail experimentally, local current algebra would
not necessarily fail. There are many loopholes. One
possibility is that the equal-time commutators are
ambiguous.'® Another is that, although the commutators
are taken to exist, technical assumptions (interchange of
limits in the P — method, or absence of subtractions
in dispersion relations for certain amplitudes) needed
in the derivations of the sum rules may be incorrect.
Also, alterations of the highly model-dependent space-
space commutators and/or of the usually assumed
high-¢* behavior of amplitudes can invalidate many
existing sum rules. It is this latter loophole which is
explored in this paper.
We formulate criteria designed to minimize the experi-
mental consequences of the local algebra. They are to be
* Work supported in part by the U. S. Atomic Energy Com-
mission.
1For a summary see S. L. Adler and R. F. Dashen, Current
Algebra (W. A. Benjamin, Inc., New York, 1968).
2S. L. Adler, Phys. Rev. 143, 1144 (1966).
8 S. Fubini, Nuovo Cimento 43A, 475 (1966).
4R. F. Dashen and M. Gell-Mann, Proceedings of the Third
Coral Gables Conference on Symmetry Principles at High Energy,
edited by B. Kursunoglu, A. Perlmuller, and I. Sakmar (W. H.
Freeman and Co., San Francisco, 1966).
5J. D. Bjorken, Phys. Rev. 148, 1467 (1966).
¢ J. D. Bjorken, Phys. Rev. Letters 16, 408 (1966).
7 J. D. Bjorken, Phys. Rev. 163, 1767 (1967).
8 J. D. Bjorken and M. Bander, Phys. Rev. 174, 1704 (1968).
( °C.) C. Callan and D. J. Gross, Phys. Rev. Letters 21, 311
1968).

10R. A. Brandt and J. Sucher, Phys. Rev. Letters 20, 1131
(1968); and (unpublished).
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applied in the limit of large ¢* (where ¢ is a momentum
carried in by a current). Given these criteria, it follows
that many of the existing sum rules should be damped at
high ¢* by at least an extra power of ¢2, and that all
electromagnetic self-energies converge. It also turns out
that these criteria uniquely determine the commutation
relations not only of the currents with each other, but
also with their time derivatives. These commutators
turn out to be linear in the currents and derivatives
thereof. We call this algebra the minimal algebra. In
Sec. IT we describe in detail the “unobservability
criteria” which are supposed to minimize the observable
effects of the local algebra of currents. In Sec. III it is
shown how these criteria are sufficient to lead to a
unique set of commutators of currents with their time
derivatives. In Sec. IV the minimal algebra is shown to
result from a limit of a massive Yang-Mills theory as
mo—> 0 and go/m,® — constant. In Sec. V, we discuss
the experimental implications of the minimal algebra.

II. CRITERIA FOR THE MINIMAL
ALGEBRA

According to the Gell-Mann'! philosophy of current
algebra, matrix elements of time-ordered products of
two currents (p|T*(J,%(x)J,*(0))| p')=M ,,*® are con-
sidered as observables, because they can in principle be
related to S-matrix elements for scattering of lepton
pairs or photons from hadrons!?:

Sﬁoc lulvM#V(p/:g,; P,Q) )
with
Ly=a(k+q)yu(k) or y,(1—ys)u

the lepton current. In order that M, itself be observ-
able, it is necessary that the factors /, are allowed to
be removed; i.e., that all four components are inde-

1 i\;{. Gell-Mann, Phys. Rev. 125, 1062 (1962); Physics 1, 63
(1964).

12 Qur metricis (1, —1, —1, —1); ,»,A=0,1,2,3; k,1=1, 2, 3;
a, b, ¢ refer to internal indices; for example, a=1—16 for SU(3)
&XSU3). For typographical convenience, we neglect to raise and
lower indices when invoking the summation convention.
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Fic. 1. Scattering of a current
from a hadron.

M'bf ‘ ib
pendent. This is true provided the lepton mass is %ot

neglected; otherwise
quy=0

and M ,, is ambiguous up to terms proportional to ¢, or
g/'. On the other hand, sum rules which test the local
algebra, such as Adler’s neutrino sum rules,? involve
high-energy leptons where the neglect of lepton mass
would appear to be justifiable.

As go—, q fixed, M,, can be expected (but not
proven) to be at least as singular as g¢~! with the coeffi-
cients controlled by equal-time commutators.® This
asymptotic behavior is characteristic of point particles.
If no such behavior is manifested experimentally, it may
mean the commutation relations are ambiguous.!® It
may also mean that the leading asymptotic behavior of
M, is contained in pieces proportional to g, or g/,
with the result that observable consequences in the S
matrix are limited to terms of the order lepton mass.

We shall adopt this behavior for M ,,,, and assume that
through order i, M ., contains only pieces proportional
to g, or g/. In this way, experimental consequences of
the local current algebra would be expected to be mini-
mized. This possibility will be explored in a quantitative
way in Sec. IIL.

III. MINIMAL ALGEBRA

We consider the process shown in Fig. 1 to lowest
order in the weak and electromagnetic interaction. The
corresponding S-matrix element is proportional to

L@ (@M (2,4 ,8) 5 ¢))

where [ and ' are lowest-order matrix elements of
leptonic weak or electromagnetic currents and M is the
covariant hadronic current correlation function. We

assume that
M’“’ab___. T“yab_l_Swab: (2)

where T is the connected time-ordered product
=i [ 5 e TUATHOI )

and S is a polynomial in g. The hadronic currents are
assumed to be conserved,®

(9“],“‘(:70) =0, (4)

13 To the extent that the divergences of nonconserved currents
are operators whose matrix elements are damped at large i
(generalized PCAC hypothesis), our results can be extended to
include_nonconserved currents.
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and M is assumed to satisfy the divergence conditions

q.M w2¥(g,q o) =1f*(p| T, [ 9", ®)
@M (0,0 ,0) = 1f**(p| 0| ') ©)

The leptonic currents satisfy
q.:%(@)=0, (6"

neglecting the leptonic masses.

Let us first assume that S=0 and that the 7" product
in Eq. (3) is well defined and has an expansion in in-
verse powers of go=w up to order w3. Then this expan-
sion is given by®

1
Tw™(g,q',0)= (2| [ d e“‘““[—[f w7(0,%),7,%0) ]

+£[J"“(O,x),fvb(0)]} IP'>+O($). ™

We now ask if the commutators in Eq. (7) can be chosen
so that (1) is O(1/w?) (in the limit go, go’ —» with q, ¢/,
and A=¢—¢’ fixed) for all leptonic currents and had-
ronic scattering states. Then all observable effects of
the theory will be O(1/w®) (neglecting leptonic masses)
and the theory will be as smooth as possible in the above
framework. We shall therefore refer to the resulting
current algebra as the minimal one.

The problem can be most succinctly expressed in terms
of the operators T,,%%(g,g") and J,°(A) defined by

(P| Tw*(g,0) | p")=08(p+q— '~ ¢V Tw*(g,0",), (8)
Juo(A)= / d*x eit=J o(x). (9)

Thus we want to find the commutators in Eq. (7)
such that

Ll YT w**(g,¢) =01/, (10)
0uT w?(g,q)=1f*%J,5(4), (11)
¢’ Tw*(q,q")=1f**J,*(4). (12)

We mean by Eqgs. (10)-(12) that the identities are
valid when the equations are sandwiched between
arbitrary hadronic scattering states.

In view of Eq. (6'), the conditions (10) require that
T has the form

Tw*(q:4")=9uF**(q,4')+a/F/**(q,¢)+0(w™) (13)

for some operators F and F’. The divergence conditions
(11) and (12) impose the further restrictions

T (8)=¢*F,*¥q,¢)+a/'q- F'**(g,¢)+0(w™?) (14)
and
J2(8)=quq" F*(g,¢)+q"F,/**(g,¢)+0(w™®), (15)
where we have defined
fpab= ifabcjuc.
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Finally, the behavior (7) requires that F and F’ have
the forms

Fob= 24,54 w3 B3+ 0w , (16)
F/ev=w4,/*4w~3B,/*+0(w 9. (17)

We shall now show that (13)-(17) uniquely deter-
mine the minimal algebra occurring in (7). Substituting
(16) and (17) in (14) and equating coefficients of w?
and ™! gives the relations (suppressing the internal
indices)

Jo=Ao+-Ad, (18a)
0=Bo—q-A'+By'— Aodd, (18b)
Je=Ay, (18c¢)
0= B+gx' 44 . (18d)

Similarly, Egs. (16), (17), and (15) give
Jo=Aot+A4d, (19a)
0=Bo—q'- A+ By — Acdo— 2004y, (19b)
Te=4y, (19¢)
0=Bi'+qudo—200A. (19d)

Let us exhibit the independent information in (18) and
(19). Equations (18a) and (19a) are the same equation:

Jo=A¢+4d, (20)
and (18c) and (19c) give
jk=Ak=Ak'. (21)

The difference of (18b) and (19b), using (20) and (21),
simply gives current conservation

0=—(q'—q)- J— AoTo, (22)
whereas the sum gives
0=2B+2By/— (q'+a)- J—2o(4o+347).  (23)
Finally, the difference of (18d) and (19d) gives
0= B+ qrAdo—2A0A44 , (24)
and the sum gives
0= Bj+q' 4o. (25)

Equations (20)—(25) are the consequences of (14)-(17).
Note that they do #zo? uniquely determine the sixteen
quantities 4,, 4,/, B,, B, .

If we now substitute (16) and (17) into (13) and use
(20)-(25), we find

Too=w"Totw2q- JH+0(w?), (26a)
Tor=w T5+0(w?), (26b)
Tro=w Tt 20T +0(w™?), (26¢)
Tu=w" (g T it/ T)+0(w™). (26d)

14 To the order w™? of interest, the ¢* denominators in (28) can
be replaced by ¢2—m?--3e. The +7e should, in any case, be present
in order to maintain the causal structure of T.
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Thus, as claimed, the conditions (10)-(12) uniquely
determine the minimal algebra (to within ¢ numbers).
Comparison with (7) gives it to be (xo= 7o)

[0, 50) om0, ()5(x—) (272)
[ xe®),J*(3) 1r=0, , (27b)
) = g T )by, (210
L), o) Jrm bl ()5 (x—) (27d)
. i) 0
[Jka<x>,fzb<y>]T=ifabc(fkc<x)—~fzc<y>—)a<x—y).
0x; Vi
(27¢)

Here the subscript “I™ refers to ‘“truncated” com-

mutators
[4,B]r=[4,B]—(0|4,B]|0).

Strictly speaking, we have not yet established the
existence of the minimal algebra but have only shown
that, if it does exist, then it is given by (27). Thus we
must show that the commutators (27) constitute (part
of) a consistent algebra and that there exists a solution
to Egs. (20)-(25) such that the resulting T, given by
(13) is an acceptable amplitude.

We first show that the latter requirement is satisfied.
We shall exhibit a 7,, consistent with (10)-(12) and
with the usual conditions—particularly Lorentz co-
variance. To this end, we let 7', be an arbitrary accept-
able amplitude [satisfying (11) and (12)] and consider*

T.(g,9)= Tuv(q,ql) —(8ua—q,92/7%) _

X (gvs—av'96'/9") T ap(9,9") -
This amplitude is Lorentz-covariant, satisfies (11) and
and (12), and, in view of (6’), also satisfies (10). Thus a
consistent solution of (20)-(25) is guaranteed to exist.

To see what this solution is, we use the divergence
conditions (11) and (12) to write (28) as

T(9,0")= (/g T D)+ (g /9" T (8)
—0.9/'/9°¢"*(3q+¢)- T (8).

Comparison with (13), (16), and (17) now gives, for
example,
Ak=Ak'=.7k, A0=Ao'=%.7o,
Bi=—3¢i"To, Bo=}(a+q)-T—3Ac/0,
Bk’= —%ijo-i‘ 2A07}c, Bol= %(q-l—q’) . J+5/4A070
This solution, of course, satisfies (20)—(25).

Next we consider the minimal algebra (27) itself.
Equation (27a) holds in all of the usual models. Equa-

tion (27b) holds in models, such as the ¢ model*® and
the algebra of fields,'® in which the currents are con-

(28)

(29)

(30)

16 M. Gell-Mann and M. Lévy, Nuovo Cimento 16, 705 (1960).
16T, D. Lee, S. Weinberg, and B. Zumino, Phys. Rev. Letters
18, 1029 (1967).
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structed from Bose operators. Equations (27¢c) and (27d)
follow from (27a) and (27b) together with current con-
servation (4). Equation (27b) implies that (27¢) must be
symmetric under (k<> I, a <& b, x>y), as it is. Finally,
all of the Jacobi identities are formally satisfied except
the one involving J, Ji, and Jo, which cannot be satis-
fied unless the currents vanish. The fact that this
double commutator does not formally satisfy the Jacobi
identity is not necessarily an inconsistency. Our deri-
vation only implies and requires that (27) is valid when
sandwiched between physical scattering states |p),
whereas the formulation of the Jacobi identity would
require them to be valid between, say, the physical
state |p’) and the state J(%o,z) | p). Thus no difficulties
can arise if we only use the relations (27) between
scattering states. Put differently, field theoretic equal-
time commutators must be defined as equal-time limits'’
and the Jacobi identity will not hold when certain of
these limits can not be interchanged. We shall illus-
strate and discuss this further in Sec. IV within the
context of a specific model.

The relations (27) are, furthermore, consistent with
our initial assumption that T',, has an expansion in
powers of w™! to the order of w® The nonsingular
nature of the right-hand sides of (27) (e.g., the absence
of local operator products) suggests that the terms in
(7) are well defined so that the expansion should be
valid.

We finally note that dropping the assumption S=0
would not change any of our results. If we add to 7',
any polynomial S, in ¢, then the conditions (1)=0,
(5), and (6) require that S,,=0.

IV. LIMIT OF MASSIVE YANG-MILLS
THEORY

In this section we show that the minimal current
algebra of Sec. III is the algebra corresponding to a
particular formal limit of the massive Yang-Mills
theory. This will shed light on both the singular aspects
of the model (such as the failure of the formal Jacobi
relation) and the smooth aspects (such as the good
high-go behavior). It will also enable the incorporation
of electromagnetism, PCAC (partially conserved axial-
vector current), and SU(3)-breaking into the model.
The approach is along the lines given by Bardakci,
Frishman, and Halpern.!8

The massive Yang-Mills'? theory is defined by the
Lagrangian density,

L(x)= —1F w* () F (@) +imed, ()9u(%),  (31)
where
F o= 8,00,°— 0" — 380 f***(0,°0s"+ d5°0u") . (32)

17 R, A. Brandt, Phys. Rev. 166, 1795 (1968).

18 K, Bardakci, Y. Frishman, and M. B. Halpern, Phys. Rev.
170, 1353 (1968).

19 C, N. Yang and R. L. Mills, Phys. Rev. 96, 191 (1954); see
also Ref. 18.
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The equations of motion are
OuF o+ mo’ =50 f* (Fyi’u+uFu®),  (33)
the stress-energy tensor is
0= 5 (F nF i+ F\“F,%)
+3me* (9u'dr+ s, ) —gwl, (34)

and the canonical commutation rules imply (xo= o)

Lo (%), (y) J= N7 febegpo®(x) 8 (x—y) (35a)
[po*(x),94°(y) J= i\~ fobegp8(x—y)
+ img26(9/ dx1,)6(x—y), (35b)
[ox2(x),0:2(y)]=0, (35¢)
[dopi®(x) = dipo®(x), P1*(¥)]
=16°%g11(x—y)+ 1IN f2rope(a) (9/ Ix1) 6 (x—y)
—iC1 face fodego(a) g (x)8(x—y),  (35d)
where we have defined
N=mg*/go, C=mo*/g’. (36)

The assumption of field-current identity?® and field
algebra'® is that the hadronic currents are given by

Jut=npu°. 37
One then has current conservation
9,.J,2=0. (38)

Bardakci, Frishman, and Halpern'® have shown that
in the limit

mo— 0, go— 0, C=const, 39

the above model becomes the Sugawara?' model
(wo=1y0):

[Jo(®),Jo"(y)]=ifeveT ()6 (x—Yy), (40a)
Voo (@), Tkt (y) = f*><T k()6 (x—y)
+iC82%(9/dx1)6(x—y), (40b)
[Jwe@),Ji2(y)]=0, (40c)
[8eT k(%) — 9rT 0*(x),T 1 (y)]
=1 fove ] (x)(3/x2)8(x—y)
—iC1 face fode Jie(x) (%) 6(x—y), (40d)
anjya___ ay Ma= lc——lfabc(.]“b]vc_,*_ ]vc]“b) , (41)

0,,=3CH(J 2T+ T 0T 2 — g2 . (42)

Bardakci et al. used the limiting procedure (39) to
incorporate electromagnetism, PCAC, and SU(3)
breaking into the model.

We shall show that in the different limit

mo—> 0, go— 0, A=const, C— x,

(43)
the massive Yang-Mills theory yields the commutation
20N. Kroll, T. D. Lee, and B. Zumino, Phys. Rev. 157, 1376

(1967).
21 H. Sugawara, Phys. Rev. 170, 1659 (1968).
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relations of the minimal algebra. We shall (and, in
fact, must) simultaneously take the divergence of local
field products into account. We assume that the diver-
gence of {¢;°(x),0x%x)} is mild enough so that

CY¢:1(x),0x%(x)} — ¢ number (44)
in the limit (43). This can be thought of as a boundary
condition to be used in solving the theory. Under (43)
and (44), (35)-(37) give exactly the commutation rules
(27) of the minimal algebra. In addition, the c-number
parts of the commutators are given and, for (35b) and
possibly (35d), are infinite. This, of course, is acceptable
and is exactly what happens in the free-field quark
model. What we attempt to do is remove the g-number
divergence from (35d) and have it become a ¢-number
divergence in (35b). As we have seen in Sec. III, this
makes the physical properties of the theory less singular.

Let us now give a more careful discussion of our limit-
ing procedures. We assume that, in analogy with soluble
models and perturbation theory, local field products are
to be defined as suitable limits of nonlocal products.??
Thus the mass term in (31) becomes

tm (@ e Do), (49
where the limit is to be taken in a spacelike direction,
say £=(0,%). The vanishing of m,(0) is supposed to
cancel singularities of the local product ¢(x)¢(x). The
equation of motion (33) becomes

G,LF,‘,,“(x) = lel-I:ﬂo {%go(g’;)fbac

X [Fy, (54 £)$u°(®) + (%) Fyb(24£) ]
— [mo(£) 1,2(x)} .

We only assume this relation is valid between physical
scattering states. Let J,%(x; £)=N(£)¢.2(x; £) be the
nonlocal solution of the nonlocal theory with £&#0. We
assume, again in analogy with soluble models and
perturbation theory, that the equal-time local current
commutators can be calculated as limits of commuta-
tors of the corresponding nonlocal currents.!” Thus we
assume, for example, that (35d) becomes (xo=1q)

[0 k() — 91T 0*(), T :2(¥) Ir
= lm [8oJs%(x;8)—dno®(5;8), J15(y;€") Ir

§-0,§'~0

a
= ifabc]kc(x)gz_a(x_ y) — ,ifacefbde
1

(46)

Xleizr(} [C1UE)T o(x+5)T 1 (x) Jo(x—y), (47)

22 See, for example, R. A. Brandt, Ann. Phys. (N. Y.) 44, 221
2196%; and W. Zimmermann, Commun. Math. Phys. 6, 161
1967).

22 An example is the free scalar field ¢(x) which satisfies
E(x+H¢ () > —1/4x>
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valid between physical states. All the equal-time com-
mutators in the theory are to be defined in this way.
We now specialize to the case (43) and (44). We put

mo(§)=M(§), g(O=[r(OF, (48)

with??
r(®)— 0, [r(§)Tou(x+£)e,*(x) — ¢ number, (49)

so that the commutation rules (35), defined in analogy
with (47), become those of the minimal algebra. The
algebra is, furthermore, now guaranteed to be com-
pletely consistent, provided the limits £ — 0 are taken
after all commutation. In particular, the Jacobi identity
will now be satisfied. For example, whereas one has

lim CH O (y+ 6T 12(9) = Cr(y) =c¢ number, (50)

one nevertheless has (xo=1%)
[Jo%(x),Cra*®(y) ]
=15i5} [Jo*(®),Cra®*(y; £)]

=1 1515% CHELLS T 1)+ 8°°C(£) (3/ 0xx) ]

XJ2(9)8(x—y—E)+ T (y+E)[F44T 14(x)
+85C(£) (8/ %) J6(x—y)}
= [ 8¢a] b (y)+ 88T 1%(y) 16(x—y) 0. (51)

One can now use the method of Bardakci ef al.'8 to
introduce electromagnetism, PCAC, and SU(3) break-
ing into the theory.

In perturbation theory?? the divergences in the local
products ¢(x)p(x)¢(x) and ¢(x)9,4(x) will be worse
than that of ¢(x) ¢(x) and, in order to obtain a non-
trivial theory, we assume that this is the case here.
We put (as boundary condition on the solution of the
theory)?*

[r(8) P+, () pr(x—§) — Bun(x) , (52)
[ (&) Pou(x+ £ (@) = Xun?(x) , (53)

for some local operators ®, x; and denote by K,(x) the
particular combination occurring in (33). Thus, in
our limit, (31)-(34) become

L——3%F,°F,°, (54)
Bt — 0,0, — 0, (55)
3. F et — K0, (56)
0w —> 3 (F P+ FnFr®)—gwl,  (57)

between physical scattering states. It is important to
note that, for example, (55) can not be substituted into

% For the example of Ref. 23, one has

Eo(r+Hd(x)p(x— ) —— (3/4r%) ().
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(54). One must first substitute (32) into (31) and then
take the limit £— 0 using (52) and (53).

It is interesting to note that our expressions (54)—(57)
are exactly orthogonal to the Sugawara expressions
obtained from (31)-(34) in the limit of Bardakeci et al.
In our limit (43) only the kinetic terms survive whereas
in the limit (39) only the mass terms survive.

Although the minimal algebra appears to be more
singular than the Yang-Mills or Sugawara theories,
many aspects of it are, in fact, less singular. We must use
complicated commutator definitions such as (47) and
impose boundary conditions such as (44), (52), and (53).
We have, however, eliminated the singular local field
products from (31)—(34) and (35c). As we have seen in
Sec. II, this has a smoothing effect on the high-go
properties of the theory. In effect, we have made the
mathematical formalism of the theory more complicated
in order than its physical consequences become less
complicated.

V. EXPERIMENTAL CONSEQUENCES

Because the minimal algebra yields smoother asymp-
totic behavior in go=w, except in the almost unob-
servable pieces proportional to ¢, or ¢/, the high-¢?
behavior of various sum rules is weakened. Among the
results are the following:

(i) All electromagnetic mass-differences are finite to
order a. This follows from the vanishing of the g-number
part of [J,om,J,om].25

(ii) Asymptotic sum rules for neutrino® (and in all
likelihood inelastic electron or muon scattering) in
the backward direction” have a vanishing right-hand
side because [7:(x),7;(0)]=0 for the minimal algebra.
In the case of inelastic scattering, where only inequali-
ties exist, one cannot make a rigorous argument,
because the inequality goes the wrong way. It is con-
sistent with the minimal algebra to have a vanishing
right-hand side.

(iii) The sum rule of Callan and Gross®

* dy
lim g2 / —Wy(g%y)=const=K, (58)
2> o v

where
do(ep — hadrons) 4mwa?

= Wi, E=E) (59)
q

1m
E,E’' >0

(generalized to cases where [d07:(x),7;(0)] has finite
matrix elements between nucleon states), in the minimal
algebra has a vanishing right-hand side K=0, because
to this order (w2, m;=0), all observable consequences
have been obliterated.

26 See Ref. S for the method. Most other models give divergent
mass shifts. See, however, Ref. 10.
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(iv) Similar statements hold for neutrino and anti-
neutrino processes, €.g.,

® dy[da(7p — hadrons)
lim lim g? / -—[-——————]=0. (60)
Y R X dg*dy

(v) No statement can be made on the validity of the
Fubini-Dashen-Gell-Mann sum rule with the minimal
algebra alone. Writing, for the special case of spin-zero
matrix elements,

MH”: PHPPAI(V;t’q27gI2)+ R (61)
the Fubini-Dashen-Gell-Mann sum rule is
1 00
—/ dv ImAs(v,t,¢%9'") =F (1), (62)
TJ—w
while from the minimal algebra
. dv
¢ / —Imdifhg%9")=0.  (63)
q%,q'2>0 v

What can be said is that the value of » needed to
saturate this sum rule grows more rapidly than linearly
with ¢? in the “minimal algebra,” contrary to what has
been sometimes assumed in the literature.

(iv) The minimal algebra implies that the Weinberg?6
sum rules are valid. In fact, the absence of J? terms in
the [J,J] commutator allows the second sum rule to be
derived without invoking special limiting processes.

(vii) The failure of the minimal algebra to satisfy
the Jacobi identity suggests that some of the vacuum
expectation values of the commutators are divergent.
This was the case, for example, when the algebra was
obtained as a limit of the massive Yang-Mills theory.
These divergences themselves have experimental impli-
cations. The Dooher?” relation,

(64)

0= gm E*InE G't,ot(E)e*e‘ - hadrons

for example, should no longer hold.

In conclusion, we wish to emphasize that experiments
can test the speculations in this paper. Perhaps the most
conclusive test is the behavior of the Callen-Gross
integral Eq. (58). For it to vanish in the limit is not a
consequence of field algebra or most conventional
models.
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