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Generalized superconvergent sum rules are derived for reactions of the type P+P — P-4V, where P
and V are pseudoscalar and vector mesons, respectively. The sum rules are of such a form that a natural
range exists, over which saturation by a limited number of resonances is appropriate and outside of which
negligible contribution to the sum rules is made. Results include SU (6)-type relations such as m,2—m.?

=mx*2——mx2, mp =My

UPERCONVERGENT sum rules have been used

to relate high-energy parameters, such as those

associated with Regge trajectories and with low-lying
resonances, by means of equations of the form*

N ﬁNa+n+l
n ImF (v,) = .
/o . ZF(a—l—l)(a—I—n—I—l)

In the derivation of such expressions, the assumption
is made that the Regge expansion is an accurate
representation of the function F for »>N. In the
early superconvergence paper of de Alfaro ef al.* the
information about the Regge terms inferred from the
high-energy data was used to determine direct-channel
resonance parameters. Saturating the superconvergence
relations is related to assuming that the right-hand
side of Eq. (1) is negligible with respect to the in-
dividual contributions to the left-hand side. This reso-
nance saturation by a few low-lying states has been
found in some cases to reproduce the results of various
symmetry schemes.*® (Of course, complete saturation
of superconvergence relations for a finite range of
momentum transfer  is generally only possible if the
spin of the particles is not limited.’) Furthermore,
superconvergence relations for pseudoscalar-meson (P)
vector-meson (V) scattering have been studied by
Venturi in the approximation of saturation with
nonets of ¥V and P. Nonet symmetry breaking at the
vertices was related to nonet symmetry breaking in
the masses.

We are concerned here with the derivation of sum
rules from superconvergent dispersion relations, es-
pecially for the case of broken SU(3) symmetry. We
will discuss processes of the kind P+P — P+V only.
These processes have been studied by Ademollo
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et al. (ARVV),® using techniques somewhat similar to
these used here. They found simple algebraic equations
for the parameters of the leading Regge trajectories
which are assumed to be exchanged. However, their
results are not unambiguous, since some of the param-
eters treated as constants emerged at the end with a
functional dependence on ¢ Furthermore, ARVV are
mainly interested in the exact SU(3) symmetric
limit.

The techniques used here will differ from those of
ARVV mainly in the use of generalized supercon-
vergence relations which are so contrived as to make
saturation by a limited number of resonances ap-
propriate over a natural, well-defined range, and so as
to make the contribution to the integrals outside this
range negligible. Most previous work in superconvergent
dispersion relations, such as saturation by a few
resonances, had been used with little or no justification
other than hindsight. Moreover, here we are explicitly
interested in the broken symmetry case while the
emphasis in ARVV is placed on the exact symmetry
limit. Finally, our results will not contain an ambiguity
of the sort mentioned above, but will show that coupling
constants will not turn out to be ¢ dependent.

We should mention that Pakvasa and Papastamatiou’
have given a derivation of some meson mass formulas
by means of superconvergent dispersion relations. They
assume that the asymptotic behavior of PV — PV
amplitudes are given by SU(3) symmetric Regge
formulas; they furthermore assume SU(3) symmetry
for form factors, and finally treat the case of PV— PV,
where V; is the unitary singlet vector meson. The
approach employed by us is free of such symmetry
assumptions and makes no use of scattering amplitudes
involving fictitious states such as Vy. Of course, we do
not obtain, with our limited input, as much information
as do Pakvasa and Papastamatiou.

The results that we are able to obtain here by study-
ing reactions of the type P+P— P+V include the
SU(6) relations m2—m*=mg2—mg* and m,=m,. It
should be emphasized that for these results just men-
tioned we make no use of group theoretic arguments.

6 M. Ademollo, H. R. Rubinstein, G. Veneziano, and M. A.
Virasoro, Phys. Rev. Letters 19, 1402 (1967).

7S. Pakvasa and N. J. Papastamatiou, Nuovo Cimento 50A,
1022 (1967).
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They are consequences of dynamical assumptions about
asymptotic behavior of scattering amplitudes
We consider the class of reactions

Pe(pr)+PP(p2) — P (ps)+V(q), 0]

where o, 8, v, 8 are SU(3) indices. The scattering
amplitude is of the form

Taﬂ‘y&(y’t) = euvpaeuplvpupsa/iaﬁya(V,l) 5
v=1(t1+q) (prtpa)=i(s—2), ()
1= (Pl_ Q)Z )

where ¢, is the polarization vector of the ¥ meson.
Conservation laws and Bose statistics imply that the
intermediate states in any channel must have J7¢=1-—,
2++ 3-— ..., In Regge terminology, the states lie on
the usual vector and tensor trajectories.

For fixed-momentum transfer ¢, the amplitude 4
is analytic in the cut » plane with branch points
determined by the s- and #-channel thresholds, so and
uo, respectively. The symmetry of the scattering
processes implies so=o. Therefore, the cuts in » start
at 4o, where

4-1}0‘—“ 280+t'— (m12+m22+m32+mv2) . (4)

For example, in the case of 77— 7w, so=4m,?, and
vo=Sm2—my,2+1.

We assume that the asymptotic form for the even-
crossing and odd-crossing parts of the amplitude 487
are given by the usual Regge expressions

Aeven(,t) e [Bagys¥ (t)]/[sinmay(£)]
X [1_ e—rav(t)]yav(t)—l

Xay (@) (ar(®)+1), (6)
A4 (,1) = (Bagrs”)/ [sinrar(?) ]

X[eimar®4-1Tper O—-ar(O)[ar()+1], (6)

where ay and ar are the trajectory functions for the
vector and tensor trajectories and By, Bz are the analog-
ous residue functions. Note that we have not assumed
any SU(3) symmetry for the 8’s, nor have we assumed
factorization of them. The SU(3) indices are just for
labeling convenience. The power of » is reduced because
of the helicity flip that is required by the V production.®
This also gives rise to the multiplicative factor of a(%).

Restricting our attention now to the amplitudes
dominated in the ¢ channel by Regge exchange of the
vector-meson trajectory, we construct the function @ by

av,t)=ivd (v,t)/ (B2—r)'2. @)

Then, if ¢ is chosen so that the cuts in » are separated
(i.e., 0>0), @ and 4 will have the same reality proper-
ties as the same domain of analyticity. Furthermore,

8 See, e.g., S. Matsuda, Phys. Rev. 169, 1169 (1968).
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from the above assumptions on the asymptotic form
of 4, we find

®)

Q(v,t)— w*lay tanimay.
V>0

Since 4 is crossing even, @ must be crossing odd and
will satisfy a dispersion relation:

2v = dv' v Red(v')t)
Re@(vt)=—

w ) V2= 12 (v2— peR)li2 :

)

We are interested in obtaining expressions that are
valid when ¢ is more negative; as we see from Eq. (4),
as ¢ grows large and negative, eventually v, becomes
negative. This means that the s- and #-channel cuts
overlap. In order to study this situation, we employ the
device of giving the external vector-meson mass a small
imaginary part. This has the effect of separating the
cuts. Cauchy’s theorem then provides a dispersion
relation (for nonforward scattering) when »,<0

2y

v Red (v',t)dv’
Re@(v,t)=*— P ’
T J ol (v2—1%) (2= we?)"?
v / Pl LA )+ Au(',0) ]

ol (V=) (vP— )1

,» (10)

™

where A and A4, are the jumps across the s and u
cuts, respectively. We have, of course, assumed that
the limit, in which the external vector-meson mass is
real, may be taken without introducing any further
complications. This limiting process is implicit in the
dispersion integrals we write.

From the asymptotic form of @(»,#) given in Eq. (8),
we see that for ay(£)<O0 the function @ vanishes faster
than v~L. Therefore, for this range of ¢, the following
superconvergence relation must hold:

]

0= / » ReA (v,4) (= ved)Yody
|0l

1 Ivol
- v 12 u Voz_ V2 -1 v.
+ / [A () Au(o,) 1= )2y, (11)

—|vol

The infinite-range dispersion integral converges at the
upper limit, since the integrand is asymptotic to
ay ()ve7 O tantray (f) for ay(f) <0 and is asymptotic
to v ®-1 for a;(f) <ay()=0, where a;(f) is the next
highest Regge trajectory that contributes to the
amplitude 4 (»,t). The contribution from the topmost
Regge trajectory vanishes like tan 3ray (f) as ay (f) — 0~
since the integration removes the extra factor of
ay(?). It is expected that ey and ay are separated by a
finite gap; therefore, the point ¢y, defined by

Olv(tv)=0, (12)
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which is the endpoint of the range of validity for the
superconvergent relation Eq. (11), is singled out as a
point at which the contribution of the infinite-range
integral should be especially small. Furthermore, it is
reasonable to approximate the integrands of both
integrals for small » by the s and # poles of 4 (»,f). In
the case of the first integral, this would again lead to
the conclusion that the integral is small since the
integrand involves Re4 (»,f). On the other hand, a pole
approximation for the finite-range integral would not,
a priori, be expected to be small, since the integrand
involves essentially ImA (»,f). Finally, the endpoint
ty is probably a better point at which to make a pole
approximation to 4 (»,¢) than a point further away from
the forward direction.

As |¢| grows larger, so does »o, so does the range of »
over which we will approximate ImA4 by poles, and
therefore so does the number of poles that we must
include. The fewer poles we need, the fewer parameters
we must introduce. To illustrate this point, consider
again the process mr — mw. The poles in » that are due
to a p-meson intermediate state occur at

vo=102m2—m2—3m2+1),

so that

vi—vE=2%(mi—4m.®) (m2—ml+m.2+1). (13)
Thus, for ¢ only slightly negative, the p poles lie in the
interval (—|wo|, |»o|). However, the next important
pole, which presumably comes from a g-meson inter-
mediate state, will lie outside this interval until ¢
becomes so large and negative that a,(¢) is considerably
less than zero.

In the SU(3) limit, consider those processes PP — PV,
for which no tensor meson can occur as an intermediate
state in any channel. Then we conclude that the point
tv at which the trajectory function ay(f) for the de-
generate octet of vector Regge poles must vanish is
determined by

ty+my:—3mp?=0. (14)
This result agrees precisely with the zero of ay given
by the expression for ay(f) obtained by ARVV. With
the zero of ay now fixed, we now observe that considera-
tion of the remaining processes for which tensor-meson
states can contribute gives no new information, since
the tensor-meson poles do not lie in the interval
(—|»ol, |vo|). This interval is fixed by putting ¢=ty,
which makes vo=%1(dmp*—my?). The tensor-meson
poles occur at v=t%(m*—my?).

We now drop the assumption of SU(3) symmetry
and consider the various PP — PV processes. Applying
the method outlined above to the cases of w7 — ww,
Kr— Kw, and Kr— wK*, in which all have their
asymptotic form determined by the p trajectory
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a,(t), we find
a,(2,)=0,
to=—2m+m.2+3m.?
=—2mgl+mo +m.+2mg?
= —mgst+2m 2+ mg?, (15)
which implies
MmPE=my?,
MPE—Mt=mg*—mg?,
bo=—m,2+3m,2. (16)

From the w-trajectory-dominated process Kr— Kp
we get
a,(t,)=0,

to=1t,.

an

Next we turn to the K*-trajectory-dominated processes,
such as KK — mw, KK — mp, and KK*— 7. The
last-mentioned reaction satisfies our criterion of having
the threshold value of », given by

(18)

negative for ¢ at the point ¢x» where ax+(f)=0. The
value of ¢xx is uncertain, since there is both a direct-
channel p pole as well as a crossed-channel K* pole
in this case, and so the position of the vanishing of the
amplitude depends on the relative magnitudes of the
coupling constants. The value of {xx may be estimated
by using SU(3) coupling constants, and the result is
that it is not much different from ¢,. On the other hand,
the reactions KK — mw and KK — mp give a value
for Vo,

4yy=06m2—mgi—mrs*+1

vo=%(6mg?—m.2—my:+1), (19)

which is positive. This means that in our approach we
obtain no information from these processes, since there
is no contribution in Eq. (11) to the finite-range
dispersion integral involving ImA. In particular, we
do not encounter any contradiction to the results
previously derived from consideration of those reactions
for which the p trajectory is dominant. Finally, we note
that those reactions, such as mp— wp, which are
dominated at large energies by vector Regge trajec-
tories in the ¢ channel but have no vector-meson poles
in the s or # channels, give no further information and
thus no contradictions.

We now turn our attention to those reactions of the
type PP— PV which have their asymptotic form
determined by tensor Regge trajectories; this includes,
for example, the process mr — 7p. In analogy with the
above discussion of the vector-trajectory-dominated
processes, we construct the function

124 (v,t)

@(vl)=——"".
(V} ) (yz-—— V02)1/2

(20)

As before, if ¢ is chosen so that the cuts in » are sepa-
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rated (i.e., »o>0), then @ and 4 will satisfy the same
reality properties and will enjoy the same analyticity
domain. Furthermore, from the assumptions we have
made on the asymptotic form of 4, Eq. (6), we find

Q) ::iu"‘T(ozT-I— D[tanir(ar+1)+4i]. (21)

Since 4 is crossing odd, @ must be crossing odd and
will satisfy a dispersion relation:

2v r*° dv' »2Red(v')))
ReQ(v,t)=— .
7). V=12 (v2—pR)l2

(22)

Using the same trick to extend ¢ to the left we may
obtain an equation similar to that obtained for the
crossing-even case above, Eq. (10). Then, from the
asymptotic form of @(v,f) given in Eq. (21), we see
that for ar(f)<—1 the function @ vanishes faster
than »~.. Therefore, for this range of ¢, the following
superconvergence relation must hold:

0

0=/ v Red (v,t) (v2—vo?)~V2dy
[vol

1 plwl
+ f LA (rd)F Au(ot) ] (vei— )2y, (23)
—|wol

Thus everything is similar to the crossing-even case,
with ay(f) replaced by ar(f)+1 and with an extra
factor of » in the integrand. We conclude that the point
Ir, defined by

ar(ir)=—1, (24)

which is the endpoint of the range of validity for the
superconvergence relation Eq. (23), is singled out as a
point at which the contribution of the infinite-range
integral should be especially small. We use the same
approximations here as above, namely, dropping the
infinite-range integral and using a pole approximation
for A in the integral (—|wo|, |»0|). There are two
significant points of difference between the present
situation and the vector-trajectory case. The most
obvious one is that here we are considering trajectories
in the left-half complex-angular-momentum plane. We
have ignored any possible complications that might
arise from the existence of singularities other than the
ordinary Regge pole described by ar(f). Cuts and
essential singularities may well contribute as we
approach ar=—1. Moreover, the continuation in { to
the point fr is a stronger assumption than we made
previously if only because it is a much greater distance
away from the forward direction. The second point of
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difference between the present case and that discussed
previously is that we no longer will have only vector-
meson poles contributing to the finite-range integral.
We have continued in ¢ so far that || is now large
enough that the tensor-meson poles most likely fall
in the interval (—|wo|, |70]). Consequently, any
results obtained along these lines will involve coupling
constants and masses of both vector mesons and tensor
mesons. Since the experimental situation regarding the
octet of tensor mesons is uncertain at present, we will
only consider the theoretically simpler SU (3)-symmetry
limit here.

If the tensor trajectory is degenerate with the vector
trajectory, that is, ay=ar, and if we approximate both
by straight lines, then we would expect ar=—1 at

=—3my*+6mp? from our discussion above of ay(f).
Then we would find

4V0= —4mv2—l—11m1>2. (25)

The position of the vector-meson pole » would be
given by

dyy=—2my?+3mp®. (26)

The tensor-meson mass is, of course, fixed by the value
of ¢ for which ar(#)=2, and so

mrt=23(my*—mp?),

27

which implies that the position of the tensor-meson
pole 7 is given by

4VT= + Zsz—ssz
= 4:VV .

(28)

Therefore we have the result that vy?=wz?; further-
more, we easily find
vi?—ry?>0,

(29)

so that both the vector and tensor poles lie in the range
(= |»ol, |vo|). With the same approximation for ay we
may estimate the position »; of the next most likely
pole to contribute, that of the 3~ octet. The result is
that this pole occurs at 4vs=6my*—3mp? which is
outside the interval (— |wo], |»o|). Thus we need only
consider vector- and tensor-meson poles. Using this
information to evaluate the sum rule Eq. (23), we
obtain

(30)

where we have adopted the definitions of ARVV for
the coupling constants grpy, etc. Because of the equality
of vy and vy all our kinematic factors have disappeared
and we have found the ratio of coupling constants to be
as given by ARVYV if their relation is evaluated at fr.

gvevgvvre/gpprgpvr=2(2my*—3mp?),



