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The ionization cross section per unit range of the energy & of the ejected electrons for
collision of an incident charged particle of high energy E with an atomic system is given by
dg/dq ——E [A(E) InE+B(&)], where A and 8 are functions of e, and the total cross section is
given by Q=E- [A7 lnE+Bz]. &he coefficients A(&) and 8(&) for the particular case of the
atomic hydrogen are derived analytically as an expansion with respect to k =vs'. The expansion
converges for all values of k. By integrating A(&) and B(&) with respect to &, A~ and 87. are
obtained and compared with the values given by Bethe using h different method. The coeffi-
cients of the first two leading terms of the expansion. of dQ/d& with respect to & or 1/& when
& is small or large are found. A relationship for the average energy of the ejected electrons
is given. Different features of the high-energy impact ionization and a certain connection
between the ionization and the discrete level excitation are discussed.

I. FORMULATION

Bethe in a memorable article' has shown that for inelastic collision of a charged particle of high energy
E with an atom, the cross section depends on E, and linearly on two parameters which are functions of the
atomic structure and the energy transferred to the atom. For ionization of an hydrogenic atom of nuclear
charge Z by an electron with nonrelativistic high energy E, the cross section per unit range of the energy
e of the ejected electron and the total cross section are given, respectively, by

dQ/ds-(Z k ')-'[A(s)ink +B(s)]ma k =a E/Z
'

Q= fc (dQ/ds)ds-(& kl ) [A lnkl +B ]ma (2)

with a, the Bohr radius and E and s in rydbergs. A(s) and B(s) are functions of s. A7 and B7 are dimen-
sionless constants, independent of the nuclear charge, and are integrals of A(s) and B(s) with respect to s.
smax is the maximum value of s. Equations (1) and (2) will be derived here. Bethe has derived (1) and (2),
and using sum rules for the generalized oscillator strength he has evaluated A~ and B~ for the hydrogenic
atoms. Here A(s) and B(s) are derived analytically, and by integrating them over s, values of Az and B7.
are rederived.

%'ith the system of an incident electron and an hydrogenic atom of nuclear charge Z, let k, ', k, ', and k'
represent the momenta of the incident, scattered, and ejected electrons, and K' =k, ' —k, '. We take 5 = m
= 1 with m the mass of the electron, and throughout we express energy in rydbergs. Then E = 0,"and
s =k' . In this way E and s take the dimension of the inverse of the length squared, but numerically their
values are given by rydbergs. Equation for the conservation of energy is given by k,"—k,"=Z'/a, '+k"

. In the Born approximation

q = f, "(dQ/ds)ds, (2)

&a'+
dQ Ss 'dK' df
ds a,'Eg'7a, '+s) k,

' —k, ' K' d~ '

where df/ds is the generalized oscillator strength per unit range of s defined by

(5)

with I1s) and Ik ) the ground and the continuum wave functions of the atomic electron. Ik') is normalized
such that asymptotically Ik')- (2w)-'&gxlnk' r. We introduce the dimensionless vectors k„k„k, and K by
k, ' = pk„k, '= pk„k'= pk, and K'= pK, where g = Z/ac. Evaluation of df/ds then leads to 'i'

gq 2yp(&& s) k&+ k2
-" 2./k fk —k

~(K)dK' ZE(1-s '
)

( )
e + [SP+-', (1+k )] t, 2k

K[1+2(ff' + k') + (IP —k')'1'
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~e seek an expansion of &(K) which would converge for all values of the momentum transfer K Similar
expansion with useful application has been introduced by Lassettre' for excitation of the nonhydrogenic
atoms and deduction of the form of the differential cross section from experimental data. It is feasible
that the present expansion will also find usefulness for ionization of the nonhydrogenic atoms. E(K) in (7)
can be expanded in terms of K for small and large values of K, corresponding to the limits of the integral
in (6) at high energy, but the integrals of the two expansions may and, in fact, do differ by a constant. To
overcome this difficulty we change the variable of integration from JI" to g. This results in

e ~ sin P~ 1
3(1+k')»nP

2(2k) ( 2k cosp —(1 —k ) sin+

To separate out the logarithmic term in the integral in (6), we introduce rp, as the zeroth-order term of the
Taylor's expansion of p with respect to E'. Then

y, = tan-'[2k/(1 —k') j,
and by direct substitution

(10)fE(K)dK=6(2k), (1 k, fe ' sin (y, +y, )[2k cot&, —2(1+2k )]dp, .
From (7) and (9) it is seen that for all values of K and k, q „ lies between 0 and —v. The transcendental
functions in the integrand in (10) can then be expanded in powers of p, and the integration can be carried
out term by term. With this procedure we obtain

1n(sing, ) 1+2 2
1

2 Po 1 «PD 1 1
~

( 2~ )m~
6(1+k2) (1+k2)& + 8(2k)6 R (3 4 5 + +(1+k2)4 ~ Am &1) mm=

2 4. I 22nB 2n

(p) =—-- —= ——~, Re(3a —4e '5 +e 'c )
1 1+k

~

1 m n m 2ip m 4iy m
m 8 2k m —1 m+2n 2n t

n

1+2k R 3m —1 42ig, m —1 4iy, m —1)
2

+ --- Re Sa —4e Ob +e Oc
2A.

where P=l/k, a=P, b=P-i, c=P —2i, and B„is Bernoulli's number. Re stands for the real part of a
complex quantity.

In this way, through (6), dQ/de is expressed as a converging sum over y, for any value of the momentum
transfer, and the problem of integration is reduced to a summation. For high-energy incident electrons
to first order, k, —k, = (1+k')/2k„and k, +k, =2k, . Therefore the lower and the upper limits of the inte-
gral in (11)are given at high energy by p, =k/2k, and p, =y„respectively. Evaluating (11)at the limits,
combining it with (6), and comparing the result with (1) gives

A(e)=2 e '/3p, (1 —e "~)(1+k ), (13)

B(e) =A(e) + A (V ) ~ - in-,'(i+ k )
~
.(2 )m

m=1 m 0 m.

Substitution of (1) into (3) and comparison with (2) shows that

(i4)

A„= j™A(e)de=f, A(k')dk', B = f, B(e)de= f, B(k')dk', (15)
where, because of the form of A(e) and B(&), the upper limits of the integrals have been extended to infini-
ty without loss of accuracy. 4 Here, by definition, A(k') =A(e)de/dk' = p, 'A(e). Similarly B(k') = g'B(e), and
by (13) and (14)Az and Bz become independent of the nuclear charge. Numerical evaluation of the integrals
in (15) yields

A = 1.13365, B =5 02625. (15')

This completes the derivation of Eqs. (1) and (2). Using these values of Az and B7. in Eq. (2) we can write
this equation alternatively as

Q (4' 'M'/2~k ')ln4Ck ' I =0.28341, C =1/0. 047483.

Equation (2') is the form originally given by Bethe with 3P = 0.285 and C = 1/0.048. A more accurate

(2')
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evaluation of 1VP and C using Bethe's method ha. s been done by Inokuti, ' and values given by (2') are in
agreement with these values to all places. Similarly, Inokuti has given the numerical values of A(e)
and B(e) in slightly different form, and (13) and (14) agree with these results.

II. RESULTS AND DISCUSSION

It is convenient to define by dQ, /de the cross section which is obtained by (4), by replacing the general-
ized oscillator strength by the optical oscillator strength, df, /de, given by the first nonvanishing term of
the Taylor's expansion of expiK' r in (5). Then by straightforwa. rd integration,

2+ e fk'dk' l (k' lr 1 1s) l' =

00 3~2(l —e )(1+k )

Comparison of (16) with (13) shows that

A(e) =—' p, 'O'JdP l(k'lrl ls) l'

(16)

relating A(e) to the squared modulus of the dipole moment, integrated over directions of the ejected
electron. Substitution of (16) in (4), replacement of the limits in the integral in (4) by their first-order
term, and an integration leads with the use of (13) to

dQO/de [27L4(e)/2'B] in[4k '/(1+ k )]

Comparison of this with (13) and (14) shows that (1) can be written

dq 1 dq, vA(e) p A ( ) (&p, )
d~ 2 d~ ~'E

&
~ 0 (19)

Then the contribution of the small scattering angle, or the equivalently small momentum transfer by the
incident electron, to the cross section represented by the logarithmic term in (1) is half the contribution
of the dipole term integrated over all range of the momentum transfer. This provides a convenient way
to avoid the introduction of a cutoff in the integral in (4) for the distant collisions.

The two terms in (19) correspond to the dipole and the nondipole parts of the cross section, and they are
comparable in magnitude throughout the nonrelativistic region of the incident energy (cf. Fig. 3). This is
in contrast to the excitation to the low-lying levels of the atoms, where at energies several times the
threshold energy the dipole part dominates the total cross section. This also indicates that while Dhoto-
excitation is closely related to the high-energy impact excitation" , 'such relationship does not exist between
photo-ionization and the electron impact ionization.

An interesting part of the present paper is to find the leading terms of the expansion of dQ/de in terms
of e or I/e where e is small or large, respectively. Using the explicit form of Am(p) given by (12), we
find after some algebraic manipulation that we have the following limiting cases when k is small or large:

A (g ) "' I" —2 '(4le4+11)+2 '(13e' —'4')k' k-0(2 )Bz

rn 0 m~ 3
m=1

(3vk /2 )[1+m/k+ (1+2m )/3k2]

(20)

(21)

where
PE

I'= Z
t )

=17.6674.
1

It also is necessary to expand A(e) for small and large e. In doing so we can establish that for 0~ k(1 the
factor [1—exp( —2w/k)] ' which appears in (13) is equal to unity plus terms of the order less than k". Then
for the expansion considered here this factor can be put equal to unity, and we obtain

A (e) - (2'e-'/3 p') (1 —~ k') 0-0) (22)

A(e) (2'/3p, 'k')[1 —v/k+ (v' —3)/3k'J

Substitution of (20) through (23) into (14) leads to

B(e)-—,(B,—B,k ), k-0; B,=4.62393, B,=6.35310;

B(e)- (4/l 2k4)(1 —2/3k2),

(23)

(24)

(26)
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With these values of A(e) and B(e), Eq. (1) can be written

dq/de-(Z'k ') '[(A —A k')ink '+B —B k ]ma E))l))e
k' = a, 'e/Z', A, = 3.125 87, A, = 11.4615; (26)

dq/de- [4ma '/E(a 'e)'] (1 —2Z'/3a, 'e) i&««Z. (27)

Equation (26) is a valid expression when the incident and the scattered electrons have high energies, and
the secondary electron has low energy. Most contribution to the total cross section is due to this energy
region of the secondary electron. Equation (26) is related to the excitation to a high principal quantum
number n of the normal state of the hydrogen atom in the following way. ' I et Q(n) be the excitation cross
section. By writing c = —Z'n-'a0 ', where e is the energy of the states with the principal quantum number
n, and noticing that dq/de is a continuous function of e when e becomes negative, through the relationship
Q(n)dn = (dq/de)de we obtain, up to n 4 terms

q(n) -2(n'Z'k ') '[(AD+ A, /n') ink '+ (B + B,/n')] 7ra ' n ))l. (26)

Brown has evaluated Q(n) for n)) 1 by an independent method, and (28) agrees with his results. Similarly,
for high n and high incident energies, (28) is in agreement with the results of the numerical integration of
Q(n) by the author. '

Concerning Eq. (27) the leading term in this equation is the same as the elastic cross section between
two electrons in a frame of reference where one of the electrons is initially at rest and its energy becomes
e after the collision. The cross section in this case is the same classically and quantum mechanically, the
classical cross section being given by the Rutherford formula, ' and the quantum-mechanical one by the
Moeller's formula. " The reason for the agreement of the leading term with the elastic cross section is
given in Ref. 10. Equation (27) in addition gives a second-order term which is due to the binding of the
atomic electron to the nucleus. This term agrees with the classical calculation where quantum-mechanical
momentum distribution is assumed for the bound electron. "a

When & becomes comparable to E, the next higher term in E and also the contribution from the second
Horn approximation should be included in (27). In addition, the exchange effect for the identity of the two
electrons should be taken into account. Because of the difficulty in calculating the second Born approxima-
tion. this will not be done here. Neglecting the second term in (27), the inclusion of the exchange effect in
the leading term of (27) leads to the Mott's formula. "

dq/«(4~/s. 'E)[I/~'+ 1/(E —~)' —I/~(E —&)], f, E ))1. (29)

Concerning the contribution of the exchange effect to the total cross section, it should be pointed out
that this is of the order of I/E, and therefore it becomes negligibly small at high enough incident energies.
This can be seen by integrating (27) over the energy region where e is comparable to E.

A quantity of interest is the average energy of the ejected electrons in an ionization process. This quan-
tity will be calculated below. By definition

= f (dq/d )d /f (dQ/d )de (3O)

By writing e = p'k2 and by making use of (1), we find that

f (Z/a, )'(f ' [A(k') lnk + B(k2)]dk'] '[f ' k'[A(k') ink, '+ B(k')]4k']. (31)

The integrals occurringinthedenominator of (31) are given by (2). When k is large, A(k') and B(k') are
proportional to k-' and k-~, respectively [cf. Eqs. (23) and (25)]. The upper limit of the integral with re-
spect to A(k') in the numerator of (31) can then be put equal to infinity. For the integra, l with respect to
B(»), we have up to the first-order terms

k2 —1 a k'-1f ~
—

k2B(k2)dk2 f»B(k2)dk2+ J -~ (4/k&)k2dk2- f k2B(k2)d» 4 In&+4 In(k 2 1)
0 0 Q 0

where a is a value of k' at which B(k') reaches its asymptotic form. In this way we find that

(32)

r = (Z/ao)'(Clnkl'+D)/(A, ink '+B ),

with C and D dimensionless constants given by

C =4+f k'A(k')dk' =4.606 D = f k'B(k')dk' —41na = —2.123

and A and B given by (I5').
It is more aPProPriate to use an asymptotic form for B(k2) in which the exchange effect is t~en into
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account. Comparison of the leading term of (25) with (29) shows that when exchange is included the asymp-
totic form of B(k') is given by 4{k-4+ (k, —k') '- [k'(k, ' —k')] 'j. By making use of this form in (31), and
noticing that when exchange is included &max =-, p. '(k, ' —1), we find that (33) is still valid provided we
replace D in this equation by

D = D+4(1 —ln8) = —8.441.

It should be realized that although both the numerator and the denominator of (33) are of the form ink, '
+ constant, the origin of the logarithmic terms is quite different. The term in the denominator comes
entirely from small momentum-transfer collisions; that in the numerator, partly from these and partly
from large momentum-transfer collisions. This indicates a large spread in the energy of the ejected
electrons.

With or without exchange, e„as the incident energy increases, reaches a limit given by (C/AT. )(Z/ao)
=4.063 2'Ry. Then the maximum value of e for an electron bounded to a central charge Z is proportional
to its binding energy, although from (33) it is seen that the higher Z, the higher the incident energy at
which this maximum, is reached. For many-electron atoms it can be said that the maximum value of the
average energy of an ejected electron is roughly proportional to the square of the effective charge seen
by the electron before its ejection.

%e also notice that for atomic hydrogen the maximum energy loss by the incident electron cannot exceed
5.063 Ry. Bethe'~" has shown that the energy loss by an electron in an inelastic collision with the hydro-
gen atom reaches the value of 2 Ry at high energy, and that 28.34/o of the collisions lead to ionization.
Using this information we find that at high incident energies the average energy loss of an incident electron
in excitation of all the discrete states of the atomic hydrogen reaches the value of 0.7887 Ry.

Figures 1 through 4 illustrate some of the results obtained. Figure 1 is the well-known graphical com-
parison of the Bethe approximation with the Born approximation, given here for the specific case of
ionization. Z'EQ is plotted versus ln(E/Z'), where by Eq. (2) a straight line is obtained for the Bethe ap-
proximation. In the case of the atomic hydrogen, the two approximations agree with each other for ener-
gieslarger thanabout 20 threshold units. For atoms with larger central charge, the agreement is reached
at still higher energies.

Figure 2 is a plot of the dimensionless coefficients A(k') and B(k') versus the dimensionless parameter
k' =aoGe/Z'. The coefficient A(kG) which is proportional to the dipole moment, Eq. (17), is appreciable
only for small values of k', corresponding to the small momentum transfer by the incident electron arising
from the distant collisions. For large k' it falls off as k '. The coefficient B(k') approaches its classical
limit of 4/k4 given by the Rutherford formula. The figure shows clearly the transition between the quantum

region, small e, and the classical region, large e. In the classical impulse approximation"-" the total
ionization cross section at high incident energy is specified by (2) where AT = 0 and BT .='dGGE.

In Fig. 3 the ratio of the logarithmic part of the cross section as given by (2) to the total cross section is
plotted. It is evident that contribution of the dipole term given by the logarithmic term to the total cross
section remains a fraction of the total cross section for the whole nonrelativistic range of the incident
energie s.

In Fig. 4 a plot of the average energy of the ejected electrons versus the incident energies is given. The
average energy reaches the limit of 4.063Z Ry as the incident energy tends to infinity, signifying the limit
of the impulse received by the atom. Relativistic corrections are neglected.

To complete the discussion, we list the coefficients A(n) and B(n) originally given by Bethe for the elec-
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TABLE I. Values of A(n) and B(n).

10

n'A(n)
n'a(n)

17.7577 9.6108 7.9165
12.2396 10.7054 10.0612

7.2596
9.7647

6.9313
9.6051

6.7423
9.5096

6.6231
9.4478

6.5430
9.4056

6.4863 6.4448 6.4135
9.3755 9.3533 9.3364

tron impact excitation. Recalling the definition of Q(n) we can write, in analogy to (1),

q(n) —(gdjz R)-z[A(n) Iny g+B(n)] TTEz
R 1'g

' =zz 'E/Z (35)

The dimensioniess constant and charge-independent coefficients A(n) and B(n) are given for n= 2 through
n =12 in Table I. ET For higher values of n, Eq. (28) can be used.

It is interesting to notice that the ratio A/B for excitation and ionization is a monotonically decreasing
function of the energy transferred to the atom, and at high energy transfer it approaches zero. The
ratio of the logarithmic term to the nonlogarithmic term in the cross section is (A/B) Ink, . For an inci-
dent energy of 1000 Ry and Z = 1, this ratio is 10.022 for n = 2 excitation, and is 1.558 for ionization.

The foregoing results for electron impact ionization and excitation are also applicable to the proton im-
pact ionization and excitation. This results from the fact that the cross section is proportional to the
square oi the charge of the projectile, and in the approximation stated following Eq. (12), it depends on the
initial relative velocity of the projectile-target atom only, and is independent of the reduced mass of the
system (cf. Ref. 2). Thus all equations derived so far can be used for proton impact, provided E is re-
placed by (m!M)Ef„where M and Ef, are the mass and energy of the incident proton. In this way (36)
agrees with the high-energy analytical expression of Bates and Griffing" up to, and excluding, the k,
terms for n = 2 and n = 3 proton impact excitation; and (2) gives the same value at 3.5 M V incident protons
as the graphical Born calculation of Bates et ajt. ", and Peach, "for proton impact ionization.
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Vibrational Excitation in Ion-Molecule Collisions:
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A study has been made of the relative band intensities of the &v = -1 sequence of the N&

first negative system excited by H, H2, He+, N+, Ne+, and electrons. Projectile ion
laboratory velocities from 6 && 10 to 1.7 && 10 cm/sec (100 eV to 13.5 keV) were used. At ion
velocities greater than 10 cm/sec, the relative band intensities were found to agree with those
predicted by the Franck-Condon principle and found in excitation by 150-eV electrons. Below
this velocity the relative population of higher (v' & 0) vibrational states increased monotonically.
At the lowest velocity used, the populations of the v'= 0 and v'=1 vibrational states of N2+

8 Zz were found to be equal within experimental error while the higher-state populations
increased many orders of magnitude above those predicted by the Franck-Condon principle.
The vibrational excitation was found to be solely dependent on the projectile ion's laboratory
velocity and independent of its chemical identity. No vibrational excitation was observed in
the N~ second positive system excited under similar conditions. It is suggested that the ex-
citation effects in the N2+ first negative system occur by a mechanism involving perturbation
of the target molecule's vibrational wave functions by the projectile ion. Implications of
these results for other collision studies as well as atmospheric phenomena are discussed.

INTRODUCTION

Experimental studies of vibrational excitation in
ion-molecule collisions are of considerable im-
portance since theory does not provide an adequate
basis for the prediction of the vibrational energy
distribution in the products of such interactions.
The Franck-Condon principle, which is of great
use in describing a wide variety of excitation and
spectroscopic phenomena, is difficult to apply in
the case of certain slow ion-molecule collisions
where the molecular vibrational wave functions
may be significantly distorted. This paper pre-
sents data we have obtained from experiments in
which the products of collisions between a variety
of atomic and molecular ions and N, have been
studied spectroscopically to measure the vibra-
tional energy distribution of the target after ex-

citation.
It is known that in the case of electron excitation,

the vibrational energy distribution of excited elec-
tronic states can certainly be well described by the
Franck-Condon principle if the electron energy is
greater than 100 eV. & In such a case, if the pro-
cess involves excitation of a molecule which is
initially in the ground electronic and vibrational
states, X(v'' =0), to some excited electronic and
vibrational state, B(u'=i ), the ratio of the popu-
lation of the ith vibrational state of B to the popu-
lation of the ground vibrational state of j9 is given
by the ratio of the Franck-Condon factors for the
two transitions X(v" = 0) -I3(e ' = 0) and X'(v" = 0)
-B(v'=i ):

x/~- /0=9. 6'0


