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The differential cross section for the elastic scattering of 0. particles by Ca has been measured at six-
teen angles between 5.0 and 12.5 MeV in 10-keV intervals. Complicated structure is seen in the excitation
functions which is often as Gne as the experimental resolution ((10keV). There are many closely spaced
anomalies which are substantially wider than the experimental resolution. Very broad undulations are
apparent in averaged differential cross-section curves for which the averaging interval is about 0.5 MeV.
The averaged data are analyzed in this work. Shape elastic scattering represented by an optical model
where reaction channels are either closed or strongly inhibited does not satisfactorily describe the angular
distributions at the back angles. A combination of shape and compound elastic scattering reproduces the
data except at the highest energies, where reaction cross sections are becoming significant. The expression
for the compound elastic contribution to the cross section is based on Hauser-Feshbach theory and statistical-
model considerations. Values obtained for the real potential-well depth of the optical model (~140 MeV)
are consistent with results previously obtained at higher energies for the same number of nodes in the
s-wave function.

I. INTRODUCTION
""NTIL recently, information on the elastic scattering

of n particles by ~Ca below 20 MeV has been
scarce. Brady et al.' measured the differential cross
section at 30 angles at the three isolated energies 8.71,
9.29, and 10.10 MeV. Bock et al.' studied the angular
distribution at the single energy of 19.47 MeV. These
measurements showed a marked increase in the cross
section at backward angles which was not so evident in
the data for other nuclei in the same mass region. Only
limited attempts were made at Gtting data using the
optical model.

Several experiments have been performed at energies
above 25 MeV. Gruhn and WalP studied the reaction
between 27.0 and 42.0 MeV, using the o.-particle beam
from a cyclotron. %hile the forward-angle data dis-

played the usual diffraction pattern, the large-angle
cross sections showed an oscillatory pattern in which the
last few maxima remained relatively 6xed in angle as the
energy was changed. The optical model produced a
reasonable G.t at forward angles, but its predictions fell
considerably below the experimental values at back
angles. This discrepancy could not be accounted for by
either an exchange process or virtual excitation. On the
other hand, using a modiled Blair smooth cutoG model,
these authors were able to qualitatively describe this
large-angle behavior. The main feature of this calcula-
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tion was the inclusion of a term in the scattering ampli-
tude representing a resonance due to a compound
nucleus state.

Between 30 and 40 MeV, Boschitz et ul.4 studied the
large angle scattering of 0. particles by ' Ca and com-
pared it to the scattering from "0 "Si, "S, "Ar, and
~Ar. With the exception of "Ar, all the data had the
common feature of an enhancement of the large-angle
cross section with sharp minima which remained
stationary with respect to the bombarding energy. The
results of experiments by Budzanowski et al.' consist of
six angular distributions between 23.37 and 28.92 MeV.
Satisfactory optical-model 6ts could be obtained only
after modifying the phase shift corresponding to the
l= 10 partial wave to include a single level resonance.
The existence of a broad J=10+ resonance at about
24.1 MeV is indicated by the analysis.

The most comprehensive experiments have been
performed recently by Robinson et al.' covering the
energy range 12.0—18.0 MeV. Sixteen-point angular
distributions were measured every 25 keV and 64-point
angular distributions every 100 keV throughout this
energy range. Good 6ts to the detailed angular distribu-
tions were obtained with the optical model using a
Woods-Saxon real potential and a surface imaginary
potential with a form given by the derivative of the
Woods-Saxon function. Fits to the back-angle data were
improved by employing a quantity 8' as the criterion for
describing the quality of the Gt instead of the quantity
x' commonly used. Calculated cross sections at the back
angles are brought closer to the experimental values by
this technique, in which the points are weighted by the

4 E. T. Boschitz, J. S. Vincent, R. W. Bercaw, and J.R. Priest,
Phys. Rev. Letters 18, 442 (1964).

'A. Budzanowski, K. Grotowski, L. Jarczyk, H. Niewodnic-
zanski, and A. Strazalkowski, Cracow Institute of Nuclear Physics
Report No. 502/PL, 1966, Cracow, Poland (unpublished).
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Fio. 1. Pulse-height distribution measured at 64.3'. The peaks
are identiied by labels placed above each. Tantalum is present as
a contaminant.

reciprocal of the Rutherford scattering cross section.
The quality of the fits at forward angles was not
sacriiced to a significant extent. Three phase-equivalent
potentials' were traced as functions of energy. The
averaged real potential was observed to be relatively
constant and the averaged imaginary part to increase
with the incident beam energy.

This study is a continuation downward in energy of
the work of Robinson et al.' with the distinction that
the elastic scattering is dominant. Below the neutron
threshold only the (n, p) and (n, p) reactions are
energetically possible aside from the elastic and in-

elastic O.-particle scattering. Relative to the elastic exit
channel, the other compound system decays are
inhibited by penetration or transition factors, or are
energetically forbidden in the energy range studied here.
Under these circumstances the contribution of com-

pound elastic scattering is expected to be signiicant.
To smooth the excitation functions in preparation

for an investigation of the compound elastic-scattering
contribution, the measured cross sections have been

energy averaged using a Lorentzian weighting function
with full width at half-maximum (FWHM) equal to
0.5 MeV. The averaged angular distributions have been
6tted using an optical-model program which included a
compound elastic contribution added incoherently to
the shape elastic cross section. Satisfactory 6ts are
obtained. In contrast, optical-model calculations with

no compound elastic term included are in poor agree-
ment with the data, especially at large angles.

7 W. J. Thompson, G. E. Crawford, and R. H. Davis, Nucl.
Phys. A98, 228 (1967).

8 Joseph John, C. P. Robinson, J. P. Aldridge, W. J. Wallace,
K. R. Chapman, and R, H, Davis, Nucl. Instr. Methods 57, 105
(1967).

II. EXPERIMENTAL PROCEDURE AND RESULTS

The o.-particle beam' from the Florida State Uni-

versity Tandem Van de Graaff Accelerator was directed
onto the target located at the center of an 18-in. diam
stainless-steel scattering chamber. The component

arrangement in this chamber and general procedures for
its use have been previously described. '

Thin targets for these measurements were prepared
by evaporating natural calcium metal (99.9% pure)
from a tantalum boat onto very thin carbon backings.
On completion of the evaporation, the calcium targets
were allowed to oxidize into a mixture of calcium oxide
and calcium hydroxide. These targets were able to
withstand O.-particle beams as high as 0.5 gA for 5-6
days without showing evidence of any deterioration. In
all cases, the total energy loss in the target was held to
less than 8 keV. A typical pulse-height distribution is
displayed in Fig. 1.

The over-all resolution for each of the 16 detector
systems6 was nearly 120 keU. This included the beam
spread, target thickness, kinematical spread over the
angular resolution of the detector, preampli6er and
ampli6er noise, and cross talk between diGerent inputs
of the analog-to-digital unit. Corrections for the analyzer
dead time were made using the system developed by one
of the authors. 9

Absolute cross sections were determined by normaliz-
ation of the data to Rutherford scattering at angles
forward of 90' at 5.0, 5.1, and 5.2 MeV. At these energies
the dMerential cross section follows the Rutherford
scattering angular dependence up to approximately 102'.

Statistical error in the counts was typically 3% in

most of the detection systems. At angles where deep
minima in the cross section were present, the error may
be as high as 6%. A systematic error of 6% has been
assigned to the absolute cross-section determination.

The diGerential cross sections for the elastic scatter-
ing of e particles by ~Ca were measured at 16 angles
from 26.7' to 176.1' in the c.m. system. These measure-
ments covered the energy range 5.0—12.5 MeV in
10-keU steps. Fourteen of these excitation curves are
displayed in Figs. 2 and 3. The data points are denoted

by closed circles and these are often jointed by lines to
guide the eye. Also shown in these figures are the
averaged cross sections which will be discussed in
Sec. III.

III. ANALYSIS

The excitation curves vary rapidly with energy at all

angles. At forward angles the relative magnitude of the
variation is small while at back angles it is comparable
to the mean value of the cross section. A dense spectrum
of levels in the compound system is evident although not
resolved. Because of the difference in scale, the back
angle anomalies appear more pronounced than those at
forward angles. Certain of the anomalies may be due to
individual levels (for example, the anomaly at about
7.27 MeV) but for the most part, the excitation curves
show dense Quctuations about an average curve. The
description of the average behavior in terms of a poten-
tial model is investigated here.

Joseph John, Ph.D. dissertation, The Florida State University,
1968 (unpublished) .
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FIG. 2. Excitation function meas-
ured at forward and middle angles.
Some data points have been joined
by lines to guide the eye. The dashed
lines are the average cross sections
computed from the measured values
using a Lorentzian weighting function
with a I'"WHM of 0.5 MeV and a
cutoff at 2.0 MeV.
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Two purposes are served by the analysis of the data
in terms of the nuclear optical model. The 6rst is to
extend the study of the energy dependence of the real
and imaginary potential strengths keeping the same
geometric parameters as those used by Robinson et ul. ,'
who studied the u-particle scattering by "Ca from 12.0
to 18.0 MeV. The second purpose is to measure the
contribution of the compound elastic-scattering proc-
esses to the observed cross section.

To obtain optical-model parameters from high-
resolution data in which the cross sections vary rapidly

with energy, either the data must be averaged or the
parameter sets obtained by Gts to high-resolution data
must be averaged. The scattering matrix computed
using the optical model represents the energy average
of the true scattering matrix. This contains no rapidly
fluctuating contributions unless additional assumptions
are made, as discussed by Aldridge et al." and by
Robinson et al.' in analyses of fits to high-resolution
data. Because of the density and frequent overlap of the

jo J. P. Aldridge, G. E. Crawford, and R. H. Davis, Phys. Rev.
107, 1053 (1968).
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FIG. 3. Excitation functions
measured at seven backward
angles. The broken line is obtained
by smoothing the measured cross
section using a Lorentzian weight-
ing function with a FTHM of
0.5 MeV. The continuous lines
merely join adjacent data points.
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anomalies apparent in the excitation curves, it is
assumed that 6tting averaged data would yield mean-

ingful optical-model parameters.
The interval over which the high-resolution data

were to be averaged was somewhat arbitrary as was the
choice of the weighting function. The requirements
were that the weighting function have reasonable form,
and that the interval be suKciently large to smooth the
Gne structure. The experimental cross section at each of
the 16 angles were smoothed using a Lorentzian
weighting function a&(E—E0), defined by

~(E Eo) =P'l(E —Eo)'+—I'j (1)

Here the quantity 2I represents the FWHM and Eo is
the energy at which the average value was computed.
The average cross section (0.(Eo) ) was given by the
equation

& (E.))= Z.(E)-(E E.)S Z -(E--E.), (2)

where a (E) is the measured cross section at energy E.
The averaging interval 268 was limited to 2.0 MeV.
The error in the averaged cross section introduced by
the 6nite range of the averaging interval was estimated
to be 1.5%.
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In Figs. 2 and 3 the dashed lines represent the
averaged values of the cross sections obtained with a
weighting function of 0.5 MeV FWHM. A reduction to
0.3 MeV FWHM did not change the results.

Near either end of the energy range covered in this
experiment, the averaging interval extended beyond the
region where the cross section was measured. In these
cases, the averaging was confined to the region in which
data were available. Figures 2 and 3 show that the
average cross section is consistently lower than the
measured cross section in the vicinity of 5.0 MeV.
Since the cross section drops below the value of 5.0 MeV
as the bombarding energy is increased, the average
value obtained at 5.0 MeV is in error and has not been
used in any analysis. The "end effect" was not so
obvious at 12.5 MeV because the mean value is not
changing rapidly with energy.

After the data had been averaged, the angular dis-
tributions were found to have very little structure. The
large oscillations in the differential cross section,
observed in the high-resolution data, were damped and
deep minima were no longer present. In addition, the
averaged angular distribution at one energy was not
significantly different from that observed at an energy
a few hundred keV away. Hence it was sufhcient to
analyze angular distributions every 0.5 MeV to study
systematics of the optical-model parameters.

A. Shape Elastic Scattering

The adopted form of the optical-model potential
matched the form used by Robinson et al.' as closely as
possible. They found that a volume-absorption potential
and a surface-absorption potential described the
observed cross section equally well provided that the
volume-absorption potential had a radius parameter
which was larger than that for the surface-absorption
potential. Since all of their analysis employed a surface-
absorption potential, the same form of the imaginary
potential was retained for this analysis of the low-energy
data. The form of the potential is given by

V(r) = —Uf„(r) 4iA;W, (d/dr) L f—;(r) ]+V„(3)
where V, is the Coulomb potential of a uniformly
charged sphere of radius R,. The form factor f„(r) is of
the Woods-Saxon type

f,(r) = I1+ exp/(r —R„)A,]} ', (4)

with the derivative of a similar form factor for the
imaginary potential.

The first phase of this analysis was to fit the averaged
angular distribution with the shape elastic cross sections
predicted by the optical model. The geometric param-
eters were kept fixed at values used by Robinson et al.
The real radius R„was chosen consistent with the
electron-scattering data of Hahn et al."

R„=R("Ca)+R(n) = (3.6+1.6) F=5.2 F.
"B.Hahn, D. G. Ravenhall, and R. H. Hofstadter, Phys. Rev.

101, 1131 (1956).

Variations of the Coulomb radius parameter E, were
found to have very little effect even at these very low

energies, so that the value of this parameter was fixed
at 5.2 F. The values of the other parameters were as
follows: E;=5.0 F, A„=0.588 F, and 3;=0,3 F.

The quantity x' was used as the criterion for de-
scribing the quality of the fits. Its definition has the
usual form

~ (8;),„—a(8;)„i.i~'

ho (8,) j (5)

Here X is the number of data points; o (0,)«~», a (8;)„i„
and 60.(0;) are the experimental cross section, the
computed cross section, and the error in the experi-
mental point, respectively, at the c.m. scattering angle
0;.

The fits were, in general, unsatisfactory. At 5.5, 6.0,
and 6.5 MeV the over-all fits might have been con-
sidered fair, in that the maximum value of x' ranged
from 3 to 5. However, the predicted cross sections were
lower than the observed cross sections at the back
angles. At these energies, the forward-angle scattering is
primarily due to electrostatic rather than nuclear forces.

As the incident energy was increased the quality of
the fits deteriorated rapidly. The calculated angular
distributions exhibited much greater oscillations than
was observed experimentally. The best fit obtained at
10.0 MeV is shown in Fig. 4. The potential strengths are
U= 142.0 MeV and 8",=30.0 MeV, and the value of g'
is 55.4. The calculated cross section is greater than the
measured cross section up to a c.m. angle of about 130 .
At angles greater than 158' the shape elastic scattering
cross sections are consistently lower than the measure
values. At 176', it is only 25% of the observed value.

Even though the interaction is predominantly due to
elastic-scattering mechanisms and the Quctuations have
been removed by averaging, shape elastic scattering is
not an adequate description of the experimental
results. The nature of the discrepancy and the qualita-
tive behavior of the data suggest that compound elastic
scattering plays an important role.

S= (S)+(S—(S)) (6)

The first term (S) is the shape elastic amplitude and is
a smoothly varying function of energy. On the other
hand, the compound elastic scattering described by the
second term (S—(S)) varies over energy intervals of
the order of the width of compound nuclear states.

~' F. L. Friedman and V. F. Weisskopf, in Niels Bohr and the
Development of Physics, Edited by Wolfgang Pauli (Pergamon
Press, London, 1955), p. 134.

B. Shape and Compound Elastic Scattering

To introduce compound elastic scattering, it is
convenient to split the scattering amplitude S into two
parts as suggested by Friedman and Weisskopf":
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If the energy interval over which the averaging is carried out is small enough that the Coulomb scattering
amplitude f, (8) and the relative Coulomb phase shift co~ can be considered to be constants over this range, but
large enough to justify the random-phase approximation (RPA), the cross section for compound elastic scatter-
ing is given by

do /dQ= (1/4k') g (2l+1)'L&
I
Si I')—

I &Si) I']Pp(cos8)

and that for shape elastic scattering by

dg«/dQ=
I f, (8)+(1/2ik) P (2l+1) (&S~&—1) exp(2l~~)P~(cos8) I',

so that

(d(r/dQ&=(do /dQ)+(d 0/dO). (9)
Here g,y. ( I

S., I') can be replaced by the expression
obtained by Hauser and Feshbach, "viz. ,

Here the symbols S& are the elements of the scattering
matrix, The effect of the RPA is to ignore all terms ex-
cept those that are proportional to the absolute square
of the scattering-matrix components. This approxima-
tion renders the compound elastic scattering incoherent
with the shape elastic component.

From the computational point of view, it is convenient
to express S~ in terms of the transmission coefficients
T&. This is easily carried out since

r,=1-
I

&s, & I, (10)

where the subscript c represents a particular channel.
For the case of elastic scattering, the incoming and
outgoing channels are identical so that we can represent
S& by Scc

Unitarity of the scattering matrix requires

2 &IS- I')=1,

Z & I
s- I') = T. Z ~"/Z 2'" (13)

c/gc c/gc c//

The e6'ect of open channels, other than the elastic

where the sum over c" is the sum over all exit channels.
Hence the bracketed quantity in Eq. (7) becomes

& I
s„l2&—

I &s,.&
12=1—g & I

s„.I2&—
I &s,,&12

c/Qc

=r, /g r,". (14)
c//

The compound elastic-scattering cross section may now
be written

do, /dQ= (1/4k') g (2l+1)'(TP/P T,-)PP(cos8).
c//

(15)

so that
& I

s„ I
&=1- g & I

s„,
I &. (12)
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FIG. 4. Comparison of best fits at 10.0 MeV. The dot-dash
curve is the best fit obtained with shape elastic cross section
only. The solid line is the best fit obtained with the compound
elastic contribution added to the shape elastic cross section. The
Rutherford cross section is shown by the broken line.

I'n. 5. Shape and compound elastic parts of the combined
shape and compound elastic cross section at 10.0 MeV. The
continuous curve is the best fit to the averaged data with shape
elastic and compound elastic cross sections added together. The
curve made up of dots and dashes is the contribution from shape
elastic scattering, and the dotted curve is that from compound
elastic scattering. The dashed line is a plot of the Rutherford
cross section.

"W. Hauser and H. I'eshbach, Phys. Rev. 8'7, 366 (1952).



SCATTERING OF a PARTICLES 8Y 40Ca 1761

channel, is contained in the term g, .T; . This
quantity cannot, in general, be evaluated exactly when

several channels are open. An approximate relation as
given by Mayer-Kuckuk" is

g T, =p(2l+1) expL —l(l+1)/20'].

This is based on the expression for the density of levels

of spin / for the compound nucleus given by Bloch."
Here o- is the "spin-cutoff" factor and p is proportional
to the level density for states with zero spin. The com-

pound elastic cross section is therefore given by

100—

80-

60-

(mb) «- ~

20

0
15 &

Ip

Ca(a, a) Ca

d0„1 (2l+1) TPPP(cos8)

dQ 4k'
~ p expL —l (l+ 1)/20']

(17) II ~ f 8 5

The procedure for fitting the data was as follows. The
geometric parameters were kept 6xed: E,=R.=5.2 F, A
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Fro. 6. Angular distributions from 5.5 to 12.5 MeV. The solid
lines are optical-model fits obtained with the addition of a con-
tribution from compound elastic scattering.
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Fro. 7. The dependence of the real potential-well depth U,
the strength of the surface imaginary potential W„ the spin-cutoG
factor 0, and the level density parameter p, on the incident energy
of a particles. The compound elastic contribution o„is displayed
in the top section of the figure.

E.,=S.OF, A„=0.59F, and 2;=0.3 F. The search for
the potential was confined to values in the vicinity of the
phase-equivalent potential at 138 MeV. This selection
is based on a comparison of the shell-model and cluster-
model descriptions of the ground state of 44Ti which is
discussed by Robinson et at.6

Having fixed the geometry, the free parameters are

U, 1/t/'„o-, and p. A coarse grid search was performed 6rst:
U, 120—150 MeV in steps of 3 MeV; 8'„0—50 MeV in

steps of 5 MeV; o, 1.0—60 in steps of two units; and p,
0,1—60 in steps of two units.

Angular distributions every 0.5 MeV were 6tted using
the above grid search. Values of U, W„o-, and p close to
those corresponding to the local minimum of y' were
then scanned using a 6ne grid search: U, 1-MeV
intervals over 1.0 MeV; t/t/', 2-MeV steps over 20 MeV;
o., 60 steps over six units; and p, 60 steps over 12 units.

Because the values of o and p showed fluctuations as a.

function of bombarding energy, reQecting the fact that
the values of U and S;corresponding to minimum of y"-

had not been precisely determined, extra 6ne grid
searches were then performed in which U, 8;, o., and p
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FIG. 8. Plots of the total reaction cross section 0~+0.„and
of the nonelastic cross section 0~ as functions of bombarding
energy.

IV. DISCUSSION OF RESULTS

The Gts obtained at energies below 10.5 MeV are
remarkably good. On the other hand, the quality of Gts
obtained above 10.5 MeV are relatively poor. This may
be due, to a large extent, to the fact that at these energies
the low-lying levels of ~Ca can be excited by inelastic
O.-particle scattering. Above a bombarding energy of
10.5 MeV the inelastically scattered a particles have
sufhcient energy to pass nearly uninhibited across the
Coulomb barrier. Inelastic scattering may then proceed
without forming a compound nucleus. When this

were all varied in steps of 0.1 units around the local
minimum.

The best Gt obtained at 10.0 MeV using the Hauser-
Feshbach and statistical-model formulation is com-
pared to the best fit obtained including only shape
elastic scattering in Fig. 4. In Fig. 5 the separate
contributions from shape elastic scattering and com-
pound elastic scattering are shown. The best 6ts
obtained by this technique are shown in Fig. 6, in which
angular distributions from 5.5 to 12.5 MeV are dis-

played.

happens, the statistical approximation for treating the
eGect of all energetically allowed channels is no longer
valid.

The anal values of U, t/t/'„a, and p are shown as a
function of the bombarding energy in Fig. 7. The real
potential strength U was found to be relatively con-
stant. At 12.0 and 12.5 MeV, the values of U may be
compared with the average value of U found by
Robinson et al. ,' and the agreement is good. The strength
of the imaginary potential 8, has a value of 1.8 MeV
at bombarding energy 5.5 MeV and gradually rises
as the bombarding energy is increased, A rather rapid
increase is observed in the vicinity of 7.5 MeV. This
is probably due to the absorption of some of the incident
Qux by the ~Ca(n, p) "Sc reaction. This reaction has a
threshold at 3.89 MeV, and at 7.5 MeV the outgoing
protons will have sufhcient energy to penetrate the
Coulomb barrier.

The spin-cutoff factor 0. increases slowly with energy.
From the simple relationship 1 kE, an increase
proportional to QE can be expected The. level-density
parameter p, which weights the contribution of the
compound elastic scattering, increases slowly with
energy. A rapid increase is noticeable around 10.5 MeV
when the inelastic cross section erst becomes signiGcant.

The contribution of the compound elastic process is
only 0.01 mb at 5.5 MeV, 38.6 mb at 6.00 MeV and
increases to a maximum of 93.5 mb at 9.0 MeV. It then
gradually decreases to 25 mb at 12.5 MeV. The slow
increase in the compound elastic cross section may result
from the increase in the penetration of the Coulomb
barrier by the incident 0. particle with increasing energy.
Above 9.0 MeV, the gradual decrease suggests that the
competition from inelastic scattering allows fewer of the
a particles absorbed into the compound nucleus to
return to the elastic channel. Plots of the total reaction
cross section (os+0;,) and the nonelastic cross section
o-& as functions of energy are shown in Fig. 8.
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