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The dispersion relations for waves propagating in the L0001$ and L0110j directions were calculated,
using a Born—von Kkrman model of the hexagonal close-packed crystal lattice. The interactions between
nearest neighbors in the plane were considered to be central forces, while the interactions between nearest
and next-nearest neighbors out of the plane were considered to be noncentral forces, i.e., the interactions
involved both central and angular forces. The atomic force constants were evaluated (1) from the elastic
constants by the method of long waves, (2) from a least-squares analysis of the eigenvalues of the secular
equation for elastic waves propagating in certain symmetric crystallographic directions at critical points
in the Brillouin zone, i.e., from a least-squares analysis of the dispersion relations, and (5) from a least-
squares analysis of the elastic constants and the dispersion relations. The correlation between theoretical
and experimental dispersion relations from the noncentral-force model is good for magnesium and zinc and
is limited for beryllium. If the atomic force constants have been calculated by a least-squares analysis of
certain points in the dispersion relations with or without the elastic constants, these atomic force constants
greatly enhance the agreement between theory and experiment. As a result of this work it seems that better
agreement between theory and experiment is obtained if angular forces are included in a model of the hcp
crystal lattice rather than simply extending the sphere of interaction to more and more neighbors.

INTRODUCTION

'HERMAI. neutrons, because their wavelength is
of the order of magnitude of interatomic dis-

tances in crystals and because their energy is of the
same order as the energy of lattice vibrations, provide a
direct means of studying the lattice dynamics of crystals.
The interaction of thermal neutrons with lattice vibra-
tions takes place through the emission or absorption of
sound quanta or phonons. The process by which a
neutron and the lattice exchange energy, i.e., when the
Anal energy of the neutron is different from its initial

energy, is referred to as inelastic scattering. The scat-
tered neutron waves from one nucleus may interfere
with the scattered waves from other nuclei. This inter-
ference part of the scattering is called "coherent" scat-
tering.

Inelastic, coherent, one-phonon neutron scattering
experiments yield the dispersion law for lattice
vibrations

te=rdj('0) ~

which relates the frequency co to the wave vector q
and the polarization index j of a plane wave vibration
of the lattice. Measurements of neutrons scattered along
sylnrnetry axes in reciprocal space by single crystals
can yield directly the dispersion curves for elastic waves

(both longitudinal and transverse polarizations) propa-
gating along the primary crystallographic directions.
Fitting the theoretical dispersion curves to the experi-
mental ones by a least-squares analysis leads to numeri-
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cal values for the atomic force constants. As a check on
the internal consistency of the experimental data, the
atomic force constants which are determined solely
from the experimental dispersion data can be used to
calculate the macroscopic elastic constants which can
be compared with values obtained by other methods.

The dispersion relations of beryllium, ' magnesium, ' '
and zinc' "have been studied, using Born-von Karman
models of the hexagonal close-packed (hcp) crystal
lattice when the interactions have been extended to
different numbers of neighbors. The models used can
be conveniently cataloged according to the type
of interactions: tensor-force models, "" central-force
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models with or without the contribution from the elec-
tron gas," '~ and noncentral-force models. '~"

The purpose of this investigation was to study the hcp
crystal lattice by means of a Born-von Karman model,
using noncentral forces with the added restriction of
limiting the number of interactions so that the atomic
force constants could be evaluated from the elastic
constants. The study was accomplished by examining
the frequency spectra, " lattice specific heats" and
dispersion relations of three hcp lattices with diferent
axial (c/a) ratios: beryllium (1.568), magnesium
(1.624), and zinc (1.855).

The lattice model of this investigation uses a com-
bination of central and angular forces. The central-
force term is assumed to act along the line joining two
atoms, and is a bond-stretching term. The angular
force, a bond-bending term, assumes that a change in
angle corresponds to a change in the potential energy.
If V is the potential energy and bp is change in angle,
one obtains

where y is a Booke's-law force constant.
The change in angle is formed for each side of the

angle, and the corresponding change in potential is then
calculated. 7Vhen this has been done for all sides of all
angles, the potential energy is found by summing the
individual contributions. The selection of the angles
whose changes contribute to the potential energy is
extremely important. Two types of angles were used
in this investigation. One type of angle was between
nearest neighbors out of the plane on the same side of
the basal plane, while the other type of angle was
between next-nearest neighbors out of the plane on the
same side of the basal plane. By choosing the angles in
this manner, the matrix of the resulting secular equa-
tion contains the correct symmetry for the hcp crystal
lattice and is Hermetian.

and angular forces) exists between the central atom and
its nearest and next-nearest neighbors out of the plane.
The atomic force constants have been evaluated in three
ways: (1) The five atomic force constants have been
related to the five elastic constants in the limit of long
wavelengths. (2) The eigenvalues of the reduced matrix
become linear combinations of the atomic force con-
stants at critical points in the Brillouin zone of hcp
crystal lattice when a wave is propagated through the
lattice in certain syrrm. etry directions. In our case,
eight such eigenvalues were related to the five atomic
force constants. (3) Finally, the atomic force constants
were determined by a least-squares analysis of the five
equations from the elastic constants and the eight
equations from the dispersion relations.

The thirteen equations used to evaluate the atomic
force constants as well as the values of the atomic force
constants have been previously published. "

20 20—

DISPERSION RELATIONS

The inelastic scattering of slow neutrons by the
normal modes of vibration of the hcp crystal lattice has
been used as a means of comparing the proposed non-
central-force model to experimental observations. The
dependence of the frequency on the wave vector (the
dispersion relation) has been examined for waves prop-
agating in the crystallographic directions, [0001] and
[0110jwith both longitudinal and transverse polariza-
tion. The transverse polarization for the [0110jdirec-
tion is perpendicular to the basal plane. The force con-
stants used in calculating the dispersion relations have
been determined by three different methods. In order
to avoid a large degree of repetitiveness, a symbolic

LATTICE DYNAMICS l6

A thorough description of the lattice, the types of
interactions in the model and the resulting equations of
motion have been previously published. " The model
assumes five force constants. A central-force interaction
exists between the central atom and its neighbors in the
plane while a noncentral-force interaction (both central
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FIG. 1. The dispersion relation for longitudinal and transverse
waves propagating in the $0001$ direction for beryllium calculated
from the noncentral-force model. The experimental points are from
Ref. 2. The dispersion relations were calculated using atomic
force constants obtained from the elastic constants (solid curve),
from the neutron-scattering data (dashed curve) and from the
elastic constants and neutron-scattering data (dot-dash curve).
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FxG. 2. The dispersion relation for longitudinal and transverse
waves propagating in the [0110)direction for bery11ium calculated
from the noncentral-force model. The experimental points are
from Ref. 2. The dispersion relations were calculated using atomic
force constants obtained from neutron-scattering data (dashed
curve) and from the elastic constants and neutron-scattering data
(dot-dash curve).

abbreviation will be used. Method 1 will designate
force constants evaluated from elastic constants directly,
while method 2 will indicate that a least-squares analysis
of the eigenvalues of the dispersion relations at certain
critical points was used to calculate the atomic force
constants and 6nally, method 3 will denote that the
force constants were calculated from a least-squares
analysis which included the elastic constants as well as
the eigenvalues of the dispersion relations.

The dispersion relations for beryllium are shown in
Figs. 1 and 2, for magnesium in Figs. 3 and 4, and for
zinc in Figs. 5 and 6. These dispersion relations are com-
pared to the experimental dispersion relations for Be
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Fn. 4. The dispersion relation for longitudinal and transverse
waves propagating in the [0110)direction for magnesium calcu-
lated from the noncentral-force model. The experimental points
are from Ref. 6. The dispersion relations were calculated using
atomic force constants obtained from the elastic constants (solid
curve), from neutron-scattering data (dashed curve) and from the
elastic constants and neutron-scattering data (dot-dash curve).

measured by Schmunk, ~ for Mg measured by Iyengar
et al. and for Zn measured by Borgonovi et al io

For a wave travelling in the L0001] direction of
beryllium with longitudinal polarization, the best
agreement between the model and experiment is ob-
tained for the optical branch when the force constants
are calculated by method 2. The agreement between
the model and experiment for the acoustical branch is
unsatisfactory and surprising. The dispersion relations
for a transverse wave propagating in the t0001] direc-
tion imply from the optical branch that the force
constants should be evaluated by method 2. The
acoustical branch again lacks agreement and as in the
case of the longitudinal vibrations has an incorrect
slope.

The best Gt for the optical branch of the dispersion
relation for a wave travelling in the L0110] direction
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FIG. 3. The dispersion relation for longitudinal and transverse
waves propagating in the [0001) direction for magnesium calcu-
lated from the noncentral-force model. The experimental points
are from Ref. 6. The dispersion relations were calculated using
atomic force constants obtained from the elastic constants (solid
curve), from neutron-scattering data (dashed curve) and from the
elastic constants and neutron-scattering data (dot-dash curve).
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FIG. 5. The dispersion relation for longitudinal and transverse
waves propagating in the [0001)direction for zinc calculated from
the noncentral-force model. The experimental points are from
Ref. 10. The dispersion relations were calculated using atomic
force constants obtained from the elastic constants (solid curve),
from neutron-scattering data (dashed curve) and from the elastic
constants and neutron-scattering data (dot-dash curve).
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FIG. 6. The dispersion relation for longitudinal and transverse
waves propagating in the $0110j direction for zinc calculated
from the noncentral-force model. The experimental points are
from Ref. 10.The dispersion relations secre calculated using atomic
force constants obtained from the elastic constants (solid curve),
from neutron-scattering data (dashed curve) and from the elastic
constants and neutron-scattering data (dot-dash curve).

with longitudinal polarization occurs when the force
constants are evaluated by method 2 while the acous-
tical branch gives the best agreement if the force con-
stants are evaluated by method 3. For transverse
polarization of a wave propagating in the [0110]
direction, the optical branch gives good agreement if
the force constants are calculated by method 3 for
values of the ratio of Q to Q, up to 0./ while for higher
values of this ratio the agreement is best when method
2 is used to calculate the force constants. The acoustical
branch of the transverse wave travelling in the [0110]
shows little correlation and again exhibits an incorrect
slope.

In magnesium very good agreement is found for a
longitudinal wave travelling in the [0001]direction in
both the optical and acoustical branches if the force
constants are computed by method 2. The best agree-
ment between the model and experimental observations
for a transverse wave propagating in the [0001]direc-
tion for both the acoustical and optical branches also
occurs if the atomic force constants are computed by
method 2. This same agreement carried over to waves,
both longitudinal and transverse, travelling in the
[0110]direction if the force constants are evaluated by
method 2.

For zinc the agreement of the theoretical and experi-
mental dispersion relation for a longitudinal wave

propagating in the [0001]direction is good for both the
optical and acoustical branch. The optical branch indi-
cates that the force constants should be calculated by
method 2 while the acoustical branch implies that the
atomic force constants should be evaluated by method 3.
If a transverse wave is propagated in the [0001]
direction all three methods give good agreement for the
optical branch but the acoustical branch has an in-
correct slope and poor agreement.

The dispersion relations for a longitudinal wave

travelling in the [0110]direction calculated from the

proposed noncentral-force model gives good agreement
for both the optical and acoustical branches of the
atomic force constants as evaluated by method 3.
The correlation between theory and experiment for a
transverse (perpendicular to the basal plane) wave
propagating in the [0110]direction is poor for both the
optical and acoustical branches.

The comparison between theoretical and experimental
dispersion relations is good for magnesium and zinc
and fair for beryllium. The comparison depends on the
method of evaluating the atomic force constants. For
consistently good agreement the atomic force constants
must be evaluated from the dispersion relations. The
poor agreement found when the atomic force constants
are evaluated from the elastic constants indicates that
the elastic constants should be modified, perhaps, by a
contribution from the electron gas.

CONCLUSIONS

The dynamical properties of the hcp lattice have been
studied using a Born-von Karman model of the crystal
lattice. A combination of central and angular forces has
been employed between various sets of neighbors.

The atomic force constants have been calculated by
three different models. The independence of the thermo-
dynamical values, i.e., the lattice speci6c heats, on the
details of the frequency spectra has been previously
demonstrated" by calculating the Debye and Einstein
characteristic temperature from the three different
frequency spectra.

The theoretical dispersion relations as calculated
from this model give good agreement to the data of
various experimenters for magnesium and zinc and
limited agreement for beryllium. The manner in which
the atomic force constants are evaluated contribute
greatly to the correlation between theory and experi-
ment. If a least-squares analysis of the dispersion
relations with or without the elastic constants is used
to evaluate the atomic force constants, then the theo-
retical dispersion relations are in accord with experi-
mental dispersion relations. %hen only the elastic con-
stants are used to evaluate the atomic force constants,
the theoretical values of the dispersion relations do not
agree nearly as well with the experimental dispersion
relations.

The number of atomic force constants which can be
adjusted for each material in order to evaluate the dis-

persion relations from a particular model is of interest in

comparing the "goodness" of fit between theory and

experiment. This model uses only 6ve atomic force
constants. The model of Gupta and Dayal" requires
six atomic force constants; the fourth-neighbor tensor-
force model of Iyengar et a/. needs eleven atomic force
constants while the modified axially symmetric model of
DeWames et al." demands thirteen atomic force con-

stants. Obviously the greater the number of adjustable



HEXAGONAL CLOSE —PACKE 0 CRYSTAL LATTICES ii43

parameters the better the "goodness" of the 6t should
be.

From this model the agreement between theory and
experiment for beryllium exhibits the greatest dis-
parity. Schmunk' has compared his data to the theo-
retical calculations of Gupta and Dayal, " Iyengar
et al. ,

' and DeWames et al." concluding that the last
model gives the best agreement with the data but that
further improvements are desired. This best agreement
when compared to the results of this model, on the
same scale, is only slightly better but utilizes thirteen
adjustable parameters compared to only five in this
model.

For magnesium and zinc the goodness of fit between
theory and experiment is just as good if not better for
this model when compared to the models of Iyengar
et at. ,' DeWames et al. ," Collins, ' Squires, ' and
Borgonovi et al."All of the other models utilize many
more atomic force constants than the Ave used with
this model.

A modification of the elastic constants by a con-
sideration of the contribution of the electron gas on
them could lead to dispersion relations, where the atomic
force constants have been evaluated by these new elastic
constants, that correlate well to experimental observa-

tions. One such modification, proposed by Gupta and
Dayal '7 has been criticized' ""because of its assumption
that the electron gas term is shear free, a position which
is untenable for the hcp divalent metals. The modifica-
tion has also been criticized because it violates symmetry
requirements. '4 A slight innovation of this model making
it compatible to the hcp metals might lead to new
elastic constants that imply theoretical dispersion
relations in good agreement with experimental dis-
persion relations.

The questions of the number of neighbors needed to
truly represent the lattice and of the types of interac-
tions between atoms is not fully resolved although the
results of this investigation indicate that it is better at
the outset to include angular forces in the model of the
hcp crystal lattice rather than simply extending the
sphere of interaction to include more and more
neighbors.
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An analysis has been made of the optical absorption edge and reAectivity spectrum of single-crystal
tellurium. Transmission measurements, using polarized light, were made between 10 and 300 K covering
a range of absorption coeKcient from 0.4 cm ' to 5&10' cm '. Below 100'K a sign reversal of the tem-
perature coeScient of the absorption edge was observed for both directions of polarization. The low-
absorption region for E~~c showed behavior indicative of indirect transitions, while the absorption edge for
EJ c varied exponentially with photon energy for over two decades. These features, together with the
observation of an exciton at 0.336 eV for EJ c, are similar in nature to those previously reported for trigonal
selenium. Optical constants, such as the real and imaginary parts of the dielectric constant, have been
calculated over a wide range of wavelengths at 10'K, as well as at 300'K, by applying the Kramers-Kronig
relation to the reRectivity spectrum.

I. INTRODUCTION

~HE present paper is concerned with the experi-
mental investigation of the optical properties of

Te single crystals in the fundamental absorption region.
Optical constants such as the real and imaginary parts
of the dielectric constant have been calculated over a

* Preliminary results were presented at the Washington, D.C.,
April, 1968, A.P.S. Meeting.
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of Ulster, Coleraine, Northern Ireland.

wide range of wavelengths, at i0'K as wel1. as at 300'K,
by applying the Kramers-Kronig relation to the reQec-
tivity spectrum. The temperature and polarization
dependences of the absorption edge have been studied
between 300 and i0'K in order to elucidate the nature
of the transitions involved at the band edge. In extend-
ing previous optical data on Te, which facilitate com-
parison with theoretical attempts to determine its
precise energy band configuration, our investigations
have shown several interesting features. These include


