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Critical Behavior of the Ising, XY, and Heisenberg
Ferromagnets on the 8-Site Spinel Lattice*
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(Received 19 July 1968)

The critical properties of the Ising and the classical XF and Heisenberg ferromagnets on the B-site
spinel lattice are studied by the method of exact high-temperature series expansions. Eight terms are
obtained for each model in the susceptibility and second-moment series. Analysis of these series shows that
the anomalies in the critical indices reported by Stanley and Kaplan using only six terms disappear with
the use of longer series.

t 4HK development of scaling theories' of critical
- .phenomena has resulted in some understanding of

what critical exponents to expect, given the dimen-
sionality of the thermodynamic system and the nature
of the ordering parameter. There are, however, certain
small discrepancies between the predictions of the scaling
laws and the values of critical indices determined by
exact series-expansion methods; in particular, the work
of Fisher and Burford, ' on the effective correlation length
index s~ for the Ising model, revealed a discrepancy of
2-3% between their value of ot and the value pre-
dicted by the scaling relation, 3J&=2—0., with' at=-,'.
Also, there are some results which are hard to under-
stand on the basis of the arguments used in deriving the
scaling laws. These include the small, but probably
signilcant, differences between the measured critical
indices of various liquid-gas systems and those pre-
dicted for the Ising model. There is an unexplained
discrepancy between the values obtained for the
S= oo Heisenberg ferromagnet, ' for which y 1.38,
and the value for the S=-', ferromagnet, s for which
y~1,43.

One prediction of the scaling hypothesis for lattice
models is the independence of the critical indices on the
lattice type. But if the scaling laws are really only
correct to within a few percent, then one might expect
to see a slight departure from this prediction. Some
recent measurements are not inconsistent with this
view, ~ but there is a large amount of evidence' from
exact series-expansion methods to support the hy-
pothesis of the independence of critical exponents on
lattice type, at least for lattices with cubic symmetry.
Very little work has been done on lattices without cubic
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symmetry. However, Stanley and Kaplan, and Baltzer
et al., have found the first six terms in the susceptibility
series for the Heisenberg ferromagnet on the spinel
structure, using a formula of Rushbrooke and %ood,
on the basis of which Stanley and Kaplan surmised'
that y 1.0. This is completely at variance with the
predictions, from the same number of terms, of y
1.33-1.4 for the lattices with cubic symmetry. "
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FIG. 1. Ratio of coefBcients of the high-temperature series
expansion of (a) the susceptibility a /a & and (b) the ratio
c /c 4 for the Ising model.

Interest in the spinel structure was spurred by the
discovery of the insulating ferromagnets, " CdCrsS4,
CdCrsSe4, and HgCrsSe4. One very approximate model
for these systems is that of an array of spins located on
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Tmr.z I. The coeKcients u„ for the susceptibility x~ of the Ising and Heisenberg models and the susceptibility p*~ of the XF model
with the cori,cients b for the corresponding second-moment series.
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in zero Geld, between arbitrary lattice sites 1 and 2
through order e'. i and j are labels for the Cartesian
components of the spin. In the calculations, we used the
linked-cluster expansion developed for the Ising model

by Englert. " Once S)P'J(1, 2) is known, susceptibility
and second-moment series are formed:

y'& = Q OR' &(1, 2) = Q a„u",
2

(2)

g'~ is the linear response of the ith component of the
magnetization per site"to a homogeneous magnetic
Geld in the jth direction, and p2'J is a measure of the
range of correlation. ' In Table I, we give the coeKcients
u and b„ for the three models considered. For the Ising
and Heisenberg models, the coefficients refer to x"

"For a discussion of the exchange interactions necessary to
characterize some normal cubic spinels, see K. Dwight and ¹

Menyuk, Phys. Rev. 163, 435 (196/) . Stanley and Kaplan, Ref. 8,
considered S=-; corresponding to the spin-only moment of the
chromium ion,

"The results for lattices of cubic symmetry will be published
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vg =0.67.
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the 8 sites of a spinel lattice and interacting via equal
nearest-neighbor exchange forces J, and this was the
model used by Stanley and Kaplan. "In the case of the
5= ~ Heisenberg model, we have extended their
series from six to eight terms and also obtained for the
Grst time the Grst eight terms in the second-moment
series. We have also studied the S=-,' Ising model and
the 5= ~ XY model on the same structure, '4 and
found the same qualitative behavior. Namely, that
with only six terms in the series a value y~1.0 seems
reasonable, but that on extending the series to eight
terms, larger values of y appear more likely.

The method used for obtaining the series expansion
was to erst derive a series expansion in n(=JjkT) for
the spin-spin correlation function,

and p2'*, which are the ordinary dimensionless sus-
ceptibility and second-moment series. For the XY
model, they refer to x* and @2*,as these are the quanti-
ties of interest. '6 Near the Curie point x and p2 are
expected to diverge as

(e,-e)-&, (4)

"For the ciassicai XY model SK'*(1, 2) vanishes, ii 1&2 and
there is no magnetic field in the s direction.

rr C. Domb and M. F. Syires, Proc. Roy. Soc. (London) 24OA,
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'8The eth roots d; 'I" for the susceptibility series have been
calculated. They show a slight upward curvature (indicating, if it
continues, y&1) for n(6, changing over to a slight downward
curvature (7)1) for e)6.

H one divides the second-moment series by the sus-
ceptibility series, one obtains a new set of coefBcients
c which are the terms in the expansion of a series
which diverges as 2m~. Figure I shows an attempt to
obtain p and 2v& by making a conventional ratio'
plot of the coeKcients a„and c„ for the Ising model.
Notice that for the susceptibility Lcurve (a) of Fig. 1j,
the slope of the curve, which asymptotically is a
measure of p —1, is nearly zero at m=6, implying

1.0, but that the later terms indicate a larger value of
It is clear that the six-term series is not showing

asymptotic behavior, and there is no reason to believe
that the customary value" of p will not be recovered
when enough terms are available. Very similar behavior
is seen in the other models; however, the Ising model
exhibits the effect most dramatically. YVe hesitate to
make de6nite statements about y, v~, or e„even with
eight terms.

The low value of 7 obtained with only six terms on the
spinel is probably connected with its four sublattice
structure, little of which is "sampled" in the Grst six
terms of the expansions. Series-expansion methods
cannot be expected to be reliable until enough terms are
enumerated to sample the lattice complexity. Too short
series are of course an ever present danger in the exact
series-expansion method of obtaining critical exponents,
and may well be the cause of the other discrepancies
noted.


