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Surface-resistance measurements in the superconducting surface-sheath regime of Pb-In and Pb-Bi
alloys are analyzed in the light of the recent theories of dirty type-II superconductors. From the changes
of slope of the surface resistance R(II) at jV,3, the teInperature dependence of the ~2 parameter can be
deduced. For the alloys investigated, it is found that a2 varies more strongly with temperature than
expected from the dirty-limit theory. It is believed that this reQects strong-coupling eftects. From the
value of R(II) at IIrs, the absolute value of the sheath thickness can also be derived. This is found to agree
well, near T„with the theoretical predictions of Fink and Kessinger. The analysis of the experimental
data suggests that weak-coupling formalism remains applicable in the strong-coupling limit, and that
deviations appear as modified temperature dependences of the critical fields. The Hn(t) and H.s(t) found
for the two alloys are nevertheless rather close to the weak-coupling predictions.

I. INTRODUCTION

SURPACE-RESISTANCE measurements have
proven useful for studies of surface nucleation in

superconductivity. ' The onset of superconductivity at
the surface, in a decreasing magnetic field oriented
parallel to the surface, is seen as a linear decrease of the
surface resistance. ' Up to the present no direct analysis
of the surface resistance in terms of the microscopic
theory of superconductivity has been made, even though
there is now a well-developed theory for dirty super-
conductors. '

Our purpose is to analyze experimental data obtained
with Pb—In and Pb—Bi alloy samples in the light of
recent theories. In this first paper we conGne ourselves
to the analysis of data referring to the geometry E„~

~
H,

where microwave electric Geld E„and static magnetic
Geld H are parallel. This choice is made because in the
other geometry, i.e., E„J H though still with H
parallel to the sample surface, the microwaves can
excite collective modes of the order parameter in the
sheath regime, 4' and these give rise to additional con-
tributions to the surface resistance. Such additional
resistance has been observed both in type-I6~ and
type-II' superconductors, but no really satisfactory
explanation' has so far been given for this extra absorp-
tion. A detailed study of this eGect is left for the future. '
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Surface resistance in the sheath regime and E„~~ H
geometry has been studied by Rothwarf et al.' These
authors obtained a reasonably good Gt to their experi-
mental E(H) curve with a theoretical model which
assumes a uniform order parameter in a sheath of
thickness cr(H) f(t) and a single Ginzburg-Landau
(GL) parameter «(t). $(t) is the temperature-depend-
ent coherence length and t the reduced temperature
T/T, . For cr(H), Rothwarf et al. take the values calcu-
lated by Pink and Kessinger" from the GL equations
and for «(t) they choose the parameter tt&(t) derived by
Maki' in the weak-coupling dirty limit. While the
phenomenological theory of Rothwarf et al. explains the
observed I'(H, T) reasonably well, one should like to
push theory to the point where it will be possible to
derive such parameters as ter(t), Ks(t), and the sheath
thickness from measured E(H, T) curves. The present
paper is essentially an attempt in this direction.

The outline of the paper is as follows: In Sec. II we
give a description of the premises and results of the
theory, but reserve details of the surface-impedance
derivation to the Appendix. Section III is devoted to
experimental aspects and Sec. IV to experimental
results and their analysis, with discussion and con-
clusions given in Sec. V.

II. PRESENTATION OF THE THEORY

In the Appendix we derive an expression for the sur-
face impedance in terms of the position-dependent
complex conductivity Q(r, to) as it obtains in the
presence of a magnetic field H

~~
E„."In particular, we

are interested in the surface impedance for H=H, 3 and
H= H, s, where we can calculate Q(r, co) from the micro-
scopic theory. In the geometry E„~~H, Fig. I shows

' H. J. Fink and R. D. Kessinger, Phys. Rev. 140, A1937
(1965).

~ K. Maki, in Treatise on SNpercondlctieity, edited by R. D.
Parks (Marcel Dekker, Inc., New York, to be published) .
58i
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PIG. 1. Recording of R(H) at 4.19'K for a Pbo. m3io. oo alloy.
The diphenyl-picryl-hydrazyl line at 3400 Oe is for 6eld-calibra-
tion purposes. The signs ~{ and J refer to relative orientation of dc
magnetic field H and sample surface. In the {{orientation, H is
also parallel to the microwave electric 6eld E„.

2

= r/1 r+r(2/r 1) 'I ] — {2P&$—2Ko (t) —1]I
—'

&(t)

(2)

where r=R(H, s)/R„and P~ ——1.16. In the calculation
leading to Eq. (2) we have made two important
assumptions.

(1) We have assumed that the onset of Abrikosov's
structure in the bulk does not modify the surface-
sheath structure strongly. This assumption is well

supported by the tunneling characteristics of Guyon, '
which reveal no discontinuity of diGerential conduct-
ance at H.2.

"E.Guyon, Advan. Phys. 15, 417 (1966); see in particular
Fig. IV.

that BR(H)/BH has discontinuities at both H, s and H, s.
The jump at II,3 reflects the nucleation of surface super-
conductivity, and in the Appendix we derive a theoret-
ical expression for the jump height ss,

so = (H,s/R„) LaR (H) /aH] irr=rr, o

= (2or)'ts{ bo/$(t) ){2Kos(t) —0.334j ' (1)

where 8o ——(c'/2orooo)'t' is the classical normal-state skin

depth, o the dc conductivity, oo/2or the frequency, and

((t) = LSc/2sH. ,(t) ]'ts.
The jump at LI,& occurs because of the onset of the

Abrikosov structure in the bulk of the specimen. Here
we find for the jump height s2,

H, s BR(H)&t Hoo !BR(H)
$2= s BB J H gM R \ BH )=

(2) The Abrikosov structure is taken to extend right
up to the surface and is simply superposed additively
to the sheath structure. This is probably the most
questionable assumption we are making, as one would
expect some transitional region from sheath to
Abrikosov structure near the surface, as suggested by
Fink."

Equations (1) and (2) unambiguously give the slope
discontinuities to be expected in R(H) for a' weak-
coupling dirty superconductor. However, our alloys
show many of the attributes typical of strong-coupling
effects, because of the high Pb concentration. Therefore
we reverse Eqs. (1) and (2) to derive ss(t) from the
experimental ss(t) and ss(t). Our implicit assumption
here is that deviations from the weak-coupling dirty
superconductors appear simply as a modification of
los(t). Our data and analysis, as we shall see, strongly
suggest that the microscopic weak-coupling formalism
remains applicable in the strong-coupling limit, and
that deviations appear essentially in the form of slightly
modified temperature dependences. In particular, H.s(t)
and H, s(t) for our alloys are close to the predictions of
the weak-coupling theory 'o:

l"(T/T, ) +PL-', + (oo/4rk&T, )]—0'(s) =0, (3)

where eo——2DeH, s(t)/Ac, D= orat is the elec-tronic dif-
fusion coefficient with l the electron mean free path,
and P(s) is the digamma function. But the temperature
dependence of K, (t) deduced from ss(t) is stronger than
that deduced from tunneling experiments on In-Bi
alloys, " rejecting, as we think, the stronger coupling.
Analysis of the ss(t) data, however, leads to los(t) values
too large by a factor of about 2. We believe that this
discrepancy indicates that below H, o our assumption (2)
is incorrect. It turns out, in fact, that if we were to
introduce a transition region near the surface, over
which the Abrikosov structure builds up to its full
amplitude in the interior, agreement could be obtained.
At this stage we could do this only in an arbitrary
phenomenological way, since we have no microscopic
theory of the structure of the pair potential near the
surface just below II.2.

Whereas Eq. (2) is dependent on the two above
assumptions, it is not dependent on the form of the
sheath structure itself. However, our experiments give
evidence that the square of the pair potential in the
range from EI,3 to below H, 2 varies almost linearly
throughout, i.e., like (H.s—H), as seen in Eq. (A 14) .
If we express the nonlinearity by means of a factor
n(H, t), then n(H, t) can be looked upon as the ratio of
the sheath thickness at a field II to the sheath thickness
at II,3. Our theory then gives a formula enabling us to
calculate n(H, t) in terms of the experimental R(H)

'3 H. J. Fink, Phys. Rev. Letters 14, 853 (1965}.
~4K. Helfand and ¹ R. V/erthamer, Phys. Rev. 147, 288

(1966).
~5 E. Guyon, F. Meunier, and R. S. Thompson, Phys. Rev. 150,

452 (1967).
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Fro. 2. The experimental
functions ss(t) and ss(t) for the
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Our data lead to values of n(t) in very close agree-
ment with the theory of Fink and Kessinger. " This
theory is truly valid only near T, and our data indicate
that below T, the values of n(t) deviate in a systematic
way from n(1).

III. EXPEREMENTAL ASPECTS

We are experimenting at a fixed frequency of 9.5 6Hz
and our method of measuring the surface resistance

TABLE I. Collected data of the present analysis.

Substance Pb Pbo.91Bio.os Pb0.88~n0.1'?

1/o (pit cm)

~o (t)
T, ('K)

H,s (Oe)

i(0) (~)
srl (cm'/sec)

E(0) (10' /erg cm')

a. (Oe)
—h,'(1)
z(1)
«, (0)
sg (0) /s (1)

7.20

800

1.67b

802.6

2 ' 13

0.32sa

0.523'

1.59@

1.50

7.65

4870

260

36

1.92

1.94

2.80

3.76

1.34

12

1.79

7.10

5090

254

32

1.53

1.63

4.20

4.74

1.13

a Reference 27.
b From Eq. (10).
o Reference 21.

curves; specifically, at B,2 we obtain

(2/r 1) 't' ——1 H, s
n(t) =n(B',s, t) = . (4)

R(H) has been abundantly described before. "We shall,
therefore, deal here only with the question of sample
preparation. The Pb—In alloys were found to be very
ductile and easy to prepare, following the method of
Rothwarf et al.s Alloys with up to 70% In crystallize
in the Pb structure'~ and their critical temperatures
decrease by only 10% over the entire range. " This
suggests that the density of states at the Fermi surface,
E(0), does not undergo any abrupt changes when this
large amount of a tervalent element like In is alloyed
to Pb. When Pb is alloyed with Bi, a quite diGerent
behavior is observed. The alloys are rather hard and
we did not succeed in producing suitable samples with
smooth surfaces by simply pressing the alloys between
highly polished metal blocks as had been done with the
In alloys. After many attempts the following procedure
was found to give very satisfactory samples which
yielded sharply featured E(H) curves.

The alloys are first made by melting together high-
purity elements in appropriate proportions. Small
amounts of the alloys are evaporated on the sample
holders. The samples are then lightly polished on a soft
cloth wetted with ethanol and 500-A. Linde 8 powder.
The polishing powder is rinsed off with petroleum ether
and, after quickly drying, the samples are sealed in
evacuated ampuls and annealed for 48 h at about 50 C
below their melting point.

If we consider that when alloying with Bi the Pb
structure ceases to be stable at about 18% Bi,'r that
T, has then risen to about 8 K,'9 and that alloying with

"G. Fischer and R. Klein, Physik Kondensierten Materie 7,
12 (1968).

's M. Hansen, Cossststutiost of Bsrtsry Alloys (McGraw-Hill
Book Co., New York, 1958).' J. G. Adler, J.E. Jackson, and T. A. %ill, Phys. Letters 24A,
407 (196t).» J. G. Adler and S. C. Ng, Can. J. Phys. 43, 594 (1965).
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Bi destroys the ductility of pure Pb, we are tempted to
conclude that the addition to Pb of a quinquevalent
element increases X(0) quite markedly. From these
purely metallurgical properties, then, we would con-
clude that in Pb the Fermi energy Ep is slightly below
a density-of-states peak. , contrary to what is suggested
by the sketch of Z(E) in the work of Anderson and
Gold. ' In fact, our surface-resistance data, as we shall
see in Sec. IV, give very strong evidence that Ez lies
below a density-of-states peak.

The E(II) measurements were carried out with two
alloys, a Pbp.83Inp. yv and a Pbp. 9~Bip.pg. Because the Bi

8-

alloy was prepared by evaporation, its composition is
not very accurately known. Its thickness is about 5 p.
The rolled Pb—In sample is about 400 p, thick. During
sample preparation, test strips were prepared simul-
taneously for the measurement of thickness and dc
conductivity needed to evaluate the classical skin depth
8p, as reported in Table I.

IV. ANALYSIS OF EXPERIMENTAL RESULTS

Figure l is a recording of Z(EE) for the Pbs.srBio.os

alloy at 4.19 K. From such recordings taken at various
temperatures it is easy to derive H.3, II,2, ss, s2, and r
as dehned in Sec. II. In Fig. 2 we see the experimental
functions ss(t) and ss(t), and in Fig. 3 the ratio H.s/Ks
found for the two alloys, which show essentially the
same behavior. By plotting H,z(t) also against the

6.0-

5.0-

4.0-

4
0

Fro. 4. zi(t) and a&(t) for the Pbo. ssfnaiv alloy. xr(t) in this
figure is calculated with h, (t) of pure Pb, which is unjustified as
explained in text.

2O J. R. Anderson and A. V. Gold, Phys. Rev. 139, A1459
(1965).

Fzo. S. sq (t) and zs(t) for Pbs, 91Bis.s9 alloy. s& (f) in this figure is
calculated with h, (t) of pure Pb, which is unjustified as explained
in text.
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Fro. 6. »i(t)/»(1) and Ks(t)/
K(1) for the alloys Pbp, spinp, iz
(solid lines) and Pbq. p/BIQ, 09
(dashed lines), and»i (t) /»(1)
for pure Pb (Ref. 27; dotted line) .
For the alloys, »i (t) /» (1) is a mere
sketch, as only the values at t=o
and t=1 have been calculated, as
outlined in the text.
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function f= (1—t )/(1+t ), one can easily find dH, s/dt
at t=1 and, by linear extrapolation toward f=1, the
field H.s(0). For the In and Bi alloys we find, respec-
tively, 5090 and 4870 Oe for H, &(0) and for the slopes
at t= j. we obtain, within experimental accuracy, the
value predicted by theory in the weak-coupling dirty
limit, "4 i.e., in reduced units —h, s (1)=1.444. The
temperature dependence of H,s(t) is quite close to this
theory over the entire range; for both alloys the
experimental points lie above the theoretical curve, with
maximum deviations near t=0.4 of about 1.8% and
3.2% for the In and Bi alloys, respectively. For both
alloys H,s(t) is more linear than predicted by theory
near t= j..

If we want to derive the parameters»i(t) from the
measured H,&(t), we have to know the thermodynamic
critical fields H, (t) of these alloys. But there simply
are no such data available, and magnetization, which
in principle can furnish such data, cannot give this data
reliably because of hysteretic eBects. We have, there-
fore, chosen a di6'erent approach. Equation (1) does not
involve H. (t), and since all variables of this equation,
excepting the unknown»s(t), are easily accessible
experimentally, we derive first »s(t) as shown in Figs. 4
and 5. Once»s(t) is known, one also knows»(1) =
»7 (1)= »s(1) = »s(1) . Since the temperature dependence
of H,s(t) is known, all that is needed to find»i(t) is the
temperature dependence of the thermodynamic critical
Geld of the alloy, i.e., in reduced units the function
h, (t). If we take for h, (t) the function found experi-
mentally" for pure Pb, we end up with the»i(t) values
of Figs. 4 and 5. As we shall see shortly, however, »i(t)
values obtained in this fashion are probably false.

There is an accumulation of evidence"" linking

"D.L. Decker, D. E. Mapother, and R. W. Shaw, Phys. Rev.
112, i888 (1958).

"A. M. Toxen, Phys. Rev. Letters 15, 462 (1965)."J.Grunzweig-Genossar and M. Revzen, Phys. Rev. Letters
16, 131 (1966).

coupling strength ill'(0) V with deviations from BCS
predictions'4 of the slope at T, of the thermodynamic
critical field, i.e., —h, '(1) and hpp/hziT„where App is the
energy gap at T=O and H=O. Whereas BCS predict'4
—h, '(1)=1.736 and happ/h77T, =1.764, one finds for
Pb' " —h, '(1)=2.13 and t1pp/haTc=2 17. There have
been suggestions that these two parameters should
always remain nearly equal and deviate upward as the
coupling strength increases. "But there have also been
arguments according to which these deviations can be
somewhat more complex. "Nevertheless, one might say
that choosing for our alloys the h, (t) function of pure
Pb is equivalent to assuming our alloys to have the same
coupling strength as Pb. While the hpp/hnT, values of
Adler et 01.' support this assumption, our own data, on
the contrary, indicate that the coupling strength of the
Pbp. »Inp. » alloy is appreciably less than that of the
Pbp.grip. pg alloy, which is itself less than that of pure Pb.

Three independent pieces of evidence point toward
a reduced coupling strength for the Pb—In alloy:

(a) The reduced parameters»s(t)/»(1) for Pbp ssInp. iz

and Pbp.grip. pg shown in I'"ig. 6 exhibit a large diGerence.
For the Bi alloy the data of Fig. 6 indicate»s(0) /»(1)—
3, whereas for the In alloy the same ratio only equals
about 2.

(b) When we derive»i(t) from our H,s(t) with a
particular choice of the h, (t) function, we also make a
choice of Hp= H. (0), for we have

1 H,s(0) h,s'(1)
&2 Hp h, '(1)

If we take the h, (t) of pure Pb, we need, to satisfy
Eq. (5), Hp values of 580 Oe for Pbp. ssInp. iz and 830 Oe
for Pbp.»Sip.pg. Clearly, this value of Hp for the In alloy
is much too small to be acceptable. Equation (5)

~4 J.Bardeen, L.N. Cooper, and J.R. Schrieffer, Phys. Rev, 108,
117S (1957).
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suggests that Hp would increase if —k, '(1) were to
decrease.

(c) If we combine an equation from the microscopic
theory, '

H g (0) = 1.764(@pkrrT /hD), (6)

where Qp ——kc/2e is the flux quantum, with the conduc-
tivity formula

o = 2N (0) egD,

we find

5 (0) = a H, g (0) /1.764cekiiT, .

For our two alloys, we derive from Eq. (8) that

&(0) (pbo oi~iops'+(0) ~pbo porno ir

Even if we allow for some uncertainty as to the apph-
cability of the weak-coupling microscopic formalism to
our alloys, there is no doubt that X(0) is larger for the
Bi alloy than for the In alloy, and the same is certainly
true for the coupling constant E(0) V as well.

Equation (8) can be combined with another micro-
scopic result, '4

Hp 1.764L4+X(0——) $'"ksT„(10)
to yield a formula for Hp'.

Hp ——I 1 764$4oroH, g.(0)kiiT, /ce)I'I'. (11)
I'"rom this last equation we find for Pbp, 83Illo, » a field
Ho of 759 Oe and for Pbo.g~Bio.pg aI1 Ho of 915 Oe. With
these values Eq. (5) then requires —k, '(1) =1.63 for
the In alloy and 1.94 for the Bi alloy. These figures,
which are collected in the table, are much more accept-
able than the low Ho found before. Some comment
should be made, however, about the rather low values
of —k, '(1) that we find and the large ratios App/ksT,
recorded by Adler et al." We think that the large
diGerence found for Pbo.83Ino, » can be explained only
in part by the argument of Grunzweig-Genossar and
Revzen. "We also believe that Adler et al.,"who did
not anneal their alloys, had inhomogeneous material.
Our own observations clearly showed that for both
types of alloys, Pb—In and Pb—Bi, homogenous material
was not obtained unless it was annealed for at least 24 h
at about 50 C below its melting point. The inhomo-
geneity does not manifest itself very much in the resis-
tivity measurements but shows very strongly in the
R(H) and critical-field data. Homogenous alloys give
strongly featured R(H) curves, as shown in Fig. 1, and
the "observed" H, 2 and H.3 fields become more and
more clearly defined, and drop by large amounts, as the
alloys become more and more homogenous when the
annealing time is successively increased. Eventually,
they reach a stable low value typical of the homogenous
alloy.

V. DISCUSSION AND CONCLUSIONS

We have been able to calculate the microwave surface
impedance of dirty type-II superconductors, in the

surface-sheath regime, in terms of the microscopic
theory of superconductivity. 3 Experimenting with two
lead alloys, we have then demonstrated the consistency
of our theory and the suitability of surface-impedance
measurements near H, 3 to derive the parameters that
characterize the properties of a superconductor. The
theory is strictly valid in the weak-coupling limit, but
our experimental results suggest that strong-coupling
eGects do not impair the applicability of weak-coupling
formalism, but produce only deviations for H, (t),
H, (gt), and H,s(t); these can be accounted for by
stronger variations with temperature than predicted by
weak-coupling theories" of the two Ginzburg-Landau—
type parameters ~i(t) and log(t) defined by Maki. g These
findings give support to the strong-coupling calculation
of Werthamer and McMillan' and to recently published
Hog(t) data for pure PbF Figure 3 also suggests that
the ratio H, g( 1) /H, g(t) deviates by less than 50ro over
the entire range 0&t&1 from the theoretical value
at T', of 1.695. The possibility cannot be entirely
excluded that this variation is not characteristic of a
homogeneous superconductor, but is indicative of an
increase of f(: toward the surface. Such an increase would
be rather ineffective at T, because of the larger coher-
ence length $(i) as 1—o1. However, since the function
$(t)/$(0) increases only from 1 to 2 as t goes from 0 to
0.83, one would have expected the ratio of H, (g)/1

H. (tg) to vary much more rapidly just below t=1 and
level oG very soon to its low-temperature value, unlike
the rather gradual behavior seen in Fig. 3.

The rg(t) functions of Figs. 4 and 5 are strikingly
linear. The ~i(i) data reported in these figures are
obtained by choosing a thermodynamical Geld H, (t)
that has the same temperature dependence as H, (t) of
pure Pb. As we have seen, this implies unacceptable
values of Ho. The weak-coupling formalism leads to the
Hp and ~i(0) values of the table, and from these we 6nd
Ki(0)/~(1) = 1.34 and 1.13 for the Pbp. gi3ip. pg and
PbQ.8QIno.» alloys, respectively. The last of these values
is unexpectedly low. It may bear testimony to the
restricted applicability of the weak-coupling formalism,
or mean that the effective transport mean free path /&,

is larger than the s-scattering-limited electron mean free
path" l. In any case, it suggests again that Pbo.83In0.~7

is in fact a rather weak-coupling superconductor, even
though its Kg(t) variation is somewhat stronger than
predicted by weak-coupling theory. "

The variations of iog(t) reported here are far larger
than those quoted by Bon Mardion et al. , whose
magnetization measurements on Pb—Tl alloys yielded
sg(t) in a rather indirect way, so that not much signifi-
cance should be attached to this discrepancy.

The sheath thickness, characterized by the parameter
or(1) plotted in Fig. 7, shows a systematic behavior as

~ G. Eilenherger, Phys. Rev. 153, 584 (1967) ."¹R. Werthamer and W. L. McMillan, Phys. Rev. 158, 415
(1967).

gr G. Fischer, Phys. Rev. Letters 20, 268 (1.968) .
~ G. Bon Mardion, B. B. Goodman, and A. Lacaze, J. Phys.

Chem. Solids 26, 1143 (1965).
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FIG. 7. Sheath-thickness pa-
rameter o(t) de6ned by Eq. (4).
The square at t=1 is from theory
(see Ref. 10).
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function of temperature. At T, we find agreement with
the Ginzburg-Landau limit calculated by Fink and
Kessinger. ' There are obvious similarities and diGer-
ences for the two alloys in the behavior of n (t) below T,.
We have no explanation to offer accounting for the
observed behavior, but must point out that it may again
be connected with an increase of a toward the surface.
If this were so, n(t) would be expected to rise as t

decreased from 1=1. For a superconductor perfectly
homogeneous right up to the surface, one might have
expected n(t) to be monotonic with t The beh.avior
observed and the perturbation envisaged as possible
then indicate that the unperturbed n(t) decreases
monotonically with t. As discussed before, it is also quite
likely that a is not subject to any perturbation and that
the rr(t) observed is genuine.

APPENDIX: SURFACE IMPEDANCE OF
INHOMOGENEOUS SUPERCONDUCTORS

We assume that the superconductor occupies the
halfspace x(0 and that the dc magnetic field H is
parallel to the surface, pointed in the s direction. "The
monochromatic plane-polarized microwave is incident
perpendicularly to the surface, with its electric vector
E„parallel to H. In this situation the microscopic
calculation gives, for the current induced by the micro-
wave vector potential A„, the following expression":

J (r) =Q(r )A (r)
with

where o is the normal-state conductivity (assumed
entirely real),

p= sp/47rT, ep 2DeII,s(——t), D= 'essl-
is the diffusion constant, and f and Po& are the di- and
trigamma functions. A(r) is the spatially variable order
parameter.

The expression (A2) is valid in the surface-sheath
regime near H, s with a h(r) as first calculated by
Saint-James and de Gennes, ' or in the mixed state near
II,s where d, (r) is given by the Abrikosov solution. "'P
It is important to stress that (A2) holds only for the
geometry considered, E„ II I, where we can completely
neglect contributions from Quctuations of the order
parameter. '

In order to calculate the surface impedance, we have
to solve the differential equation

—OsA„(x)/Bxs=4s. Q(x, tp) A„(x) (A3)

with appropriate boundary conditions. The surface
impedance is then given by

& (o)Z=R+iX=4'
H„(0)

(A4)

We consider now the two regimes where (A2) applies.

1. Surface Sheath, H &H, e

Since for x))$(t), i.e., far inside the superconductor,

Q(x, cp) is a constant equal to its normal-state value,
we can write (A3) in the form

OsA„(x)/Bx—'= —4noLstp+f(x)]A„(x), (AS)

where f(x) ~
I

b, (x) I' is a small perturbation, because
we are close to H.3. Since the vector potential decreases
inside the superconductor in a manner only slightly
diGerent from the way it does in the normal state, we

3' A. A. Abrikosov, Zh. Eksperim. i Teor. Fix. 32, 1442 (1957)
t English transL: Soviet Phys. —JETP 5, 1174 (1957)j.

' The calculation presented in the Appendix is carried out in a
system of units such that A =k~ =c= 1, and with a time dependence
of the form exp(+icot) .

27rr 2'T+ . + . L4(2 ~/2~T+P) 4(2+P)3——sM —spp+ ep

(A2)
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look for solutions of (A5) of the form

A„(x)=A„(0) expl"—bx —
q (x)],

where y'( po) =0, I q (x) I «1, and

b '=—
(4)rip)o) 't'= (1 i—) t')„=bp/(1+i),

In the following we consider only the low-frequency
behavior of Z and assume that t')p))f(t). Then f(x) is
given by

f(*)=(I ~(x) I'/ TIP"'(l+t) (A12)

(A7) If we approximate h(x) with the Gaussian form
with

bp ——28„= (2+Ma) 'IP a(x) =S(0) expl —x'/2P(t)], (A13)

80 is called the normal-state classical skin depth.
Substituting (A6) in (AS), we obtain

2bq '(x)+ Lq'(x) ]'—qp" (x) =
4vrof (x) .

we can use a relation derived by Maki" for (I A(x) I')z~
normalized in the sheath thickness f(t),

o 2~pP(t) —0.334
Neglecting I &p'(x) ]' in (A8), we have

p(x) 4m~I=dx e"'
Q

The surface impedance is then given by y'(0) =4m f j(x) d~

(A10)Z= 47rpop/Eb+rp'(0) ],

e "*'f(x')dx' . (A9) and we can calculate
(A14)

where

q'(0) =4ro. e Pb*'f(x )
—dx (A11)

(2m)'t' (H,p
—H)

IL2~pP(t) —o 334] '. (A15)
$ t k Hp j

For the surface impedance we find 6nally

01

vari(o
Z~

(1+i)t')p '+(2~)'t'P'(t)l (Hp —H)/H, p]L2apP(t) —0.334] '

Z=Jt. 1+i (2~)—'" I II 2K '(t) —0.334] ',Bp (Hp H)—
(A16)

(A17)

and we can derive

(t) = (H„/Jt„) Lax(H)/aHll~ ~„=(2 ) I La,/~(t)]L2, (t) —0.334 (A18)

2. Transition into the Mixed State, H—H, 2

We consider now the discontinuous jump of BR(H)/
BH at H=H, p. We can use again (A10) and (A11) to
calculate Z, although we have no explicit expressions
with which to evaluate the integral in (A11) . We shall
assume that the linear relationship with H obtained for
this integral can still be used, with a factor a(H, t)
which expresses the departure from linearity. n(H, t) is
generally & j. and can be looked upon as the ratio of
sheath thicknesses at the fields H and H,3. Fink and
Kessinger'P have calculated. oi(H, t) with the help of the
Ginzburg-Landau equations. Since these equations are
valid near 2;, one would expect that their result for
n(H, t) is valid near T„as our experiments confirm.
We thus write for (A15)

q'(0) =4no f(x) dx

A = (—'n. ) ')P
I II 2spP(t) —0.334] '. (A21)

H„

In fields below H, 2 one has the Abrikosov phase in
the bulk. Ke can carry out all the calculations in a way
similar to that of (1) above, and we obtain,

Z= kl zo)
2m.p)o L2ppp(t) —1]pg

(A22)

Then we express R(H,&)/E„ in terms of n(t) =o.(H, p, t):

r=R(H2)/E„=L(1+A)'+A']-', (A20)

where

(2~)'I'n(H, t) t'H, p H')—
(t) E H, p

(A19)

where P~ ——1.16, b is the same as before LEq. (A7) ],and

q '(0) is still given by (A19) . The coeKcient of b in the
denominator describes the eGect of the Abrikosov
structure"" on the surface impedance. One can then
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calculate

H.s c)Z(H)i H.s (BR(H) ItSst=
e-sr.s-o & & etH I sr=sr. ,~

with

g(r) =rt 1—r+r(2/r —1)'tsj.

Finally, by combining (A18), (A20), and (A21), we
can derive

(A23)
(2/r —1)'"—1 H, s

~(t) =
ss(t) H, s—H, sj

(A24)
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The dielectric function of a degenerate electron gas in the random-phase approximation, and the one
proposed by Hubbard, which takes exchange eGects into account, have been extensively used in the study
of metallic properties. However, both dielectric functions lead to an overestimate of the short-range cor-
relations between particles. This is manifest from the fact that the pair-correlation function is negative
for small interparticle separations over the whole range of metallic densities, and implies an overestimate
of the correlation energy. An improved expression of the dielectric function is given, which includes explicitly,
in an approximate way, the short-range correlations arising from both Coulomb and exchange effects by
being a functional of the structure factor. The structure factor and the dielectric function can then be
determined in a self-consistent manner. The numerical solution of the self-consistent. scheme yields a pair-
correlation function which is positive for all values of the density up to r, =4. For r,)4, it is very slightly
negative at small separations, but it is so small that it can be considered to be zero for all practical purposes.
New estimates of the correlation energy are given for the entire metallic density range, and are smaller
than the earlier estimates. These results are used to recalculate the cohesive energy of the alkali metals. A
discussion of the plasmon dispersion relation, the compressibility, and the liquid-solid transition, both
for the electron system and for an astrophysically interesting system of protons over a background of
electrons, is also given.

I. INTRODUCTION

lHE dielectric formulation of the many-body prob-..lem has been found to be very fruitful in studying
the degenerate electron gas and the metallic properties
which depend strongly on electron-electron interactions.
The system that one studies is a degenerate electron
gas on a uniform, neutralizing background. The density-
Ructuation excitation spectrum, the correlations be-
tween the density Quctuations, and the ground-state
energy of the system are rigorously expressible in terms
of its frequency- and wavelength-dependent dielectric
function. This model system serves as a useful guide
to the study of many metallic properties, such as the
interionic potential and the screening of defects, under
the assumption that the dielectric function is not essen-
tially altered by the discrete nature of the ion lattice.
It is, therefore, of great importance to have a precise
knowledge of this function in the range of electron
densities encountered in metals.

~ Based on work performers under &ht; auspices of the U.S.
atomic gnt;rgb Corxpgjssjog,

The dielectric function 6rst given by Lindhard, 2

which corresponds to the random-phase approxima-
tion' 4 (RPA), is the one which is most commonly
used. It provides a good description of the plasmon
excitation modes and of long-wavelength screening phe-
nomena, but its validity is otherwise limited to high
electron densities (r,((1}.The inadequacy of RPA
becomes manifest, for instance, from the fact that the
pair-distribution function, which is positive-de6nite, be-
comes negative' ' for small separation between particles,
over the entire range of metallic densities (2(r,&6).
This arises from the failure of the RPA to take account
of short-range eGects; indeed, no local field correctiorF
is made in this theory. The neglect of short-range

J. Lindhard, Kgl. Danske Videnskab. Selskab, Mat. Fys.
Medd. 28, No. 8 (1954).

e D. Bohm and D. Pines, Phys. Rev. 92, 609 (1953).
«M. Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364

(1957).
4 J. Hubbard, Proc. Roy. Soc. (London) A243, 336 (1957).' A. Glick and R. A. Ferrell, Ann. Phys. (N.Y.) 11,359 (1959).' Lars Hedin, Phys. Rev. 139, A'796 (1965).
r P. Nozieres and D. Pines, Nuovo Cimento 9, 470 (1958).


