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Little and Parks demonstrated that the superconducting transition temperature T of a multiply con-
nected superconductor is periodic in a magnetic field with a periodicity of ho/2e. However, there were
certain anomalous features of the early experiments, such as an unexplained temperature dependence of the
amplitude of the b, T, oscillations and an unexplained nonoscillatory magnetic field background superposed
on the oscillatory Geld dependence of T&. By repeating the experiment u~der more controlled conditions, we
have eliminated the problems which led to the anomalous features of the early results. Isothermal resistance-
versus-magnetic-Geld measurements were made on Sn and Al cylinders of various diameters in the range
1-5 ts. From these measurements detailed phase diagrams (2';versus-Z curves) were constructed which
are in excellent agreement with the predictions of the linearized Ginzburg-Landau theory. The present
type of experiment is shown to be suitable for studying depairing due to kinetic-energy eGects associ-
ated with the drift motion of Cooper pairs. The results are discussed within the framework of the pair-
breaking theory of Abrikosov and Gor'kov, which has been adapted to treat the present problem.

I. INTRODUCTION

r 1HE concept of fluxoid (or flux) quantization has..received considerable attention since the original
prediction by London' and subsequent experimental
veri6cation by Deaver and Fairbank' and by Doll and
NKbauers (see, e.g., Ref. 4 and the quoted bibliog-
raphy) . The fluxoid C' is defined by

I = H ds+c AJ dl=n(hc/2e), (1)
sI g/

where S' is a surface containing a hole and bounded

by a curve C', B is the applied magnetic Geld, c is the
speed of light, J is the supercurrent density, h. =ttt/tt, e'
is the London parameter (tm being the effective elec-
tronic mass, e the electronic charge, and e, the number
of superconducting electrons), It is Planck's constant,
and n is an integer. In a bulk superconductor, essen-
tially all of the current flows on the surface (or edges)
within a layer of thickness X(T) Ltypically ~1000 L
(1—T/T, )-'"j called the weak field penetration depth.
For the case of a suKciently thick multiply connected
superconductor (e.g. , a thick ring or hollow cylinder)
at T&&T„one can choose the curve C' to lie wholly
within the superconductor where J=O. Thus the sec-
ond term in Eq. (1) vanishes and one is left with the
result that the flux threading the hole is quantized in
units of hc/2e—=@p.s P This was the experimental situa-
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- tion of Doll and Na, bauer and of Beaver and Fairbank,
who veri6ed that the Qux in the hole was indeed quan-
tized in units of hc/2e. The other extreme of an in6-
nitely thin hollow cylinder in an axial magnetic 6eld
with T,—T«T, was 6rst considered by Little and
Parks. ~ 8 For this case X&&d, the thickness of the cylin-
der walls, and one can no longer choose the curve C'
in a region where 7=0. Thus the Aux in the hole is no
longer strictly quantized because the integral around
C' contributes to C.""In fact for this case, 6elds from
screening currents t those currents contributing to the
second integral in Eq. (1)g are negligible and the flux
inside the hole is approximately equal to the applied
field. Any quantum effects must therefore arise from
the second term in Eq. (1). Using the Ginzburg-
I,andau theory" and Eq. (1), Tinkham' derived the
following expression for the variation of T, with axial
magnetic 6eld in vanishingly thin, hollow cylindrical
superconductors of radius E.:

/s. T /T = (rsvp —sr''H) '/Ssr'E9, '(0) P,p'(0), (2)
where X(0) and H,p(0) are the penetration depth and
critical field at T=O'K, respectively.

Little and Parks~' found the transition temperature
of thin hollow cylinders of various superconductors to
be periodic with period hc/2e in the applied magnetic
Aux threading the cylinder. However, presumably be-
cause of sample inhomogeniety and/or nonuniformity
of cylinder diameter, little information beyond the
period of the oscillations Le.g., the verification of the
functional form of Eq. (2) or a quantitative measure-
ment of (b,T,),„$ could be extracted from the ex-
periments.

Another well-known effect present in thin (simply
connected) superconducting 6lms is the increase in the

' W. A. Little and R. D. Parks, Phys. Rev. Letters 9, 9 (1962).' R. D. Parks and W. A. Little, Phys. Rev. 133, A97 (1964).
P M. Tinkham, Phys. Rev. 129, 2413 (1963);Rev. Mod. Phys.

36, 268 (1964)."C. Delmasso and E. Pagiola, Nuovo Cimento 35, 811 (1965).' V. L. Ginzburg and L. D. Landau, Zh. Eksperim. i Teor.
Fiz. 20, 1064 (1950).
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parallel critical field H~~(T) relative to H+(T), the
thermodynamic critical field for bulk superconductors.
The following expression" for H~~(T) can be found
from the Ginzburg-Landau equations:

H~i(2') =(2&&)L) (&)/djH. b(2')

This expression is valid for films of thickness

d((+5) X(T),

which is just the condition for the phase transition
from the normal to the superconducting state to be
second order.

%e report here the results of new experiments carried
out under more controlled experimental conditions, from
which we have constructed the critical-field-versus-
temperature phase diagrams for thin-walled hollow Al

and Sn cylinders of the Little-Parks type. These results
are compared with the solutions of the Ginzburg-
Landau equations, which we show reduce to a corn
bination of Zqs. (2) and (3) in the appropriate limit.
A brief review of the salient features of the properties
of the solutions of the Ginzburg-Landau equations for
small hollow cylinders will be followed by a presenta-
tion of the experimental work. ln addition, we shall
discuss the significance of the present work in terms of
its relevance to the problem of depairing" in super-
conductors.

II. PROPERTIES OF SOLUTIONS OF GINZBURG-
LANDAU EQUATIONS FOR A

HOLLOW CYLINDER

For the case of a hollow cylinder undergoing a second-
order phase transition, the following expression can be
derived which relates the critical axial magnetic field

and the temperature:

(A3) and (A4), respectively. All terms involving the
quantum number e and field appear on the right side
of Zq. (5), while the temperature dependence is re-
stricted to the left side only. Figure 1(a) is a plot of
Eq. (5) for the ratio d/2R =0.3. For the extreme case
d/2R =0, the local maxima in transition temperature
all fall at the same value of temperature instead of
successively lower values as in Fig. 1(a). The fields hbi
corresponding to the local maxima in transition tem-
perature can be found by solving Eq. (5) for h, subject
to the condition dh/dh= co, which yields

hM 1+(d/2R )s

Using Eq. (6), Eq. (5) can be put into the form

x 1

R„ )
~L,2R„ j

d &'+-;&I', t+-~ ~yo (
This procedure has the advantage of separating the
terms which are periodic in 6eld from those which are
not. The envelope curve for the nonperiodic terms in
Eq. (7) may be determined simply by setting h=hsr
in Eq. (7) and using Zqs. (A3) and (A4) for x'/), '
giving

X I 1+(7/5) (d/2R„) '+ ~ ~ ~
I
'" (8)

which just reduces to the value for the critical field of
a simply connected film fEq. (3)j for sufficiently
large E .

Similarly, the value of field for which the transition
temperature is a local minimum is found by writing
the right side of Zq. (5) or Eq. (7) as f(h, rb) and
solving f(h, n) =f(h, I 1) for h—, giving

h„= —,'(2m+1) t 1+-s, (d/2R„) '+ "j (9)

where we have introduced the reduced field variable
h=trR 'H/Ps, R„ is the mean radius of the cylinder,
and e is an integer which is free to change so as to
keep the Gibbs free-energy difference AG between the
normal and superconducting state of the cylinder maxi-
mized. LFor this case, the minimum value of AG cor-
responds to the highest transition temperature; i.e.,
e is chosen so as to keep the transition temperature
of the cylinder in Zq. (5) as large as possible for a
given value of field. j A review of the boundary condi-
tions and assumptions leading to Eq. (5) is presented
in Appendix A. The penetration depth A, and Ginzburg-
Landau coupling constant w can be found from Kqs.

's D. H. Douglass, Jr. , Phys. Rev. 124, 755 (1961).
~~ N. N. Bogoliubov, Zh. Eksperim. i Teor. Fiz. 34, 58 (1958)

fEnglish transl. ; $oviet Phys. —JETP /, 41 (1958)g.

with
R.'=R'&1+-;(d/2R„) +" g,

R'=y, / (AH), „,

T Tg T~ Tl

(0) (b)

T

FIG. 1. (a) Phase diagram for cylinder with iinite wall thickness
(d/2&) =&5 Loom Eq. (12)g. (h) Expected resistivity-versus-
magnetic-field curves for the four isotherms showa in Fig. 1(a).
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where (AH);„ is the difference in field between two
adjacent temperature minima. For all of the samples
used in this study (see Secs. V and VI) the correction
terms of order (d/2R) s and higher introduced a differ-
ence of less than 4% between R and R, i.e., R —R(
0.04R. Inserting the standard temperature depend. -
ences'4 for ss/)~s and including terms to second order
in d/2R, Eq. (7) becomes, for temperatures close to T.,

Sos)s(0)H ss(0)R' [ 3 2R)

+-'h "—' (12), d't

P

where h' =+R'H/ps and

at, =
t T,(h'=0) —T,(h') 7/T, (h'=0).

The values of successive minima in T, can easily be
found from Eq. (12). However, as is the case with
successive maxima in T„ this quantity increases mark-
edly with increasing field Lsee, for example, Fig. 1(a)7,
even for extremely small values of d/2R. For compari-
son with experiment it is convenient to divide At, into
terms which are periodic and aperiodic in Geld, i.e.,
At. = (iU,) ~„+(At,),~„. Then we obtain for the max-
ima of the periodic part [henceforth, (LD,)
(~1.)-*7

t (
32s 9.s(0) H,ss(0) R' [ i, 2R)'

In principle, phase diagrams of the type shown in
Fig. 1(a) can be constructed from data obtained from
isothermal, sample resistivity p-versus-magnetic-field H
measurements. Figure 1(b) shows typical, expected
p-versus-H curves for a series of successively lower tem-
peratures, corresponding to the isotherms shown in
Fig. 1(a).

III. REVIEW' OF PREVIOUS
EXPERIMENTAL WORK

The criterion which permits the construction of H;
versus-T phase diagrams from isothermal H-versus-p
data (discussed in Sec. II) is that the width of the
resistive transition with field be smaller than the perio-
dicity unit (AH);„=Ps/s. R' )from Eq. (11)7, i.e.,

H(p= p~, T) H(p=0, T)&&—g,/~Rs, (14)

where p& is the electrical resistivity of the hollow cylin-
der in the normal state. The experiments by Little and
Parks did exhibit the predicted periodic behavior, but
Eq. (14) was not satisfied. As a consequence, the p-
versus-II curves were less ideal than those depicted in
Fig. 1(b) Lsee Fig. 3(a)7. The oscillations in resistance
were generally superimposed on a rather large parabolic
background, which made it dificult to extract any in-
formation on the functional form of H, (T) beyond a

"C. J. Gorter and H. B. G. Casimir, Phys. Z. 35, 963 (1934).

FIG. 2. p-H-T surface for a superconducting cylinder with
Gnite wall thickness. The surface has been drawn assuming the
zero-field resistance-versus-temperature curves to be undeformed
under the application of Geld.

precise determination of the Geld periodicity unit and
order of magnitude estimates of the periodic oscilla-
tions in transition temperature, (A'T,),„.s "The origin
of the parabolic background can be seen from a con-
struction of the type shown in Fig. 2 (similar to the
construction employed by Delmasso and Pagiola"),
which is a p-IJ-T diagram for a sample with a rather
broad resistive transition Li.e., a sample for which
Eq. (14) is not satisfied7. Figure 2 was constructed
by using Eq. (13) and assuming that the resistive
transition (in zero field) is simply shifted under the
application of Geld. The measured value of resistivity
as a function of Geld at a given temperature, say, T„
is found by the intersection of the plane perpendicular
to the temperature axis at T, and the p-II-T surface.
Figure 3(b) is a plot of the expected p-versus-H de-
pendence for the intersection at T=T, in Fig. 2. By
comparing Fig. 3(b) with Fig. 3(a), it can be seen
that the predicted observed effects are about the same
order of magnitude. In the limit p—4 (the H, T, p=0
plane), the quantum oscillations are superimposed on
a parabolic background since the envelope curve LEq.
(8)7 has a quadratic temperature dependence near T,
$i.e., H, ~ (T,—T)"'7. Since the p H Tsurface was--
constructed by simply shifting the (assumed linear)
p-versus-T curve in zero field, the intersection of the
surface with a plane perpendicular to the T axis will

yield a background curve p~H'. Thus, even in the
absence of the quantum periodicity, the p-versus-B
curve should appear to have a quadratic form. This
was found to be the case by Little and Parks, who did
make a cylinder which was superconducting most of
the way around and had a normal metal on the other
part. ' In the actual experimental situation, for a poor

~' L. Meyers and %'. A. Little, Phys. Rev. Letters 13, 325A
(1964).

'6 See discussion following the paper by M. 'Pinkham, Rev.
Mod. Phys. 36, 268 (1964).
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(Z T)-versus-T curves are always de-sample, the p~, -ve
formed as shown in Fig. 4.

Parks ana ~i e od L'ttl btained estimates of (h,),„y
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IV. EXPERIMENTAL DETAILS

The necessarily small cylindrical substrates were pre-
pared from GE-7031 insulating and dipping varnish,
in essentially the same manner reported by Parks and
Little. The glue fibers were deposited on substrates
fashioned from No. 2 or 3 cover glass slides as shown
in Fig. 5. Small quartz fibers were tried in place of the
varnish fibers for several samples. However, the super-
conducting transition temperatures for Al and Sn cylin-
ders prepared on quartz fibers were generally 5—10%
higher than the bulk values, and the resistive transi-
tions were rather broad, suggesting that the films were
severely strained. ""Presumably the temperature co-
efficient of expansion of the glue is closer to the values
for tin and aluminum than that of any of the other
substrate materials tried. Also the quality of the quan-
tization wiggles was generally not as good when other
materials were used in place of the GE varnish. All of
the samples used in the present study were deposited
on glue fibers. One can estimate the diameter of the
fibers to about 25% by observing the interference colors
produced when the fibers are pulled. The earlier work~ '
on extremely thin-walled cylinders had shown that the
value of the diameter determined by the quantum
periodicity condition t Eq. (10) with d =0 or Eq. (11)j
agreed with the value obtained from electron-microscopy
ineasurements to within 5%. Therefore, electron micro-
scopy was not employed in this study and the cylinder
diameters were determined directly from Eq. (11).
Also, it should be mentioned that conventional optical
microscopy is of little use in determining the fiber diam-
eters (in the &1 p range) because of the appearance of
relatively large diffraction fringes.

The Al and Sn cylinders were prepared by metal
coating the (suitably masked) fiber-holder assemblies
(shown in Fig. 5) in a conventional liquid-nitrogen-
trapped oil diffusion pump vacuum system. Pressures
during the aluminum evaporations were maintained at
(1—3) X IO r Torr. Starting pressures for the tin evapo-
rations were typically 2X 10 ' Torr rising to ~(7—8) X
10 ' Torr during the evaporation. Unlike the case of
aluminum, a relatively good vacuum was not essential
for the preparation of good tin specimens. ln fact,
quite acceptable samples could be prepared in vacua
approaching 10 ' Torr. Source-to-substrate distances
were 20 cm. The substrates were rotated at 3 revolu-
tions/sec during the evaporations. Deposition rates
ranged from 50—90 A/sec for aluminum and 80-150
A/sec for tin. Film thicknesses were determined by
multiple-beam interferometry using the method of
fringes of equal chromatic order. " The problems of
the rough surfaces of the tin specimens encountered
previously' were largely overcome by evaporating the
tin at a more rapid rate.

's J. M. Lock, Proc. Roy. Soc. (London) A208, 391 (1951)."A. M. Toxen, Phys. Rev. 123, 442 (1961).' S. Tolansky, Multiple Beam Interferometry of Surfaces and
Films (Clarendon Press, Oxford, England, 1948), 1st ed.

Four leads were attached to each sample with silver
paint so that either two- or four-probe techniques could
be used for monitoring the sample resistance. The sam-
ples were mounted with their axes along the axis of a
superconducting solenoid and placed directly in the
helium bath. Temperatures above 2.2'K were stabilized
by a diaphragm manostat. Below the X point of He4,
an electronic system was used. Allen Bradley 8-W
resistors in conjunction with a 100-cps Wheatstone
Bridge, utilizing a phase-sensitive voltage ampli6er as a
null detector, were used for temperature measurement.
During each run the resistors were calibrated against
the vapor pressure of the helium bath. Since only rela-
tive temperatures were important in the experiment,
hydrostatic corrections, etc., were neglected. The tem-
perature sensitivity of this arrangement was better
than 10 4 K'. The following method was used in taking
p-versus-B measurements: The sample was placed in
one arm of a Wheatstone Bridge operating at 27 cps
(a two-probe technique was feasible because of the
relatively large sample resistances). After amplifica-
tion, the bridge output was fed into a phase-sensitive
amplifier and into the Y axis of an X-Y recorder. The
output of the amplifier was approximately linear with
changes in the sample resistance. Lead and contact
resistance were measured with the sample in the super-
conducting state. The sensitivity of this arrangement
was 10 ' 0 (with a bandwidth of ~5 cps). This was
the most convenient method for monitoring sample
resistance, although both ac and dc four-probe tech-
niques gave the same results. The largest measuring
current to pass through any sample was less than
3X10 r A (rms) which corresponds to a current den-
sity of less than 100 A/crn' for the smallest samples
studied. The X axis of the recorder was used to monitor
the current passing through the solenoid. Field sweep
rates ranged from 0.005 to 0.5 G/sec, depending on the
bandwidth of the amplifier.

V. EXPERIMENTAL RESULTS

A. Aluminum

Experimental p-versus-H curves at various repre-
sentative temperatures for 1.33-p,-diam aluminum cylin-
der are shown in Fig. 6. The sample is completely
superconducting at the minima, while the maxima cor-
respond to the normal sample resistance. The same
p-versus-H curves were obtained for both increasing
and decreasing field sweeps. The slight slope of the
normal resistance peaks was due in part to the response
time of the measuring circuitry, although the field
transition does have a finite breadth. Figure 7 shows
the corresponding E?(T)-versus-T phase diagram which
was constructed by plotting the field values defining
the half-width of the resistance peaks as a function of
temperature. The wall thickness of all of the cylinders
reported here was 2500 A. The diameter was calculated
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TABLE I. Summary of data on aluminum cylinders.

Sample
2R
(t)

Periodic
oscillations
IEa (13)3

(rs T.),. 7 (0)
(mdeg K) (L)

Envelope
curve

IEq (g) j
H) {0) X(0)

(G) (ii.)

Resistivity
I Eq. (A3) j

X(0)
(a)

A

C
D

2.17
1.83
1.68
1.32
1.20

12
17
20
33
40

990
1075
1080
1070
1070

231
218
270
220
210

1170
1090
1360
1100
1060

1010
10io
1010
ioiO
1010

from Eq. (11), (AP);„being the experimentally deter-
mined field increment separating temperature minima
in the phase diagram. We shall treat the 1.33-p, cylinder
as a representative sample in order to demonstrate how
the quantities presented in Table I were obtained. The
dashed line of Fig. 7 is the best fit of Eq. (8) through
the local temperature maxima. Inserting the standard
temperature dependence for H,&(T) and X(T) in Eq.
(8) one ftnds H~~(0) =220 G. Using the value &,s(0) =

T 0 I.I50 'K

~ I.I44 'K

100 G" for the thermodynamic critical field at T=O,
one obtains ) (0) =1100 A. The value of (AT,),„was
then measured from the envelope curve. For the sample
under consideration AT, , =33 mdeg K. This value
can be used in Eq. (13) to give X(0) =1070 A. The
solid line in Fig. 7 is a plot of Eq. (12) using the value
X(0) =1070 A. One final check can be made by com-
puting X(0) from Eqs. (A3) and (As). The transport
mean free path may be expressed as

I = (sr'k'/e') (1/yvtp ) (16)

where p is the electronic specific-heat capacity in
erg/cm' 'K' and ps is the residual resistivity in emu. "
The residual resistivities of all the aluminum samples
studied were approximately 10 ' 0 cm. Using the free-
electron values pat ——1.37&&10' erg/cm' 'K' and st ——

13.2X 10r cm/sec, "one obtains l =405 A for a residual
resistivity of 1.0&(10 ' 0 cm. Using Eqs. (A3), (AS),
and (A6) with )sat=16000 A and X~ ——157 As' one

50—

T ~ I. I I 2 eK

T ~ I.I 02 'K

~s
O
Qi . ~

& 20—

IO—

T e 1.086 'K

T ~ I.077 OK

H

Pro. 6. Resistance-versus-magnetic-iield curves (with temper
ature as a parameter) for a 133-p-diam aluminum cylinder
(sample D).

0 I

I.O7 I. IO I.I3
T(K)

FIG. 7. Phase diagram for the 1.33-p-diam cylinder. The diagram
has been constructed from a number of isothermal resistance-
versus-Geld measurements of which those in Fig. 10 are a charac-
teristic few. The solid and dashed curves are explained in the text.

~' B.W. Roberts, General Electric Research Laboratory Report
No. 63-RL-3252M, 1963 (unpublished) .

22B. B. Goodman, in Metallic Solid Solutions, edited by J.
Friedel and A. Guinier (W. A. Benjamin, Inc., New York, 1963),
p. 22."N. E. Phillips, Phys. Rev. Letters 3, 17 (1959).

24 J. Bardeen and J. R. SchrieBer, in Progress in Low Temper-
csture Physics, edited by C. J. Gorter (North-Holland Publishing
Co., Amsterdam, 1961),Vol. 3, p. 170.
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50

40

hC

30E

I
8„20I-

f0

0.20 0.4 0.6
{2R) (microns )

Fro. g. Magnitude of the periodic oscillations (AT,) „for the
aluminum cylinders as a function of cylinder diameter (2ft).

obtains ),(0) = 1000 L, in good agreement with the two
values found above.

In order to ensure that the agreement above was not
due to a fortuitous choice of d and R, (b,T,),„was
tabulated as a function of R for several samples of
different radii. Figure 8 shows (AT,) versus 1/(2R)'
for the Al samples studied. As mentioned above, no
corrections for differing mean-free-path effects were
necessary. The slope of the solid line is

TAsr/8+s) '(0) H '(0) (17)

with X(0) =1050 A., T,=1.2'K, and H,s(0) =100 G.
The values of X(0) as determined from H(0), (d T,)
and resistivity are tabulated in Table I. Several cylin-
ders of aluminum were made with diameters smaller
than those presented here. However, the pumping ca-
pacity of the He' system was such that no data could
be obtained below 1.08'K, which prohibited complet-
ing even one scallop on the H~~(T)-versus-T diagram
for the cylinders of smaller diameter.

The aluminum films prepared in the manner described
above all fall into the class of dirty superconductors,
i.e., l((gs, where $s is the bulk coherence length.

B.Tin

Because of the higher transition temperature of tin,
one can obtain data for considerably smaller samples
than was possible for aluminum. In fact, one is limited
only by the ability to prepare sufficiently small cylin-
drical substrates. However, in many cases, the resist-
ance-versus-field characteristics of the Sn samples have
more rounded peaks than those of the Al samples. One
particularly troublesome problem in the larger cylinders
was an apparent "breaking up" of the cylinder into
parallel "cigar-band"-like structures, each with a
slightly different transition temperature and associ-
ated quantization oscillations. This effect can be quite
troublesome in that it can lead to an apparent (AT,)
much larger than really exists; i.e., the oscillations from
two bandlike structures with only slightly different
transition temperatures might tend to add. It was

50—

40—

30—

«s

~ 20—

IO—

0
3.66 3.68 3.70 3.72

T ('K)

Fro. 9. Phase diagram for a 1.2-p-diam tin cylinder (sample
III). The solid line was calculated from Eq. (12) with X(0) =
620 A, 7;=3.73'K, and H~(0) =303 G. The dashed curve is a
"best fit" to Eq. (g) (see text).

found that on samples of this type, one can sometimes
work on the low-temperature end of the resistive tran-
sition, thus effectively looking at only the band with
the lowest transition temperature. Many times this
cannot be done, but when the last band to go super-
conducting on a poor sample can be isolated, the results
are the same as for the better samples. The fields pro-
duced by diamagnetic screening currents from the
totally superconducting bands should be negligible
compared with the period hB;„of the quantum os-
cillations ( 0.1 G versus ~3 G).

Tin films prepared as described in Sec. IV typically
exhibited room-temperature resistivities of 13&10 '0
cm. However, on occasion the measured room-tempera-
ture resistivity of a cylinder was found to be consider-
ably higher than this value. This appears to be due to
the tin cylinder's not making contact with the glass
substrate at the edges rather than to some intrinsic
effect (i.e., the effective length of the cylinder was
greater than 0.7 mm). For this reason the resistivity
ratio pspp I/p4 s I was used in estimating the residual
resistivity for the samples, i.e.,

P4 sK= (P4.s I/P. Mo K) mess+Phut' (18)

We shall choose the 1.2-p, cylinder of Fig. 9 as our
representative sample. For this sample, H~ ~ (0) =
390 G. Using H,s(0) =303 G" in Eq. (8), one obtains
) (0) =617 L. The periodic deviations from the envelope
curve (dashed curve in Fig. 9) gave a value (AT,)
37 mdeg K, yielding X(0) =642 L from Eq. (13). If
Eq. (16) is used with er 6 5)&10——' cm. /sec '4 and ys =
1.10X10' erg/cm' 'K' (Ref. 25) obtains pl=1.03)&
10 Q crn and Jeff —2260 A for this sample. The re-
sistivities of the tin samples used in this study were
such that the mean free path was the same order of
magnitude as the sample thickness. Previous work with
tin foils seemed to indicate the presence of diffuse
scattering of electrons at the surface. " If this is the

"E. A. Lynton, B. Serin, and M. Zucker, J. Phys. Chem.
SOLES 3, 165 (1957).

s' E. R. Andrew, Proc. Phys. Soc. (London) A62, 77 (1949).
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TAaLE II. Summary of data on tin cylinders.

Sample

Periodic
oscillations
Ãq (13)j

(~T,) ., Z(0)
(mdeg K) (A)

Evelope
curve

LEq (8)j
&i (o) &(0)

(G) (A)

Resistivity
(Eq. (A3) g

z(o)
(x)

I
II

III
IV
V

VI
VII

VIII
IX
X

2. 1

1.55
1.20
1.35
1.17
1.15
1.08
0.92
0.78
0.56

11.6
21
37
30
27.6
40.5
45
70

100
200

645
650
642
635
760
635
645
600
605
590

360
420
390
380
500
382
415
355
415
410

580
674
617
620
800
615
670
575
670
660

647
637
618
628
667
635
655
662
662
667

(612)
(592)
(581)
(587)
(617)
(590)
(613)
(614)
(614)
(617)

case the mean free path /, gg calculated in the above
manner presumably corresponds to"

1/l, ff 1/lb„ig+-'s (1/il) .
Therefore, ( was determined from the relation

1/$ = 1/ho+ 1/l, i(

(19)

(20)

~~ K. Fuchs, Proc. Cambridge Phil. Soc. 34, 100 (1938).
"This should be a substantially better choice for P than Eq.

(A7) because Eq. (A7) gives a surface-scattering event the same
weight as a bulk-scattering event even though there are only
the order —,

' of these for /b„ii,~d.
» G. K. Chang and B. Serin, Phys. Rev. 145, 2/4 (1966).
'0 K. R. Lyall and J. F. Cochran, Phys. Rev. 159, 517 (1967).
"A review of the results of these studies is given in Ref. 30.

rather than Eq. (A7) "Using ass„——2300 A, Xz, ——350 A "
and Eqs. (20) and (A3) together with the above val-
ues gives ),(0) =618 A in good agreement (agreement
better than &5% is fortuitous) with the above values.
The values of X(0) calculated from Eqs. (8), (13), and
(A3) for the various samples are tabulated in Table II.
Here we have chosen free-electron values for the cal-
culation of /, ~f. Chang and Serin" have determined
that the value p/=1. 6X10 "0 cm' was necessary to
bring their measurements, , of si into)agreement with
theory. This higher value results in a slightly lower
value of penetration depth calculated in the above
manner. The calculated values of ) (0) for pl=1.6X
10 "0 cm' are shown in parentheses in the last col-
umn of Table II. Lyall and Cochran" obtain pl=
1.45&10 " 0 cm' for Sn from anomalous skin-effect
measurements. Values of pl obtained from both anorna-
lous skin-effect studies and size-effect studies" on Sn
range from 1.02)&10 "to 2.0X10 "0cm'.

In Fig. 10, we have plotted (DT,),„versus (1/2E)'
for the Sn samples studied. No corrections were made
for mean-free-path effects (i.e., different values of re-
sidual resistivities) . The straight line is

yes/8s. sos(0) H, ss (0),

with ),(0) =635 A, which corresponds to a resistivity

ratio of 25. The value of (AT,) seems to increase
slowly as one goes to the smaller cylinder diameters.
This effect appears to be rather small and therefore
nothing more will be said about it." "Also shown in
Fig. 10(b) are the samples reported. by Parks and
Little' (triangles) and one sample (sample V) from
the present study (square) which had been deposited
on a glass fiber. The solid triangles are data from Parks
and Little for two Sn+1% In cylinders and the open
triangles are for two Sn cylinders. The data of Parks
and Little were normalized in the following manner:
First, the penetration depths ),'(0) were calculated
from quoted values of residual resistivity in the manner
described above; and second, their reported value of
(AT,) Lestimated from Eq. (15)j was multiplied
by a factor ) "/X', where X=635 L Lthe value of )I.

associated with the solid line of Fig. 10(b)) in order
that these samples could be compared with the present
work. The fact that (DT,),„ for sample V was con-
siderably smaller than (ET,),„ for the tin samples
prepared on varnish 6bers illustrates the superiority
of the 7031 varnish to glass (or quartz) as a substrate
material for tin films /see also Sec. IVj. Further evi-
dence for the inferiority of glass or quartz substrates
is that sample V and other samples prepared on glass
exhibited low quality p-versus-H characteristics.

The phase diagrams for several tin cylinders are
shown in Fig. 11. These have been plotted with the
same temperature and field scales so as to emphasize
the dependence of (AT,),„on cylinder diameters.

32 If one uses the more sophisticated formalism due to Gor'kov
(Ref. 33), Maki (Ref. 34), and de Gennes (Ref. 35) to solve for
(AT,)~„, and includes terms to second order in (AT,) „and
(d/2R)2, then one gets a slight rise in the calculated value of
(AT,) „as the cylinder diameter is decreased. However, for
the range of cylinder diameters studied, this effect results in a
less than 6% increase in the calculated value of (AT,) „(2R)'
which is less than the estimated experimental uncertainty.

~L. P. Gor'kov, Zh. Eksperim. i Teor. Fiz. 3'7, 833 (1960)
/English transl. : Soviet Phys. —JETP 10, 593 (1960)j.

'4 K. Maki, in Iox Temperature I'hysics, edited by J. G. Duant
et al. (Plenum Press, Inc., ¹wYork., 1965), Vol. 9, Part. A,
p. 405.

rs P. G. de Gennes, Physik Kondensier ten Materie 3, 79 (1964).
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Fro. 10. (a) Magnitude of the periodic oscillations (A7,) „for the tin cylinders as a function of cylinder diameter (2ff). (b)

Magnified display of the data in the vicinity of the origin in Fig. 10a. The triangles are the data of parlrs and Little (see text) and
the square is for a sample of the present study which was deposited on a glass substrate.
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FIG. 11. Critical-field-versus-temperature curves for four tin cylinders of varying sizes. In each case the solid line was calculated
from Eq. (12) with H, b(0) =303 G and the following parameters: (a) 2R=1.55 bb (sample II), X(0) =650 L, 7.'o 3 689'K; (b) 2R=.
1..35 p (sample IV), X(0) =625 A., 2",=3.726'K; (c) 22=1,20 p (sampIe III), 7 (0) =620 A., T,=3.728'K; (d) 22=0.92 p (sample
VIII), k(0) =575 L, T,=3.732'K.
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VI. DISCUSSION

We have measured the critical magnetic fields of
thin hollow superconducting cylinders of tin and alumi-
num. By using improved samples we have essentially
removed the parabolic background in the resistance-
versus-field curves which plagued earlier work, thus
making possible comparison of the quantitative as-
pects of theory with experiment. The experimental
B;versus-T data are in quantitative agreement with
predictions of the linearized Ginzburg-Landau equa-
tions in the immediate vicinity of T,. However, as one
gets farther from T, the quantum oscillations tend to
"wash out" sooner than the theory predicts. For exam-

ple, consider Eqs. (6) and (9); one Gnds that the incre-
mental field diGerence between a temperature maximum
(associated with a given value of n) and an adjacent
minimum(associated with the point common to e and
e—1) decreases with increasing field (i.e., with increas-
ing e) . The Geld value at which a local minimum coin-
cides with a local maximum is found by solving the
equation

(++1)
1+ (d/2R) P

= 2 (2m+1) I 1+-'(d/2E) '+ ~ ~ ]
for e, giving

eter directly but the 6% variation implied by the point
at which the quantum structure washes out is certainly
quite reasonable. By taking suKciently short samples
it may be possible to obtain better agreement with the
theory in this respect. Several attempts were made at
preparing samples approximately 10 p, long. However,
making good electrical contact to the cylinders proved
to be an insurmountable obstacle.

VII. ANALYSIS OF EXPERIMENT WITHIN
FRAMEWORK OF GENERAL

DEPAIRING THEORY

Although the preceding sections treated the concept
of Quxoid quantization as being primarily a critical
field effect (because the critical Geld is the measurable
quantity), a glance at Eq. (1) tells one immediately
that it is the supercurrent density J that is responsible
for the phenomenon. In this section it will be shown
that the experiments discussed in the preceding sec-
tions provide a suitable method for studying current-
induced second-order phase transitions in supercon-
ductors.

If the reduced energy gap parameter is written P=
fe'&, the current density Eq. (A2) can be written (see
Appendix 3)

I(-,'(2E/d) '. (21) J=xXe(P/m) (1—P'/Pg'), (22)

Thus for (d/2E)')-,'one would expect no quantum
oscillations to be present. The smallest Sn sample re-
ported here (sample X) had (d/2E)' 0.2. For this
particular sample, only one quantum oscillation was
found and the resistance-versus-field curves were gen-
erally not as good as the others reported. In fact,
several tin samples were run with diameters less than
0.5 p (as determined from interference colors when
preparing the substrates) and no quantum oscillations
were found in any of them. Little time was spent on
these extremely small diameter cylinders because, for
the sample thicknesses involved, one was approaching
the end of the range over which the superconducting
transition was of second order LEq. (4)j.For somewhat
larger samples I

e.g. , the 1.2-p-diam sample of Fig. 9
or Fig. 11(c)j, one finds from Eq. (21) that it should
be possible to observe seven to eight complete quantum
oscillations. In actual practice, however, only about
half that number could be observed before they com-
pletely washed out on resistance-versus-field plots. One
possible explanation for this is nonuniformity of the
cylinder diameters or the wall thickness. "Indeed, only
a 6% variation in cylinder diameter along the length
would be sufhcient to reduce the total number of oscil-
lations to three or four for a 1.2-p, -diam cylinder. We
had no method of checking uniformity of cylinder diam-

Pg ppp(T)/srx'~—'—, (23)

I.O
LINE

Pd

where IV= I,
I
4'(T, 0) I' is the number of superconduct-

ing electrons in the absence of an applied field or cur-
rent, P= —',(IVY—(2e/c)A) is the "drift momentum"
of the superconducting electrons, and

FIG. 12. Dependence of the order parameter P, and the current
density J on the drift momentum of the superconducting elec-

The possible importance of wall-thickness nonuniformity is trons P. The straight line indicates a graphical solution of Eqs.
discussed by R. Meservey and L. Meyers, Phys. Letters 26A, (25) and I,'26). This load line has X/Rd&1, so that the entire
367 (1968). region P &Pg is accessible.
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ois being the temperature-dependent gap in the excita-
tion spectrum. The quantities J and f' are plotted as a
function of P in Fig. 12. The remarkable feature of
the current-versus-momentum curve is the fact that
the current density actually reaches a maximum at a
momentum P =Ps/K3. As the (drift) momentum (or,
alternatively, "drift" velocity) of the superconducting
electrons is increased beyond P the supercurrent de-
creases monotonically to zero. The most important
aspect of this (depairing) phenomenon is that it pro-
vides for a graduo/ loss of superconducting coherence"
and leads finally to a second-order (since f—4 as P +Pz)—
phase transition at P =P~.

One can get a better idea of the physical significance
of this phenomenon by considering its microscopic ori-
gin. The eGect of a large Cooper-pair drift velocity
(v=P/rN) on the excitation spectrum of a super-
conductor was first considered by Bogoliubov. "In the
framework of the BCS theory, the effect appears as
a pf vg term in the excitation spectrum, where pf is
the momentum of an electron at the Fermi surface. "
When this added kinetic energy due to the drift velocity
becomes comparable with the binding energy of the
paired electrons, the Cooper pairs begin to become
unstable with respect to individual quasiparticle exci-
tations. The current density is then found to break
up into two distinct parts, ""

J=Js+ Jsr

where Js is proportional to v and Jbf, called the "back-
Qow current, " results from the depairing process de-
scribed above. Equation (23) agrees with microscopic
calculations of Pq in the limits T—4 and T~T. to
within 5% for both the clean (l&)$s) 4' and dirty (l«&s) 4'

limits.
Now the question arises as to what portions of the
versus Pcurve -(Fig. -12) can be explored in a critical

current experiment. When a thin film (in particular,
a compensated geometry which leads to a uniform
current density in the sample) is used as a circuit
element in series with a current generator, critical con-
ditions are reached when the current density reaches
its maximal value (8J/OP=0). If more than this
amount of current is forced through the film (J)J ),
a sudden increase in the internal energy of the film

'7 Electron tunneling measurements made on a thin super-
conductor in the regime sq s(j=j „) veri&ed that the energy
gap is somewhat depressed by the current. See J. L. Levine,
Phys. Rev. Letters 15, 154 (1965).

~ Strictly speaking another term, —,'mop' should be added since
the current carrying state is described by a slight displacement of
the Fermi sphere in momentum space, i.e., tavf +tN(vf+vjg)
Thus the expression that enters is

m(van+vs)'=pf'/2m+pl vs+ ,'mss'-
However, since [ vs [ « [ vr [ this term is neglected.

» R. H. Parameter, RCA Rev. 25, 323 (1962).
4' K. T. Rogers, Ph.D. thesis, University of Illinois, 1960 (un-

published); also I. Bardeen, Rev. Mod. Phys. 34, 667 (1962).
4'K. Maki, Progr. Theoret. Phys. (Kyoto) 29, 333 (1963).

4 =4" t+&iE~ (26)

where 2= (4s-'/c) R' is the inductance per unit length
of the cylinder and P, „ is the externally applied flux.
Equations (25) and (26) are most conveniently solved
graphically as indicated by the straight line in Fig. 12.
The eGect of increasing the external field can be visual-
ized as a parallel translation of the load line so that
its intersection with the abscissa is shifted to continu-
ously larger values. 4' Clearly, if one is to explore the
entire depairing regime the slope (Zd) ' of the load
line must be greater than the maximum slope of the
current field characteristic, i.e., (Zd) ')BJ/8$

~ e e, or,
using Eq. (A3),

q =) '(2')/Rd) 1. (27)

This more stringent condition must replace the rela-
tion given by Eq. (4) as the criterion for a second-
order phase transition. For y&1, Douglass4 finds that

u P. Fuide and R. A. Ferrell, Phys. Rev. 131, 2457 (1963).

takes place as the coherence is broken; i.e., the film
undergoes a first or-der transition to the normal state.
Thus experiments in which the current is externally
supplied cannot yield any information to the right of
J in Fig. 12.

However, if an external agent can control P instead
of J, it may be possible to obtain information about J
to the right of J . P is determined by the geometry of
the situation if the current is induced around a cylinder
by means of an externally applied axial magnetic field.
In this arrangement, since the electrons are inductively
coupled to the driving force, J can increase and de-
crease at will, the only restriction being

P= '(ikey/r (—2e/c) A—g,

where we have used the fact from Appendix A that
the order parameter must be single valued. The multi-
plicity of diGerent states associated with the quantum
number e complicates the situation; thus in the follow-
ing we shall consider only the state with m=0. Also,
in the interest of simplicity we assume f to be spatially
constant Pi.e., d«$(T) j, so that the g'f terms in Eq.
(A1) can be neglected.

Since gA dl=g, where p is the flux threading the
curve about which the integral is taken (in this case
the cylinder), the momentum can be written

P = (e/c) y/2s. R. — (24)

The current density can now be expressed in terms of
the Aux threading the cylinder:

J= (XXe/m) L
—(e/c) (P/2s. R))(1—p'/ps'), (25)

where @d is the flux necessary to produce a momentum
Ps given by Eq. (23). The induced current density is
then obtained from the simultaneous solutions of Eq.
(25) and
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are determined by

—l (T/T. ) =e rl+(& /2 &T)]—& (l)

where T is the transition temperature in the presence
of a pair-breaking force o., T,=lim, sT, and its is the
digamma function. The pair-breaking parameter n can
be evaluated by solving the diffusion equation

—-', (rers) fV —(2es/Sc) A$'l( =np, (29)

1.0

0.28

I.I2 I.I3
T (oK)

I.I4
lo

l.i5 subject to the boundary conditions for the problem at
hand. For the present case (thin hollow superconductor
in an axial magnetic field), n takes the forin

(o') = s (&sP) ((1/r') (I «'&/4) ')

I.O

Flo. 13.'(a) E' versus Tafor a 1.33-p,-diam aluminum cylinder
(sample D). The dotted portion of the depslring curve is not
accessible since the azimuthal quantum number n changes from
0 to 1 at Ps=A/4R (b) Gener. alized depairing curve. (Ps) is
that value of Pz required to depress T, to zero. The boM curve
near T, shows the portion of the depairing curve actually verified
by the data of I'ig. 13(a). The arrows mark the points on the
depairing curve which can be reached with cylinders of different
sizes.

(AT,), calculated on the basis of a second-order
transition (as was done in Sec. II) should be dimin-
ished by the factor (1+ps)/2p. This is not too serious
in the range y &—', but can result in a severe degradation
of the theoretical (AT.),„ for smaller values of y.
Unfortunately, for a given value of temperature the
measured critical Geld in the present experiment yields
only the value P&. In order to retrace the whole portion
of the J-versus-P curve to the right of J, one would
have to measure accurately either the magnetization
of the cylinder (which is extremely difBcult) or the
internal field of the cylinder (even more diiIicult).
However, the temperature dependence of I'~ is in itself
quite interesting.

Ultimately, one would like to have a measure of I'&

for all temperatures so that the generalized Ginzburg-
Landau theory should be used. 4' For a second-order
phase transition (the present case), critical conditions

~ L. Tewordt, Phys. Rev. 137, A1745 (1965).

A spatial average has to be taken since we are not
interested in local values of 0,. When this is done and

(n) is used in Eq. (28), the result is essentially the
same as that obtained from the linearized Ginzburg-
Landau equations for T, T((T, (Sec.—II). Equations
(28) and (29) are valid only in the dirty limit l(($p
and hence should be applied only to the aluminum
data. Figure 13(b) is a plot of the temperature depend-
ence of Pd (which is proportional to the pair-breaking
parameter n).

Unfortunately, in the present study it was possible
to test only a small portion of the P&'-versus-T curve,
the limitation resulting from quantum switching effects.
In this section we have implicitly assumed that m=0.
However, when Pq reaches the value Ps=5/4R, it
becomes energetically favorable for the azimuthal quan-
tum number e to change from 0 to 1. This has the
consequence of keeping the drift momentum of the
electrons (and hence (o.)) small. The bold curve of
Fig. 13(b) near T, shows the portion of the total
depairing curve that was verified with the 1.3-p,-diam
aluminum cylinder. Figure 13(a) shows the agreement
with the calculated values of Pz' on a greatly magnified
scale. The arrows of Fig. 13(b) show cylinder diameters
necessary to reach various portions of the depairing
curve. For a given diameter cylinder, a correspond-
ingly larger portion of the curve could be observed by
simply increasing the electronic mean free path in the
aluminum films. Increasing the mean free path of

44 This equation was first derived by Abrikosov and Gor'kov
(Ref. 45) in their treatment of depairing due to the presence of
magnetic impurities, wherein a is proportional to the concentration
of magnetic impurities. The equation has since been found to
be applicable to a variety of other pair-breaking situations (see,
e.g., Ref. 46).

4' A. A. Abrikosov and L. P. Gor'kov, Zh. Eksperim. i Teor.
Fiz. 39, 1'j81 (1960) LEnglish transl. : Soviet Phys. —JETP 12,
1243 (1961)g.

K. Maki, in Sepercondlctsszty, edited by R. D. Parks (Marcel
Dekker, Inc. , Ãew Vork, to be published).
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aluminum from 400 to 1600 L has the same effect as
halving the cylinder diameter I the arrows in Fig. 13(b)
are for a mean free path of 400 Lj. This can be done
for aluminum without destroying the criterion (l«&p)
for applicability of the theory. However, due to the
granular structure of aluminum films, this has not yet
been possible.

Another difhculty which may become more serious
in cylinders with sub-p diameters is the fact that as
one progresses further from the transition temperature,
the criterion LEq. (27)j for a second-order phase tran-
sition,

() '(0)/It'&)Ll/(1 —t') 3&1,

becomes harder to fulfill. Thus one would have to go
to smaller film thicknesses in addition to the smaller
cylinder diameters in order to ensure that the transi-
tion remain second order. This criterion was satisGed
for all of the aluminum cylinders studied as well as the
larger tin cylinders shown in Fig. 10(b). The three
smallest tin cylinders did not satisfy Eq. (27) through-
out the temperature range studied Laithough the less
stringent condition of Eq. (4) was always satisfied);
i.e., at some temperature Ta such that T.—Ta((AT.) . ,
Eq. (27) ceased to be valid. However, at the tempera-
ture T& where the transition becomes slightly Grst order,
no change in the critical-Geld characteristics could be
detected. In fact, the quantum periodicity in the critical
field of all the tin cylinders studied persisted until p
reached a value somewhere between 0,4 and 0.6, de-
pending on the particular sample. However, as we
have already seen in Sec. VI, the point at which the
quantum structure washes out can easily be accounted
for by assuming a slight nonuniformity of cylinder
diameter. Thus it seems likely that the point at which
the quantum structure washes out is not connected
with the order of the transition. As mentioned above,
achieving sharp resistive transitions becomes more difi-
cult as the Glm thickness is decreased. Another objec-
tion, possibly more serious, to decreasing either the
diameter or wall thickness is that intrinsic thermo-
dynamic fiuctuations would tend to broaden the re-
sistive transition and depress the transition temper-
ature. " 4'

APPENDIX A

V' x A=H on the outer surface,

V x A=2A/r on the inner surface,

LVP—(2ei/Sc) A$$„=0 on both surfaces.

We have assumed that the Qux is continuous across
the boundaries and that the Geld in the hole is constant
with position. 4 Here A is the vector potential and the re-
duced energy gap parameter is lb=4'(T, A)/&I'(T, O).
The penetration depth X and coupling constant ~ are

) s=),'(T) /x

=rwc'/4sesrt, I%'(T, 0) I'x)

K =Kp/X

=2v27r) r,'(T) H p'(T)/P x

=2~vs) sII~(T) /y„

(A3)

(A4)

where H+(T) is the thermodynamic critical field. The
function x, which gives the modification of penetration
depth due to collisions, "is

x(p) =I:8/7t'(3)3 g L(2trt+1)'(2trt+1+p)3 '
m=o

with

=Lg/7f'(3) jP 'Is~'+(2P) 'I A(s) —l4(a+st) jI,
(AS)

p =f't/27rrk T= 1.132($p/s p-), (A6)

where r is the collision time, $p is the bulk coherence
length, sy is the Fermi velocity, lie is the digamma
function, and f is the Riemann zeta function. "For a
Glm of thickness d, containing impurities of mean sepa-
ration /b &I„ the collision rate may be expressed as""

Landau" equations take the form

I V-i(2e/Sc) AgQ+ ("/),') (1- lgl') $=0, (A1)

(4tr/c) J=V x V x A

($c/4ie&') (paVf PVpa) ( lyl'/)is) A

(A2)
with boundary conditions

For a hollow superconducting cylinder of arbitrary
cross section in an axial magnetic GeM H, the Ginzburg- For p))1,

1/$= 1/egr = 1/fp+ 1/lb it,+1/d.

x(p) &/&'
4' R. P. Gro8, S. Marcelja, W. E. Masker, and R. D. Parks,

Phys. Rev. Letters 19, 1328 (1967);R. D. Parks, in Proceedings
of the Conference on Fluctuations in Superconductors, Monterrey,
1968 (unpublished) .

4' T. K. Hunt and J. E. Mercereau, Phys. Rev. Letters 18, 551
(&967).

"W. W. Webb and R. J. Warburton, Phys. Rev, Letters 20,
461 (1968).

'0 L. P. Gor'kov, Zh. Kksperim. i Yeor. Fiz. 37, 1407 (1959)
/English transl. : Soviet Phys. —JETP 10, 998 (1960)j.

"A. Abramowits and I. A. Stegun, Handbook of 3IIatkemattcat
Fttnctcons (National Bureau of Standards, Washington, D.C.,
1964).I M.rtTinkham, [Phys. Rev. 110,'26 (1958).
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For the present case, we shall write p=fe'p C. onsider
the second Ginzburg-Landau equation fEq. (A2)7.
Assuming that the 6eld is only in the axial direction,
that no longitudinal current is Rowing, and making
use of the cylindrical symmetry one finds that rt=~
if the reduced gap parameter is to be single valued,
where e is an integer and P is the azimuthal angle.
For films with d(po(t), where po(t)~~po$/(1 —t)7'~s
is the characteristic length for variation of the gap
parameter, f may be treated as spatially constantPs

This condition was easily satis6ed for all of the Alms

reported in the study.
Using the above form for f and assuming its magni-

tude to be spatially constant, Eq. (A2) becomes a
Bessel's equation which can be readily integrated, giving

A&(r) =C&I,(rf/X)+CsE&(rf/X)+~p/2rrr, (Ag)

where 1j and E~ are modified Bessel functions of the
first kind. 5' The integration constants are readily found
from the boundary conditions

Cr ——
~

LEg(n)+-', nEp(n) 7 —Ep(P), i
I',

HX 4o

f 2m —-,'d j

with

Cs=~ (snIo(n) —Ir(n) 7 Io(P)—
Hl 4o

2x —-', d j

I"=Ip(P) LEr(n)+ ', En(pn) -7+Ep(P) LIr(n) ——,'nIp(n) 7,

n = (R„',d)f/X—, -P= (R + ', d)f/X, -

and R„ is the mean radius of the cylinder.
The present study was concerned primarily with

second-order transitions. Therefore, we consider only
the limiting form f 4 for A—since this defines the
transition to the normal state. This results in the more
familiar expression

limA& ———,'rH.
f~P

An expression for the transition temperature of the
superconducting cylinder can now be obtained by sub-
stituting the limiting expression for Ae into Eq. (A1)
and averaging over the volume of the superconductor:

2e ~m+a~s I Sc rs)'
(dR ) ' r~ srH — ~dr

Sc z an & 2e—rj
The result is given as Eq. (5). This result differs
slightly from that of Douglass (because of an error in
the expansion of the vector potential in Ref. 4) but
agrees with that obtained by Delmasso and Pagiola'
in a slightly diferent approximation.

APPENDIX B
As in Appendix A, if the reduced energy gap pa-

rameter is written P=fe'&, Eq. (A2) becomes with the
help of Eq. (A3)

J=xf'I, ~%'(T, 0) ~'(e/2') piVrl —(2e/c) A7. (B1)
Recalling that f = ~%'(T, A) ~s/ ( %(T, 0) ~s, the quan-
tity Z=n,f ~@(sT, 0) ~' just gives the total number of
superconducting electrons in an applied magnetic field.
Our expression for J then takes the form

J=xlVeg(SV ri (2e/c) A)/—2m7,
"P.G. De Gennes and M. Tinkham, Physics 1, 107 (1964).

so it becomes quite natural to assume the quantity

SVrl —(2e/c) A

to be the drift momentum of a Cooper pair of mass 2'.
If f is spatially constant (i.e., d($z), Eq. (A1) can be
written

f'= 1 P'/Pa'— (82)

Using the standard temperature dependences'4 for a

and X, and the SCS relation'

H.p'(0) =4 L:;(I,/m~f') 7~,'(0),

where (up(0) is the gap in the excitation spectrum at
T=O'K, one obtains

3(ops(0) T. T-
Ed2—

x&y Tc
(B3)

The above expansion is restricted to the region T,—T&&

T.. In order to obtain a more useful criterion for going
to lower temperatures, one can make use of the rela-
tion'4

rops(T) /o&ps (0)~3(T,—T)/T, for T,—T&&T,.

The result is given as Eq. (23) .

s4 R. A. Ferrell, Z. Physlk 182, 1 (1964).

where I' is the drift momentum of a single super-
conducting electron (taken for simplicity to be one-
half that of a Cooper pair) and the quantity Pa is
given by

P '=As''/4X'


