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The time evolution of a uniformly turbulent ensemble of electron fluids is studied in the
electrostatic approximation. A kinetic equation for the action density is obtained in the long-
wavelength 1imit, in which resonant four-wave processes cause the nonlinear transfer of
energy in the oscillation spectrum. It is shown that the entire region of k space (within the
limits of the simple-fluid model) is accessible to resonant four-wave interactions. Such four-
wave mode coupling serves as a mechanism for the transfer of wave energy into shorter

wavelengths.

I. INTRODUCTION

The derivation of the kinetic equations describ-
ing the time evolution of wave correlations due to
resonant three-wave and resonant four-wave inter-
actions in a uniformly turbulent ensemble of weakly
nonlinear, dispersive systems, has previously
been put on a rigorous and systematic basis. 2
The results are applicable to a broad class of prob-
lems in which a fluid-like description may be used.
Let us denote by {wa(®)} the set of possible eigen-
frequencies as a function of wave vector K describ-
ing the linear response in a given problem for
which the analyses in Refs. 1 and 2 may be applied.
In situations, where the resonant three-wave decay
conditions

wa(ﬁl)+w6(ﬁz)=wy(ﬁ3), k1+E2=E3, (1.1)
cannot be satisfied for a triplet of modes (e, 8,7),
then the principal mechanism for the nonlinear
transfer of energy between modes is resonant
four-wave coupling. This is manifest in the re-
sulting kinetic equation® through resonant behavior
for w(k) and K satisfying

w, &)+ wﬁ(ﬁz) = wy(li:,,) +wg(,),

K, +k,=ky+k,. (1.2)
The fundamental process in relation to (1.2) is the

merging of two waves of frequencies wq(K,) and

wg (&), say, into a virtual state wp(K, +k,), fol-
lowed by the (instantaneous) decay of wy (2121 +K,)
into two oscillations wy (K,) and ws(K,). "This is
shown schematically in Fig. 1. An excellent case
in point arises in the study of a random sea of
gravity waves in a channel of constant depth £. %*
In this example the dispersion relation is of the
form w?(K) =gkl tanhlkls, where g=1gl is the
acceleration due to gravity. The resonance con-
dition (1.1) cannot be satisfied for such a disper-
sion relation, whereas (1.2) can be satisfied. Con-
sequently, in weakly turbulent situations, the prin-
cipal mechanism for the nonlinear transfer of energy
in the oscillation spectrum is that of resonant four-
wave scattering, The situation in a plasma is, of
course, considerably more complicated since
there are many modes of oscillation possible in
general. In certain simple models, however, sit-
uations occur where the dispersive properties do
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not permit a solution to (1.1). This is the case
for long-wavelength electrostatic electron plasma
oscillations with

w?(k) = w02(1+3E2xD2), (1.3)

where the electron plasma frequency w, and the
electron Debye length AD are given by

2 _ 2 2 _ 2
wy*=4m e /me, Ap —96/47moe . (1.4)

In Eq. (1.4), n, is the uniform density of the back-
ground ions (assumed fixed and singly ionized),
and 0, is the electron temperature in units of ergs;
mg and — e are the mass and charge of the elec-
tron. Equation (1.3) is valid in the absence of ex-
ternal magnetic field for sufficiently long wave-
length disturbances, i.e., k®Ap? small compared
to unity. Although resonant three-wave interac-
tions are forbidden, the four-wave condition (1.2)
may be satisfied since | w(k) | = w,.

The nonlinear interaction of coherent electron
plasma oscillations has been extensively studied
in a simple-fluid approximation.5~° In this article
we consider the time behavior of a uniformly turbu-
lent ensemble of such electron fluids, which
evolve according to (2.1)-(2.4) in the absence of
magnetic fields, The model lacks sufficient so-
phistication to recover the effects of linear and
nonlinear Landau damping which appears in a
Vlasov analysis, !%!! However, it does serve to
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FIG. 1. Basic resonant four-wave process consisting
of the merging of two waves into an intermediate virtual
state, followed by the (instantaneous) decay of this
virtual state into two further states.
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illustrate the essential features of resonant four-
wave coupling which is a fundamental process in
relation to the nonlinear interaction of electron
plasma oscillations. Moreover, it is a useful ex-
ample to demonstrate the techniques which may
be used in reducing a particular problemto a form
in which the weak turbulence formalisms of Refs.
1 and 2 may be applied. We remind the reader
that the effects of resonant four-wave scatterings
of electron plasma oscillations were first estimat-
ed within a one-dimensional Vlasov framework. !
The analysis, however, was incomplete in this re-
gard. Upon close examination of the problem, it
is apparent that a fifth-order perturbation analysis
of the Vlasov equation (in powers of the electric
field amplitude), instead of third-order, would
have been necessary to properly include the total-
ity of resonant four-wave interactions which cause
the wave energy to change with time. The neces-
sity of a fifth-order perturbation analysis in the
oscillation amplitude has been shown to be the
case in relation to the shallow-water wave prob-
lem,® and is discussed in some generality else-
where, 2

In Sec. II, the simple electron-fluid model used
in the present analysis is discussed. There re-
sults a coupled system of nonlinear Egs. (2.19) and
(2.20) with bilinear nonlinearities describing the
time evolution of the density and velocity fluctua-
tions in the spatially uniform ensemble. Analo-
gous to the techniques employed in time-dependent
perturbation theory in quantum mechanics, the
problem is reformulated in Sec. III in a representa-
tion where the basic vectors are solutions to the
linear versions of Egs. (2.19) and (2.20). The re-
sulting nonlinear equation for the fluctuation am-
plitudes is given by (3.10) and is of the general
form used in Ref. 2; consequently, the appropriate
kinetic equation (3.16) describing the time evolu-
tion of the spectral energy density of the fluctua-
tions may be taken over directly from this latter
reference., Although the general solution to the
kinetic equation is not tractable, some simple ob-
servations are made in Sec. IV. It is shown that
the entire region of k space (within the limits of
applicability of the model) is accessible to reso-
nant four-wave scatterings of electron-plasma
oscillations. In particular, if the wave vectors

composing an initial preparation are 1k|<| k I,
say, then it is found that energy may be trans-
ferred into the region of k space for 1kl >|k I,

, to shorter wavelengths.

II. MODEL OF ELECTRON FLUID

The model we use to describe the nonlinear in-
teraction of electron-plasma oscillations is a
very simple one. Namely, the positive ions are
assumed to form a fixed uniform background of
density n,. Moreover, the electrons are described
by truncated moment equations. In the electro-
static approximation, the electron fluid evolves
according to

on 9 >
5?L_é;.(nv)_o , 2.1)

9> >0 > e = 1 38 =+

—— — :_———E-—-— — 'P 2.2
8tv+v axV me nmy, oy ’ ( )
8 E-—dretn-n) (2.3)
% o’ :

o xE-0 (2.4)
X T .

where n,7, and P are the electron density, mean
velocity, and pressure tensor (defined relative to
the mean electron velocity), respectively. The
electric field E is self-consistent through Pois-
son’s equation (2. 3), It should be kept in mind

in relation to (2. 2) that the forces associated

with the thermal stresses are smaller by

O(k2xp?) in comparison with the electrostatic
restoring forces, where % is the wave number
typical of the disturbance under consideration.

To complete the system (2.1)-(2.4), information
must be specified regarding the electron pressure
tensor P. This may be done by using the equation
of evolution for the corresponding moment of the
Vlasov equation, and achieving closure by neglect-
ing the effects of heat flow.!? However, for pres-
ent purposes, it is adequate to use a model in
which the electron pressure is scalar, and be-
haves adiabatically with the density. In particular,
we take P=(0, /n0®n3 in order to recover the lin-
ear- d1spers1on relation (1.3) correct to O(k2\p2).
Although this procedure is technically incorrect
except in one dimension, it has the obvious ad-
vantage of simplifying the problem as well as
recovering the correct long-wavelength disper-
sion relation. We will see at a later point that
the nonlinear contribution of the force associated
with the above scalar pressure model may, for
present purposes, be omitted from the analysis,
although we shall make no assumption a priori in
this regard. The equation of motion for the elec-
tron fluid is simply

[S¥)
a3

>

e

4y —
m

szlw
>°<1|

0. (2.5)

Equations (2. 1) and (2. 3)—(2.5) then form a closed
set. It should be noted in regard to (2.5) that if
the velocity flow is initially irrotational, i.e.,

XY =0, (2.6)

it remains so for all times. We assume that this
is the case. This is tantamount to omitting zero-
frequency shear waves from the analysis.

Let us now consider the problem of uniform
turbulence in a statistical ensemble evolving ac-
cording to the system (2. 1) and (2. 3)-(2. 6).

Each fluid and field quantity is written as an aver-
age plus a fluctuation, i.e.,

T=(DH+o%, BE=(Ey+oE. (2.7)
In Eq. (2.7), (n),(¥), and (E) are independent of

position by the assumption of spatial uniformity of

n=(n)y+on,
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the ensemble. Moreover, the correlations be-
tween fluctuations are invariant under translation.
Averages may be viewed as averages over a prob-
ability distribution of systems, or alternatively as
the arithmetic mean of the quantity under consid-
eration taken over a large number of systems.
Clearly the average of the continuity equation (2. 1)
gives (8/6¢){n) =0 because of spatial uniformity of
the ensemble. That is to say

<n> = nov (2' 8)

for all times if so initially., Moreover, as indi-
cated in Appendix A, it may be demonstrated
within the context of the model that no average
flow velocity or average electric field is generated
in the ensemble if

(V) =(Ey=0. (2.9)
initially. We assume this to be the case. In light

of (2.7)-(2.9), the fluctuations in the ensemble
evolve according to

9 On ] 3 N .»
— === = . V- | =.(--0 ) 2.10
at n, ox v [3)( ("o V>] ( )
9 s> e 36 o om
SV =m bR - — = —
at m me 90X nO
36
-[av- —iam——eé—”i’;‘s—”} (2.11)
X m X n >
e 0 0
where % - 6B = - dmedn | (2.12)
%xaﬁzo’ (2.13)
5 xs7-=0. (2.14)
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The only nonlinearities in Eqs. (2.10) and (2. 11)
appear within square brackets and are bilinear in
nature.
We now Fourier transform with respect to the
variable ¥ according to the convention
bAG, 1) -@n) [ad® T

sAG, 1) = [dF e FX0AR, 1),

6AK, ),
(2.15)

where 8A(X, t) may represent any of the fluctuations
appearing in Eqs. (2.10)-(2.14). Since the fluc-
tuations are real valued,

SA(-k, )= 6A* (&, 1), (2.16)

In addition, it is convenient to introduce the quan-
tities 8V (k, ¢) and SN(, ) related to the Fourier
tl_‘_ansforms of the velocity and density fluctuations,
8 (k, 1) and on(k, ¢), by

(ik/1 kN6 V (K, 1) =67 (K, 1),

6N, 1) =[1w(&) /1K1 [6n (&, £)/n,] ,

(2.17)
(2.18)

where w?(k) is given by (1.3). Equation (2.17)
follows since the velocity field is irrotational;
and the function 5N(k, ¢) in (2, 18) is constructed
to have the same dimensions as 6V(k, 4). More-
over, the symmetries 6V(-k, #) =6V*(k, #) and
8N(~k,t) = 6N*(k, ¢) hold true, The Fourier trans-
forms of Eqgs. (2.10) and (2. 11) may then be
readily reduced to

%azv(i, D =1w@I6V(E, 1)

di’ C w(ﬁ)niﬂﬁ-(ﬁ-ﬁ'))

= e 5N(E’, t)GV(IE—E', t) )
@m) kllwk)l k- kI

(2. 19)
and

git 6V, 1) = - lw@®) 16N, ¢)

- =, >y . .
Q_de' K‘—”———klk Lk -k )> sV, )5 V(- K, 1)
T2l Ik -k

39 >, -b_-»l N - .
2 e |k.|.|k Ik k_.| >5N(kl’ 1)oNGk- &', 7).
Mo\ JwE&) N w(k - k)

(2.20)

Equations (2. 19) and (2. 20) are exact within the
context of (2, 10) and (2. 11), and the corresponding
nonlinear terms are easily identified.

As previously discussed, in a conventional weak-
turbulence analysis, it would be necessary to ob-
tain the perturbation solution to (2.19) and (2. 20)
to fifth order in the fluctuation amplitude, ** fol-
lowed by the appropriate statistical averaging, in
order to obtain the kinetic equation describing the
time evolution of the spectral-energy density in
the fluctuations due to resonant four-wave pro-
cesses. The principal thesis in Refs. 1 and 2,
however, is to eliminate the vast amount of in-
formation and algebra associated with the afore-
mentioned method by studying at the outset the
time behavior of correlations in the ensemble.

We now rewrite Eq. (2.19) and (2. 20) in canon-
jcal form similar to the general dynamical equa-
tion previously studied, 2

III. THE KINETIC EQUATION

Analogous to the techniques used in time-dependent perturbation theory, it is convenient to formulate
the problem in a representation where the basis vectors are solutions of the linear versions of Egs. (2.19)
and (2.20). Introducing the column vector, ¥ (k, #), where

v, 1)= <5V(K’ t’)

6N(k, ¢)

(3.1)
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Egs. (2.19) and (2. 20) may be written in the form!
i ait &, ) =H &)W, 1)+ [ fdk,dk,5(k- &, - K)H,[K,, Ko 8 &y, ), 3oy, )] (3.2)

The 2X2 matrix H, and column vector H, in (3.2) are given by

- 0 -ilw(ﬁ)>
H, k)= R
= (z'lw@l 0 (3.3)
and 2(27)%(- Z)E 1[.1;1,.1;2;9(121, t);f(ﬁzy 1]
[ i )<51E|1?1-E2/|K1HE2| 0 ) "
= (1,0)'d)k7t - °ZP ,t)
= 0 | @)1 iyl K- K/l ENEL)
L [0 =38 /am NRINK N RNl o) ..
+ (0, 1)-g(k1,t)< e/ e 12 ! 2)>-§(k2,tﬂ +[k; —k,] . (3.4)
0 0

The eigenfrequencies associated with the linear (H, =0) vergion of Eq. (3.2) are solutions to w?= w2(K)
=w2(1+3k2\p?). We denote the two possible modes by w4(k) and w— &)[=- w, ()] and use the sign conven-
tion

w,(-k)=- wa(ﬁ), A=+, - (3.5)

throughout the remainder of this article. The eigenvector of the linear version of Eq. (3.2) corresponding
to mode « is simply

1
ga(ﬁ)=i< N ) (3.6)
V2\iw, )/1w@)]
It should be noted in relation to (3.6) that —U-a(_ k)= ga*(ﬁ) and that the normalization is of the form
By, -
PR U,[®)=5,,, (3.7)

where U B(k) is the Hermitian conjugate of Up(K) and 5ag is the Kronecker delta. Introducing the ampli-
tude A (&, t) associated with the atl(lﬁmode, then, with
-iw (K)t
a
(&, t)=§ A &,00U ®e , (3.8)

Eq. (3.2) can be rewritten

[eA, - iw @)t N
%z( 5 & t)> U, ®e =BZ'}’ Jjak, dk, (& - K| - &)

xH [k, k,; gB(l?l), _qy&z)]AB(El, t)Ay(lzz, £) exp{-i[wﬁ(ﬁl) + wy(ﬁz)]t}, (3.9)

where the summations in (3,8) and (3.9) are over +, — polarizations. Multiplying Eq. (3.9) by the
Hermitian conjugate of _I{a(l{), we have

a - - > - - -
54,06 D)= /327 Sk ke, 8k - k, - k)

aﬁ'y - > > .
x K (k,kl,kz)Aﬁﬁl, t)A_y(lEz, t) exp{z[wa(ﬁ)— wB(El)— wy(ﬁz)]t}, (3.10)
where the interaction kernel

aﬁy > o . - > .
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. w (&) iz, -k, Ik, Pk, Ik &k, 6 IkeEk, k2
i.e.KaBy(k,kl,k2)= a Ij 1 2 2 1 + 1 2 e 1 2 } ( 1)

~— +3— —
(2m4v2IKI K| Rl L wg (K) @, (k) wB(El) m, o, ©w 3@1)%@2)
which follows from Eq. (3.4). It should be noted that the term proportional to 6p in expression (3.11)
arises from the nonlinear contribution of the electron pressure in Eq. (2.11). In an order-of-magnitude
estimate, this is smaller by O(ksz"’) than the remaining terms in (3.11), and may be omitted from the
long—wavelength analysis for all practical purposes.

Equation (3.10), advancing the amplitudes Ay(K, ¢) in time, is exact within the context of the original
model; the form, however, is more amenable to a direct analysis than that of Eqs. (2.19) and (2.20). The
general procedure outlined above can, of course, be applied in situations where there are any finite num-
ber of coupled nonlinear equations descrlbmg the problem under consideration. It should be noted that in
a small-amplitude theory of (3.10), Aq(k, t) does not change with time in the lowest approximation, thus
giving a ¥(k, ¢) in which waves of dlfferent wavenumber propagate independently. In higher order, how-
ever, the nonlinear terms act as perturbations causing A(K, t) to change in the course of time through the
interaction between waves of differing wavenumber,

Since the time evolution of the fluctuations has been reduced to the canonical form (3. 10), the general
results from previous analyses may be used directly to give the kinetic behavior of the spectral-energy
density associated with the fluctuations in the ensemble. The spectral-energy density associated with the
ath mode, Gaa(ﬁ ,1), is given by?

<Aa(1?1, NA (k (kl, t)5(E1 +ky) (3.12)

a2’ t)> 2 aa
for a spatially uniform ensemble. Moreover, we introduce the action density naﬁl, t) associated with the
ath mode, where

&, /0, &), (3.13)

naEZGaa

and the response uaﬁ Y(E, EI,EZ) defined in terms of the interaction kernel by

aBy aBy ¢
u (k,kl,kz) =w (k )wy (122)1( &K K, i.e

aBy(l-;E E)E a -’*'y* 2+ N 1 +3m__
(@mPa21kl lk, | Ik, wa(ﬁ) wy(lzz) wg (k ) ewa(@wﬁ(ﬁl)wy(ﬁz

It should be noted that ny (- K, #) == n, (&, t)=-n (&, t), and that the response, in addition to being real, en-
joys the symmetries

-bz-b .-b - -D.-P - -b.-b -bz-b 2# 2
w (k)wB(El)w &2) kiR Ry PRk R RE, 6 (KPR 2R, i| 510
)

WPYRE By -t E, oK), -y - Ky, ~E Ry -p"P Ky K, - ). (3.15)

1’ 2) 271

In addition, we remind the reader that ,G4+ and ,G— — may be expressed directly in terms of the density
and velocity correlations, (0Ng,0Ng,), (6VE,6Vp,), and (0N 6Vp,) although this is not necessary for
present considerations.

As stated in the introduction, long-wavelength electron-plasma oscillations cannot satisfy the resonant
three-wave decay condition. Hence, in the simple model used here, the leading-order process causing
na(E t) to change with time is that of resonant four-wave mteractmns. In light of Eq. (3.10) and the sym-
metries (3.15), we may use the kinetic equation derived in Ref. 2 to describe the evolution of na(k ). In
particular, the kinetic equation for the action density is given to O(?) by

37 na( :[3 2 5 'fffdﬁzdﬁ?'dl?‘lﬁ(l;l%hﬁz —1.23 - 1;4)5(wa(i€1) + wB(lEZ)— wy(lz3)— w6@4))
» Vs

> > . 2
D7k, - K, K, &)l

X
wa(ﬁl)wﬁ(ﬁz)wy(ﬁ3)w3(ﬁ4)

[nB(lEZ, t)ny(l?3, t)na(ﬁ4,t)

+na(ﬁl,t)ny(ﬁ3,tM6(§4,t)—na(E1,t)nB(k n (k3,t) n,, (* B &y, iy, 1], (3.16)

where

- > > > 1/2 2/(1.9 (E +E )
Daﬁy 6(_ kl: —kZaksrktl) (43 ) ! E[( ! ! 2 >
wa(ﬁl)+w6(ﬁz)— wn(_ﬁ1+k2)




176 INTERACTION OF PLASMA OSCILLATIONS 349

X llynﬁ(isyﬁs +E4, - Kl)ua'ﬂﬁ(_ Eu - 1-21 - Ez’ E2)> +(1;2:.; ks)"’(l;a : g k4>] : (3.17)
The response D defined in (3.17) and appearing in the kinetic equation (3.16) may be written explicitly in
terms of its k arguments and {wq(k)} through the definition of u in Eq. (3.14). It should be noted that the
summation in (3.17) is over virtual states . Moreover,

Daﬁya(— kl) -k, ks; k4)
is symmetric under interchange of any two of the quantities (@, ~k,), (8, -k,), &,Kk,), and (5, k,) when the

resonance condition (1.2) is satisfied. We also remind the reader that the stoss term in the kinetic equa-
tion (3.16) is trilinear in the action density, in contrast to the kinetic equation for resonant three-wave

processes! where the driving term is bilinear in the action density.

IV. DISCUSSION OF RESULTS

The kinetic equation (3.16) thus describes the
time evolution of the action density na(k,, t) as-
sociated with the ath mode. The general con-
servation relations and law of entropy increase
discussed in Ref. 2 apply in relation to Eq. (3.16).
Although the resulting kinetic equation is a non-
linear integrodifferential equation whose solution,
in general, is not tractable, certain observations
may be made. It is of particular interest to de-
termine the region of k space accessible to reso-
nant four-wave scatterings. -

We examine Eq. (3.16) for a fixed k, and carry
out the k, integration over 8(, +k, -k, - k,),
which replaces &, by k, +k, —T{a in the remainder
of the integrand. For example, d(wa(k,)+ wg(k,)
= @y &) -ws (B)) = 8(wg (k) + wpK,) - wy (&)

- wﬁ(ﬁi +k,—k;)). We now imagine doing the k,
and Ez integrations successively. For each k,
(keep in mind k, is fixed), the resonant region in
the k, integration is determined from
<ua('121)+ wﬁﬁ2)=wy(ﬁ3)+w5(ﬁl+ﬁz—ﬁ3). (4.1)
Keeping in mind that |w(&)|= w, in the long-wave-
length circumstances considered here, then,
depending on the various polarizations, there are
three distinct ways in which the resonance condi-
tion (4.1) can be satisfied. Namely,

L)+ o)1= 1oy 1+ lwk, +k,- &)1, (4.2a)

lw(k,)-1w(k,) 1= lok,) - 10E, +k, - k,)! , (4.2b)

O i) l- lwlky)I= ~ lwly)l+wE, +k, - k). (4.2¢)

For the purpose of illustration, it is sufficient to
determine the resonant k, region in case (4.2a).
With lw(®)| = w,(1+3k2\p?) in the long-wavelength
limit, it follows from (4.2a) that

-> -

1;12+k22‘=k32+ (El +&, - ES)Z. (4.3)
Equation (4.3) may be rewritten

[Ea -3 Kk, +E2):]2 = %(El - Ez)z-
That is to say, for each Ez the resonant E,, region
is the surface of a sphere of radius 31k, - K, |
centered at 3(k, +K,) as depicted in Fig. 2." In Eq.
(3.16), the k, integration over the surface of this
sphere may, in principle, be carried out leaving

only the k, integration. When integrating over k,,
the location as well as the radius of this “reso-
nant sphere ” varies, covering the entire region
of available phase space. Of course, the model
is limited in the range of wave numbers to which
it is applicable. In particular, 0<IKI<Ikl max,
where lklpaxAp <1. For wavelengths shorter
than 27/lklmax, collisionless dissipation through
Landau damping becomes important.

Since the resonant region covers all of phase
space (within the limits of the model), resonant
four-wave scattering serves as a mechanism for
the transfer of energy into shorter wavelengths.
Without presenting any of the algebra here, one
can show from Eq. (3.16) and the preceding ar-
guments that, if the wavenumbers composing an
initial preparation are Ikl < Ik,| say, then the
region of k space |klI>Ik,| becomes populated for
times greater than zero. This corresponds to a
transfer of energy to shorter wavelengths., In a
more sophisticated model, the ultimate fate of
the wave energy would be dissipation through
Landau damping at sufficiently high wave numbers.
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APPENDIX A

Since the velocity field is irrotational according
to Eq. (2.8), the convective term ¥+ (3/6X)¥ may
be rewritten as (8/8%)(¥2/2). Then the average
of Eq. (2.5) over a spatially uniform ensemble
just gives

Ks
Kitke
2 R = radius of resonant sphere
0 = % !.'Su - ke |

FIG. 2. “Resonant sphere” over which the k 4
integration in Eq. (3.16) is to be carried out.
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—g—i<6>=_me_e E. (A.1)

Moreover, combining the equations of continuity
(2. 1) and motion (2.5) readily gives

W (n¥y =~ ;—e (nEy. (A.2)

If we supplement the model with the curl B Max-
well equation in the absence of magnetic field,
i.e.,

0——4wenv+8tE (A.3)

then ;t_ (E) =4me(nvVy, (A.4)

trivially. Combining (A.2) and (A.4), it follows
that

o ®=-

However, the average (nE) may be rewritten
from Poisson’s Eq. (2.3) as

Ane? (. (A.5)
e

By =no(B) - - B By (A.6)

Using the identity

H9 = 9 == 9§l
E(,?XE W'E —fsz

when (8 /6%) X E = 0, it is clear that the last average
in (A.8) vanishes for a spatially uniform ensemble.
Consequently, Eq. (A.5) may be written as

92 —» -
57z (E) + 0o XE)=0. (A.7)
Thus the uniform ensemble supports average
electric fields oscillating exactly at the plasma
frequency. ** In the event that the average fields
and currents are absent initially, i.e.,
(Ey=0= V), (A.8)

%hey remain so for all times. Moreover, from
A.1)

@ =0, v (A.9)

for all times if Eqgs. (A.8) and (A.9) are satisfied
initially.
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