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The velocity of 1-MHz sound waves has been measured in He4 along several isotherms just
Rbov6 the critical temperature. Yhe x'esults indlcRte that RloDg the critical isotherm, the

quantity p/I diverges approximately logarithmically as a function of ]
P- I'c( . Such a

singularity Rt the clltlcR1 poiQt is to be expected 1D view of the corresponding singularity in
C . Additional velocity measurements were made in the saturated liquid, along isotherms5'
several tenths of a degree above 7.'c, and along the 4.5 and 5.0 K isotherms in the liquid.
The specific-heat ratio has been. calculated along the latter two isotherms and along the
critical isotherm,

I. INTRODUCTION II. EXPERIMENTAL METHOD

In recent years, interest in studies in critical
points has been reawakened largely because of the
discovery of an approximately logarithmic singu-
larity in the specific heat at constant volume C„
at the critical point in argon, ' oxygen, ' and
helium. ' These results have necessitated a re-
examination of much of the past experimental work
on critical points, which is apparently contradic-
tory, and a reformulation of the theories of the
critical region. One implication of the singularity
in C~ is that a corresponding singularity should
occur in the adiabatic compressibility and that the
sound velocity u (in the absence of dispersion)
should go to zero as the critical point is approach-
ed. 4~ ' The purpose of this experiment was to
search for such a singularity.

There have been many measurements of sound
velocity near the critical point in various sub-
stances, '-" all of which appear to show only a
finite velocity minimum. However, closer ex-
amination of these results shows that, because of
the limited resolution of the measurements, they
are not inconsistent with a weak singularity in the
adiabatic compressibility Ks ——1/pQ at the critical
point.

We have measured the sound velocity in the
region of the critical point of He' with improved
resolution, and find convincing evidence for the
existence of the expected singularity. Measure-
ments were made in the liquid along the vapor-
pressure curve, along a series of closely spaced
isotherms in the vicinity of the critical temper-
ature, and along several isotherms at tempera-
tures a few tenths of a degree above and below
Tz. In addition to yielding information about the
nature of the critical-point singularities, these
measurements enable us to evaluate the specific-
heat ratio y at several temperatures andpressures
where values of the isothermal compressibility
are known. Some preliminary results of this
work have previously been reported. 'y "y "

&.& Brief Description

Measurements of the sound velocity at 1 MHz
were made using a high-resolution, phase-sensi-
tive method. The ultrasonic etalon was contained
in a vacuum-jacketed can immersed in a bath of
liquid helium. Temperature was measured and
controlled within +10 4 'K by a carbon resistance
thermometer and heater connected to an auto-
matic temperature controller. " Pressure was
measured by a Wallace- Tiernan gauge and a
mel cur y manometer,

2.2 Cryostat Design

The experimental apparatus is shown in Fig. 1,
The sample space consisted of a 9-cm-long,
heavy-walled copper can (l) within which the pres-
sure and temperature of the sample of helium
were regulated. The high- conductivity copper
aided the maintenance of a uniform temperature
throughout the can and within the enclosed Quid.
This can was surrounded by a brass can (2) to pro-
vide a vacuum or exchange-gas space. The entire
apparatus was immersed in a liquid-helium bath
which was normally held at 4. 2'K.

A stainless-steel tube (4), (to be referred to as
the pressure tube), ran from the inner can up to the
top of the cryostat through the center of the ex-
change- gas pumping line. This arrangement
helped to insulate the pressure tube from the heli-
um bath and to maintain a uniform temperature
gradient along the pressure tube from the top of
the inner can to the top of the cryostat, thus pre-
venting condensation along the tube and avoiding
unstable temperature distributions and erroneous
pressure readings.

At the beginning of each run, the inner can was
filled from the bath through the needle valve (5).
Subsequent changes in density within the inner can
were made by adding or removing fluid through
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FIG, I. Cryostat lower end. (1) copper inner can, (2)
outer can, (3) exchange gas pumping line, (4) pressure
tube, (5) filler valve, (6) ultrasonic etalon, (7) coaxial
leads, (8) stirrer, (9) carbon resistor, (10) heater.

Details of the phase-sensitive detection system
shown in Flg. 2 have been given px'evlously.
The output of a 1-MHz crystal-controlled oscil-
lator is fed through a gated amplifier to provide
a pulse of amplitude=10 V and length 20 p. sec
which excites the transmitting crystal. The re-
ceived signal is amplified and compared (in the
phase detector) with a reference signal derived
from the oscillator. By means of the 1-p. sec
variable delay, the phase of the reference signal
can be shiftgd to maintain a constant phase re-
lation with the received signal ("a null" ) as the
ultrasonic delay changes. Cbanges in delay line
setting are thus equal to changes in delay of the
ultrasonic signal. Whitney and Chase" have
thoroughly discussed the experimental method and
the errors associated wi. th this technique. Here
we will discuss only our modifications of their
appax'atus and the errors peculiar to this re-
search.

The choice of operating frequency was governed
by two opposing considerations: Attenuation and
dispersion become smaller as the frequency de-
creases, but at the same time it is necessary to
increase the path length and errors due to grav-
itational effects are incx eased. We feel that our
choice of 1 MHz represents a reasonable compro-
mise that approximately minimizes the over-all
erroxs due to these two effects.

In all runs, we used a path length of 0. 3961
+0. 0005 cm (corrected by 0. 39% for the contrac-
tion of brass to helium temperature). Changes in
path length over the temperature range of these
measurements are negligible. This relatively
short path was chosen at the sacrifice of velocity
resolution to minimize the above-mentioned
gravitational effects and because high attenuation
was anticipa, ted nea.r the critical point. '~ "~ '4

Errors due to spurious phase shifts and time
delays in the circuitry were quite small. By ad-
justing the gain of the receiver amplifier to pro-
vide a nearly constant, optimum input to the 6BN6
mixex', delay errors were held to within +3 nsec.
Changes in signal delays in the remainder of the
:electronics and in phase shift in the quartz trans-
ducex's were negligible.

One majox' source of error in measurements of
changes in ultrasonic delay was nonlinearities in
the delay line, i. e. , the dial reading of the delay

the pressure tube.
The sound etalon (6) was supported by the filler

tube and located approximately in the center of the
inner can. Within the etalon, two 1-cm-diam.
X-cut quartz transducers were held accurately
parallel with their faces horizontal in brass hold-
ers separated by a brass tube. Two stainless-
steel tubes (V) supported the inner can and served
as coaxial leads to the sound etalon.

A magnetic stirrer (8) within the inner can was
provided to promote thermal equilibrium. The
stirrer was driven by a permanent magnet located
directly below the cryostat and rotated at 60 rpm
by a motor.
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line is not exactly a linear function of the actual
delay. Such deviations from linearity were never
greater than 10 nsec, or less than about 0. 05% of
the total delay.

The other major source of delay uncertainty was
difficulty in establishing a suitable criterion for
a null on the phase detector output. This was
particularly difficult since the short path length
and long crystal rise times forced us to make
measurements during the rising transient of the
received pulse. As a criterion for a null in the
phase detector, we chose the situation in which
the voltage at a fixed interval in time after the
foot of the received pulse was zero. This point in
time was chosen to be in a region in which the
phase-detector output was fairly flat. By this
procedure, the resultant uncertainty in null po-
sition was reduced to 20 nsec. A sxnall amount of
unfiltered carrier broadened the trace of the
phase-detector output and added 10 nsec to the
above uncertainty. The effect of normal electri-
cal noise was negligible for most of the measure-
ments, but as the critical point was approached,
the signal-to-noise ratio rapidly deteriorated.
For the closest measurements, the error in delay
due to this source may have been as large as 250
nsec. However, this was true only for a few
points taken with 1.5 Torr of the critical point.

The total transit time of the ultrasonic pulse
was determined by making measux'ements in a
region of temperature where the absolute value of
the velocity is already known, and measuring de-
lay changes relative to a reference point in this
region. Such absolute measurements of sound
velocity have been made in liquid helium along
the vapor-pressux'e curve up to 4. O'K by van It-
tex'beck and Forrez. " We have matched our de-
lay measurements to their data along the vapor-
pressure curve and have thus established a fixed
reference delay. Our results, therefore, reflect
both the uncertainties in their data, (0. 1% or 20
nsec) and the uncertainties in the fit of our re-
sults to their data, approximately 30 nsec.

If we treat all of the above errors as random,
the velocity uncertainty is less than 0. 3% for all
measurements except those very close to the crit-
ical point, where it rises to 0. 6%.

Because velocity changes near the critical point
are large, the maximum delay changes were much
greater than one signal period w, . Whenever the
ultrasonic delay changed by an amount more than
the total range of the delay line, the setting of the
delay line was increased (or decreased) by &, to
establish a new phase-detector null. To measure
total delays, it is necessary to keep track of the
number of cycles (integral multiples of T,) by
counting from a starting point at which the velocity
is known. This is, at best, a tedious procedure,
and is impossible if the sound signal is lost for any
reason, which occurs when high attenuation sets
in near the critical point. In order to circumvent
this difficulty and to tie the data on the "gas-like"
side (P(Pc) of the critical point to those on the
"liquid-like" side (P &Pc), the relative delay was
measured and cycles carefully counted along the
trajectory shown in Fig. 3. During this circum-
navigation of the critical region, the signal was

never lost. The exact trajectory is unimportant as
long as pressure, temperature, and relative phase
are carefully measured. By this procedure, the
absolute delay for data taken along any curve which
intersects this trajectory can be established.

2„4 Pressure-Measurement System

The sample space was connected to the pressure
measuring and gas-handling system through the
pressure tube which ran to the top of the cryostat.
A 2-liter ballast volume was attached to the pres-
sure tube at this point to damp out pressure oscil-
lations which often occurred in the tube in the ab-
sence of the ballast.

Pressures up to 2. 5 atm were usually measured
with a mercury manometer with an uncertainty of
+0. 3 Toxr. Some of the pressure measurements,
particulax'ly above 2. 5 atm, were made with a
Wallace- Tiernan differential pressure gauge cali-
brated against the mercury manometer below this
pressure. These readings were accurate to +1
Torr.

The hydrostatic head of helium introduces two
types of errors in our measurements. The first
is due to the fact that the ultrasonic measurements
yield an average of the sound velocity over arange
of pressures due to the finite vertical height of the
measured volume, which in this case is the path
length (-4 mm). At the critical density, the vari-
ation in pressure over this distance is approxi-
mately 0. 02 Torr. This is an order of magnitude
smaller than the uncertainty in our pressure
measurements and, therefore, errors due to this
effect are quite negligible.

The second type of error is caused by the fact
that the pressure measured by the manometer is
less than that in the sample space because of the
hydrostatic head of helium in the pressure tube
running up from the sample space to the mano-
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FIG. 3. Trajectory for circumnavigating the critical
point. O critical point, ——:vapor pressure curve; AB:
saturated hquid; BC: isochore, p&p; CD: isotherm,
T & Tz, DE: isochore, p & p&.
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meter. This hydrostatic head could, in principle,
be corrected for if the temperature distribution
in the px essure tube and the equation of state
were known. However, this information is not
available. Moreover, it appears that this head
varied with the level of the outer helium bath,
since the pressure of the system dropped slightly
(without removing any gas) whenever additional
liquid helium was transferred to the bath. This
variation was due to the presence of exchange gas
in the vacuum space surrounding the pressure
tube, which was required for the temperature
controller to regulate properly. As a result,
points with the same temperature and sound
velocity occurred at slightly different pressures
before and after transfer. Such a shift was
usually less than 0. 5 Torr, which corresponds to
10 cm of helium at the critical density. To min-
imize this effect, the helium level in the outer
bath was normally maintained less than 25 cm
above the can, and data near the critical point,
where pressure shifts would be crucial, were
taken without transferring helium between points.
When such precautions were taken, points ob-
served along an isotherm more than 24 h apar'
were reproduced to within 0. 5 Torr.

tance thermomenter was calibrated and the fixed
delay to be added to relative delays was deter-
mined in the liquid along the vapor pressure
curve. For each calibration point, the tempera-
ture controller was set to regulate at a fixed but
unmown temperature and the ultrasonic etalon
was initially covered with liquid. A sequence of
data points was then taken by successively re-
moving small amounts of gas from the sample
space until several identical values of pressure
and delay were observed, identifying the vapor-
pressure curve. As a check, this procedure was
continued until the meniscus appeared between the
transducers, a situation identified by a sudden de-
crease in amplitude and erratic phase of the ultra-
sonic signal. The pressure was again read to
check that it agreed with the previous values.
This "pump and measure" procedure was re-
peated for each calibration point. As the critical
point was approached, it became increasingly dif-
ficult to identify the saturation curve in this way,
and reliable calibration points could not be ob-
tained above 5. 1'K.

3.2 Isotherlns

2.5 Temperature Measurement and Control

A 1/IO-W, 100-Q (nominal) Allen Bradley
carbon resistor, mounted on the si.de of the sound
etalon, was used as a thermometer in this ex-
periment. The resistor was calibrated against
the saturated vapor pressure of He' using the T"
scale. " The details of the experimental pro-
cedure will be discussed later. The calibration
points were fitted to a four-parameter equation
of the form

1/T=A log R+B/(log R+D)+C
by a least-squares computer program. " Tem-
peratures above the highest-temperature cali-
bration point were determined by extrapolation.
Since the range of extrapolation was only 0. 1 to
0. 2 K and the fitting function has been found to
represent the R(T) relation over a wide range of
temperature, " this procedure introduces only a,
small error in the determination of temperature
and most of the temperature uncertainty can be
ascribed to uncertainties in the calibration itself.

Since temperature errors depend on the number
of calibration points, their accuracy, and the
quoted temperature relative to the range of cali-
bration temperatures, there is a different un-
certainty in each run. In each of the later runs,
from which most of the quantitative conclusions
are drawn, more than 20 calibration points were
taken between 4. 1 and 5. 1'K and the rms of the
residuals of the four-parameter fit was less than
0. 5 mdeg. Allowing a factor of 2 in the quoted
uncertainty and zn additional 0. 5 mdeg due to
extrapolation errors, the total uncertainty in
these runs is probably less than +1.5 mdeg.

IH. EXPERIMENTAL PROCEDURE

3.I Cahbration

At the beginning of each run the carbon resis-

After the above calibration was carried out, the
velocity of sound along an isotherm was measured
at successive pressures by removing or adding a
little fluid, closing off the system, waiting for
temperature and pressure equilibrium, and then
measuring the pressure and phase. Whenever the
experimental conditions were changed, the change
in delay was followed and the cycles carefully
counted. Data along isotherms were usually
taken with successive points lower in pressure,
because equilibrium was reached more rapidly
after the removal of fluid than after its addition.

Most of the data close to the critical point were
taken in two runs, during each of which measure-
ments were made along three isotherms. Since it
was possible to reproduce a temperature precisely
with the automatic temperature regulator, mea-
surements were made at all three temperatures
with a given quantity of helium in the sample
space; then a small quantity of gas was removed
and another set of three points taken. This pro-
cedure made it possible to take data much more
rapidly than would have been the case had each
isotherm been followed independently, because
the time required to reach equilibrium after a
smaLL temperatuxe change was much Less than
that following the addition or removal of flui. d.
Because of this procedure, isotherms in a single
run cover approximately the same range of pres-
sure and are subject to the same systematic er-
ror s.

3.3 Equ4bnum Precautions and Ch«&s

One of the inherent problems of critical-point
experiments is that equilibrium is difficult to es-
tablish because of long relaxation times. Several
precautions were therefore taken to promote tem-
per ature and pressure equilibrium during the
measurements. The inner can was con-
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structed of —,' -in thick copper. The stirrer in
the bottom of the inner can continuously stirred
the fluid during the course of the experiments. "
During the establishment of equilibrium, the
pxessure, the delay, and the error signal of the
temperature controller were all observed, and
measurements were made only after they were all
essentially steady (usually 5-30 min). On several
occasions, for conditions close to critical, we
checked for drift in pressure and delay over peri. —

ods of 1 to 3 h. Usually the pressure did drift
slowly over this period, but the sound velocity
drifted also and all data taken fell on the same ex-
perimental curve, regardless of whether the pres-
sure was drifting up or down. Such a pressure
dx'ift could be traced to a slow warming or cooling
of the pressure tube or the room-temperatux e
plumbing and ballast volume.

We believe that these pxecautions were adequate
to ensure equilibrium. As a further check of re-
produclbillty, measul ements were occasionally
made with successive points taken both higher and
lower in pressure. Usually, data taken in this way
as much as a day apart were xeproducible to with-
in the normal scatter.

IV. RESULTS

4.1 General

An over-all view of our results is shown in Fig.
4. The results shownin this figure will be dis-
cussed in detail below. In addition to the curves
shown, measurements were made along two iso-
bars. These measurements have previously been
reported' and will not be discussed here.

4.2 Isotherms Close to the Critical Temperature

Typical results of measurements of sound
velocity u along isotherms passing close to the
cx'itical point are shown in Fig. 5. The observed
rapid fall in velocity as the critical point is ap-
proached is in agreement with expectation. There
is, in each case, a gap in pressure of width =2
Torr over which sound-velocity measurements are
impossible with the present apparatus because of
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FIG. 4. Over-all view of sound velocity as a function
of pressure as obtained in this experiment.
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FIG. 5. Expanded plot of velocity versus pressure for
two isotherms slightly above the critical temperature.

high attenuation. Nevertheless, the drop outside
this region is so rapid that the vanishing of u at
the critical point does not seem unreasonable.

An examination of the u(P) data for each iso-
therm shows that the shape of all the curves is
quite similax, but that the origin of each curve is
shifted. The degree of similarity is evident from
the mathematical fits which are discussed:below.
If we plot in the P-T plane the temperature of
each isotherm as determined by the calibration
and the pressure at the center of the "gap, " we
find that these points fall along the extrapolatedT" vapor-pressure curve" to within the un-
certainty of our measurements (Fig. 6a, b) This.
is consistent with data on several other sub-
stances, which indicate that specific heat and
compressibility maxima occur on or neax the ex-
trapolated vapor pressure curve. If we assume
this to be exactly true, this result also indicates
that there are no large deviations from the shape
of the vayor-pressure curve given by the T'8
scale. "~ '

At the time these measurements ~ere made, we
assumed that the He~ critical point was at the
tabulated value of 1V18 Torr and at 5. 1994'K as
given by the T" scale. " Accordingly, we con-
centrated our interest on isotherms near this
temperature. However, subsequent measurements
by Moldover and Little, Roach and Douglass 25 28

and Roach" have shown that the critical tempera-
ture and pressure are lower than these values.
The best values for the critical parameters ap-
pear to be P=1705 Torr and T =5. 189'K.
Therefore our lowest-temperature isotherm
actually is slightly above the critical temperature.

In a preliminary report, ' we derived the adia-
batic compressibility ~s =1/pu' using values of
density p calculated fx'om an approximate equation
of state given by Edwards and Woodbury. 2' These
results suggested the existence of a logarithmic
singularity in ~~ at the critical temperature for
both the liquid-like and gas-like sides, but wi. th
different slopes. However, improved estimates
of density" subsequently contradicted this result
for the low-density (gas-like) side. " We ac-
coxdingly examined some more general functions
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of the form f (P)/u', where f (P) is some non-
singular function of pressure. As in Roach and
Douglass's analysis of density data, "f(P) can ac-
count for the asymmetry of the isotherms about
the critical point, while the singularity is con-
tained in the factor u '. It may be noted that, in
principle, f (P) does not affect the form of the
singularity sufficiently close to the critical point.
In practice, however, data must be analyzed over
a range of pressures which is large enough for
the form of f (P) to be important. It is thus not
inconsistent to search for that function which
gives the experimentally observed singularity a
simple mathematical form over the widest pos-
sible range.

Using the recently reported results of direct
density measurements" ""instead of the ap-
proximate equation of state upon which we pre-
viously had to rely, we find our data to be best

FIG. 6. (a) Locus of sound velocity minima along
isotherms for l'& T~ in the I'-T plane; vapor pressure
curve; + critical point, & Present results. (b) Expanded
view of the box in Fig. 6a; O locus of sound velocity
minima; locus of Po's obtained from mathematical
fits to velocity data along isotherms close to the critical
temperature (see text) .

represented with f (P) = p. We have accordingly
fitted our results to the equation

p/u' = -C+ ln l ~ I +D+, (I)
where ~= [ P —P,(T) /Pc. Plus signs refer to
values of C and D for P)P„and minus signs to
the corresponding values for P(P, .

The actual least-squares fit was carried out by
independently adjusting the parameters C+, C,
D, D, and P, for each isotherm using an iter-
ative procedure similar to that used by Roach and
Douglas s.

For each isotherm, our sound-velocity data
fall on the fitted curve within the experimental
uncertainty over a range of more than two orders
of magnitude in ~. In addition, C+ = C, the
classic form of logarithmic singularity. "~" In
fact, an equally good fit to the data is provided
by setting C+- C, thus reducing the number of
independently adjustable parameters from five
to four. The parameters for the latter fit are
given in Table I. The errors indicated are stan-
dard deviations, and do not include systematic
errors. If we assume that the locus of sound-
velocity minima coincides with the extrapolated
vapor-pressure curve, the values of P, can pro-
vide an independent estimate of the temperature
of each isotherm. These values, designated T'
and given in the fourth column of Table I, agree
well with the measured temperatures. The re-
sults for the six isotherms given in Table I are
shown in Fig. V. Because over 500 points were
taken, many have been omitted from the figure.

The logarithmic form of the divergence of p/u'
is suggested by the scaling-law relationship de-
rived by Helfand"

g =2o.'/(2+y — n), (2)

where C~ ~Dp, ~, for T=Tc

IU, = chemical potential,

C~ o= DT for p= p

KT ~ AT for P =Pc.

Since near the criticalpoint u ' ~C„and Ap, ~ ~,
we can redefine ( in terms of the equation

u-2 ~& for T=Tc. (3)

If n = 0, as the specific-heat data of Moldover and
Little indicate, '4 then Eq. (2) predicts P =0. Our
data show that u-' is asymptotically linear in
log~ for T=Tc, which implies that g is indeed
0. An analogous test of this scaling law has been
made in the ferromagnet, EuS, where it has been
found that C~ for T = Tc is logarithmic in magnetic
field (the analog of Ap, ). '4

The aforementioned similarity in the shapes of
the u(P) isotherms is evident in Fig. 7 and in the
near equality of the parameters C, D+, and D
for each isotherm as given in Table I. Although
there is a small systematic decrease in C as T
decreases, the general shapes of the isotherms
are very similar. We do not intend to imply that
u(~, AT) goes to zero for ~=0, nT 0 0, but
only that the u(~) isotherms have nearly the
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TABLE I. Parameters of least-squares fit to Eq. (1) for isotherms near the critical point.

Run T( K) &p (Torr) T' ( K) Cb

A
A
A.

B

B

5.2028 + 0.0015
5.2008 + 0.0015
5.1988 + 0.0015
5.1988 + 0.0015
5.1967 + 0.0015
5.1947 + 0.0015

1722.06 + 0.05
1719.67 + 0.05
1717.24 + 0.05
1717.94 + 0.03
1715.58 + 0.04
1713.11+ 0.04

5.2025
5.2006
5.1987
5.19/3
5.1974
5.1954

1.016 + 0.003
1,(10+ 0,003
1.001 + 0.003
0.977 + 0.003
0.965+ 0.004
0.954 + 0.004

3.21 + 0.01
3.22+ 0.01
3.24 + 0.01
3.34 + 0.02
3.36 + 0.02
3.39 + 0.02

0.65 + 0,01
0.66 + 0.01
0.68 + 0.01
0.79 + 0.01
0.83 + 0.01
0.86 ~ 0,02

a
See text. b

In units of 10 ~
g sec cm"5

same shape as the critical isotherm except for
values of ~ smaller than we were able to mea-
sure. %e expect that such isotherms all have a
finite minimum except for the critical isotherm
itself. "

A further implication of the similar shape of
the u(~) isotherms is that, for p slightly dif-
ferent from pz, the sound velocity along an iso-
chore is only a weak function of pressure and
temperature. Under the important assumption
that the values of P, (T) obtained from mathemat-
ical fits to our velocity data lie on the critical
isochore, the sound velocity as a function of
density is shown in Fig. 8. The uncertainty in

p due to the uncertainty in pressure is shown for
a few points near p . It is evident that over the
range of our data, the sound velocity is essen-
tially a function of density alone. However, it is
obvious that this cannot be true for the critical
isochore, where u goes to zero at T = T~.

4.3 Dispersion

In this experiment we used a relatively low
frequency to minimize dispersion, so that our
measured velocities would be close to the zero

frequency (thermodynamic) limit. It is difficult
to estimate whether or not we avoided significant
dispersion by this choice. Several authors" "—"
have discussed dispersion near critical points, but
the predicted magnitude of dispersion is uncertain.
Giterman and Kontorovich" have shown that the
sound velocity at any nonzero frequency will not
go to zero at the critical point. Significant dis-
persion has, in fact, been observed near the crit-
ical point in xenon at frequencies of the order of
1 MHz, "but dispersion was undetectable in similar
measurements on carbon dioxide. " At much higher
frequencies, however, large dispersion has been
measured in CO, ." Since our measurements were
made at only one frequency, we can draw no con-
clusions concerning the presence or absence of
significant dispersion. However, one conclusion
can be drawn from the theory and experiments
mentioned above. Dispersion should increase near
the critical point and the velocity should decrease
at lower frequencies. This would lend support to
our conclusion that the thermodynamic sound
velocity vanishes at the critical point and, if sig-
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nificant dispersion exists, the singularity in p/p'
would be stronger than that which we have observed.
One of us (RCW) is continuing these measurements
and examining possible dispersion effects.

4.4 Vapor-Pressure Curve

The velocity of sound in the saturated liquid be-
tween 4 and 5. 1 K is shown in Fig. 9, where it can
be seen that the velocity falls rapidly as the crit-
ical point is approached. A plot of p/p. ' against
lnl Pc PI/P-c, based on these results as well as
density and velocity measurements of several in-
vestigators '~ "7 ' is shown in Fig. 10, together
with corresponding results for hydrogen" and
He'. ." " The presence of a logarithmic singu-
larity in the He4 data is clearly indicated, and
the results are well represented by the equation

p/ p,
' = C ln I P Pl /P -+D,

LA

Eo
OJ

5
O
'0
N

3
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I
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Q. I

OJ

c
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I I I
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ther conclusions. The following equation can be
used to relate the thermodynamic sound velocity
u and Cz near the critical point:

FIG. 10. p/u2 versus 1n (Pc -P)/Pc in the saturated liquid.
(-) He (this experiment and Ref. 28), & He (Refs. 20 and
40), He3 (Refs. 42-44), 'V Normal Hydrogen (Ref. 41).

where C = 1.822 ~ 10 "g-sec'-cm-'

D = 2. 760 x 10 &' g-sec'-cm ',

(BPI (BP'II 1 ( P T"'=(ep) I(ep&, p (BT c

and Pc = 1705 Torr (not treated as an adjustable
parameter). Hydrogen also seems to exhibit log-
arithmic behavior, but the He' results seem to
depart slightly from such a form. Therefore, un-
less the latter measurements are in error, the
particular form of the singularity we observe
along the saturation curve may be fortuitous, and
not a general property of fluids.

4.5 Isotherms Far Above T

Figure 4 also shows measurements along several
isotherms far enough above T~ for the sound ve-
locity to be continuously observable through its
minimum. The fact that the locus of these sound
velocity minima in the P, T plane falls approxi-
mately on the extrapolated vapor pressure curve,
as shown in Fig. 6, allows us to reach some fur- IO4

T-T ( K)

IO IO
I I

IO-'

I

Neglecting the first term, a plot of u' vs T/C„
along the critical isochore should be a straight
line of slope [(BP/BT)~/pc]'. This is shown be
the solid line in Fig. 11, where we have set
(B P/BT)~ equal to the slope of the vapor-pressure
curve at T~ as given by the T" scale. The dotted
line is a correction for the nonzero value of
(BP/ep)T calculated from the results of Roach. »
The circles represent our values of dmin' at various
temperatures plotted against the specific-heat
data of Moldover and Little. " The use of umin
is equivalent to the assum'ption that the velocity
minima lie along the line p = p. The error
brackets reflect uncertainties in the measured
value of C~ and in the temperature scale of the
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