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tended to a multiple integral, we can write to be zero. We can then put

— 1 tr q„+q4.+ +q„.~-
I 1+

l
qi'

q&k ql* i —Qe

di)
l f lse-KQ2 +os + +q i (A13)

and 6nd

1 tr qs, +q4,+ +q„,) 1
11+

q, rE & —ne (qs').

dg (qi )
=b 1— lC. (qi')

dqi (qP)~vl
(A14)

where the square bracket is evaluated at a point 00 in
the phase space lying between the limits of integration.
It is reasonable to assume a value for this quantity
which is the average of this quantity. Now the sign of
qs,+q4,+"'+q„, has roughly equal probability of its
being positive or negative Lascan beseen from Eq. (AS)$
and hence the value of (qs,+q4,+"'+q„,), can be taken

If further qir (qadi), , then dg„(qP)/dqtr~0 and the
left-hand side of the inequality in (A9) would be zero.
From Eq. (A14) and thernagnitudeof 2b 68eV/ cwe
find in any case that inequality in Eq. (A9) would be
satis6ed for most values of q&~ which are physically
relevant. Hence we have shown that o„(qP) is ap-
proximately a damped exponential in qi~ as in (A4).
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Superconvergence relations for the B&+& amplitudes at t =0 for pion-baryon scattering are well saturated
by low-lying resonances, except for the one for the m.-Z scattering. This remarkable disparity suggests that
some new qi--Z resonances may exist. From the unitarity condition on the p-wave x-Z scattering, it is shown
that the resonances, ii any, are in (I,Jv) = (0,-,'+) and (2,—,'+) states.

i. INTRODUCTION

'HERE are Gve isospin-symmetric amplitudes of
the pion-octet-baryon scatterings x—Ã, m —A,

+—Z, and m.—. Analyses of the superconvergence re-
lations (SCR) for the five (spin-flip) amplitudes are
surrunarized in Sec. 2. A remarkable disparity is pointed
out; the SCR's are very well saturated by low-lying
resonances except for the one for the sr-Z scatterirtg. This
may be interpreted as an indication of new resonances
in the x-Z scattering. In Sec. 3 possible resonances in
the p-wave sr-Z scattering are examined. It is shown on

*Work supported in part by the National Research Council of
Canada.

ff. Present address: Prince of Wales College, Charlottetown,
Prince Edward Island, Canada.

)Senior Killam Research Fellow, on leave from Osaka City
University, Osaka, Japan.

the basis of unitarity that the resonances, if they exist,
are in (I,J)= (O, ss) and (2,ss) states. Results are dis-
cussed in Sec. 4.

2. SUPERCONVERGENCE RELATIONS

If a scattering amplitude f(v), which satisfies an
unsubtracted dispersion relation, behaves like vf(v) —+ 0
as p —+ ~, then it satisfies a superconvergence relation

Imf(v)dv=0.

Here v is the invariant energy variable at a 6xed-
momentum transfer. A modified SCR has been proposed
which may apply even when the condition vf(v) -+ 0
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is not satisfied. '' Consider the spin-Rip amplitude 8
of the pion-baryon scattering. According to the Regge-
pole hypothesis, the asymptotic form of 8 is given by
v &" ', where a is the Regge trajectory for the fixed
momentum transfer t. The leading trajectories are the
P and P' in the I=O and the p in the I=1 channel.
Since all these trajectories have 0.&0 near /=0, 8 does
not satisfy the SCR.' However, if one subtracts the
relevant Regge trajectory contributions, one can get
i (B Ba„,.—) ~ 0 as v ~ ec so that B Bn„,.—satisfies
the SCR.

Balazs and CornwalP examined this modified SCR
for the isospin-symmetric amplitude 8(+) of the m.-E
scattering at t= 0 in detail. Assuming resonance
dominance in the low-energy region, the modified SCR,

by assuming the SU(3) symmetry with the F Dm-ixing
Parameter n=D/(F+D) =0.75 and Putting g rrsts=15. 4

For the m-Z scattering, there are two independent
components of the isospin-symmetric amplitude, say,
Bi+Bs and Bp+2Bs, where the suflix indicates the
isospin in the s channel. They are related to those in
the t channel, denoted by 8&, as follows:

Bi+B,= -', (Bp—B,),
Bp+ 2Bs Bp+ 2—B—s.

The results of Bass and Michael were given for the
t-channel amplitudes Bo and B~, but we rearrange them
in the forms of (8) and (9) so that the effect of Fie
enters into only one of them. Thus we obtain

g sg'+R(I"i*)=3.7—3.3, for Bi+Be (10)
g2+

27r2
=1I 2 for Bp+2B, . (11)

results in a sum rule

gs+g CrRir+ (Regge contribution) = 0 (3)

R&r (I'i+r/2k, +s) ( (I+1)L(3f+r m)s &s7

2l(l+1—)mM, +r)+. (I', r/2k, s) fig(~i r

+2t(l+1)mMi r) . (4)

Here m and p are the baryon and pion mass, respec-
tively, Mg+ and Fg~ are the mass and width of the
resonance whose isospin is I, spin is J= /& ~, and parity
is (—1)'+'. The hi+ is the c.rn. momentum correspond-
ing to the total mass M&~ . The Cz is the square of a
Clebsch-Gordan coefficient with respect to a relevant
isospin combination: CI——3 and 3 for I=~ and —,',
respectively. Dass and MichaeP have done a similar
analysis for all the pion-octet-baryon scatterings.

A remarkable feature of bo th analyses" is that, except
for the m-Z case, the sum rule is very well satisfied by the
contribution of the J~= ~+ baryon decuplet, indicating
nearly perfect cancellation among higher resonance
terms and the Regge contribution. To sunmarize the
situation, let us quote the results of Dass and Michael. '

g~ivN'+R(&) = 14.8—14.6, for

g szs+R(I'i*) =11.2—11.4, for 7r-h.

(5)

(6)

g~g-. s+R(Z*)=3.7 3.3—for (7)

The coupling constants g ~q and g gg are determined

'A. A. Lognunov, L. D. Soloviev, and A. N. Tavkhelidze,
Phys. Letters 24B, 181 (1967);K. Igi and S. Matsuda, Phys. Rev.
Letters 18, 625 {1967),Phys. Rev. 163, 1622 (1967); R. Gatto,
Phys. Rev. Letters 18, 803 (1967); R. Dolen, D. Horn, and C.
Schmid, ibid 19, 402 (1967);.Phys. Rev. 166, 1768 (1968).

~ L. A. P. Ballzs and J. M. Cornwall, Phys. Rev. 160, 1313
(1967).

s G. V. Dass and C. Michael, Phys. Rev. 162, 1403 (1967).

Now it is clear that the sum rules are very well satis-
fied, except for the last one, (11). This remarkable
disparity seems to suggest the existence of a resonance,
say, Fp* with J = s+. In the above formulas, F'pe(1405)
with J~=~ has not been included because its effect
is negligible. In general, the effects of an s-wave
resonance is extremely small unless its width is enor-
mous; hence the simplest candidate is a p-wave
resonance.

It may be added that, as is seen from (4), contribu-
tions from two baryons, with J=/+s and J=l—si,

have opposite signs. It is thus possible that effects of
resonances of similar structure cancel each other. ''
For example, for the s.-1V scattering, E(1688,ss+) and
A(1920s+,) give about 2.5 and —3.5, respectively. One
may wonder that the contributions of higher F0*
resonances may accumulate and cancel g zz in (11).
This is very unlikely, however. Observed I'0* reso-
nances are (1520Pss), (1690$ss), (1815/ps+), (1830$ss),
and (2100,s' ).' Contributions from these resonances
are all small, and they are positive except for the one
from (1830,—', ). Therefore, the effects of the higher
Fo* resonances, if appreciable, can only worsen the
situation.

3. UNITARITY AND POSSIBLE RESONANCES

Motivated by the drastic disparity pointed out in
Sec. 2, we have examined the possibility of resonances
in the m.-Z scattering. Amati and Fubini showed that,
for the s.-X scattering, the quantum numbers (I,J) of
the resonance 6(1236) as well as the effective irXh
coupling constant can be determined by the unitarity
condition of the scattering amplitude. Their method

4 See, e.g. , A. W. Martin and K. C. Wali, Phys. Rev. 130,
245S (1963).

'A. H. Rosenfeld, N. Barash-Schmidt, A. Barbaro-oaltieri,
L. R. Price, P. Soding, C. G. Wohl, M. Roos, and W. J. Willis,
Rev. Mod. Phys. 40, 77 (1968).

~ D. Amati and S. Fubini, Ann. Rev. Xucl. Sci. 12, 359 (1962);
see also Appendix A of Ref. 2.



176 POSSIBLE NEW RESONANCES IN PION —BARYON SCATTERING 2161

~-(~') ZP-s~s(~'))
(x + i+ ". (»)

o '+o&

Here the suKx a=1 2 6 stand for (I,J)= (O, s),
(O, ss), (I,ts), (1,ss), (2, ts), (2, ss) in that order, b (o&) is the
contribution. from the A and Z poles, and o (o&) is the
cross section. The dots at the end of (12) indicate
effects of the p exchange, etc. The Born term b (o&)

is, if we ignore the A-Z mass difference which is irrele-
vant in the following,

b~= (q'/o&) (3fash~&'&+2 fp9.~&s&), (13)

where fs and fq are the pseudovector coupling constants
for the mAZ and +ZAN interactions, respectively. X &')

and ) &'& together with the crossing matrix A p will

be given later.
Now suppose that there is a narrow resonance in the

state p which dominates the cross section. Then we may
assume that

o. = 12s.sbn~f*sq*8(&d* —o&), (14)

where q* and m* are the pion-momentum and energy
at the resonance, and f* is an effective s.ZF* coupling
constant. Equation (12) then becomes

) 3., A.,
Ref (o&)=b (o&)+f*'qs~ + + . (15)

ko& —o& o& +o&

If there are more than one resonance, one simply takes
a sum with respect to the index y.

At high energies o»&o&*, the right-hand side of (15)
behaves like

(qs/&d)t 3fss) &'&+2f 9. &s&+Q f *s(A 3)]. (16)—

It can be shown that the p-exchange eGect does not
increase with q as fast as (16).Also, the smooth part of
the cross section cannot give rise to a term which
asymptotically behaves like q. On the other hand,
unitarity demands that

Ref(-'q '

7 In the integrals in (12},contributions from below the threshold
are ignored.

can be applied to other pion-baryon scatterings. For
example, for the x-A. scattering one can easily show why
the Yt*(1385) has J=-,' rather than J=-,'. The s.-Z
case is less straightforward, so let us describe it in some
detail.

For simplicity, we ignore the baryon recoil, i.e.,
neglect terms of order o&/m, where o& is the pion c.m.
energy, and take units such that the pion mass @=1.
The dispersion relation for the p-wave scattering
amplitude for f (&0) is'

q dq
Ref (o&)=q 'sinb, cos3 =b (o&)+

12+ y M

which implies

f-(~)=Z~~-sf& ( ~)-,

2=

(19)

(20)

(21)

where the vector X stands for &'& and X&'&. If we define
a vector X~» with the components

(22)

then it also satisfies (20). In fact, X&'& and X&s& are
nothing but 2&» with p= l and 3, respectively. The
explicit form of A is given as a direct product of the
crossing matrices for the spin and isospin, '

2 —6 10 . ) 4.
A=s —2 3 5 XB231 (23)

The matrix A has six eigenvalues, which are &I because
of (21).Since TrA= 0, as is seen from (23), three of the
six eigenvalues are +1 and others are —1. Thus there
are three independent vectors which satisfy the eigen-
value equation (20), two of them being X&'& and 2&'&.'
For the third one it is convenient to take X&'), which
corresponds to (I,J)= (2,—',).Other three-vectors defined

by (22) can be expressed as linear combinations of the
three basis vectors as follows:

X&'&= —52&'& —22&s& —2X&'&, for (I,J)= (O, st)

X&'&= —4X&'&—(8/3)X&'& —2X&'& for (I,J)= (O, ss) (24)
X&'&=10K&'&+5K&"+4K&'&, for (I,J)= (2,-,').

When the third term on the left-hand side of (18)
is expressed in terms of X('&, 2&", and 2&", the coeK-
cient of X&'& must vanish. Hence it is clear that we have
to assume at least two resonances so that their X~'&

terms cancel each other. Two resonances can be those
with y= 2 and 6, or y= 4 and 6. There is no possibility
for y=5, because the coeQicients of XE."& and X('& in
the resonance terms must be altogether negative. The
two solutions are

—' fss= fs' ——fs*'——2fs*', for y 2 an.d 6 (25)

A. Komatsuzawa, R. Sugano, and Y. Nogami, Progr. Theoret.
Phys. (Kyoto} 21, 51 (1959};R. H. Capps and M. Nauenberg,
Phys. Rev. 118, 593 (2960).

sIn the s.-it case, (20) has only one solution. In the s-X
case there are two solutions, which are identical because of the
symmetry between spin and isospin.

which is in contradiction with (16) unless

3f,9,.&'&+2f,').&s&+P,f„*s(A.,—8.,)=0. (18)

Note that (17) should hold even if the phase shift
becomes complex. A resonance or resonances, if any,
have to meet this requirement (18), at least
approximately.

The amplitude f (o&) satisfies the crossing relation
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and

4fs'= 4fs'= f4*' 2——fs*s for y= 4 and 6. (26)

g sx'+4R for Bs+2B,. (28)

Now, if we assume R —2.5 so that (28) vanishes
approximately, the sum rule for Br+Bs is somewhat
spoiled. However, the over-all consistency can be
restored by slightly readjusting n. For example, if we
take rr=0. 72 instead of 0.75, Eqs. (6), (7), (27), and
(28) become

g.sz'+R(Ft*) = 10.4—11.4, (29)

g xss+R(2a) =2.9—3.3,

g xxs+R(Fra)+R= 4.7—3.3+R,
(30)

(31)

g s.s+4R = 10.4+4R. (32)

Thus, if we assume R= —(2.3 to 2.4) all the sum rules
are quite well satisfied. If Yo* is heavier than Y2*, Yo*'s
effect increases; hence we can get even better results.
For the width, if we assume that Yo* and Y2* both
have the same mass 1400 MeV, I"(Fs*)=21'(Fs*)—15
MeV.

4. DISCUSSION

So far no evidence has been found for the Yo* and
Y2* with J =—'+.' For the Yo* it may overlap Yo*

(1405,—,
' ); then the decay angular distribution will

' R. B.Bell, R. P. Ely, and Y. L. Pan, Phys. Rev. Letters 18,
921 (1967).

Since we wanted a resonance with (I,J)= (O, ss), we
prefer the solution (25) rather than (26). We do not
have to obtain the Ft (1385), because it is obtained in
the m.-A channel and also Y&* is very weakly coupled
with the x-Z channel. It is gratifying to note that the
ratio (fq/fx)s=5/3 leads to the F Dmix-ing parameter
o.=0.69. If we include the mass factor in the conversion
from the pseudoscalar to pseudovector coupling, we get
0.=0.70 instead. This is in good agreement with the
value determined in other context.

The above analysis does not tell us the masses of the
resonances. If we assume that the two resonances,
denoted by Yo* and Y2*, have the same mass, it then
follows from (25) that the ratio of their contributions to
the amplitude 80 and 82 is 2:1.Therefore, if we denote
the additional term in Br+Br(10) due to Fo* and Fs
together by R, (10) and (11)are modi6ed as

g~xx'+R(Fr*)+R for B,+B„(27)

deviate from isotropy. Available data do not seem to be
accurate enough to rule out such a possibility. "If the
Fs* exists, it would belong to a 27 multiplet in the SU
(3) classi6cation, but no other likely candidate for the
member of this 27 multiplet has been established.
Analyses of peripheral peaks in high-energy scatterings
also do not seem to require any 27 multiplet. "

On the other hand, the Y2* has been theore6calty
found many times in a variety of ways; to name a few,
the Chew-Low-type method, ' " the strong- or inter-
mediate-coupling theory, '4 the bootstrap and/or N//D
method. '~'~ It should be noted, however, that a
calculation in the octet model' did not indicate any
resonance in the 27-dimensional representation of
SU(3). The resonance Fsa(ss+) seems to be more
ambiguous and has received little attention. We would
like to emphasize, however, that what is needed most
in the SCR is the Yo* rather than Y2*. Theoretically,
it is rather diKcult not to have the Y2* in a dynamical
calculation. If the resonances under discussion do not
really exist, one can seriously question the validity of
many of dynamical methods which have apparently
been successful in many respects.

If the Y2* is found, but not other members of the
27 multiplet, it might imply that there are two types
of particles or resonances. One is made from three
quarks, or from a pair of quark and antiquark, by means
of some primary interactions, whereas the other is
caused by secondary interactions between the particles
of the 6rst type. The SU(3) symmetry may be very
badly violated for the second type while it holds well
for the first type. Of course, this is a pure speculation.
Finally we might mention that Bisiacchi and Fronsdal"
have shown that SU(3), a noncompact version of
SU(3), resembles SU(3) in many respects, but SU(3)
can acconnnodate the Y2* in the same multiplet as the
6 Y* and ~*

"A. Engler, H. E. Fisk, R. W. Kraemer, C. M. Meltzer,
J. B. Westgard, T. C. Bacon, D. G. Hill, H. W. K. Hopkins,
D. K. Robinson, and E. O. Salant, Phys. Rev. Letters 15, 224
(1965).

"V.Barger, Rev. Mod. Phys. 40, 129 (1968)."D.Amati, A. Stanghellini, and B. Vitale, Phys. Rev. Letters
5, 524 (1960);M. Nauenberg, ibid. 2, 351 (1959).

"V.Singh and B.M. Udgaonkar, Phys. Rev. 149, 1164 (1966);
A. Rangwala, ibid 158, 1450 (. 1967).

"M. Noga, Nucl. Phys. 82, 80 (1967)."I.P. Gyuk, W. A. Simmons, and S. F. Tuan, Nuovo Cimento
35, 676 (1965)."K. V. Vasavada, Nuovo Cimento 40, 1045 (1965).' A. W. Martin and K. C. Wali, Nuovo Cimento 31, 1324
(1964)."G. Bisiacchi and C. Fronsdal, Nuovo Cirnento 42, 220 (1966).


