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For the processes mentioned in the title, the general rearrangement formalism of a pre-
vious paper is applied with specific consideration to the effect of molecule orientation on

the electronic matrix elements and on the total and differential cross sections. Formulas
are given for two cases: when one can and when one cannot treat the effect of rotation as a
semiclassical orientation average. A short discussion is given of selection rules and of the
use of these formulas in (a) ab initio calculation of the cross section, (b) approximate pre-
diction of angular dependence, and (c) parametrization of experimental data.

INTRODUCTION

The process of dissociative attachment (DA)
and pure resonant scattering of an electron from
a diatomic molecule have been theoretically de-
scribed in an extremely simple way in I.' The key
simplification was the definition of the Q, the
resonant part of Hilbert space, as that part of the
total electronic-nuclear function space which has
an electronic component (independent of the nu-
clear part) identical with the electronic wave func-
tion for the resonant state Qr. In the Born-Qppen-

heimer separation, the function Qr and Q depend
parametrically on the internuclear distance A.
The formalism does not depend on which of the
many methods for the calculation of electronic
resonant states is used to get the Qr, which for
the purpose of this paper we assume known. It
is shown in I that, for all processes in which one
of the channels involves an asymptotic free elec-
tron, the T matrix for the process, and therefore
the cross section, depend on the matrix element
ap+ which couples P to Q space, as defined in
I-4. ' The matrix element op+ in turn depends on
the resonant electronic state Pr, the Hamiltonian,
and the initial or final (as the case may be) poten-
tial- scattering wave function. This latter func-
tion is assumed, with much justification from ex-
periment, to be separable (in the adiabatic sense)
into an electronic part pad, about which we make
no assumptions for the present, and a nuclear
part, which we assume to be exactly that of the
target molecule [Eq. (I. 5. I)]. The dependence
of the electronic matrix element on orientation
was not made explicit in I; this we do in Sec. I
of this paper; In Sec. II we derive formulas for
the total and differential dissociative attachment
cross section; and in Sec. III we do the same for
the resonant part of the electron-molecule vibra, —

tional excitation cross section. In Sec. IV we
discuss the application of these formulas to rele-
vant problems.

I. THE ELECTRONIC MATRIX ELEMENT

In I. 5. 2 the matrix element a~+(R) is given in
the adiabatic approximation as
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V&.(R) = f dr P *(r,R)li P (r % (2)

r being th» .lectronic coordinates. The depen-
dence of V~ on orientation comes from the depen-
dence of Q~ on the incident-electron momentum
vector k and the subsequent expression of k in a
coordinate system with a polar axis along the in-
ternuclear direction (see Fig. 1). This depen-
dence can be made by expressing pad'+ in integral-
equation form and then expanding the asymptotic
part of pad+; thus

=(1+G V) e ey&(r&, R)
Rd p

Q i (2I, +1)(1+G V)j (kr)
L=o

A

xP&(r &, R)Pi(cos'k ~ r )

I
=4m Z Z i (1+@ V)P (r, R)

L=o p, = —L

x j (kr )& *(k)1" (r ).e Lp, Lp, e .

Here Gp is the total Green's function; V is the
electron target interaction, p2 is the unperturbed
electronic wave function of the target;. and rT and
r e are the target and incident electron coordinates,
respectively. Also jI., I'L, , and YL/L are the
Bessel function, Legendre polynomial, and spher-
ical harmonic, respectively. Since re is to be
integrated over in Eq. (2), it must be relative to
the body-fixed polar axis 5 as are all other elec-
trons. This latter statement means that k is the
unit vector in the incident direction expressed in
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a +(R) = V (%)y (R)Y (R)iR,
th

where yz(R) and I'gM(R) are the target vibration
and rotation states, respectively. Vfr(%), the
basic elect onic matrix element which directly
links P to Q space, is central to this paper It.
is defined by
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k.

re

for an allowed transition, must have the same
parity for reflection in a plane containing the mo-
lecular axis. This is true since the only part of
the plane wave absorbed is 0 and this is "plus. "
With these considerations, ap + can be written in
the form

~ '(R)=( )" Z V, ~„~(~)g.( )
L= IIU, l

x Ji Y (R)Y *(k)
Lp,

(6)

FIG. 1. The vectors which characterize dissociative
attachment. The incident electron momentum is k g . The
vector R is the molecular axis, joining the atoms A and
B. Its angular coordinates 0 ~ and Q~ (not shown) are
defined relative to the K. axis. The coordinates r~ of
the incident electron are then defined relative to the
molecular R axis (with origin at the center of nuclear
charge).

the body-fixed coordinates. In integrating Eq. (2),
the conservation of axial orbital angular momen-
tum restricts the sum over p, to values that satisfy

(4)

where AZ and A are the target and resonant axial
orbital angular momenta, respectively. These
are algebraic quantities and may be either positive
or negative. The general form of V~(R) is there-
for e

V (R)=(4p)' Z Vii i(B)Y~ *(0) (5)a
~ I

Ltp) Lp.

In practice VI ~~ ~(R) is calculated by taking the
scalar product of Eq. (5) with YI, ~&~(k).

In homonuclear diatomics, L is fur{:her restrict-
ed to even or odd values, according as QT and p~
have the same or opposite parity. The obvious
selection rules for spin (S~= ST+ —,

' must also be
obeyed. Less obvious is the fact that if both
resonance and target are Z states, then both states,

In some cases' the first non-symmetry-for-
bidden term of Eq. (6) may be adequate to describe
the scattering. By analogy with Rydberg states,
for which one-center expansions are common, and
whose orbital structure is similar to that of single-
particle resonances, one expects this adequacy to
be general for resonant-continuum transitions
where one can qualitatively envision a single elec-
tron leaving the resonant system without subse-
quent major changes in the structure of the target
core. Low-energy single-particle resonance4
processes which fit this approximation will be
discussed in Sec. IV. The ability to retain the
first symmetry term in (6) will be seen to intro-
duce enormous simplifications into the formulas.
At low energy there is actually a second reason
why we could hope to be able to use this approxi-
mation. This reason is related to the fact that at
low energy the amplitudes of the various sperical
components in a plane wave decrease rapidly with
increasing L. As a result, even if the expansion
of Q~ in spherical harmonics does not converge
rapidly, &f&~ in Eq. (2) will cause the integral to
weight the lower moments of P~ more heavily.
This will give the same effect after integration
as a rapidly converging one-center expansion of

In fact, this second reason gives us some
hope that one-center expansions of core-excited
resonances, where rapid convergence is problem-
atic, might be useful. The possibility of predict-
ing the angular dependence from the electronic
configuration of the resonance will certainly be
enhanced by this second effect.

II. DISSOCIATIVE ATTACHMENT

The T matrix for dissociative attachment is given by

T = ( l (R)a +(R) ) =(4m)'" J 0 (R)V&( ((&)y (&)& 'Y~ ~ (R)Y~ +($)d'p
DA p L p p J~.

where i refers to "initial" target state and P (R) is the unbound nuclear-motion state associated with the
motion of the nuclei in the complex potential set up (in the Born-Qppenheimer sense) by the complex
molecular electronic energy. (See I, Sec. IV). The equation for g+ (R) is

[r +V (~)+~(~) ——,'ir(R) —E]y (R)=O .R f (6)

The approximate locality and spherical symmetry of the 6 and I' are derived in Appendix A, where the
conditions for these to hold are established. The state P+(R) approaches a plane (plus outgoing) wave
advancing in the direction of the final relative momentum vector and is given by

i5~
p+(0)= Z i (4m)'"Y~M~(B)Y (Qg)8 Z~(k, R)/R

J, M
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where 5J = 5J + (ipJ)/2 is complex, and XJ is normalized. , according to I-5. 6 andI-5. 7, respectively. 0K
is as the solid angle about the relative momentum vector R. For the orientation vector K and the solid
angle subtending the detector, Qg the polar axis as taken along the direction of the incident electron

k i.
Substitution of Eq. (9) into (7) will give the desired angular dependence of the 7 matrix. Before doing

this, however, we must pause and introduce the assumption which is basic to the treatment of this paper.
This assumption is that the rotation of the molecule is qgasiclassica/ in the sense that the rotational
levels are very closely spaced, or equivalently, that the frequency of rotation vz = h (J + —,

' )/MR' is
small (as compared with the frequencies of vibrational or electronic motion). T~his assumed slow varia-
tion of the rotational or centrifugal energy with J then implies that the wave functions )(J (R) will vary
slowly with J, and so we may replace the subscript Jwith an average value J~ characteristic of a range
of J's. This allows us to take g J outside the summation in (9) and write

g '(R) = (4~)»'exp(i5 )i &q (R)R-' Z F *(R)F (nZ)

=(4v)»e2xp(i5 )i &y (R)R-'5(R-n )i, '-K
If we had put {9) into (7) and integrated on R, only those terms in (9) would contribute to (7) that have J
v»ues « ~L+ JiI, I J-+JiI —2, . . . . , II.—Jil. This result is due to well-knownproperties of the spherical
harmonics and is independent of XJ . There exists a set of terms in (9) whose radial parts y J(R) can be
modified to y J (R) without affecting the result, simply because these terms do not contribute at »]. to the
integral in Eq. (7). The terms that do contribute are expected to have a limited range of J values; Ji+5
for given J~. This can be safely said from the all calculational experience on one-center expansion calcu-
lations of both ground and excited states of diatomic molecules, and is in accordance with the general ex-
pectation that the change in J is small for low-energy electron scattering. If we can justify replacing J
by J~ in this limited range of allowed y J, we have achieved our object. In Eq. (8) the J dependence of
X J is due to the centrifugal potential, which is proportional to J(J'+ I)/2f, I being the moment of inertia
of the system. Now the assumed small spacing of the levels immediately guarantees that the variation
of the centrifugal potential in this limited range will likewise be small.

In this centrifugal term, which is essentially the energy of rotation, it makes little difference if J is
changed to an average J~, provided the difference itself is small compared to any one of the two quantities
E —[Vf (R) + &(R)j and I"(R)/2 in Eq. (8). Since E —[Vf (R)+ &(R)j is the relative kinetic energy of the
dissociating nuclei and I'(R) is the electronic width of the resonance, we see that Eq. (10) can be used
when either of the following conditions exist;

(i) The rotation» energy spacing is small compared with the relative nuclear kinetic energy (for R
values in the Franck-london regions of the ground state and energetically accessible target states).

(ii) The rotational energy spacing is small compared to the width; or, equivalently, the period of ro-
tation is big compared to the lifetime of the resonance.

Assumption (i) is the usual spectroscopic assumption which permits us to drop rotation-vibration inter-
action and to treat the motion in the R coordinate as occurring for a fixed orientation. Assumption (ii)
states that if the whole process takes place in a time much shorter than the period of rotation, then the
molecule can be considered to have a fixed orientation during the process. In both cases the fixed-orien-
tation concept leads to the 5 function in Eq. (10). In general, one need only worry about satisfying assump-
tion (i) if one has reason to think that V +b is either a very shallow bound potential or a very flat repul-
sive potential in the Franck-Condon re ion, and even if this were the case one would further have to argue
that the lifetime of the resonance was long compared to the rotational period. To our knowledge no
resonance state has yet been reported that does not seem to satisfy (i) or (ii) or both. In the following,
the cross section is derived both for the case where (10) is valid and the case where it is not. The formu-
las for the latter case are more complicated in form, and they hide the similarity between the expressions
for the rigorous and the phenomenologically derived cross section. ' If one cannot use (10) (or does not
use it) one must also consider nuclear spin and the Konig-type selection rules. '

For the case where Eq. (10) is valid, TDA in Eq. {7)becomes, after integrating over angles R,

TDA=4ii exp(-i5J )(- i) &y +(R)y (R) Z V
( )

(R)FJ M (~ )F ~ (g )
~y I, =)p, ) i i E

Here, before integration, the FI&(k) with polar axis R was expressed in terms of Ff &~(R) with polar
axis k, using 8R= 8y and pR=-p&, with the result that

F „(i)=F *(R) (12)

The angular dependence of Eq. (11) tells us, as expected in the slow rotation aproximation implicit in
the use of Eq. (10), that only those molecules contribute to DA at angle 8' which are initially oriented
(at the time of collision) along 0&.

The differential cross section aDA(A) follows immediately from (11) using (I-S. 13). We must sum
over the final state A and average over the initial state Ay. Further~ aver aging over the degenerate
M; states then eliminates the FJ .M. factors by means of the sum rule (Unsold' s theorem), leavingi



210

i j Ag = J'.

I

=( II'/k. ')exP(-P& ) g g (~ ir & )y *(fI )Ip, E,
QQ

Here the Inner product slgnlf les J~ dR, and g is tile 8pill weiglltillg fRctor. In the final form of Eq (13)
the sum over Ay, which gives two equivalent terms, is eliminated in favor of the+ IA& t term with a
factor of 2. Equation (4), which determines p, , therefore assumes the more special form

p, =A —tA (4')

Equation (4 ) remains the operational definition for p; in subsequent equations, for the same reason. When
applicable, the one-center RpproxiIQRtion gives R slIQple approximate forIQUla

oDA(n~) =(4II'/0, ') exp( —p~ )gi(y~ V~
I I

g ) I'I~ (n~) I'.I ot p, ot v Iopo K (14)

Here I., is the lowest allowed value of I. and p, O= I A& I
—

I Ari . If we use the approximation that replaces
the continuum nuclear motion wave function by a distorted 5 function [866 Eq. (I. 5. 14)j, Eq. {14)becomes

0 (0&) =(4II'/k ') exp(-. p& )g (1' /I'd) Ij {x& —ig) I'IF& {8&)I', {14')

where the various quantities I'd, g&, and xE were defined in I. I'z is given by analogy with the correspond-
ing quantity of I by I"a=2III Vl. II I' and is identical with I'a of I when L, =O. See also Eq. (A6). Equation
(14) predicts that, for the one-term cases, the DA products are expected to have an angular distribution
relative tok~, which is the same as the partial wave absorbed from the continuum by the target in forming
the resonance.

Tile totR1 scRttel'illg cl'088 sectioll 18 6Rsily obtained fl'0111 (13) by 111tegl'Rtloll ovel' QA (uslIlg the ol'tllo-
normality of spherical harmonics)

(15)o A
—,gexp(-p~ )g p I fdic){~ *(il)V~I I(Il)x (B)l'=a texp(-p~ )

+A I tpt

AgRlll p, is glveI1 by (4 ). Equatl011 (15) exhlblts tile 11011111tel'fel'ellce of pRI'tlal waves as well Rs tl16 plle-
nomenological form. '

Again, using the semiclassical approximation (I-5. 14) for the radial integral in (15), reduces it to the
fRIQllRr forIQ

= (4~3/I 2)g 6~(-. p ){I~/I ) I X (q —ig) I (15')

where now

The average here signifies an average over the angles R as well as over Ar. Equation (15) is therefore
Idell'tlcRl wltll tile cori'espoIldlllg Eq. (I-5. 19) of I fol' 'tile total cl'088 sectioll wltll 'tile following, somewhat

xpandedp definitions in terIQS of the Rngles Rnd states of rotation:
(a) The capture width I"- is now defined as above in terms of the angular and orientation average of

I V-(R) I', and
{b) the centrifugal energy, E~, which in both papers enters into the definition of p, X& and the xE (see

I-5. 22), is here interpreted as Egr = Egg, characteristic of the small range of accessible final J's. There-
fore, while the present paper sup'plements I by giving the correct angular distribution for oDA(e) through

Eqs. (13) and (14), it makes no change in the formulas (I—5. 19 and 5. 24) for the total cross section.
What it does, as mentioned in (a) and (b) is to clarify and make explicit the angular and rotational averages
which are implied, and to improve the derivation of the parametric forms.

When the slow-rotation approximation cannot be made, Eq. (9) must be substituted into (7) to give

I „={4&)I& p jdag{-i) 8
'

~qZ*(Z)V~I I(Z)y, „(B)j dZ&Z ~ *{~)I *{A)I" (Z)I (n )JM-I L p Ji Mi ZM-pi Z
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(2J+1)(2J, +1)
=(4.P2 Z &(-f) ~

' J fdIf){J*(Il)VL~ ~(Il)X (Il)
L=lpt J J LIMNI v 2L+1

x C(LJ.J; —P', , M. , M. —P. )C(I J. J;000)YJ M (0&), (16)

where the C(ll, l3;mm, m, ) are the Clebsch-Gordan coefficients. '
An interesting set of very general selection rules for rotational excitation can be derived from either

Eqs. (16) or (18). Three cases are worth considering. The first is the case of a homonuclear diatomic
molecule with isotopically identical nuclei. Here the center of mass [the usual origin for the rotational
functions], and the center of charge [the usual origin for the one-center expansions of V~(R)j are the
same. This allows for straightforward integration of the integral over B in (16). For parity-conserving
(-breaking) transitions, only even (odd) I, values are retained, with the result that when all allowed I.
are considered, only even (odd) hJ values are allowed. This result is completely consistent with the
Konig' selection rules, since we already noted the selection rule Z~+ —Z~ . Second, for heteronuclear
molecules, the absence of inversion symmetry results in all M being allowed, even if the center for the
expansion is chosen as the center of mass and not the usual (and here different) center of charge. Third,
for homonuclear molecules with isotopically different nuclei, the parity will allow only even or odd terms
in the expansion of Vp(R) about the center of charge. The difference between the first and third cases will
again be that in the third case the centers of charge and mass will not be the same. To evaluate the in-
tegral in Eq. (16), the necessary re-expansion of the spherical harmonics of V&(R) about the center of
mass causes all I to reappear and, in principle, allows all ~J. If, in the homonuclear isotopically dif-
ferent molecule, the nuclei have similar masses, then the transitions that are allowed in the isotopically
similar case are expected to be the strongest. The general expression for the differential scattering
cross section is, using Eq. (16),

Jj
(17~. M -- J. 2 +

r
Since in general no simplification can be worked on (17) we will not write a more explicit form. To sim-
plify (17) special approximations, such as restricting &J to one even or odd value (0 or 1), can be made.
But only the approximation of slow rotation, which is generally valid for resonances, gives essential
simplif ications.

Due to the orthonormality of the spherical harmonics, the total scattering cross section for the "fast
rotation" case is considerably easier to compute, and is given by

J.
OQ OQ

T=Zk', Z Z g age pJ
,

' fdIfx +V ti ig
A Mf = —Jf L= Ig I

L'= IP, I J [(2L+1)(2L'+1)j '"
&& f dB& JVLP

~ ~

P C(LJJ; —P, ,M. , M. —P )C(L'JJ; —P, M. , M. ,
—P )C(LJ.J; 000)C(L'J J; 000). (16)

where p is given by (4'). Again, general simplifications are not possible.

IH. ANGULAR DISTRIBUTION OF THE SCATTERED ELECTRON
IN PURE RESONANT VIBRATIONAL EXCITATION

For many processes in low-energy-electron diatomic-molecule scattering, the resonant, as opposed
to the potential, scattering dominates the scattering process. Such a process is one in which significant
vibrational excitation occurs and momentum transfer considerations make large "single-collision" poten-
tial-scattering contributions less improbable. ' A commonly studied process is the vibrational excitation
of the ground states of such molecules as N„and CO, and (to a lesser degree) H, . We here derive formu-
las for the angular distributions expected in such processes.

The transition matrix for the general electron scattering resonant process is given as

T=(a —g&a +)

where i and f indicate initial and final states, respectively, ap has been discussed in Sec. I, and gF is the
Green' s function of the nuclear motion in the complex potential field, i. e. ,

g =(E —T —V —&+iF/2) '
F B f (20)

A

The k~ in ap, and kz in ap+ are the angles of ky and kf, respectively, relative to the polar axis along R.
It is, of course, the transformation to a common coordinate system, usually with the polar axis along
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k~ that introduces explicitly the observed scattering angle. Since a~ has already been evaluated it remains
to evaluate g&. To do this we use the approximations (i) and (ii) of Sec .II (the slow rotation approxima-
tion). Again we stress that these approximations are quite unrestrictive, in that for all (experimentally
Rlld theoretically) kllowll BloleclllR1 1'esollRllt states (1) 01' (ll) 01" botll eRsily llold. Again we llse tile 1'e-
sults of Appendix A, and take ~ and 1" to be local functions of scalar A only. g& is now evaluated in the
spectral reyresentation of the nucle» motion operator as

X „&.(Z)Z-')(„Z &(II')(Z')-'
& {R~"')=~F~{Fm("' ~--

E-'lE,(If0)+E,Z+E j+ I' /2

+ Jdz q (&If)q *(&If')(E Z-&)
'e- (21)

where E =h'k'/2M. The first term in the large parenthesis in Eq. (21) exists only for resonant states
which allow bound nuclear motion, while the second term represents unbound motion and is common to all
types of nuclear potential functions. y~&(B) is the bound nuclear motion vibration state and y {kR) is its
continuum analog Eq (9.). The denominator of the first term of (21) is written with the understanding that
the ground state of the target is taken as the zero of energy E~.(B0)+E~g+E& is defined for the resonant
state whose equilibrium distance ls Ao. The second subscl ipt on E ~ indicates tAQt %'e have not yet
dropped the J'dependence of radial nuclear motion. P' is I'(B) averaged over the J'dependence of y~gB).
The real part of Ep is the energy at the classical turning point of the potential relative to the ground state,
Without further approximation it is clear that if the experimental resolution were sufficiently narrow and
the width were less than the rotational spacing (both conditions are unrealistic especially the former), one
mould observe a resonance for each rotation-vibration state. The angular dependence would then clearly
change with energy, each peak having a dependence on I.l, Iy (in a*) J, and 8&. The limited AJ values
(small) would generally give several peaks starting at each E„0value. For widths larger than the rota-
tional spacings, one would have an overlapping-resonance problem and would see a peak for the cross
section as a function of energy at each E~o, broadened, and perhaps structured, by being the envelope of
several rotational resonances, The peaks mould also have comylicated angular deyendences, depending
on which E giving the peak was fixed when the angle was changed. Fortunately none of these complica-
tions seem necessary since the slow rotation assumytion seems valid. With this assumption, one can re-
place the J'on g~~andgg(kA) with Zz. This, of course, allows us to drop the Jon F and E„g. More-
over, with the slow rotation assumption, the energy changes due to changes of rotation state are consis-
tently assumed to be small compared with other changes and, more weakly, compared to I" . Therefore
Eg- Eg; can be dropped from the denominator of the first term of Eq. (21). The slow rotation assump-t'--' ll - t"pply 1-- t th -t t'- t t-' gE "d btai

g (KtR')=g (z, a')~(A- Jf'), (22)

where gF& is the term in large parentheses of Eq. (21). The only remaining /dependence implicit in the
X and the energies is an average value J& common to the range of states which contributed to g& as in
Sec. II. In practice, J~ would be taken to be Jf. Even if M =0 were forbidden [Rs in the case for homo-
nuclear, isotopically identical nuclei, in molecules where the parities of the initial (final) and resonance
electronic states are not the same as the final (initial) statej Zf would be the average final Z.

We are now ready to insert (22) into Eq. {19)for Ty;. As mentioned, apf and implicitly apf Rle Rl-
ready given by Eq. (6). However there is a minor'difference now which should be brought out. For the
case of DA, the A.values A~~ and A~ characterized the initial and final state respectively. Given Ay.
and Al, a, unique value of ll was selected from the infinite number present in the plane wave in (3). For
the present case of vibrational excitation it is A~ rather than A which characterizes the final state.
For a given A&. and A~, two values of p. are selected from either the initial or final electron plane wave,
each one giving one of tIle two values of Al„ the intermediate-state angular-momentum projection. We
must therefore sum over the two values of A~ which contribute to T~f . This means that in both apf and

cpf there is also an implied dependence on Ar which therefore determines the ll values in the form

Again A~; is taken as positive for definiteness as in (4') since the negative value produces the same final
result.

When we now insert (22) into (19), integrate over B' using the delta function, and sum over the two inter-
mediate values of Az, we have

(24)
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where R is relative to an axis along k& and

L ~ L. ~pL.= Ip. I L = lp I
' f"fr i "ir

r z ir r
(25)

and where

(25)(XV~VX) =fdRf 'X *( )V*
~

~(R)PF R R VL
~

~(R')y .(R').
f fr R i ir

he angles f andk; are measured relative to R. The reason for breakingup (24) as was do ill b
seen presently. (The YJ. and YJf terms wiII drop out of the suitably aver~ed differential cross section. )

Equation (24) may now be substituted directly into Eq. (1-3.15) for the differential cross section. A
after summing and averaging over those final and initial states respectively which are not observable in
a standard experiment, we find

t'w) ' 1
'yi'(")=~a—. i &2J 1~~~ ~

Eil i M JMf A~
Z J

fdRJ(R) Y M*(R) Y'J M (R) ' .
~

~

i i MJMA f f i i (27)

As in Sec. II, no sum over A&; is taken (the positive value is assumed as already mentioned) to avoid
mere duplication of terms. g is an electron-spin weight factor (singlet, triplet, : etc. ), to the extent that
is not implicit in the U's.

The sum over Jy is introduced with the valid assumption (with present experimental techniques) that the
final rotation states that contribute to the sum are unresolvable and have small AJ= Jf- Ji. The terms
with Jf greatly different from J' are expected with the already discussed assumptions of these formulas
to be negligible and therefore do not contribute to the sum over Jf. The form of Eq. (27) allows us to use
the closure of final state rule and the Unsold theorem in the form given in (B4), i. e. ,

2 Jz+1
[ fdRJ(R)Y * Y (2= fdR I J(R)l

M. J M f f i i
Z

(B4)

This reduces the expression to

~, (u) =4&', gZ fdRI J(R) I2

i AT
(27')

The simplification which removed the YJ and YJ. factors from (27) is the usual orientation average pro-
cedure that naturally accompanies an electron scattering process that is completed in a time so short that

the molecule has no time to reorient. To make (27) explicit, the expression (25) which defines J(R) should

be substituted, giving

,. (Il) = 4"
g ~ ~ ~ ~ ~ ~ ~ (X V~VX),

R.2 AT A A 'L. I .' Lf Lf'i2 Ty" r r i i

x(y,Vgvy)f.;I*fdRY +(& )Y, ~ (& )Y (&.)Y, ~ (&.) .
f"fr f fr i ir i" ir

The limits of summation for the L's are given in (25). The A's are summed over +A (if they are non-zero).
Now the last integral over the four spherical harmonics is evaluated in Appendix C and given by (C. 5) in

terms of &I (cos8~). The (yVgVy) factors may be written more explicitly in terms of the expansion form
of gF . If further we make the Franck-Condon approximation (a simplifying but not necessary assump-
tion) and remove the U' s from these integrals as relatively slowly-varying factors, the remaining vibra-
tional factors (ygy) i are independent of all the indices of summation and constitute an overall vibrational-
resonant factor. T us the differential cross section for vibrational excitation finally becomes

7r'
o . (0)=,g (vibrational-resonant factor) 5 5 ~ ~ VL

~ ~
VL I

~fi k. ' A A 'L. L.'L, L ' f ft' f frT r, r i, i f' f
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xVL
I I

V* 'I 'I 2I, +'1 2I. ' +1 2L +1 2L f +1)]

xZf(2l+1) 'C(L. , L.', 1;)j,—p. ')C(Lf, I ', l;)I, , —p, ')C(L. , L. ', /;00)C(L, L ', /;00)Pf(cose. ), (28)

where

(vibrational-resonant factor) = (vrf) = I ()tg)t ) . I'

C~ ~ C~~ pic kvf ~
C. ~

+ J dZ~ exp[- p~. (E~)]
5 ~ 0 pJ.E [L (~-)+Z ]+-,'ir' (29)

and the Ci&'s are Franck-Condon overlap integrals between the )t„.(~f) and the resonant state )t 's. The
Clebsch-Gordan coefficients restrict the sum over / by the triangle inequality between E and the pair- Lz,
Li', or If, L ' and to only even (or odd) terms.

Equation (2 ) is the desired expression for the differential cross section. The form of Eq. (28) points
out that the resonant structure in the differential cross section as a function of energy should mirror the
vibrational spacings of the resonance. ' Well defined peaks should be seen if the widths are not much
greater than the vibrational spacings. The continuum region of the resonant nuclear motion gives rise
to a, smooth cross section. The varied possible cross section patterns given by the discrete part of Eq. (28)
when the widths are large compared with the vibrational spacings has been studied by Mies. ' Equation
(28) says that in general the angular dependence is given b' an infinite sum of terms; each term denoted
by the eight indices Lf, Lf', Li, Li', ATf, A, A~', and the implicit Azi. Since the VLI& I

are energy
dependent they can be viewed as energy dependent electronic weighting factors for the angular factors in
in each term. The angular dependence is therefore usually a function of energy even in the pure resonant
region. However, as in Sec. II, the formulas simplify when we make the one-center approximation for
the incident (and final) free electron; an approximation which is frequently very good. In this case the L's
are not summed over, and so the energy dependent V's are merely an overall factor so that the cross sec-
tion is separable into an energy dependent factor and an energy imiePendent angular factor. Under these
latter conditions the normalized angular dependence should be similar all through the resonant region even
as the energy changes. This factor can be used to recognize the existence of a resonance even when the
vibration factor does not show peaks and structure. '

We now specialize to the lowest I. (one-center) approximation in Eq. (28). These values, Lip and Lfp,
come from the lowest (in absolute value) p, 's, i. e. pi~0 and pf p, respectively. Since the p, 's are deter-
mined by the values of Az and ATf through Eq. (23) (given AT; =+ IAT I), this choice also restricts the
sums over the A' s. If the A's were all different from zero, then only a single term from each sum would
contribute to p, ip (or pfp) and all summations could simply be dropped. However, when only A is non-
vanishing, then p.; =)jf =+ IA~I and the sum over A~ cannot be dropped, but simply produces a, factor of 2.
Likewise when ATf but not A~ is nonvanishing the sum over ATf produces a factor of 2. The reader may
verify that all combinations of vanishing and nonvanishing A's are correctly accounted for if we set A~'
=+ IA~'I'and AT =+ IAT; I, retain the sum over A~ in order to cover the special case A&, =ATf = 0, and
multiply by an over-all factor &(A), where

A(A) =1(if A = A& =0; or if A~ and A&, are both non-zero)

= 2 (otherwise) (3o)

The differential cross section then takes the relatively simple form
2 ' (2L. +1)(2L +1)

o . (0) --
—, (vibrational factor) VL

~ ~

VL
~ ~

&(A) g
f=o

I tj. + p.
xP (cos8 )C(L.0L.pl;. 00)C(L 0L 0&;00)+A (-1)

l i ip ip'

x C(L.0L.0/;A —IAT I, IAT I
—IA I)C(L 0L 0&;A —IAT pl, IA

pl
—IA I), (31)

where L, is the smaller of LzO and Lpo, and the primed sum over A~ indicates that the sum need be taken
only if A~ alone is nonvanishing. Otherwise only + IA~I contributes. The useful approximation Eq. (31)
exhibits the properties already mentioned, i. e. , separate vibrational factor independent of angle, and the
angular factor independent of energy. Perhaps the most useful is the fact that, as with DA in Sec. II, the
angular dependence in this approximate formula follows entirely from the symmetries of the initial, final
and resonant electronic states, and so requires no calculation.
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Equations (28) and (31) contain the main results of this section, the full expression and the one center
expression for the angular dependence of resonant vibrational excitation in the "slow rotation" approxi-
mation.

The total scattering cross section is gotten immediately from (28) by integrating over the scattering
angle. This leaves only the l =0 term which in turn makes only the "diagonal" Clebsch-Gordan coefficients
honvanishing, i.e. , those with Lzr= Li, p, i~ = LU.i, etc. Substituting the numerical values for these coeffi-
cients, one obtains finally

4w'
.(tot) =k, g (vibrational factor) Z Z Z Z

(k )~2~'z
ir

(32)
If the initial and final states are Z states, then l p I =

I A&I for all p, , and the formula (32) reduces to one
similar to that derived by Chen'

tot
i -f =4m~kg Z Z I V

I
(k, B ) I'I y A (k. , R )I'(vrf)(2 —50 A )

f r

In the formulas of this section are the basis for the treatment of many other problems. For example (24)
holds the basis for the treatment of the resonance effects when initial and final rotational states can be re-
solved but slow rotation is still present. In this latter problem (27) would have to be modified by the re-
moval of the sum over Jj. The simplifications of orientation averaging disappear and except for inserting
the Clebsch-Gordan expressions for the integrals of the spherical harmonics little major simplification can
be made. For pure rotational excitation the sums over L~ and Lf are usually limited at some multiple de-
pending on the physics of the situation. Unfortunately in this latter problem potential scattering is very
important and is by far the more difficult part to treat. The reader conversant with this section should
be able to specialize these formulas to elastic scattering, inelastic electronic and vibrational excitation;
pure vibrational, pure rotational, etc. The possibilities are simply too numerous to give detailed con-
siderations. Various combinations of simplification will depend on the problem and the properties of the
state treated. Other directions for extension not discussed here are the cases of two or more molecular
resonances in the same energy range. This has been treated partly by Mies, ' and more generally by
Feshbach. '

IV. DISCUSSION

Given the formulas derived in Sec. II and III for
the angular dependence of DA and of inelastic elec-
tron scattering, the most direct application of them
would be to use the more exact Eqs. (13) and (28)
in connection with an ab initio calculation of the
matrix elements VL~ & ~

(R), following from a de-
termination of the resonant state Q& (and of pad).
Although accurate calculations of the resonant po-
tential energy curves have been made for H, ,

"
the same is not true of matrix elements Va or more
specifically VL

~ & ~. It might be pointed out here,
that the evaluation of Va is much easier than was
previously believed. It is stressed in a future
paper by one of us, " that, as was first shown by
Miller " "the stabilization method"" ' for com-
puting resonances not only gives the shifted res-
onance energy but allows the evaluation of the V~
to be done by merely evaluating a straightforward
integral. Good ab initio calculations of the VL I & ~

(and of I' as a consequence) can therefore be ex-
pected in the near future for simple systems.

The second, and most immediate application of
the results of this paper lies in the direct use of
the approximate equations (14) and (31) to predict
angular distributions without the need of any calcu-
lation. These approximate formulae are valid, as
mentioned, to the extent that the lowest angular
momentum (or one-center) approximation can be

made for the slow incoming (or outgoing) electron.
Combining this with the basic approximation (slow
rotation) of this paper and other previous approxi-
mations, the various assumptions underlying these
equations may be listed as follows.

(1) The single I, value approximation for the
Pp(K) can be made for either or both of the rea-
sons (a) that P~ can be expanded in a convergent
one-center expansion; or (b) that the energy
ranges, the partial wave index, and the range of
force of the target are such that the lower spheri-
cal terms of the plane wave have greater ampli-
tude.

(2) At least one of the slow rotation assumption
(i) or (ii) of Sec. II holds.

(3) The Born-Oppenheimer approximation is
accurate.

(4) The process is a pure resonant process.
(5) The scattering "structure" is due to one

resonance state.
Let us consider dissociative attachment first in

the approximation (14). To illustrate the angular
dependence of the cross section (14) and the way
it follows from the quantum numbers of the initial
molecular state and the final resonant negative ion
state, several known transitions in H, and 0, are
analyzed in Table I, using the simple approximate
expression (14). The first two rows of the table
are for DA from the ground state of H, to the two
lowest resonant states of H, , 4 corresponding to
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TABLE I. Predicted approximate angular dependence for DA.

Initial Final
Electronic

parity

Angular
dependence

Eq. (j.4)

H, 'Z +

Hp Zg+
02 Zg-
P2 Q+
OpA~ ZN+

H Z +
2Q+

O, 'II„
0 2 II

0) II

cos 6

const
sin 0

sin 6
s' 2t,'2S)

the peaks observed at 3. 7 and 11 eV. Here cos'0
and constant distributions follow from (14). The
third row is for normal DA in O„where it appears
that the final resonant state is the '0„," and a
sin'8 distribution is found. The last two rows are
for DA from two excited electronic states of O, to
the same final state. They are included here
mainly as exercises in applying the rules to de-
rive the electron quantum numbers and hence the
angular dependence of (14) from the initial and
final states. It should be noted that the angular
distribution given by (14) and (13) and illustrated
in Table I are all consistent with the selection
rules which Dunn" derived at 8=0' and 90' for a
class of reactions including DA.

Since the approximate angular distribution (14)
like Dunn' s 0' and 90' selection rules follows en-
tirely from the symmetries of the initial and final
states, this expression may be regarded as a na-
tural generalization of Dunn' s result to all angles.

Note that the symmetry of the 0, resonant
state (21I ) was not directly established by the
semi-empirical calculation of Ref. 16 and is
merely a natural assumption from the potential
curves. A measurement of the angular distribu-
tion would therefore be very desirable in order
to confirm or disprove this assignment of quantum
numbers. The same is even more true of other
systems (CO, NO, etc. ) where nothing at all
is presently known of the resonant states re-
sponsible for DA, and a determination of their
quantum numbers could be of great value.

While conditions (4) and (5) are not restrictive
for dissociative attachment, they are quite re-
strictive for electron scattering. One process
that probably fits conditions (4) and (5) is vibra-
tional excitation of the ground state of small di-
atomics in the low energy region. Since the elec-
tron is so light and has such low energy, momen-
tum transfer arguments favor the resonant part
of the process. Also in the region of several
volts above the ground state the resonant states
are single particle and the large orbital for the
resonant electron favors assumption (la). The
convergence of the expansion of Vy(R) due to ex-
panding P~, whether it be for a single-particle
resonance or not, is further enhanced by the
assumption (1b). These considerations allow us
to use Eq. (31), which implies that one should see
a similar normalized angular dependence all
through the resonant region. It should be the
same no matter what. point in the resonant struc-

ture one takes and no matter what final vibration
state the target is left in. Three eases which
appear likely to fit our requirements are the
vibrational excitation of N„CO and H, measured
in Ref. 3. In Ref. 3 qualitative arguments were
used for these simple cases (in the above sense)
to predict the qualitative features of the angular
distributions. In N„since the first available
orbit is Ilg one expects an orientation averaged
dII dependence. For CO the single particle or-
bital is II (no g or u for heteronuclear) and one
expects a pli dependence. H, has cr„as its low
single particle orbital and gives a Pp. dependence.
Moreover in all cases if one uses the low energy
expansions for the radial amplitude (Bessel func-
tions) of the expansion of the plane wave in spher-
ical harmonics, one finds in this energy region
(=2-5 eV), using effective molecular radii esti-
mated from density graphs of excited and ground
states of the target, that the amplitudes drop
radically. As mentioned above, this causes the
electron to sample mainly the lowest allowed
moment of P~.

In Table II, the symmetries of the initial and
resonant negative ion states are listed for the
three experimentally studied molecules H„CO
and N, . Note that p, z 0 and Lz0 follow directly
from the difference in A and the relative parity.
These happen to be all cases of Af =Af = 0 (the
least simple case), so that both signs of ij. con-
tribute to (31). The last column gives the angu-
lar dependence predicted by Eq. (31), which as
was mentioned is expected to be a good first ap-
proximation for these cases to the more exact re-
sult (28). These angular dependences may be
compared directly with the corresponding experi-
mental results of Ref. 3 where the angular dis-
tributions were measured for each molecule over
a wide range of energies and for several states of
final vibrational excitation. Only the appropriate
mutual normalization is needed.

The experiments of Ref. 3 are found first to be
in complete qualitative agreement with Table II
as expected for all 3 molecules, with H, and CO
being P wave dominated, while N, is D wave dom-
inated. Also as hoped the angular dependence is
very nearly identical all through the resonant re-
gion as well as for different levels of vibrational
excitation. Further, as pointed out in Ref. 3, this
constancy of angular dependence as a function of
energy disappears in the elastic channel where
non-resonant or potential scattering plays a role
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TABLE II. Predicted approximate angular dependence for vibrational excitation.

Initial and
final state Resonance Angular dependence

Hp( Zg )
co('z')
N, ('Z&+)

H, ('z„+)
co-Pn)
N2 (II )

0
kl
+1

1+2 cos &

1+7 cos 0

1 —3 cos 8 + 14 cos ~/3

~ ~ ~ EXPERIMENT

Eg. 31, NORMALIZED

AT 90'

31, NORMALIZED

00

C)
0

0 30 60 90 120

SCATTERING ANGLE (degrees)

FIG. 2. Differential cross section for electron
excitation of the v= 1 state in CO. The electron energy
is about 2.5 eV and the cross section normalization is
arbitrary. The two theoretical curves (solid and dashed)
differ only in the way they are normalized relative to the
experimental points of Ref. 3,

equally as important as resonant scattering and
assumption 4 is violated.

For the case of N, the agreement of the simple
theory with experiment is even better than ex-
pected, being exact to within the small experi-
mental error. This is especially gratifying in
view of the rather complicated (1 —3 cos'8
+ 14 cos48/3) angular dependence which is pre-
dicted.

For CO the experiments show a small but finite
deviation of the experimental curves from the pre-
dicted (1+Vcos'8) dependence, apparently of the
order of 10%. This is illustrated in Fig. 2, where
the experimental points are to be compared with
the solid theoretical curve. Since both experi-
ment and theoretical formula are unnormalized
[the magnitude of the cross section is given in
(31)],but it will take a major computational effort
to evaluate it), the two were found to correspond
most closely when they were normalized to one
another near zero degrees. The dashed curve is
the same theoretical curve, but normalized to ex-

periment at the minimum (90'), as it was drawn
in Ref. 3, for comparison. This is reproduced
in order to show that the conclusion reached in
Ref. 3, namely that the agreement for CO is
more qualitative than quantitative, is largely the
result of a non-optimal choice of the relative nor-
malization.

It is interesting to investigate the origin of the
small deviation of the experimental angular dis-
tribution curves in CO from the theoretical formu-
la based on the approximate Eq. (31). Since (31)
truncates the partial wave sums over L, and Lf
of (28) at the lowest term, the contribution of
these higher terms (L ~ 2 in this case) is the obvi-
ous explanation for the deviation. This is borne
out by the flattening and hint of additional struc-
ture in the experimental curve for the highest
energy studied (3.0 eV). Wavelength arguments
then indicate as discussed earlier that as the energy
is lowered the amount of the higher partial waves
should decrease fairly rapidly. This trend is also
borne out by the experiments as the energy is first
lowered from the highest value reproduced. How-
ever at the lowest energy studied (1.55 eV) the trend
is reversed and the deviation is a little greater at
this energy. This reversal cannot be attributed to
the higher partial waves. It can be explained how-
ever by the presence of a small amount of direct
or nonresonant excitation, so that assumption (4)
above (pure resonant process) must be violated
to some small degree. This diagnosis is directly
confirmed by the total cross section measurements
of Ref. 3, which show a small low-energy tail in
the v = 1 excitation which is clearly due to direct
excitation. The same experiments show no direct
excitation for v ~ 2.

For H, like CO the experimental curves of Ref.
3 agree qualitatively with the distribution (1+2
cos'8) of Table II, but again there is a quantitative
deviation which is perhaps twice as large for H,
as for CO. (For this case theory is best normal-
ized to experiment somewhere in the neighborhood
of 90 . ) The deviation from Table II, which is
marked by a strong forward peaking for H„seems
to be due again largely to higher partial waves
(here mainly the F wave). This is further con-
firmed by some additional structure at the very
highest energy and an apparent trend toward a
better fit as the energy decreases. Again there is
probably some direct excitation in the v = 1 channel,
but it is difficult to assess how much since the
resonance is so broad that it covers up any low
energy tail in the total cross section.

There is one specific indication of direct excita-



T ~ F. O' MA LLE Y AND H. S. TAYLOR

tion in H, to be found in the angular distributions
of Ref. 3. For the homonuclear molecule H„ the
full equation (28) indicates that not only the lead-
ing term (P') but also all of the higher partial
wave correction terms (PF, etc. ) are completely
symmetric about 90 . Therefore the small asym-
metry which is evident in experiment must be at-
tributed to interference between the resonant ex-
citation (due to P and F waves) and direct excita-
tion which presumably is 8 wave dominated.

The good agreement of Eq. (28)and even of (31)
with experiments on vibrational excitation over a
range of energies confirms the strong expectation
that the slow rotation approximation is an extreme-
ly good one. This immediately implies the same
for the dissociative attachment results of Sec. II
in the same energy range, and especially for H,
where the DA threshold is at 3. 75 eV.

Needless to say, the formulas supplied here,
and modified under various assumptions, can be
used to parametrize many experiments.
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APPENDIX A. THE COMPLEX
ENERGY-SHIFT OPERATOR F

The complex energy-shift operator I" of I, which
is used in Eq. (8) of this paper, isgiveninthe first
member of Eq. (I-4. 10) as

F=((f& QHPG PHQ(b ) (Al)

iX ) &XP n Xn'(E+fe —E ) 'm '

n
(A2)

The summation index n runs independently over all
possible states of PHP, electronic, vibrational,
and rotational. In particular, it includes (a) all

The implied integral is over electronic but not nu-
clear coordinates. GP is the Green's function for
the operator P(E H)P, whose bas-is states spanthe
space of all electronic, vibrational and rotational
wave functions with the constraint that the former
are orthogonal to the function &f z(R) for all R.

In evaluating GP, a valuable simplification re-
sults from consistently using the adiabatic approxi-
mation in P space as made in Sec. 5 of I and used
in the formulas in the body of the present paper.
This approximation consists of neglecting in P
space first the very small "direct" transitions,
i. e. , nonresonant transitions caused by deviations
from the Borri-Qppenheimer approximation, and
secondly, of assuming that any additional resonant
states are remote. (If there are additional reso-
nances nearby, the entire problem is more cornpli-
cated as indicated in Sec. 6 of I and requires spec-
ial treatment. )

With this adiabatic assumption, the Green's func-
tion GP may be formally expanded in the (uncoupled)
electronic, vibrational, and rotational states which
make up the spectrum of PHP:

electronic states, their full energy, and angular
momentum spectrum; (b) since these include con-
tinuum states, for these the angular momentum
sum implies integration over all momentum orien-
tations of the free (outgoing) electrons (this is of
special interest for the present paper, whichtreats
the dependence of the matrix elements on just these
orientations), and finally (c) all vibrational and
rotational states, with quantum numbers v, J, and
M.

It follows from (Al) and (A2) that, as a function
of the nuclear coordinates, I' is in general com-
plex, non-local, angular dependent and energy de-
pendent. In using I' in I —5, the approximation was
made, as had been done previously, " of a local and
spherically symmetric F, i. e. , F= &(R) ——,'il'~(R).
This is a good approximation in general, but the
steps in arriving at it should be made explicit, es-
pecially to see hose the locality and spherical sym-
metry are arrived at. This is the purpose of the
present appendix.

In order to derive this local and spherically sym-
metric result, it is easiest to first single out the
vibrational and rotational sum in (A2) by writing
it

"= ~ '.M)&X .M~GI . (A2')
v, , v, , e, v,

v~

The dependence of the electronic Green's function
on v and J is through the conservation of total en-

ergy, which conditions the energy of the electronic
states on the energy level v and J through the sim-
ple relation Eel =Etot —Ev EJ.

At this point the crucial and only approximation
of this appendix is made. We treat both rotational
and vibrational motion as quasiclassica/ in the
sense that their energy levels are closely spaced
by comparison with the electron's energy. This
assumed smallness of nuclear motion frequencies
as compa, red with electronic frequencies will be
recognized as the underlying source of the adia-
batic approximation referred to above (and in fact
all adiabatic approximations), as well as the slow
rotation approximation and indeed of apparently
all approximations made in the text and in I.

Having assumed then that the v and J levels are
closely spaced, it follows that the dependence of
Gel ~ ~ on these indices in (A2') is negligible over
a large number of states and may therefore be
neglected. The G 1 v J —Gel may therefore be
taken outside the summation in (A2') over nuclear
states. The sum then reduces by closure to uni-

ty, le aving

G =G =+ Iy & (E+~e-E )-')0 I . (A8)P el n n n n

The sum over n is now over electronic states only
and is given by (a) and (b) above, i. e. , over the
energy, spin, and angular momentum spectrum of
electronic states, with the latter implying integra-
tion over all momentum orientations for continuum
states. Since a,ll dependence on the nuclear wave
function has now been eliminated as a result of the

quasiclassicaI approximation for v and J, the
nuclear coordinates no longer appear in G (now

G ) except parametrically in the electronic wave
el
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functions. This immediately implies locality.
Note that if these approximations had not been
made, the rotational terms in (A2) would be ex-
plicitly angle dependent as well as nonlocal in R.
Substitution of (A3) and (Al) gives formally

Z=Z (pa y ) (E+ie-Z )-'(y H P )

=Z V (%)(Z+i~ -Z )-'V *(R) (A4)

Now each of the electronic matrix elements is of
the form of V (5) in (2). It follows from the same
analysis as in Sec. I that (for the continuum states
only) these have the angular dependence on R given
by (5), only this time with the z axis being that of
the ejected electron. Note that this angular de-
pendence, like the R dependence, is parametric,
as opposed to the quantum mechanical R dependence
eliminated by the approximation (A3). Performing
the sum or integra'. over orientations, described
in step (b) above, averages over these orientations,
giving a result which is spherically symmetric as
well as local

Z = ~(R) ——,
' i r, ,(R) . (A5)

The imaginary part results as usual from the ie
term in (A4) which produces a delta function of
energy. Both quantities &(R) and r~ av(R), now
symmetric as the result of (b), are s'ummed or in-
tegrated over all electronic states in P space.
r~ av(R) becomes a sum of terms of the form of
I'—f llo '

g -15'.

I' (R) =Z. I' . (R)

=2m'. ZAZi I Vi
i i

(R) I
' . (A6)

The sum over i is over all open electronic chan-
nels. In any simple model, there is only one such
electronic channel, the incident channel, which
has been denoted by an a. However, (A6) is the
general expression. The corresponding level shift
& is similarly the principal part of the sum or in-
tegral (A4), carried over energy states and mo-
mentum directions.

The final result (A5) of this appendix states that,
under the stated assumptions of adiabaticity in P
space and close-lying quasiclassical vibrational
and rotational levels (as compared with electronic
energy), the level shift and width operators 6 and
I'a av are local and spherically symmetric func-
tions of R. It is interesting to note that it is not

inconsistent to sum over vibrations in P space
(using closure) and not in Q space [see Eq. (2)].
If one does not sum one gets more complicated
but generally more valid expressions. In Q space
our inability to ignore quantities of the magnitude
of the widths prevents us from dropping ~~. For
very broad resonances one could still get a correct
result by applying vibrational closure in Q space.
In P space (this appendix) the relevant equation is
(A2) as opposed to (20) for Q space. In the absence
of any width I' in this equation, the smallness of
~~ must be measured against the characteristic
electron energy [as opposed to the width r~ in Eq.
(20)]. Clearly the criteria are different and inde-
pendent for the two cases. Some consequences of
relaxing the adiabatic assumption were discussed
in I-6. As for the quasiclassical approximation
made in this appendix, it is clear that it is gen-
erally much better for rotational than for vibra-
tional states, because of the relative magnitude of
the level spacings. Therefore when DA is treated
(as it always has been) by using Eq. (8) with local
6 and 1", the consistency of treating the rotational
states J quantum mechanically should always be
questioned, since we have just seen that this lo-
cality results from treating vibration quasiclas-
sicaiiy. [The practical criteria for treating rota-
tion classically rather than quantally were dis-
cussed in the text under (i) and (ii) following Eq.
(»). ]

Finally, even with rotation consistently treated,
there are some cases when only one vibrational
level is energetically accessible following auto-
ionization, as for example in thermal dissociative
recombination. " In this case the vibrational states
are far apart compared to electronic energy and
the present local approximation for I'a and 6 should
not be made.

Regarding the approximations leading to the re-
sult (A5) of this appendix, chief of which is that
of slow or quasiclassical nuclear motion, it is not
the purpose of the authors to demonstrate their
accuracy (although it is believed that they are gen-
erally quite good). Rather we wish to make'these
approximations clear and explicit so that it will be
evident just when the result (A5) is good and when
it should be abandoned for the more exact (non-
local) expression. Moreover, in taking Q to be
defined by an already given P~(r, R), we continue
as in paper I to leave the way open to any of the
several basically different techniques for defining
and constructing adiabatic quasistationary states

APPENDIX 8

In this appendix we evaluate the expression

J Jy
s= Z Z Z

M. =-J. J.M =-Ji i f f f
First we write out the absolute square more explicitly:

fdx ~ (x.) Y~ M (x)I'~ M (x)
i i f f

S= Q Q fdx fdx'r(x)Y~ (x)7*(x')Y~*(x')I' (x)Y +(x') .
M. J,M ff ff

(Bl)

(B2)
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Now if v is independent of gf and Mf or, as is argued in the text, is very insensitive to Zf over the range
that contributes to the sum, then the sum over Zf and Mf can be taken inside the integral and th«' s.

The closure relation then gives

(x)r (x') =a(x-x') .
f f f f

Using (83) in (B2) and (Bl), and integrating over x', reduces 8 to

8= g g 5 I fdx~(x)y {x)l (x)I
M. J M i i f f

(2I.+1)
= 2 fdxI7(x) I' ll' (x)I'= fdxi7(x)I'ZIY (x)I2-- ' fdxIq(x)I'

M. J. J. 4p

EQuation (B4) is the desired result. lt holds, as mentioned, whenever the dependence of 7(x) on g~ can
accurately be neglected (note that there is normally no dependence at all on the degenerate states M ).

APPENOIX e

%e wish to evaluate the integral

I=fdRy (~.)„y, , (i )„y (l,)„l, , *(i,)„,Lf, gf f R L'&, P. 'f R L, , P. . ~ R Lf ', P, ',. i R

A

where the integral is over all orientations R of the molecular axis and the subscripts R indicate that the
k vectors are measured relative to the 8 axis. This is an integral of four sphericalharmonics with two
different arguments, k and kf. To simplify (Cl) we first combine the first and second pair of y' s using
the Clebsch-Gordan series:

(,)1 (,) (,) g ~

~ " l"'C(L L, M M, )C(L L, 00)y (,-)

The I'8 are restricted by the triangle relation and parity as usual to the values I 1.—I.' I, I I.—I.' t+2,
. . . , II. +L'I. This reduces (Cl) to the form

P, '+P,,', I'(2L +1)(2L '+1)(2L, +1)(2r,.'+1))
4v ( (2l + 1)(2l'+ 1) )l, E

xC(Lf Lf l iIf Pf ')C(L. , L.', l';P. , —P, . ')C(Lf, Lf', 1;00)C(L., L.', 1';00)Z, (C2)

where 8=fdRF1,+(& )Rl'l, (&.)R . (c3)l, yf —Pf
' R l', P,, —P, , iR

Now if the arguments in (CS) were the same it would simplgbe the orthonormality integral. As it is we
must consider the vector (kf )R to be related to the vector (kf )i by the rotation operator D(i -R) so that,
using the rotation matrices of Ref. 2 in the form

I,M f R „L,M"* fi[ M, M" i R]

we have for an integral of the type (C2)

~=fdR I. M R L'M' 'R=f M" I. M'"''~~ ) [DM M"

=[(2L'+1)/4m]'~'ZM„l'L M„~(kf), fdR[DM M„(k, )R]*DM, 0 (k, )R,

where FI I MI has been expressed as the corresponding B matrix element. To complete the integral, which
is over R, the counterpart of Eq. (12)which relates the functions of the inverse angles iR and Ri is used (in
this case it is the unitarity property of the matrix) to give

Z=[(2L'+1)/4v]'~~Z»l „*(k ).fdRD „(R).[D, (R) ]*=I (cose.f)f,n, (C4)



using the orthogonality relations of the D's. Therefore, putting together (C4) and (C2) into (Cl) we have
fina, llj the desired result:

jdItI „*(I)I,„,(I )r „($,)1,„,*(a,)

=(1/4m)(-1) '
[(2L +l)(2I' '+1)(2I, +1)(2L,'+1)]"'Zl (2l+1) '

xC(L, L ', l; p, , —p, ')C(I, , L.', I; p. , —p. . ')C(Lf, Lf', l;00)C(L. , L.', I;00)P1(cos8f.) . (c5)
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