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The NN Bethe-Salpeter equation is studied exploiting the O(4) symmetry of the scattering amplitude
at £=0. Spinor O(4) spherical harmonics are developed and used in the projection of the Bethe-Salpeter
equation both at #=0 and for small finite ¢. With the choice of Toller quantum number M =1 for the pion
trajectory at =0, as seems to be implied by high-energy data, we find that the M =1 trajectory must mix
with another trajectory near {=0 in order to produce a physical pion. In addition, O(4) expansions are
given for the NN helicity amplitudes for both equal and unequal mass.

I. INTRODUCTION

FTER the discovery of O(4) or O(3,1) symmetry of
the scattering amplitude for equal-mass particles
at =0,1'2 the question of the O(4), or Toller, quantum
number M of the pion’s Regge trajectory has been
considered by various authors. Fits to high energy-
nucleon-antinucleon scattering and pion photo-produc-
tion data seem to support the choice M =1,%* as do
finite-energy sum rules.® Mandelstam has shown that
the choice of M for the pion trajectory is related to the
hypothesis of partially conserved axial-vector current
(PCAC).5
In this paper we use an off-mass-shell approach to
study the pion, considering it as a bound state of the
NN system. We use the Bethe-Salpeter equation for
NN scattering and expand the M-function in O(4)
basis functions. Working with others we have already
outlined this method for the scattering of particles of
arbitrary spins and masses.” (Nevertheless, the present
paper is largely self-contained.) In a later paper we will
use the same method to treat the scattering of unequal-
mass spin-0, spin-1 particles (e.g., 7-p scattering).® That
paper and this one, both containing a large amount of
formalism, have previously been summarized.® The
results reached in both of these papers, as well as by
other workers,1° is that the pion’s Regge trajectory can
have M =1 (at t=0) only if there is trajectory mixing
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in the region 0<{<m,? such that the trajectory be-
comes pure M =0 at J=0. If the trajectory remained
M =1 at t=m,? it would choose nonsense and therefore
not produce a physical particle (the pion) at J=0.

In Sec. IT we present the Bethe-Salpeter (BS) equa-
tion for the M function, the off-shell scattering ampli-
tude without the external spinors, and make the Wick
rotation. This puts the momentum vectors in a four-
dimensional Euclidean space. In Sec. ITII we find ex-
pressions for O(4) spinor spherical harmonics, which are
the projection on O(4) basis functions of objects which
transform like a direct product of a 4-vector times two
Dirac spinors. We use these in Sec. IV to expand the
M function and get a projected BS equation. At (=0
where there is O(4) symmetry the equation is nearly
diagonal and is easy to study. We find there are six
types of solutions at {=0.1! In Sec. VI we find how a
solution of the projected BS equation will contribute to
a particular partial-wave amplitude. To do this we use
a group representation definition of the Dirac spinors.
From this we find that three of the six types of solutions
do not contribute to any partial wave amplitudes at
t=0. We also reproduce the results of Freedman and
Wang,'? including the fact that if the pion were mass-
less its trajectory would choose nonsense at J=0 for
M=1 or sense for M =0.

After establishing these results at (=0 we show that
the same methods apply to study the properties of the
trajectory for ¢ greater than zero. We start in Sec. VII
by calculating the symmetry breaking terms in the BS
equation and recalculating for 70 the projections from
0(4) basis to O(3) helicity partial-wave states. From an
examination of these we find an O(4) analog to sense
and nonsense states in O(3). This allows an easy proof
that the finite-mass pion’s- trajectory would choose
nonsense at J=0 if it had M =1 at =0 and if it could
be calculated from simple perturbation theory. Since
we want to keep M =1 at t=0 to agree with the high-
energy data but not have nonsense at J=0 (pions exist)
we study in Sec. VIII forms of the solutions of the BS
equation which come from degenerate perturbation

1t While the report of this work was being completed, we
received a report from A. H. Mueller, who obtains the same
results for /=0 [Phys. Rev. 172, 1516 (1968)].

2D, Z. Freedman and J. M. Wang, Phys. Rev. 160, 1560
(1967), Eq. (39).
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theory. Here we show that we can get a trajectory with
M=1 at t=0 which does not choose nonsense at J=0.
Included in this section is the justification of a 2X2
matrix model used in the summary paper.” Appendix A
gives group representation definitions for Dirac spinors,
propagators, and v matrices. Appendix B contains the
generalization to unequal-mass “NN” scattering.

II. BETHE-SALPETER EQUATION FOR
NUCLEON-ANTINUCLEON SCATTERING

In this paper we consider only the ladder approxima-
tion of the BS equation although we believe that the
results hold without this approximation. By the “ladder
approximation” we mean that the kernel (Born term) is
a single-particle exchange or a sum of single-particle
exchanges. We also neglect isospin although this could
easily be added.

To simplify the equation we use the fact that nucleon-
antinucleon scattering is equal to nucleon-nucleon scat-
tering if we change the sign of Born terms for the ex-
change of odd C parity particles (see Appendix A). We
write the scattering as

T)q’)\z’ ,hh(P’,P,k) = g (%k+ Plyxll)ﬁﬂ' (%k_ P’:Az/)
X Ma’ﬁ’ ,aﬂ(plvfyk)ua(%k"I"p’)‘l)uﬂ(%k_P7>‘2) ) (2 1)

where Aj, A, and p are the initial-state nucleon helicity,
antinucleon helicity, and relative 4-momentum, respec-
tively, primed quantities are final-state variables, and %
is the total 4-momentum. We restrict our attention to
the center-of-mass system where k=(~1/40,0,0).
M g (P ,p,k) obeys the following BS equation:

Mg ,as(p',05R)

1
= Ba’ﬁ’.aﬁ(pl’p$k)_ (2 )4 d4g Ma'ﬂ’.va(PI’q,k)
w

XSy (g+3k)Sser(3k—q) Byrsr,ap(g,5%) . (2.2)
Let
M op 450 0s1)Sva(Gh+ 0)Sss(3k— p)
=Rup as(p',p5), k=(1,0,00). (2.3)
Then R obeys the following BS equation:
Rarpr ys(p's0:8) S va(3h+ ) S 55(3k— p)
1
=Ba'ﬁ'.aﬁ(17,:P:t)“(2—7r)—4 d'q
XRargr,vo(2's3,0) Bys,as(@:058) ,  (2:4)

where S~1(p)= (ip+m) (see Appendix A) and for scalar
exchange

11:g%00 abprp

Bargr,a I; )
8.as(t’ 1) Y —ic
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where p and 7. are the mass and charge-conjugation
parity of the exchanged particle.

The next step is to make the Wick rotation.'®: For
0<i< threshold, the integrand has no poles in the first
and third quadrants of the complex ¢° plane. Assuming
the integrand vanishes as |¢°| — « gives the integral
along the imaginary ¢° axis equal to the integral along
the real axis. Next the integral is continued in $° to the
imaginary $° axis (no poles of the integrand cross the
new path of integration in the ¢° plane during this)
giving an integral equation for R as a function of
imaginary p°. Now we make the change of variables
PO=1ipt, ¢O=ig% Since —(p°)?=(p*)? we may use
Euclidean 4-space notation if we define k= (k1,k2,ks,k4)
=(0,0,0, —i~//) and

0 I
74:1:70:( )
-1 0

[see Eq. (A6)]. Now, of course
D=+ pii+ iyt

After redefining R and B to absorb some ¢’s, the BS
equation becomes

1
RS™1§-1= — B+——

d‘q RB
(2m)* ’

with the integral over a Euclidean 4-space and B for a
scalar exchange given by

c8%0aradps
(p—p")+u?

The relation between Cartesian and spherical com-
ponents in O(4) is

Bug,ap(p',p)= (2.5)

pt=P cosy, %= P siny cosf, 2.6)
p?=P siny sinfsing, p'=P siny sinf cosp,
and
J
0
becomes

00 T T 2w
f P%P/ sin%y dg[// sinf dG/ de. (2.7)
0 0 0 0

III. O(4) SPINOR SPHERICAL HARMONICS
A. States for Two Dirac Field Fermions

Considering R before the Wick rotation, its Lorentz
transformation properties were

R‘YB-GB(P/)P)k) = Dyy (A—l) Diser (A_])
X R’Y' & ,a’ B (API:AP’Ak) gDa’a(A) 5)5',3(A) )

12 G, C. Wick, Phys. Rev. 127, 2266 (1962).
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where Dqo(A) is the representation (nonunitary) of the
Lorentz group to which the nucleon field belongs. When
a is replaced by the set (r,0), 7= =1, p= =3, then (see
Appendix A)

(‘Dp'p%o(A) 0
iDaz’at(A) = (

. 3.2
0 sz’pO%(A))r’r ( )

When Eq. (3.1) is continued to the complex Lorentz
transformations and then restricted to transformations
which keep p° imaginary and p° (i=1,2,3) real, then the
new symmetry group is O(4) and the above representa-
tions become the unitary representations of O(4) with
the same eigenvalues. (These eigenvalues are explained
in the next section.)

We take advantage of the above fact to construct a
set of “O(4) spinor spherical harmonics” which will be
used as basis functions in the expansion of R. We start
by considering a ket | $,a,8) which has relative momen-
tum p and 2 spinorial indices, « for the nucleon and 8
for the charge-conjugated antinucleon. Each index
transforms according to the representation (3,0)®(0,3)
of O(4). Thus the transformation property of the ket
under an O(4) rotation, g, is

U(g) l?:aﬁ): ’Zﬂ’ iDa'a(g)iDﬂ'ﬁ(g) lgP,a/,3/>:

where the ©’s are given by Eq. (3.2).

When a general O(4) transformation g is expressed by
the standard five rotations and a boost?7? [we shall call
an O(4) rotation of the fourth direction to any other
direction a boost since it was that in the Lorentz metric ]

g(%eﬁb;aﬁﬂ) = R(‘P;B)O)Sii(‘//)R(a:Bﬁ') ’ (33)
the representation matrix © can be expressed as (see
Appendix A)
fDa’a(g) =Dy nfp(g)

=6r’r Z Dp’m;(‘P;oyo)e_irm%Dmp;(a’ﬁ)'Y)-

m=11/2

(3.4

As in any problem we want our final equation as
nearly diagonal as possible and so we consider the
operators which commute with M. This leads us
through a string of ‘“change of basis.” We first construct
eigenkets of intrinsic parity (see the last part of
Appendix A)

[p:B)=p:(r0),(tr))= 2 CpuCar| pynpser), (3.5)

7,6=%1

1,1 1
e )
V2\1 —1

P|paynp,er)=ne| paynp,er).

where

(3.6)

such that
3.7

Next, we define another basis by combining the two
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“‘spins” into a total “spin”

|1’;7165<7>=Z C(%,%,S;p,o'—-'p)|P,17p,e(a—p)> (38)
p

which transforms according to DS(R) for an O(3)
rotation. Before projecting out O(4) basis function
from these kets we will interject a review of O(4)
representations.

B. Review of O(4) Representations

Since O(4) is homomorphic to 0(3)®0(3) or iso-
morphic to SU(2)®SU(2), a possible basis for O(4) is
the direct product of two SU(2) bases.'* Then a state
is labeled as | j1m172m2), where j and m are the “total
angular momentum” and the “z component” in each of
the SU(2) groups. Then j; and 73, the Casimir quantum
numbers, denote the particular irreducible representa-
tion of O(4) and m; and m, enumerate the basis func-
tions of that representation. Thus, an O(4) rotation g,
applied to one of these basis functions, gives

Ug)| jymajoma)= 2 Dumymy mims™2(g) | jumy jams')
m1’ma’
where D77%(g) is a function of the O(3) representations
D# and D=, the functional dependence being deter-
mined by the homomorphism. (The representation used
in Sec. A for a Dirac spinor is a special example of the
above. It is a reducible representation, a sum of two
irreducible representations, one with ji=%, /,=0 and
the other with j1=0, jo=3. Those “m” subscripts
which are equal to zero are suppressed.)
Another basis is obtained by vectorially adding 7,
and j, to form a total angular momentum J':

| 17T m) =2 C(jrjal s pm—p)| jauga(m—p))
and ’
U(g) | jrjeIm)= JZ  Dyrm Q)| j1j2T M) s
where?? "
Dirme,an?(0,0,,0,8,7)
=§. Dyri”"(0,0,0)d: 5, % @) Dum? (e8,7) . (3.9)
Here d 7, is the “boost” representation in this basis.
Itis
drrd2W) =22 C(j1, jor J 5 v, u—v)
, XC(f1jeT ;v u—r)ei@—m¥  (3.10)

and for any particular set of indices can be conveniently
expressed as Gegenbauer polynomials in cosy. Refer-
ence 7 (App.) summarizes the properties of the boost
functions which we shall use. Notice that for a pure

14 More detailed treatments of the O(4) representations may
be found in Refs. 2 and 7.
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0O(3) rotation R
gD.I"m’ .ij”.z(R) = aJJ'Dm”mJ('R) .

Instead of labeling the representation by j; and js it is
popular to use z and M, where

n= j1+j2 and szl—jz. (311)
Obviously, then,
n2J2>|M]|. (3.12)

After this brief review of O(4) representations, we
return to the projection of O(4) basis states, |nMJm),
from the ket | p,a,8).

C. Construction of the Spherical Harmonics

Besides the O(4) quantum numbers, other quantum
numbers will be needed since more than one ket | p,a,8)
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will project onto the same O(4) state. We anticipate this
by writing the state as |#,M,J,m,n,e,Z). (Our “Z” is
the same as Freedman and Wang’s? “s”.)

Using the standard technique, we construct basis
functions of the O(4) representation (n,M) by

|eM TmneZ) /dg

X ‘r’Dme&Y("'M)*(g) U(g) |?4,77€2‘7> ’

where g=g(¢,0¥,0,8,y) [Eq. (3.3)]. We factor g by
2=¢,0¢)R(a,8,y) so that Q specifies a general
direction in O(4) and R is a general O(3) rotation. Then
dg=dQdR; dQ is over the surface of a 4-sphere [Eq.
(2.7)], and dR is over the group O(3). The integrations
over dR give

(3.13)

|nM JmneZ)= Nz 3 /dﬂ Dym,ze PO¥QU(Q) | payneZa)

=Nzm 3

orptt

=Nz 3

rotrp’r’

dQ Dy, 3 MOHQCCaC(3,5,2;5 0,7,0) U(Q) | p4,(rp), (i7))

dQ Dym, 5+ ("'M)*(Q) Dp’p%( @;0)0) D'r"r%( @:030)

Xe=iltottvC CC(3,5,2;0,7) | p(Q),(r0"),(tr")).  (3.14)

From this equation we define the O(4) spinor spherical harmonics as (to simplify notation let T= {n,M ,J,m,n,¢,Z})
ZM(Q,0,8) =Z rmnez™M(Q, (rp),(17)) = (p(Q),(rp), (¢7) |nM TmneZ)
= NZ (n, M) Z :DJm,E(p’+f’) (”,M)*(Q)Dpp,i((p’g’O)D",%(¢,0,O)e—i(TP'+‘T')‘I’C(—%-,%’2 5 p’,T’)C,,rC¢£. (315)
o'’

With the normalization chosen as

Ly(n+M+1)(n—M+1)
Nz(n,M) =._(
2(22+1)

™

)“2, (3.16)

Z is orthonormal and complete in the following sense:

2 [ 42 Z™(2,0,8) 2" (Qe,8)
af

= 8110 = 8 O2r20 8.7 7 Omms Oy Beer O3 (3.172)
and
Z ZT(Q;‘!76)ZT* (Q”alyﬁl) = 53(9—9’)50‘“'6551 ’ (3'17b)
T
where the sum over T has the following range
n=0,1,2,- -+, M=0,=1,
]=|M!7IM[+1;)7L) m=_J’1]7 {?18)
n= +1 ’ e==+1 )
2=0,1 for M =0
=1 for |M|=1.

Before proceeding with the O(4) projections, it is
worthwhile to note the invariants of the theory under
discrete transformations.

D. Discrete Transformations

First we consider parity; from Appendix A we have
®| p,np,e7)=ne| Pp,np,er). Using this and the symmetry
properties of the “boost” matrices,” we find

®|nMImneZ)=(—)T"2ne|n(—M)JmneZ). (3.19)

Next we consider particle exchange. Nucleon-
antinucleon scattering is invariant under charge con-
jugation times particle exchange. But since we have
already applied charge conjugation to one particle, the
amplitude Rap,a8(p’,p,t) is invariant under particle
exchange 9, defined by 9| p,e,8)= | —p,8,a).

Actually it will be convenient to consider g as the
product of two operators, one which interchanges the
spinorial indices and one which reverses the relative
momentum.

9=9,X9,, (3.20a)
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TaBLE 1. Solution to the nucleon-antinucleon Bethe-Salpeter equation at {=0.

Stateb

Type ‘ Amplitude® n—J even n—J odd Comments

I Ryp (w0 Ry m0®) Ry _(m0) 1,2)

I Rop (w0, Ry_ (0 R, (0 % 0
II1a Ryp D, Ry D Ry _(mD 0,2,(1) \ degenerate at t=0
1IIb Ry D Ry =D R =D 145 %

v Ryy (w0 e 1) degenerate at t=0)

\% Roy (00 0) cee Residue in partial-wave
Via Ry (w1 degenerate at /=0 (amplitude has a zero at ;=0

() )

VIb Ry, (D

s The final-state quantum numbers have been suppressed. They must be equal to one of the initial states’ quantum numbers in that type.
b 0 (3) parity-conserving helicity state (see Table II) to which these amplitudes contribute. For those states listed in parenthesis the contribution is

from the amplitude with w = () and vanishes at ¢ =0.

9p| prB)=|— 1,2, 8), (3.20b)
9ol psB)= | p:Bsc2) . (3.20c)

From Egs. (3.13) and (3.8) we find that
9o nMImneZ)= (—)"F|uMJImneZ), (3.21)

and taking —p(e,04)=p(¢,00—7) and using the
symmetry properties of the boost representations, we
get

9| nMImneS)= (=)™ M43 |y} Jom,— e, —1,Z).  (3.22)

To make the final BS equation, after doing the O(4)
projection, as nearly diagonal as possible it is worth
another change of basis to construct Z’s diagonal in 4.
Therefore, we let » be the total intrinsic parity, w=7e
and define this new basis by

1
lnMJmeK)=\72[ |nMIm,n=+, e=w,Z)

+r|nMIm, = —, e= —w,Z)],

w=, k==. (3.23)

Suppressing the common (nM Jm), this is

1
IE++>=\E(’++Z>+I__E»’

1
IE—+>=\E([+—EH‘ |—+2)),

1
|E+“>=E(l++2)— |—=2)),

: 1
(2= =)= (=2 [ —+2).
Then thé symmetriés become ,
@ |nM ImZwxky=(—)""3w|n, — M, ITmZw),
9p | nM ImZwr)= (— )"+ | n M ImZwk) ,

(3.24)
(3.25)

9| nMImZwx)=(—)+M+-2(1—25,,5,.)
X |eMImZwk). (3.26)

Since we are using NN formalism to describe NN
scattering, the equations for @ and 9 must be used with
care. We will find that an O(4) state with a certain
parity, as given by Eq. (3.24), will only contribute to
NN partial-wave helicity amplitudes of the opposite
parity, presented in Table I. Also O(4) states of an 9
eigenvalue, Eq. (3.26), will contribute to a partial-wave
amplitude with the opposite value of C,, given in
Table I (cf. Table II). The Z in the new basis is

ZJ'mex(”'M) (Q,Ol,ﬂ)
= _'(ZJm,-}-.w,E("'M)"‘KZJm’_'_w'K (n,M))
V2

=N3¥ 3 Dym,zpr4e) " H0H(Q)

o'r
X D,,,,:*((p,a,o) D,,J(go,ﬂ,())

Xeiro+r W C(3 3.3 0" 706, 1iCa,e. (3.27)

IV. 0(4) PROJECTION OF THE BETHE-
SALPETER EQUATION

» Finally we are ready to take the projections

Reorpr,ap(p',0,0) .

=Z ZT’(Q”a/’ﬁ’)RT’T(P’7P,t)ZT*(Q,a,6) ) (41)
7
B ap(p',0:1)
=23 ZV (¥, 8BV (P, P )Z™(Qa,B). (4.2)

™7

Here P and Q are the magnitude and direction of p and
likewise for the primed quantities. The projected BS
equation is

> RYT(PP (Y | SN k4 p)RSLEE—p) | T)

TI’
= —BYI(P' P1)

1
(2m)*

+

/ 040 S RPY(PLO0BYQO, ). (43)
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TasLE II. Parity-conserving helicity states for the NN system.
State in Particles
Name | JmAA2) basis® LS description Cnb PP (trajectories)
[0) [3,3)——%—-% Singlet (=) (=) B
|2} [3,—8)—1—%3 Uncoupled triplet (=)7* (=)* 4,
[1) 13,3)+|—%,—3% First coupled triplet (=)’ (=)’ PP pw,e
12) 5=H+|—13 Second coupled triplet (=)’ (=)’ A, (0),(me)
a The quantum numbers J and m are suppressed.
b See the warning after Eq. (3.26).
(Note that the homogeneous part is independent of the In the Zwk basis this is
final-state quantum numbers so we will often suppress .
them.) i PP I:(P 2“’+'m2)5x’x_ 2iPmb,,—0¢ ,-x]
After finding expressions for the matrix elements of X w0 ubs 10w mdz 2dwrn- (5.2)

the inverse propagators and for the kernels in terms of
the quantum numbers, this equation is continued to the
complex Jyu, and 7’ planes keeping n—J=3X and
n'—J=%' integer. The Lorentz poles (at t=0) are at
those values of # for which the homogeneous equation
has a solution (i.e., where the Fredholm determinant
is zero).

Because we have the O(4) symmetry at =0 the BS
equation is much simpler there, so we will investigate
first its properties at (=0.

V. PROJECTED BETHE-SALPETER
EQUATION AT ¢=0

A. Propagators

At (=0 the inverse propagator is S~'(p)= (ip+m).
The O(4) matrix element of the progapators is

(TSRS (=p)T)=2 [ d%
P
XZT*(2,0 \8)S  w a(p)S o 8(— ) 27 (2,8)
From Eq. (A2) for p we see that it can be expressed as

Dara=Drpry, (rp)
= =P8y, S Dy0,6,0) 29D, 40, — 0, — ).

It is easier to work out this matrix in the 7eZ basis first.
(We use the notation A®2B for an operator in the
Hilbert space of the two 4-component Dirac fields. A4 is
the nucleon operator, B is the operator in the space of
our C-transformed antinucleon, and 7 is the identity
operator.) We find

(T'[p®I|T)=—Pyérr,
(T'|[I®p|T)=—Pedrr,

(5.1a)

(5.1b)
so that

(7 |S~Hp) @S (—p)| )= (Pne—iPm(n— )+ m*)ér .

B. Expanding the Kernel in O(4) Basis Functions

We need to calculate the projected Born terms to
find the structure of the coupled integral equations. Of
course, the symmetries limit the number of independent
Born terms. At t=0 B™T is diagonal in » and M and
independent of J and m. For some simple exchanges
without vector coupling B is independent of ¢ and so is
always diagonal in # and M and independent of J and m.

BTIT(P/, P, = 0) = lewl‘(l ‘Ew,‘(n’M)(P’,P) . (53)

In this section we consider only the exchange of scalar

. or pseudoscalar particles, and later we will show how a

more general interaction may be treated. For a scalar
interaction
ﬂcgzaaa’aﬂﬁ'

Barpras(p' ) =———— (5.4)
R OR
and for a pseudoscalar exchange
g™ ara™ Vg6’
Bug,as(p',p) = .
(p—2")+u
_ ﬂcngl5rr'5tz'5pp'5w (55)
(o—2)+a?

We note that these simple interactions are invariant
under (B commutes with) g, as well as ® and 4. From
this and Eq. (3.24-6) the projected Born terms have
the following properties:

(=)¥w'=(—)2wif M=0, Z'=Zif xk=+,
and w'=w if both 2'=2Z and k=—.

’
K=k,

Also, from conservation of parity we have
BZ’ W'k’ ,wa("'_lw) = (— )z'—zw'sz, w’ K’ .wa("'M)

so that the M= —1 kernels are determined from the
M =1 kernels.

For either scalar or pseudoscalar exchange B com-
mutes with 7®+v® (identity for one nucleon, ¥® for the
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other). We find

IR%) | nMImZwk)= |nMJImZ, —w, &),
(VSQI) | nMImZwk)=«|nMImZ, —w, «).

Since B commutes with 7®+5 (or ¥*®1) it depends only
upon the product ww’ and not upon both w and o’
individually.

To take advantage of all the above symmetries we
write

BE’@’K’.EwK(n'M)(P,7P)=5K'KBE'E.§‘K("'M)(P/1P)7
f=ww'=w'/o (5.7)

and for a given # the independent nonzero By s, ¢ ()

(P,P") are Bugi™Y, Bug_ ™Y, By,_,®D,

Boo++ ™9, Boo—-"", Bu4+™, Bug-™?, and
Bio—_™9. The above properties of y® show that

(5.6)

ncg25a’a66’ﬁ
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By s,5™ for pseudoscalar exchange is just « times the
corresponding kernel for scalar exchange. Thus, we
need only find the above eight kernels for scalar
exchange.

Starting with

N08%0a b8
(p—p' )+
=3 ZV (¥ B") BT (P, P)Z™*(Qe,B)
7

Bag,ap(p',0)=

and putting p’ in the 4th direction and using

ZJmex(n M) ('l/ = 0,0é,ﬁ)
=Nz (.30 BJzam- (ﬁf)c(%)%’z ; p:T)ax,rth,t
we get

3 [dezvH@ o 8) = BYIN3"858m, 5+0C (2,5,23 057)06,riCot
oyt P4 P2—2PP' cosy/+u?
or : -
Nc§
N o010 By 1 M0 (P P) = dQ ZsmzremM(Q, (rp), (t1))—————C(3,5,2;0,7)
s 3.t (P',P) "Z" Zm2'y (@,(r0), 2PP'(z—cosy) o
where

5= (P2 P'*+u?)/2PP.

The integration over ¢ and 8 gives

By ag 30 (P', ) i > =
=3 W)=
f (2 1)@+ 1)} PP i gt

sin®y d¥dss: n ™ )

gi (rpt+tr)y

X

C(%’%:E; p,T)C(%,%,EI; p)T) 6K,7‘tC§'i . (58)

Z—Ccosy

The kernels are calculated from this using Ref. 7 (App.), the Gegenbauer polynomial identities, and the following

integral!s:

1 gm(]—g2)1/2
f ——Cl(®)dx=mgm -+ (22— V2]

1 (—x

We find the eight independent kernels for scalar exchange are

Buopy 0 =—Fp By, 0= [(n242n+2)s42(n+1) (52— DVIF,,

n+1 n(n+1)(n+2)

—1

Boo (0 = 2Fn, Bo__(m0= a4 (n4 1) (22— 1) 12 ]F,,,

n+1 (n+1)[n(n4-2)]\2

(5.9

Buas @0 =T, Bu 0 =Ll st (2= M2,

n+1 n(n+2)

1

Buq0=——Fy, By 0=t (it (=),

n+1 n(n+2)

where
[+ (z2—1)12 )1 P2 P22
F,=F,(P',P)=2n%.g* and g=—-—-—17-—.
PP’ 2PP’

15 Bateman Manuscript Project (Integral Transforms), edited by A. Erdélyi (McGraw-Hill Book Co., New York, 1953), Eq.

(16.3.5).
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Some of these kernels have a pole at n=0, but the
residue of this pole is independent of the mass of the
exchanged particle.

Even for scalar (or pseudoscalar) exchange the BS
equation for nucleon-nucleon scattering is not of
Fredholm type. To avoid this we insert a cutoff in the
propagator of the exchanged particle. In some approxi-
mate way the cutoff represents the structure of the
exchanged particle. We replace [(p— p")2+u?]! by

1 1
(p—p) 4w (p—p') 4N

To obtain the O(4) kernels with this cutoff we just use
Eq. (5.9) and subtract a similar term with u? replaced
by A% This not only makes the equation of Fredholm
type but it also eliminates the pole at = 0.1 The pole
at =0 in the kernel seems to prevent Regge poles from
crossing J=0 at finite /.

(5.10)

C. Six Solutions at {=0

The Bethe-Salpeter equation is now (suppressing
final-state quantum numbers on R)

> Ry M (P)[(wP?Hm2) by — 20PMb o, —8¢r x|
= anj‘naMfMSKfKBsz, (w/wf)x(n'M) (PI,P)

1
2 / Q%Q
(2,".)4 e’
XRE'w’x("’M) (Q)BZ'E,(w’/w)K(n'M) (Q)P) .

+

(5.11)

This equation is continued to the complex #-plane. The
value of # for which the homogeneous equation has a
solution is the position of a Lorentz pole. Of course, the
equation is uncoupled to a large degree due to the O(4)
symmetry at this special value of /. The amplitudes
R0++(”'0), R1++("’0), R1+_(”'1), and R1+_("'_1), each
obey an uncoupled integral equation. The first two of
these amplitudes satisfy identical equations, as do the
last two. So the Lorentz poles of Roy+™® and Ry ™0
are degenerate at t=0 in the » plane. And Ry ™1 and
Ry~ are another degenerate pair. This last
degeneracy is understood as a parity doubling, since P
changes the sign of M and we have over-all conservation
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of parity. We know of no reason (i.e., symmetry) that
the first two should be degenerate. We will show later
that for an R amplitude to contribute to any O(3)
helicity amplitude at =0 it must have w=(—). Thus
the Lorentz poles in the above four amplitudes produce
Regge poles in O(3) amplitudes with a residue which
has a zero at =0. These then are the evasive solutions
to the conspiracy condition.!” They will be discussed
in Sec. VII D after we determine which O(4) amplitudes
contribute to which O(3) amplitudes for ¢/5=0.

The amplitudes Ry Re_ ™9 and Ry 0
obey a set of coupled integral equations. Any Lorentz
pole in one will appear in all three. This pole will be
what Freedman and Wang? call a type-1 Lorentz pole.
Similarly, the three amplitudes Ry R_, (0 and
R__9 are coupled and will yield a Freedman and
Wang type-II trajectory. The two sets, M==1, of
three amplitudes Ryy ™ Ry M) and Ry _®0
satisfy identical coupled integral equations and produce
the parity-doublet type-III Lorentz poles. These results
(and certain results from later sections) are summarized
in Table I where we have continued Freedman and
Wang’s numbering to the evasive Lorentz poles.

VI. REGGE POLES IN HELICITY
AMPLITUDES

Now we come to the important question of how a
Lorentz pole contributes to a particular (parity-
conserving) helicity amplitude. We consider this
question for general /.

A. Contribution of an O(4) Amplitude to a
Helicity Amplitude

First we continue Ra/g,05(’,p,0) to the mass shell.
From

(Gt p)i=—mi= (3= p)?

and k= (0, 0, 0, —i+/1), it follows that for {50, psmust
be zero; hence, y=4w. (Although p4 is not required by
the above equations to be zero at ¢=0, it is required by
continuation.) From p=pP siny we learn that on the
mass shell P= —i(m2—%)12=Q(s).

Next, we sandwich the M/ amplitude between spinors
to obtain the scattering amplitude. Then combining
Egs. (2.1), (2.3), and (4.1), we have

TM’M' .MM(PI:Pit) = TZI;I‘ /2% (%k_i_plr )\1’)%5: (%k_ P,: >‘2,)ZT,(‘p,ﬁ,:%”;a/,ﬂ,)RT,T(Q(t) ;Q(t) ,t)ZT*(QD,B,%ﬂ',’Y,&)
XS_lva(%k'I"P)S_lﬁﬂ(%k_l’)“a(%k'*‘% Nug(3k—p,\2)

=2 (@aZ"v) lim

/7 P,P'>Q(t) T/

[ RY™ (P, PYF"T(P0) J( 2™ u) ,

(6.1)

16 We are indebted to Professor David Y. Wong for pointing out this fortunate property.

17D. V. Volkov and V. N. Gribov, Zh. Eksperim. i Teor. Fiz. 44, 1068 (1963) [English transl.: Soviet Phys.—JETP 17, 720
(1963)]; M. Gell-Mann and E. Leader, in Thirteenth International Conference on High-Energy Physics at Berkeley, 1966 (University
of California Press, Berkeley, 1967).
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where
FY' %= (1| S-1(3k+ ) @S (3k—p) | T).

Of course F will have a pole on the mass shell and R
will have a zero but their product will be regular (except
at a Regge pole where we expect a pole). Since the sum
over RF is just the left-hand side of the projected BS
equation, RF=—B+ f'RB, we could substitute the
right-hand side for it.

The quantity represented by (ZTuu) is

(2™ un)=2_ Z™(0,0,5m,0,8) 13+, N)up(3k— p, M)
: af

and we show later that it can be factored:
(Z™uu)= Dn’ (0,0,0)X (¢t A102), A=A1—Xz2. (6.2)

The quantity (##ZT) when expressed in terms of the
O(4) angles (¢,0,¢) is just the complex conjugate of
(Z™uu). We get this from using Eq. (A4) for #.(¢,\) and
find that when it is expressed in terms of the O(4) angles
of ¢ it is given by

ﬂd(Qm)\) = unz*(Qq:x) .

We can understand this by observing that it is con-
sistent with the following facts:

> da(q’k)ua(%k) =0,

ua(gi)\) = (1/‘/2_) Sﬂ\(ﬁ”d:e‘bwqao)oyo) y a= (f,p) ’

and the fact that this 0(4) D is unitary.
We have then

(ﬂﬁZT’) = Dm#J*(ﬂalﬁolyo)XTI* (l)>\1,’)\2,) y M= A=A
Taking as the definition of a partial-wave amplitude

27+1
Ty '7\17\2(P”17:t) = Z
Jm 4w

X AN f7(8) [NA2) D (,6,0)
we see that the partial-wave amplitude is given by

AN 7O [NA2)

4 N
= Z Z X1 (t)>‘1,:>‘2’)
2J+1 7,m fixed TT*
X lim [ X RYY'(P,P)F**(P,t)]

P,P'>Q(t) 177 ~
XX (EN,\2).

D" (¢',0/,0)

(6.3)

From the above equation we observe that XT(¢,\;,\s) is
really the projection of an O(4) basis function on an
0(3) state. In bra-ket notation it is written as

XT(t,)\l,Xz) = (nMJImZwk ! tTmA\2).

Equation (4.3) along with Eq. (6.4), the O(4) projected
BS equation, are the:basic equations of this paper. As
they are now written they give the partial-wave ampli-
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tude for integer J. Included in the sum over T and 1’ are

Ms
Ms

n=J n'=J

We wish to continue this equation to noninteger J and
have the partial-wave amplitude satisfy Carlson’s
theorem. If each term in the sums over # and #’ satisfies
Carlson’s theorem and the sums converge uniformly
in J, then the amplitude will satisfy Carlson’s theorem.
This happens if we let #=J4X and »'=J+ X’ and
keep X and X’ fixed as we continue J. Then

S 3 fUma) = 3 U, T,

n=J n'=J

At the same time we continue the projected BS equation
to the complex J,# and »’ planes keeping & and &’ fixed
at integers. We shall show that this is the correct
prescription of continuation for general ¢ later, but
now we note that at (=0 there is only onesum,
(T nn')=0pn f(n), and the arguments of Ref. 2,
Appendix B, show that this continuation is correct.

The final step is to form parity-conserving helicity
amplitudes. For the nucleon-antinucleon system there
are four helicity states. For convenience we name the
four parity-conserving combinations by a single symbol
according to Table II. Then the parity conserving
helicity amplitudes of GGMW? are

fo'={01f710), fu’=(1]f"]2),
A= uy, fol=(2]f7|2),
ful=(1|f7]1).

As coefficients to the parity-conserving helicity states
we define

XT(t;i) = (1/\/Z) [XT(t,Ah)‘?) :}:XTO; - )‘ly - )\2)] )
1=0,u%,1, or 2,

(6.5)

(6.6)
where A1,A2 and the choice of sign are determined from
Table II.

B. Special Results at {=0

At t=0 the calculation of X is quite simple. From

Eq. (A3) we have
ua(?:y\l) =(1/V2) gDpM%O( (p,@,?‘l//,0,0,0) y Q= (r,p) .
Using this and taking — p(¢,0,¢)= p(¢,04—7), we have
for the second “nucleon”
uﬁ("'?x)‘z) = (1/\/2) fD,,_)‘,*O(gO,O,Z(\&—7r),0,0,0) , B= (lf,T) .
Then these equations and the definition of Z%, Eq.
(3.27), used in Eq. (6.2) give
XT(t= O,)\1,>\z) = (i—z)‘z/\/Z_)Nz("’M)sz)\ (n,20) (%r)
XC(%’ %y Z; A1, — A, )\)610.—- (67)

18 M. L. Goldberger, M. T. Grisaru, S. W. MacDowe:l, and
D. Y. Wong, Phys. Rev. 120, 2250 (1960).
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Next, this equation substituted into Eq. (6.4) gives the
same result as Freedman and Wang.!?

We now see why 0O(4) types IV, V, and VI do not
contribute to partial-wave amplitudes at ¢{=0; they
have w=(+). It might seem odd that only w=(—)
amplitudes contribute at (=0 when we have used an
NN formalism. But when we treat unequal-mass
scattering, Appendix C, we find that only w=(+)
amplitudes contribute at threshold and only w=(—)
contribute at pseudothreshold.

We can now observe the well-known conspiracy of
Regge trajectories produced by a type-III Lorentz
pole.2 Table V b gives the behavior of N20d sz (20
ir) near J=0. From this table we see that a type-III
Lorentz pole, | M |=1, contributes to helicity states of
both parities. There are then two Regge poles degen-
erate at /=0. When we solve the BS equation for ¢50
we will ind that there are two different sets of equations
which reduce to the type-III equations at =0, so these
two Regge poles are in general degenerate only at ¢=0.
We further observe from Table Vb that if the pion
had zero mass and had [M|=1 it would choose non-
sense at J=0. That is, in the A=u=0 (sense-sense at
J=0) partial-wave amplitude the residue would vanish
like @, and the A=pu=1 amplitude would be regular
at a=0.

VII. THE BETHE-SALPETER EQUATION
FOR NONZERO ¢

At 170 the Bethe-Salpeter equation, and therefore R,
will not be invariant under simultaneous O(4) rotations
of p and #’.1® (It is invariant to simultaneous rotations
of p, ¢’ and & but this is of no use in the Bethe-Salpeter
equation where % is fixed.) Even though R is not
invariant under the rotations of $ and §’ it is still useful
to expand R in basis functions of the group O(4). Then
R is no longer diagonal in # and M, but since R still is
invariant to O(3) rotations of p and p’ it is still diagonal
in J and m and independent of #. The additional com-
plexity at {#0 in the Bethe-Salpeter equation occurs
both in the inverse propagators and in the kernels. For
instance, there will be % in the propagators which will
connect two different sets of (#,M) quantum numbers.
We first consider this effect in the inverse propagators.

A. Matrix Elements of the Inverse Propagators
From
S Gh+£)@ S 3k~ 1)
=B +ip+m]Q3(Voy*~ip+m] (7.1)
we get
(T[S (3k+ )RS (3k—p) | T)
=(T'|(ip+m)®(—ip+m)|T)
—5(VOP(Y' | v'@p— p®v*|T)
+3VOMT |V I+IRv4| T)
(Y [v'@y*[T). (7.2)

19 See Appendix B for a more detailed explanation of this.
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Since we already have the matrix elements of p®7 and
I®p we only need calculate the matrix elements. of
v*®I and I®+v* to be able to calculate the matrix
element of the above.

0 I
e
I 0

and

1@ 1)
=-z

rptr

aQ ZY*(Qurp,ir) ZY(Q, rp, — 1)

47
= 6J’J6m'm6x’ —K NE’ (n,'M’)NE("'M)

Xf)\:, / sin?Ydy Ezsnee’(Y)

Xarzn ™M) o\ (),
where

EZZ')\W»,(K(/) = Z C(%y %; 2;a, k"‘G)C(%, %; z 30, >‘“‘7)

X[wduwr C0S2A—0))—iwds,—o SIN(2A—0a)y)].

For the various values of £ and 2’ the function E is:

> ¥ A Essn\e'(¥)

0 0 0 @04 COSY

0 1 0 1wdy,—er SINY

1 0 0 08— SIDY

1 1 —1,0,1  &(Suw COSY—iNd,, . sing)

Using Egs. (B15-B21) these remaining integrals are
calculated and presented in part a of Table III. Part
b of Table IIT for y*®I results from similar steps.
These two parts are used to obtain parts ¢ and d of
Table ITI which are more convenient.

B. General Born Terms

A general class of kernels can be represented by
Sf&-p,ky- - -)/[(p—p')*+u*] with a possible integral
over u% The numerator is a polynomial in the possible
invariants which can be formed from %,p,p’, and the
v matrices. It is assumed to commute with 4 and ®. For
such a kernel the projection can be found by considering
it as

f(kP:k, : .)XE(P._p')z_f_'u‘z]-‘-l
and putting a complete set of ZZ* between the two
factors. The projection of the last factor has already
been done so we only need to find the projection of such
factors as p- &, R, k#p’o,,, kY5, etc. But these connect the
same pair of amplitudes with the same powers of ¢
and J as the inverse propagator. One way to see this
is that % is an O(4) (3,3) operator (ie., ji=j,=32),
thus it will produce nonzero matrix elements with
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TaBLe III. O(4)-symmetry-breaking matrix elements,
(n+1)(m+2)172, Co?=[1/m+1) 1T (J+1)/2n(n+-2)]12

LIPINSKI AND D. R.
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may be conveniently used to get (T’|v*®~*|T) from the equation (IQv*+v*QI) IR v*+vRI) =2(IQ I+ D~4).

(a) ('] I®~*|T) | IQ 4| ) =871 58mmber, (0’ M T —k | IQ v* | nM T mZeok)
wr M=0,2=0 M=0,2=1 M=1,z=1
0 0 n—1 —wduw ol n1’ —wdu, —o (n+2) /n]124 17 e
n e e @Bar, oG
a1 —buradn? OB,/ (12 2,7 o
01 »n—1 —wdur,—o (n—1)/(n+1)]124,,_,7 —wduwrwBr_14 517 o
n co o w['_aw’w"‘(n'*'l)aw',—chn',
n+1 b, —o[ (n43)/(n+1)]1124,,7 —wdyoBnda’ e
11 n—1 s s @(—8uwrwt8u, —w)An”
n —wduw, —wGn? _mtaw'w"{‘(n"}‘l)aw’,—chn', v
n+1 cen cee *w(aw’w‘,‘aw',—w)AnJ
(b) (X'[+'®I|T) [V T) =871 s8mmber, (' M T2’ — k| v* Q@ I | nM T mZeok)
wx W M=0,2=0 M=0,2=1 M=1,2=1
0 0 n—1 —burwdn’ — 8w, —ol (B4+2) /n ] 24 n s e
n e .. K80, —oGn?
n+1 —duwwdn’ kBur, o[ 1/ (n+2) 1124 .7 e
01 n—1 _Klsw',-w[(n_1)/(”+1)]ll2An—lJ _aw’wBﬂ—lAn—lJ e
n cee cen [_aw’u—K(n+1)6w',—w]CnJ
n+1 k8w, —ol (m+3)/(n+1)]124,7 —8uwrwBndn? e
11 n—1 e e — BurokBur, o) At
n _Kaw',—anJ [—5w’w+"(n+1)6u'. -u]cn', s
n+1 R tt (_aw’w+"6w’, —w)AnJ
© (Y[ IQv*++'®I|T) (' IQVA+AQI|T)=8758mmber, (' M TmiZ'es’ — k| IQ v 4-v*Q I | 0l T miZeok)
Mz M=0,2=0 M=0,==1 M=1=2=1
0 0 »n—1 —(14w)dwudny’ —(0+€)du, ol (B4+2) /0] 24 51T s
n cen “ee (w+K)5m',—anJ
n+1 —(14w)dwrud (w+")5w’. —w[”/(n'*‘z)]UZA o’ o
0 1 n—1 —(w+K)dw,—o[(r—1)/(n+1)]24, 17 —(1+4w)dwwBr14na?

where A.7=[(n—J+1)(n+J+2)/4(n+1)(n+2)1"2, B,=[n(n+3)/
and G,'=[1/(n+1)]{3[J(+1)T}!% To get matrix elements connecting
states with M = —1 note that the parity operator, ®, commutes with the operators v* and p and use Eq. (3.24). Part c of Table III

" .
ntl (@ H0)ba, [ (n43)/(n+1)]124,7
1 1 n—1
n - (w+")6u', —-anJ
n4+1
(d) (T’ |v*®@p—H®~*|T)
Mz W M=0,2=0
0 0 n—-1
n
n+41
0 1 n—1 =+, [(n—1)/(n+1)]"24,_,7
nt+l w408, —L(143)/(n+1)1124 .7
1 1 »n—-1
n —w(14K)84r, —oGn”
n_i_l PRPaP

- (1 +O))5w'anA ot

(= (1+w)8ura— (=) (18, - ]Ca”

—w(146)8u, —o[(n+2)/n]1124 ny?
&(14K)80r, —u[n/(n+2) 1124 ,.7

—w(1 —x)a,,:',._.w(n+1)c,d

[~ (1+@wrut-(0—r) (1--1)80r, -0 ]Ca?

[—(+w)dwrot (@—K)8u, —w]Adni”’
[—(1+w)bwo— (0—r)8y, —o]dn’

(T VR P —pR v | 1) =87 78mmdereP W' M TmZ' 0’k | 74®5—§® Y| nM I mZex)

M=0,2=1 M=1,2=1

w(14K)dur, —Gn’

@ =K)8ur, o(n+1)Col

w(l —K)aw/,_h,A n—l"
—w(1—k)8yr, 0wl

n=n'y M=M'%1, or n=n"d=1, M= M'. Therefore the
basic structure of coupling is not changed by general-
izing the kernels. We will henceforth consider only
scalar exchange kernels.

C. Perturbation Expansion

Now because of the symmetry breaking the various
types of O(4) amplitudes found at {=0 will be coupled
together. This includes the parent amplitudes, n=x'=J,
and an infinite number of daughters, »'=J+%,
n=J+X; X, ¥'=1,2,3, ---. But since the coupling

coefficients are of order 4/¢ or /, a perturbation expan-
sion is possible. Only the equation for R** has a in-
homogeneous term, so from the coupling between
amplitudes we see that R*'» « (¢/4m)!»—'1/2X R*'», This
shows us two things. First, to have a parent amplitude
R", n=J, accurate to order (¢/4m)% and only 2 non-
diagonal amplitudes need be included, the amplitudes
R, n'=J41,--- J+2%. Second, in the expression
for a partial-wave amplitude as a sum of O(4) ampli-
tudes, Eq. (6.4), the sum over X (after replacing # by
J+X) converges uniformly in J and #’ for ¢t<4m?.
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There is also coupling from the M =1 to the M= —1 5% ;» % 32 2
amplitudes. Actually, we expect this since neither is an iﬂa Z?T:;f r—.??:? % s <
eigenstate of parity. Parity transforms a state of M s mEE 13 & §S§ =% g
into one of —M. When we were defining states in .,]L‘_T_ ?X“g ST AN
Sec. III we could have made eigenstates of parity from =2 T T ;: ! Js :
the M= 1 states but at that point it seemed that we 5o
had already made more than enough changes of basis. fi‘ LS - 2 2
So now we take the equivalent step by adding and gl §:§HA§ _ < &G ., 5+ s
subtracting the integral equations to obtain equations g L, SSEFaE z eIxz E 0%
for (RM=14R¥=1), (The equations are unchanged at '25 @XQ%XL’] & =52 £ 870
t=0 since there R¥=! obeys the same equation as ‘=7 :l*\/ Z i § "Is |
RM=1)) Because the two different combinations have %ﬁ\ - b
different parity they will couple to different amplitudes; .« & 3 s
thus the two Regge poles, degenerate at /=0, will split 3 LR i Z
as ¢ increases from zero. ~5 S FY o £ o i

Parity and particle interchange diagonalize the BS :%E g 2% & 5{5"’ 5
equation so there will be four separate sets of coupled o s ! +1 21
equations. Since the eigenvalue of g depends on (n—J) I s e
the parent and even daughter amplitudes will be in a §§ - o .
different set than the odd daughters. In terms of the = - - £ i gz
0(4) types found at ¢=0, Table I, the four sets are §5 § o2 o o - im -T-gi'?g%)('s—'
(“¢” is for % and &’ even including the parent, and “0” 7 3 E% iF 2 Fgo g Sz 5
for K and &’ odd): :é‘;: roos T 5 3 " 7

(a) II(e), I11(0), V(0), and VI(e) which will contrib- :;2: s £
ute to the parity-conserving partial-wave NN state | ), 5w 3 -

(b) II(0), III(e), V(e), and VI(o) which will contrib- EE ;; ,_.;? T ! :
ute to |0), g 22 2fdn fYF ER ¥

(c) I(o), ITI(0), IV(e), and VI(e) which will contrib- 3 J 8 2% 2AsT § 0% 9 @

. S 8 + 1 I N g
ute to no mass-shell amplitude, and =7 = bog !

() I(e), I11(e), IV(0), and VI(o) which will contrib- 23
ute to [1) and |2). %IQ oL ::
In types IIT and VI, the combination of =1 and EE & % ihéj ?;? g§ g SF
M=—1is chosen which has the same parity as the & § ‘3;&55 SE 5% 5 SIS
other O(4) states in the set. Since we are considering the g 4! POT g sx
pion trajectory we only display the equations with the 8 - = !
pion’s parity and charge conjugation. The equations =N 2 3 2
are of the form g0 3 2% . o~

BB si0Sint of i3 7 I3F
RT’T"FT”T=_BT'T_'_/RT'T"BT”T‘ iét ;’%uar%uT -—f§‘ §;§ 2 é;é
We write this as o i‘ E b =
I
RUYHY'T= _ BT :m‘l:.i 2 2 o
Rl vy 0% i +3
where H is the operator (F— /'B). Table IV is the part & :2 & 5'.:';: 2o ] S iF
of H containing all the parent and first-daughter ampli- =2 || :S2382 g 2 ags
tudes which contributes to the (0| f|0) partial-wave  §= g, ot ! \?
amplitude (i.e., the pion). :’G;JL & =

We will not explicitly solve these equations but rather ~ g™'g
will use the ¢ and J dependence of the nondiagonal ;@‘E - S N
terms to infer the ¢ and J dependence of the residue of 2 + 5 ¢ g ¢ S
the pion trajectory. 3 ;ﬁﬁ F j:\‘ o L

q = S = > B 2 3
D. X’s for %0 T$§ (A S TR S SN

Finally we need to calculate X T for #50 to determine :J‘ & j ? :* e i:F é M:' ;E:
how these amplitudes contribute to partial-wave ampli- =T ST £
tudes. As for the case of =0 we use Eq. (A3) for #, éi? & é 52'/ X

ua(%k'*_Pr)\l) = (1/\[2‘> 5),,)\1%0(%0,71#1,0,0,0) y a= (T,p) a DSI - = d
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but here ¥, is not the boost angle of p but rather the
boost angle of 34+ p. For the second “nucleon’” we have

uﬁ( k— P;)\2) (1/\/_) 539—)2%0(@;0 l‘pZ)O 0 0) ) ﬁ (t T)

where 2 is the boost angle of 32— . Putting this all
together in (Zuu) we get

Z*un= D7 (£,0,0) X T(tA1,)2) ,
where
XT(tN1N)
=3NzMd ™M )C(F, 3, Z; N, — Do)
X3 e=il—D—tat-0l5, C,

Tt

A=X— g,

(7.3)

The angle ¢ is still the boost angle of p and for equal-
mass scattering in the center-of-mass system must be
3m. The angle ¢ is defined by

cosy1= (kstpa)/ |k+p|

and, evaluated on the mass shell for equal-mass particles
in the center-of-mass system, this is #/2/2m. The cosine
of Y5 has the same value. As ¢ — 0 we know thaty;— ir
and ¥, — 3m; this gives

cosy1= cosyo=12/2m

siny; = —sinyo= (4dm2— )12/ 2m.
Using these, we find that

XT(t))‘I;RZ)

= (1/V2) Nz d ;5 (3m)C(3, 3, Z; M1, —Ne)
' (dm2— )12
X I:— 12)‘26m—<6x)‘1.h+ 6&)\1'—)\2—————->
2m

1/2
+ 6Q+EK>\1,M——] . (14)
2m

For all the d’s used in these equations
dyon @0 (37) = (— )T HMEIR g, (0,00 (L)

[see Ref. 7 (App.)]; thus to calculate X we can consider
two separate cases depending on the sign of (—)*=/+¥,
These are presented in Table V. Using this table we can
determine which O(4) amplitudes contribute to which
O(3) parity-conserving helicity amplitudes. This im-
portant information is included in Table I.

From these tables we see that types IV, V, and VI
C(4) amplitudes can produce evasive Regge trajectories,
i.e., Regge trajectories whose residues are zero at :=0.
T'arent evasive Regge trajectories of this type can occur
only in the singlet, |0) and uncoupled triplet, |«),
states. Dynamical evasion, where the residue of a
Lorentz pole in an O(4) amplitude is zero at t=0, is
possible with type I, II, and III but we do not consider
it-as likely.
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E. ¢ and v Designation of O(4) States

We are interested in the behavior of the pion tra-
jectory near J=0 and of course near {=0. Therefore,
we have written the highest power of J and ¢ of the
matrix elements in Table IV under each of the elements.
We did the same in part b of Table V for the X’s, and
from these two tables we can see a very important
regularity of the J'/#s, When # and J are integer, Z
vanishes unless > J> | M | and #>2> | M |. We there-
fore label O(4) states “¢” or “»” depending on whether
the above conditions are satlsﬁed or not satisfied,
respectively, at J=0. ¢ and » are then the four-
dimensional analogs of ‘“‘sense” and ‘“nonsense” in
0(3). Then we see (Table IV) that the matrix element
between ¢ and » states is proportional to J/%, while the
matrix elements between ¢ and ¢ or between » and v are
regular at J=0. The X’s, which are the projection of
an O(4) state, T, on an O(3) helicity state, | JA\2), have
the following regularity near J=0: An X between an
O(4) v state and an O(3) nonsense state or between a »
state and a sense state vanishes like 4/J, while an X
between ¢ and sense or between » and nonsense is
regular at J=0. From this it is easy to see how the
pion chooses nonsense if perturbation theory holds and
if the pion is |M|=1 at =0 (or any other » state for
that matter). It is convenient to make use of the fact
that the residues of a pole in the O(4) projected M-
functions factor, i.e.,

M™'()= lim [X R™™(P,POFT""(P})]

P,P'»Q(t) T/
Tr () Tx(2)
J—alt)

This allows the residue of a Regge pole in the parity-
conserving partial-wave amplitude to factor

" _7.()7;()
(%If()lj) )’

(7.5)

1, 7=0,u4,1,2

and

v:(t)= % Tr()X*(t3). (7.6)

If perturbation theory holds
Dy(t) = (To] SRS T),

where 1o is the O(4) state which exhibits the pole at
t=0. Assuming the pion trajectory is |M|=1 at =0
means Ty is a » state so that T,(¢) < ## and T',(¢) o< J1/28,
Breaking the sum over T in Eq. (7.6) into two sums,
one over O(4) » states and one over ¢ states we get

vilt) = (012,
o« 1 ,
Thus the pion chooses nonsense, and since the pion’s

conspirator also has |M|=1 at =0, it too will choose
nonsense.

7=sense
1=nonsense.
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Tasre V. X"s for general .

State LS description A

XT for (—)rJItM=1

XT for (—)mIHM=—1

(a) X"(¢,3) in terms of Ny d z5, (3 (37) (called Nd in this part of the table).

I3 1/27]
0 Singlet 0 VZNd53080+0x48*12/2m —iV2N d&z;ﬁw_[a,‘_-i—éﬁ(l ———> ]
2
i 1/2 dm
u Uncoupled triplet 1 iN dazlay_[a,(++ 8,;-(1 ——) ] Ndo510046c—
4m?
t 1/2
1 First coupled triplet 0 —iVZNds zoaw_[ax_+ax+(1 —————) ] V2Nd8z518040c4
4 2
" t 1/2
2 Second coupled triplet 1 Ndbdz18015-112/2m iNddz10 ,,,_I:E,(Jr-}- 6,_(1 -——~) J
4m?

(b) Values of Nz¥M)d ;5,(mM)(17) in the vicinity of J=0

n || = vore
J 1 1 v
J 0 1 v
J 0 0 o
J+1 1 1 v
J+1 0 1 4
J+1 0 O 4
J+2 1 1 13
J+2 0 1 4
J+2 0 0 4

Sense at J=0 Nonsense at J =0
N gmdDg ps(mdD) (31 NzMg g b (A1)
Jl 12 c
0 c
¢ 0
0 c
c 0
0 0
Juz ¢
0 ]1 2
c 0

VIII. CROSSING UNCOUPLED TRAJECTORIES

Although nondegenerate perturbation theory easily
leads to a trajectory that is M =1 at =0 choosing
nonsense at J=0, it is not as easy to find what happens
in a degenerate situation. Therefore it is instructive to
consider a simplified model. We consider the following
equations

S RiéF#=\B#*4\ Y | R#4B#*, i,k=1,2,
7=1,2 7=1,2
1 T
= 8.1
<(sz)1/2 1 ) &0

b= (Bl(oj’t) B“’?J,t)) '

These equations are a model of the n=J, M=1 and
n=J, 2=0, M =0, parts of the equations which deter-
mine the pion trajectory. The superscripts one and two
correspond to these two parts. We have kept the ofi-
diagonal part of F=(T'|S1®S5!|T)« (Jt)!/2, but we
have made the following approximations: (a) We
approximated the three n=J, M =1 equations by one
equation, (b) we suppressed the P dependence of F,
and (c) we set its diagonal elements equal to unity.
In solving these equations it is easier to consider A as a
function of J and ¢ and then once this is found to solve
\(J,t)= constant for the trajectory J=a(t). Now con-
sider the uncoupled equations (i.e., with F12=F12=0)

Ri*(P', P)=\8;1B*(P",P)

+x / Q*QR*(P',Q)B*Q,P), i'k=1,2 (8.2)

then, assuming the equations are of Fredholm type

sy HEVED)

- N (8.3)

where v,* and A\, are, respectively, the uth eigen-
function and eigenvalue of homogeneous equation and
are functions of J and ¢. The v,#’s are orthonormal, i.e.,

/ P34 Py, *(P)v,*(P)= 8.

Suppose that A; ®(J )=, produces two trajectories,
a*(¢), £=1,2 which both have J slightly less than zero
at t=0 and which cross near /=0. Also we assume all
the trajectories determined from A,®(J,f)=2No, u>1
are lower than either of these for all ;< m.2 Then these
other trajectories can be omitted now and inserted later
using simple perturbation theory.

We expand the P dependence of R*(P’,P) in the
eigenfunctions of B*(P’,P),

R*P',P)=2% w,*(P")o,*(P), (8.4

13
where the w,*(P’) are unknown functions which also
depend on J and ¢ Putting Eqgs. (8.3 and 8.4) into the

coupled integral equations and integrating on the right
by Sv.*(P)P3dP gives

ik 1/2 j k 7|
w6700 2 (| i)
¥ (P)  wi*(P)
=N\bix

AR Q)

» J#k, (8.5)
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where

7k
< >= / 2, /(P)v,*(P)P*dP

uly
is a function of J and f. The assumption that the other
uncoupled trajectories are far from those with u=1
and ¢=0 allows the sum over u to contain just the u=1
term. Then dropping the 1 subscript and setting =1
and dropping that superscript, the two coupled equa-
tions are (at A=2\)

(D20 (P)
FADBII2] 1w ® (P) =\ O(P),

()\(2)~)\0)w(2)(P)
FAD(BT1)V2(1] 2)w D (P)=0.

Expanding A®(J,f)—\, in a power series in J and ¢
and keeping only first-order terms gives

A®—Xo)/No=ar[J—ax(t)],

ar()=—crtdut.

In the.coupling terms we approximate A*) by \¢ and
set (1]2)26=0" and then neglect its dependence on J
and ¢ so that we get

(o st mo))=(5)- 9

If the final state were state two instead of state one, the
right-hand side would be

(1)

Even without the approximations made at the begin-
ning of this section we would have two coupled equa-
tions, similar to the above, to solve.20

20 To relax the approximations of this model we must use the
three equations in Table IV as the uncoupled (from the M =0

amplitudes) M =1 equation. Then we have for the uncoupled
equation

% Rii(P',P)Fi¥(P)=\B(P',P)

(8.6)

(8.7)

where

+X /QsdQR“(P’,Q)B""(Q,P), 4,j=1,2,3,

where the three values of the indices correspond to the three sets
of w and « for the M =1 trajectory. Then B(Q,P) can be written as

k !
Bii(Q,P)=[F1%(Q)J* ¥ M[m/z@)]li’
v "
where
> | wi(P)vi(P)P3dP =4,
and [F'?7% is the 7,kth element of the matrix F'/2, and the

eigenfunctions are
2 wM(P)[F2(P) T4,
[

After coupling these equations to the other equations, we use
Ri(P',P) =3 w1 (P")u,}(P)[F/*(P)]%
I

as a solution and get two equations similar to the previous
equation.
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We see the nondiagonal parts of the matrix have the
same J and ¢ dependence, near J=0 and ¢=0, as the
corresponding elements in the (1’|S—1®S571|T) matrix.
Thus if we wanted to study the possibility that the
uncoupled trajectory crossing the M=1 uncoupled
trajectory is a n=J41, M =0, Z=1 we would have a
similar 2X 2 matrix but with #(J)'/2 for the nondiagonal
elements.?! Since we are assuming that one of the two
states in the model is the M =1 state which is a » state
the other must be an ¢ state for the trajectory to have
the possibility of choosing sense. Then the nondiagonal
term is proportional to (67)1/2, 3=1,2,-- -,

The trajectories are determined by the solution, «,
of the equation

D= a0 a—a(t) La—a,(t) ]— (3")28T=0

a,-(t)= —‘Ci‘i-dilf ’ 1= V,0, (89)

where we have replaced the state labels 1 and 2 by the
more informative labels » and ¢. Since the equation is
quadratic it yields two solutions. At =0 and again at
J=0 the two solutions are a=,(f) and a=a,(¢). With-
out knowing the sign of a,a,/(b’)? and whether o,(¢) and
a,(t) cross in the J<O0, #>0 region, it is impossible to
determine anything more about the trajectories. In
Fig. (2) we show the various possible trajectories. We
only include cases where ,(0)>a,(0) since the high-
energy data seem to require an M =1 trajectory to be
highest at /=0.

We find the residues of the trajectories by examining
the solution of the 2)X2 matrix equations. These are

r=a,[T—a,() e (P)e(P')/D,
Rro= (' J1)1 2% (P)oe(P)/D,
Rr=a[T—a ()] (P (P)/D,
Rov=(p'Jt)Y %o (P)v(P")/D.

(8.10)

The residue of the poles obviously factor. If we had kept
the correct P dependence in the inverse propagators we
would find that M on the mass shell factors into equal
factors for initial and final states

Mi=1.T;/(J—a@®). i,j=v0. (8.11)

Examining these residues we see that the vertex func-
tions for the trajectory which at J=0 crosses a, are
Tyocal/? and T',=1 and the vertex functions of the
trajectory which crosses o, at J=0 are I ,«1 and
Ty« /2 Combining this with the properties of the X’s
yields the following: The trajectory which equals
(crosses) @, at J=0 chooses sense and the other one
chooses nonsense. The pion’s position in Fig. 1 is
consistent with this.

The last drawing in Fig. 1 seems the most likely to us.
It has the pion lying on the same trajectory which is
M=1 at t=0. This would agree with the fact that the
vertex function used in the high-energy fits extrapolated

2! This particular choice of an O(4) & state was used to compare
with PCAC in Ref. 9.
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a, & a not
crossing in
J<0, t>0

a, &a,
crossing in
J<0, t>0

Fic. 1. Trajectories from the 2X2 matrix model. Dashed line,
uncoupled trajectory; solid line, trajectory with coupling; circle,
position of the pion.

to the pion-nucleon coupling constant at ¢=m,% For
this case 'y« /2 and T, xa!/2 Then the O(3) vertex
function for the singlet partial-wave state is

o= T\ X7(1,0)4 I, X*(1,0)

=g t+g.e. (8.12)

This causes the vertex function to have a first-order
zero in the vicinity of £=0. This agrees with the photo-
production fit. But the charge-exchange scattering was
fit with a first-order zero in the residue while we predict
a second-order zero (from two vertex functions).

An obvious question to ask is, what is the other
trajectory? We see that it chooses nonsense at J=0,
and so produces no particle. Its O(4) vertex functions
are I'yxal/? and T, « /2 thus its singlet partial-wave
vertex function is

vo=(gotg)(te)'/? (8.13)

so that it makes no contribution to forward scattering
in crossed channels. It does not have a parity-reversed
partner trajectory to contribute to other partial waves
as does the pion’s trajectory above. So it could easily
escape experimental verification.

In the review paper we have shown that for certain
choices of the O(4) state whose uncoupled trajectory
crosses the M =1 trajectory, we get no obvious contra-
diction of PCAC.
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APPENDIX A: DIRAC SPINORS AS
REPRESENTATIONS OF THE
LORENTZ GROUP

So that we will end in the normal Euclidean metric
after the Wick rotation we choose the metric

—1
Ew=g"= 1
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Contravariant 4-vectors are defined by

= (PO,P17P2,P3) = (E,pz,pu,p2)

and covariant by p.=gwp’. Then the mass-shell
condition is

ppu= |plP— Er=—m?.

Much of this Appendix is contained in, or follows
from, Weinberg’s “Feynman rules for any spin’?? and
is presented here only for completeness.

Using the transformation properties under the
homogeneous Lorentz group as a definition of helicity
(or spin) states of a particle we have

ULA][pM)= ; DyTL= (Ap)AL(p) ]| ApN),

where if p%=m coshy, p3=m sinhy cosf, p2=m sinhy
Xsinf sing, and p'=m sinhy sinf cose. L(p)=Rs(¢p)
X Ry(0)B3({) if N’s are helicities, or L(p)=Rs(¢)R(6)
X Bs(§)Ra(— 0)R3(— ¢) if N’s are spins.

We use the normal four-component Dirac fields for
the nucleon. We define the state |p,@) as the state
created by the a component of the adjoint field. We
choose a representation for the fields which diagonalizes
the Lorentz transformation matrices. To use this
representation easily « is replaced by the set (r,0),
r==4, p==431. The r=+ components transform
according to D; r= — according to D%, Thus we have

ULAL|2,(re))= 22 Dy, m(A) |Ap,(7'0")),
where
‘er’pM(A) 0

Do )(A)=< ) . (A1
’ ’ 0 2DP’PO%(A) r'r

Three important properties of the representations are

(1) D¥t(A)=D(A™"), where A is any Lorentz
transformation,

(2) DI(R)=D%(R)= D*(R), where D?isarepresenta-
tion of O(3) and R is any rotation, and

(3) D)= D%(—), where ¢ is a pure boost.

If we express a general Lorentz transformation in terms
of five rotations and one boost by

A( ‘P:gyll;’aaﬁ;')') = R3( ‘p)R?(e)Bli(‘Z)R3(a)R2(ﬁ)R3(7)

and use the last two properties above, we can reexpress
Das

5)(r'p’).(rp)(A) =0, Zﬁ D,/,ﬁ(qa,B,O)
=
X D,,1°(r) Dyt (,By7) E (A2)

Since the Dirac spinors, #.(p,\) are the coefficients of
the particle annihilation operators in the expression for

. 22S..Weinberg,'Phys. Rev.’133,B1318 (1964).
Y )
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the fields we have
|N=E wapN) 0,
10
= (PO
VZ\DULL(P) Y/ -
Next #(p,\) is determined by the equation
g Aa(pN)1ha(pN) = v

Because the representations of the Lorentz group used
to define #(p,\) are not unitary 4.(p,\) is not simply
the complex conjugate of #.(p,\). Instead of unitarity
we use the first of the three properties of the D’s
mentioned previously to reach the definition

1 DRL(p)]

ua(P:)\) —;/—f(gbﬂ)}o*[L(p)])

(o)
DALY

(A3)

A
> (A4)
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We have fixed the representation of the Dirac fields
by specifying their Lorentz transformation properties,
and, as a result, the representation of the Dirac matrices
is now determined. From the Lorentz transformation of
the Dirac equation we know that

DAy DA =742,

where D(A) is given by Eq. (Al). We next show that
for our choice of representation this is satisfied by

pE'Y“PM?‘T'p“"YOPO

SD(A)'Y"PnZD(A_!) =yrASpy= 'Y“(AP)# ’

(go%:)(A) Sof(A))(iDM[z(?)y iD*"[i(P)]?)(SD"’;A“)

X

Now considering only the upper right element and
using the fact that L(p) is a pure boost so that
DI[L(p)]= DU L(p)] we have

DI(A) DILL(p) JDULL(p)]DHA™).

Now L~1(Ap)AL(p) is a pure rotation, called R,, so that
our element is
DI[AL() JDH R DH(RwW) DULL(p)A™1]

= DYLL(Ap) 1DU[L(AP)]

= DY L(Ap)]2. Q.E.D.
Of course we have not established that our choice of
normalization is correct. To see that it is we consider
the anticommutation relation

vey'+yye=2¢"1.

From Eq. (A5) and taking p at rest we find that

0 I
70—_-_1'( > ’
I 0

which has correct normalization to satisfy the anti-
commutation relation.

Since % is invariant under proper Lorentz trans-
formation, that is, it obeys

DDA ="

(A6)

5 0 DI[L(p) I
- ﬁp[:o"*[L(p)Jz 0 ] - 8
where  L(p)= Ra(¢)R2(8) Bs(¥)Ry(—0)Rs(—¢)  and
Pi=—prp,
Proof:
0
.y
0 DI(A) DULL(p) PO
DO(A) DULL(p) PDR(AY) 0 ) '

and is normalized by y%y®=1, and is different from the
identity, it is (to within a sign)

I 0
"o 1)
0 —I
The Dirac equation for spinors is

(6p+m)u(p)=0,

where b is a constant determined by our choice of the
metric and the normalization of ¥°. For a particle at rest

1 /a
300
VZ\a

Eq. (A3), where a is a 2-component spinor depending
on the helicity. At rest

b= —;b"v"=i1n(0 I)
I o

and hence b=14. This gives for the inverse propagator
S p)=ip+m (A8)
and for the propagator
S(p)=—ip+m/p>+m?, where p*=prp,. (A9)

(AT)
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We note also that since a particle at rest has

A
w=—\ ),
V2\a

and hence an antiparticle at rest must have

the intrinsic parity (or particle-antiparticle description)
is not diagonal. In fact, since ®u(p°)=~%(p") we have

@lpo’(rp»: |P0)(_7P)> .

We can construct a new basis which is diagonal in the
intrinsic parity, #, and use 7 to label this basis, thus

®|p,0)=n|®p,mp) .

Then the transformation between the two bases is

IP;"?P>=Z CﬂflP:(’P» ’

1/1 1
c,,,=——< ) .
va\1 —1/,,

To see how to change an antiparticle line ina
Feynman diagram into a particle line, consider the part
of a 2-rung ladder diagram (box diagram) drawn in
Fig. 2(a) and the following expression for it:

(—p—k+im)
(p+k)*+m?

(A10)

9(p )T Av(g,\).

Now since
v(Q) = G_ldT(Q) 3

u(g)= €™7(g),
and
CkCl=—k,

where @ is the charge-conjugation operator,? it is
possible to define new vertex functions so that one may
use the Feynman rules for a particle line. Let
T¢=CI'TC™! and A¢=CAC™. Then the following
expression for a particle line (Figure 2b) has the same
value:

(b+k+im)
o+Ey+m?

Since the vertex functions are invariant under the total
(meaning all three particles) operator I'¢=5¢T', where
n¢ is the eigenvalue of the exchange particle under: €.
Thus we may use the Bethe-Salpeter equation for-the

ﬁ(Q)A,)A PO“(PJ‘) .

Cyp O

2 In the (r,p) representation Cqvp), (rp)= 0 —C ) ’
o'p/ 'y

0 —
where C~(1 0).
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TRAJECTORY OF

(o) ANTI FERMION LINE

(b) FERMION LINE

Fi1c. 2. Replacing a fermion line in a Feynman diagram
by an antifermion line.

scattering of two nucleons if we change the sign of the
Born terms and kernels of odd-C exchange particles.
(If we included isospin, we would change the sign for
exchange of odd-G particles.)

APPENDIX B: O(4) PROJECTION FOR
NONZERO ENERGY

In this Appendix we present an alternative way of
understanding our O(4) projection for nonzero energy
®).

We start by presenting the invariance (actually
covariance) of the scattering amplitude to a general
O(4) rotation, g. This follows from the Lorentz covari-
ance of the amplitude before the Wick rotation.

TM’M’ -MM(P”P:k) = Z D)\l'm’i[Rw‘](g: %k‘l'?'):l

w1p2pr’ pa!
X D)\z’uz’il:R_l(g’ Skh— P,)]Tlu'uz’ mwz(g?,:gp’gk)

XDmMé[Rw(g: %k’}‘P)]DﬂzM*[RW(g: %k_‘?)] ’ (Bl)
where ’
Rw(&i’) =L (gP)gL(P)
and D? is the normal J=% representation of the O(3)
rotation [or SU(2)] group.

One way to consider this equation is in the Hilbert
space of two particle (asymptotic) states. Then the
operator I" which transforms the state before scattering
into the ‘state after ‘scattering commutes with the
unitary operator of an.O(4) transformation.

Ug)TU(g)=T.

Eq. (B1) is a matrix element of this equation,
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The two-particle states, with £ and p the total and
relative momentum, transform under an O(4) rotation
by

U(g) [kphide)= 3 Dup*[Ru(g, 32+ p)]

p1p2

X DM2)\2%[R"J(g1 %k_ P):] I gk)g?)ﬂl)”'2> .

For comparison we write the O(4) covariance of the
M amplitude

Mg ,ap(p',p,k) = Z;& Dary (g7) Dprar (g71)
vy’ 88’

(B2)

XMoo 380" 80:8%) Dia(g) Dpalg) ,  (B3)
where D, the O(4) representation to which the Dirac
field belongs, is given by Eq. (3.4). M also can be
considered an operator in a Hilbert space and this is a
matrix element of the operator equation

U gMU(g)=M.

But now the Hilbert space is different. We call this the
spinorial space; it is actually the space of field com-
ponents. A two-field ket in this space transforms
according to

U(g) | kpaf)= Zﬂ Do) Dprs(8) [ ghrgp ! ). (B4)

We will show later that this transformation law is more
convenient for our use than Eq. (B2). But first we need
to determine the properties we want our O(4) projection
to have.

In the BS equation % is held constant while the inte-
gral over p covers all of four space. And in the partial-
wave projection the final relative momentum p’ varies
while % is fixed. Thus, we need an O(4) projection which
keeps % fixed.

A particularly useful form of the partial-wave
projection for us is the “transformation to the angular
momentum basis” one would write if he did not know
that the rotations commute with 7" It is

<]Im’)\1’)\2, [ T I Jm)\1>\2>

1
=—— [ dR\ Dy’ (Ry) / ARy Dy”*(R>)

64rt
X (k‘i’P,;)\l,:)‘?’l U_—I(RI)TU(Rﬂ) ,k47p’)‘13)‘2> )

where the integrals are over the O(3) rotation group.
(Since the rotation operators do commute with 7" we
have

<]'m')\1’7\2/ | T [ TmAihe)= 877 Omm Prayng! .)\1)\2',) .

We need a transformation to an O(4) basis, like the
above, but with the O(4) rotation operators operating
only on the relative momenta and on the spins, but
not on .
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By comparing Eq. (B2) to Eq. (B4) we see the
superiority of the spinorial Hilbert space; it can be
considered the direct product of two Hilbert spaces,
one containing % and the other p and the two field
indices. Then

|k:P,a»ﬂ)= lk>® l?,aﬁ) )

and we let
Ulg)=Une)®Ux(g),
such that
Ug) |k)= | gk)
and

U»(g)| p,08)= Zﬁ Dara(8)Dpr(8) [ 82,0/,8')-

IQU,(g) is then the operator we need for the O(4)
projection. Since it is not possible to make a similarly
simple decomposition of the two-particle Hilbert space,
M instead of T is the “natural” function for the O(4)
projection.

We can reformulate our O(4) projection in the
| p,0,8) space by defining M (k)= (k| M |k). This is an
operator in the |,0,8) space which does not commute
with U,(g). In fact

Uy M (k) U,(g)=M(gk).

Since it does not commute with U,, the operator used
in the O(4) projections, M (%), will have nondiagonal
O(4) matrix elements.

APPENDIX C: UNEQUAL-MASS FERMION-
ANTIFERMION SCATTERING

In this Appendix we outline the generalization of the
paper to unequal-mass scattering. We will call this
baryon-antinucleon scattering to give different names
to the two particles. In the summary paper? this scat-
tering was used to investigate pion-nucleon s-wave
scattering. If the baryon is assumed to be a pion and a
nucleon in a relative s state the baryon-nucleon-pion
vertex is the pion-nucleon s-wave scattering amplitude.
In this particular case the baryon has the opposite
“intrinsic” parity than the nucleon.

Because of the unequal masses, C, no longer is a good
quantum number in the neutral baryon-antinucleon
system. Hence the singlet partial-wave state, |0), and
the “uncoupled triplet,” |«), are coupled and there is
a new partial wave amplitude, (0| f|#). This manifests
itself in the BS equation (using baryon-nucleon for-
malism) by not having I invariance. So for ¢£0 there
are two instead of four disjoint classes of coupled
integral equations. Even at {=0 there is coupling
between the O(4) types. Type I and IV couple, as do
II and V and also III and VL

The kernels of the O(4)-projected BS equation do
not change in any important way.



176

0(4) SYMMETRY AND REGGE TRAJECTORY OF PION

2073

TasiLe VI. X’s for unequal-mass NN states. Here d i1 @) =d i ™M ) £d g1, 10 @), 7(8) = Qmid+2ma2— 1)1,
P@t)=[t— (m1—m2)?172, and N (¢) =[ (mi+m2)2—£]'/2, A=m2—m,?, and G=PN.

State X (¢ MN2) X 2(myme) /2
(a) X’s in terms of NzmM)d ;5 (M) (W)
my—ms my+ms
0 V2N 3 Mg r30 M) (Y) | 8208wy P (1) (5x++5x_ — 383180V () Sxqt0¢—
o 7(®)
1 my—me my+me
% —N, Mgz S d M ()P ()| 8y + 8- ) +180-d i M Y)N ()| ey + 86—
V2 ) 7(®)
my—ms my+me
1 VIN 3 g5 rodD (Y| 831804 P (£)] Sxt8u — 383080 N ()| 8ept8,—
() 7(t)
1 my—ms ‘WL1+WL2
2 —N,®M851| 8uidrins W) P ()| der A8 |+ 88u-d 1D YN ()| 8¢ +8i—
V2 7(2) 7()
(b) N(mMd ;5 M) (y) in the vicinity of J=0
T
n M| = voro Nz yg 3 () Nz y3, (0¥ () Ny pgy 030 ()
J 1 1 v Inicr /G A/G c
J 0 1 v AT /G Ti12/G 0
J 0 0 T c 0 0
J+1 1 1 v AJ2)G (cA2—G2) /()1 2Gr A/()V2r
J+1 0 1 T (cJA2—G?) /(H)12Gr I2A/G 0
J+1 0 0 o A/ ()12 0 0
J+2 1 1 v N2(cA2—G2 /)G (cA2—G)A /IGT? (cA2—G?) Jtr?
J+2 0 1 a A[cJ (A2+EG?) — G2 /tGr? (N2 (cA2—-G?) /)1V2Gr 0
J+2 0 0 I (cA2—G?) [tz 0 0

The inverse propagator is changed by the introduc-
tion of two new terms, both proportional to the mass
difference. They are

F(ma—m )T’ | pQI+IQp| T)
and
T(VOme—m) (T | v* @ T—IQ7*| T).

mlz—mf
sy = )
[l(2m12+ ZM22— t)]“2

t+m12—m22
cosyy=——"——,

2m1\/t
t—mi+-ms?

cospp=——
27ﬂ2\/t ’

These are the terms that provide the coupling between
the different O(4) types.

But the most important change produced by the
generalization to unequal masses occurs in the calcula-
tion of the X’s. Equation (7.3) for X(¢,\i,\e) is still
valid but the angles in it have new values. The mass
shell constraints in the center-of-mass system yield
(see Ref. 7)

NP
T Limet 2me— i)
NP
2miN/t ’
—NP
2man/1 ’

siny

(C1)

siny;=

singbz =

where N =[(mi1+ms)2— ]2 and P=[t— (m1—m,)?]"/2 Using these in Eq. (7.3) gives
Xt Ng) = (1/N2) N5 d g5 M @)C(3, 3, 2501, —Aa, )

X I:/L'—zmaw_
2(m1m2)1/2

+ B

(6:(7\1 ,)\2+ 6;(7\1 »—Ag

mit+ms )
(2m2+2mq2—t)1/2
P

2(1%17%2)1/2

mi1—Mms

. (C2
(2m12+2m22—t)”2>:| ( )

<6K)\1,)\2+ 6x)\1.—)\2

From this we calculate the X’s which are presented in Table VI.



