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Gribov’s approach is used to investigate the asymptotic properties of production amplitudes. When it is
applied to an analysis of double Reggeon exchange, the results of previous authors are confirmed. In particu-
lar, it is verified that the amplitude fa,e, for the coupling of two Reggeons, a; and as, to a particle (of mass
M) depends not only on the masses g2 and ¢»"2 of the Reggeons, but also on g3"2= (¢’ — ¢2’)% (Primed vectors
are spacelike and perpendicular to the incident beam.) On the basis of a diagrammatic model, the depend-
ence of faje, 0N g5 is elucidated. When M =m,, a strong variation of fa;a, throughout the physical region
is expected. The same approach is applied to an analysis of a Reggeon triangle graph. Gribov’s rules are
found to apply provided that certain extra factors are included in the integrand. Because of these factors,
the Reggeon “Ward identity” suggested by Anselm and Dyatlov no longer holds. The analytic structure
of the corresponding double partial-wave amplitude is investigated. It has ordinary two-Reggeon singu-
larities in each angular momentum separately, together with a leading curve depending on both variables.
For the triangle graph, it turns out that the leading curve determines the asymptotic behavior, which is
of the form s7/Ins, where the exponent J depends on ¢;”2 as well as on ¢1"2 and ¢»"2 This type of behavior
has no analog in two-body scattering, and it would be of interest to identify such behavior experimentally.
Finally, it is pointed out that underlying the definition of the approximate double partial wave used in
this paper is the asymptotic simplicity of analytic structure in energy variables of the production amplitude.
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1. INTRODUCTION

ECENTLY, Chan, Kajantie, and Ranft! have
shown that a double-Regge-pole hypothesis sug-
gested by Kibble? and by Ter-Martirosyan?® can be used
to provide a reasonable fit to the data for such processes
as mtp — wtn%p. Bali, Chew, and Pignotti*® have shown
that an extension of Toller’s work® provides a plausible
basis for generalizing the multi-Regge-pole hypothesis
to arbitrary production amplitudes. The asymptotic
form for production amplitudes that emerges from this
work appears to be consistent with calculations of
Polkinghorne’ based on perturbation theory and with
the results of Gribov’s Reggeon calculus.®?

In the case of two-body scattering, it is well known
that the asymptotic behavior of the amplitude is in-
fluenced not only by Regge poles [Fig. 1(a)] but also
by Regge cuts resulting from the exchange of two or
more Regge poles [Fig. 1(b)]. Similar remarks apply to
production amplitudes. The simplest multi-Regge-pole
contribution to the process

14-2— 34445

corresponds to Fig. 2(a) and the most straightforward
types of correction are shown in Fig. 2(b). In addition,
however, these are effects associated with the Reggeon
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triangle graph of Fig. 3 and with similar, more com-
plicated graphs

In Sec. 2, straightforward multi-Reggeon exchange is
examined, using Gribov’s® approach. Some of the
properties of the amplitude for coupling two Reggeons
and a particle are examined in Sec. 3. Gribov’s approach
is applied also to the triangle graph in Sec. 4, and the
resulting analytic structure and asymptotic behavior
are considered in Secs. 5 and 6

Of course, the observability of effects due to the
Reggeon triangle graph depends on the strength of the
singularities with which they are associated. At present,
just as in the two-body case, these are unknown. How-
ever, these effects have no analog in two-body scatter-
ing, so that their observation would be a striking
encouragement for the relevance of a Reggeon calculus
along the lines proposed by Gribov.?

2. DOUBLE-REGGE-POLE GRAPH

The double-Regge-pole graph [Fig. 2(a)] has pre-
sumably already been considered, using Gribov’s
techniques, in a paper by Anselm and Dyatlov (Ref. 3
of our Ref. 9). However, the work is not yet available,
so that for completeness and to establish notation the
problem will be reconsidered here. The Feynman
amplitude, the asymptotic behavior of which is given
by the double-Regge-pole graph, is shown in Fig. 4.
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F16. 1. (a) Regge-pole exchange; (b) two-Regge
exchange giving rise to cuts.
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Fic. 2. (a) Double Regge-pole exchange; (b) multi-Reggeon
exchange in a production amplitude.

The blobs 4y and A, correspond to complete off-shell
scattering amplitudes.

It is convenient to define the following momenta and
invariants:

Q1=p1—ps, Q2= ps—Pa,
s=(p1+p2)*= (pst+patps)?, 1)
sss=(pstp5)?, Sis=(patps)?,

so that ¢;® and ¢,® are the momentum transfers to be
held fixed while the energy variables s, s35, and su5
become infinite.

In the manner of Gribov? it is assumed that the most
singular behavior of the scattering amplitude 4, occurs
when ¢,® and the scattering masses %2 and (k+g¢1)? re-
main finite and the “energy” 2p;-& becomes infinite.
The Regge hypothesis then implies that the important
part of 4; can be represented for large positive energy
by

A1=g1(q12)G1(g12, 2?1'k)g1(912, k2: (k+91)2) ) (2)
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where

1
G1= —;fdjléjlcl(jbqlz) (2?1 k)jl ’ (3)

and the ji-integration contour lies entirely to the right
of the singularities of G1(71,¢1%). The signature factor is

&, = (e7imi4-71) /sinm 1, 4)

where 71 is the signature. The large negative-energy
limit is obtained by making the replacement

(2p1-R)1t— 71(—2p1- k)

in Eq. (3). Simple Regge behavior comes from a pole at
F1=ai1(q:%). Fully enhanced® multi-Reggeon effects come
from other singularities of Gy. Similarly, the important
part of 4, can be written

Ar=gs(q:2)Ga(g2?, —2p2-k)gge?, k2, (k+¢27), (5)
where

1
Gi=—— f FaGaling®)(— 20, (6)
1

Assuming for convenience that the masses of all lines
are equal to m? the Feynman amplitude of Fig. 4 is
given by

d*k A14.

B(s,535,545,91%,q2%) = —

In order to investigate the behavior of B for large values
of the energy variables, it is convenient to follow the
Sudakov!® method, as suggested by Gribov,® and define
momenta

pi'=p1— (m?/s)p2,
Do’ = pa—(m*/5)p1,

such that pi/2— $,2— 0 as s— ». The loop momen-
tum % may be resolved into components in the plane of
$1 and p» and perpendicular to it. That is,

k=ap/+Bp/+F, ©

where &’ is a two-component spacelike vector perpen-
dicular to p; and p.. For large s,

dh=1|s|dadBd?F’ .

®

(10)

Fic. 3. Reggeon triangle graph.

£

V. V. Sudakov, Zh. Eksperim. i Teor. Fiz. 30, 87 (1956)
[English transl.: Soviet Phys.—JETP 3, 65 (1956)].

1
(27r)4/ (B—m2+ i) [ (h+qr)2—mi+ic ] (b+ o) —mi+ie]

Q)

The momentum transfers may be similarly resolved:

Sa5—m? Ss—m?42q,?
Q= (P1+P2)+—W(P1_P2)+q1',
S35—m? S35—m24-2g,? an
@=—— (P1+P2)+W(P1—P2)+Q2'-

If particle 5 has mass M, then the mass-shell condition
(q1—g2)*=M? (12)

implies, for large values of the energy variables, the
well-known result

335545=15, (13)
Ps
BF% L e
(2
P P2

F16. 4. Feynman diagram giving rise to double
Regge-pole exchange.
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where

1=M*—(q/'—q), (14)
and consequently that, in this limit,

=g, ¢’=¢". (15)

It follows that when s35 and s45 are large, so is s, and
therefore
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2>aBs+k'2,
(k+q1)*=aBs+ass+ (B +q)?,
(k+q2)*=2aBs—Bsss+ (B+q¢2")%. (16)

On substituting these relations into Eq. (7) together
with the asymptotic form for 4; and 4, [Egs. (2) and
(5)7], the leading contribution to the production ampli-

2k p1=2as, 2k-ps=Ps, tude is found to be
1 2
B= (_E) £1(91)g2(g2"*) / d51d 285G 1 (1,91 Go(52,92) Biuia(1 02 1535,545) 5 17
where
s
Busm o0 [ B e, (a0 B, ()
T
s |[Bs | 2[8(as) == 0(—as) JO(—Bs)=E=0(Bs) ] 18
(afs+E"—m)[aBs+asis+ (B'+g1')2—m?Lafs—Bssst (¥ +g2)*—m*]
the = signs being determined by the signatures of the trajectories. Putting
asis=n'%, Bsss=n'lYy, (19
it follows that for positive s3s, s4s,
Bijijy=ss5"s45" f1,35(q1',9%) » (20)
where
— x| 7| y|2[0(x) £ 0(—x)][6(—y)0
P S P 131 #[0(2) £ 0(— %) [8(—=5)%£00)] o
2(2m)* (ey+k2—m®)[wy+n'lat (B +¢ ) —m* ey —n'y+ (' +q2)* —m?]

The asymptotic behavior of B is then
1 2
B=g1gz(—~;> f d j1d j25s5"S45"6 561
i
XG1(71,91)G2(52,92"%) fnin(g1',q2) -

The limit for large negative s35 is obtained by making
the replacement

(22)

S35t — 71(—535)7,

and similarly for large negative s4s.

When G; and G have, as their right-most singu-
larities, poles at j1=a1(¢:'?) and j2=as(gs'), then the
leading asymptotic behavior is

B~ 185351545 faa(@1?, 422, (@' —@2)) . (23)
This result agrees with the conclusion of those authors
mentioned in the Introduction. In particular, as
emphasized in Refs. 1-4, fo,a, depends not only on
thi=g'? and t;=¢."?, but also on ¢5"?=(¢g/'—¢y)* In
Ref. 1, this latter dependence is reduced to one on an
azimuthal angle in the rest frame of particle 5.1* It is
also possible to interpret this dependence as one on the

11 See Eq. (15) of Ref. 1. In this paper, particles 4 and S are
interchanged relative to the conventions of this reference.

angle ¥, between the production planes of particles 3
and 4 in either the lab or c.m. frame. That is,

cosU=gy"- g’/ (tita) /2. (24)
This follows because, of course, —g:’ and ¢.’ are the
components of ps and ps transverse to the incident
beam.

The dependence of the production amplitude on this
variable is considered in more detail in Sec. 3.

Finally, note that Eq. (22) and related equations for
negative values of s35 and 545 imply that asymptotically
the analytic structure of B is simply the product of the
s35- and sy-complex planes cut along their real axes. Of
course, complicated structure and overlapping cuts
may still exist at finite values of s35 and s This
property of asymptotic simplicity of analytic structure
exists for more complicated diagrams and is essential in
permitting the definition of an approximate double
partial-wave amplitude in these cases.

3. BEHAVIOR OF THE TWO-REGGEON
PARTICLE COUPLING

The dependence of fua, on ¢s® may be crudely
estimated by examining the singularity structure at
n=0. In order to do so, it is convenient to write Eq. (21)
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in the form

where

F(w,u,v)=

If reasonable assumptions are made about g; and g,
namely, that they are analytic in the planes of their
variables cut along the positive real axes, then F(w,u,7)
is analytic in the #, v, and w planes cut along the real
axes from m? to infinity.

Equation (25) can be written
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Jarag=ryHlerted f dady |||y | =[6(x)26(—x) J[6(— )£ 0(y) IF (xy, xy+n'x, xy—n'l?y), (25)
—i / @k gi(qr?, wtk?, ut (' +91))ga(ge"?, wtk, v+ (k' +g2)?) (26)
@2m)t) (kR 2—mr+id)[ut (' +q!) —m+iel[o+ (F+q ) —mP+ie]
that the contributions from infinity are zero) is
faxazz"?_%(aﬁaz)f dxf dy Xy
0 0
X[F(—=xy, —ay+n'lx, —xy+n''2y)
+ (T1T2"“ ei”‘"rg— Ci"a2T1)
XF(—xy, —xy—q'lx, —xy—n'?y)].  (28)

o0 00
famz: n—%(a1+a2)/ dx/ dy xeryes
0 0

X[F(—xy, —xy+ntlx, —xy+nllity)
+71F (xy, xy—ntx, xy-+q'/2y)
+7oF (xy, xy+ 02, xy—ntlty)

+rimoF (—xy, —wy—n''%, —xy—nt2y)].  (27)
The last contribution to the integrand is the simplest
one, since its singularities do not enter the integration
region. The second contribution can be put in the same
form by noting that for fixed (real) x the analyticity
assumptions made above, together with the e prescrip-
tion, permit the y-integration contour to be rotated
anticlockwise through 180°. A similar analysis applied
to the third contribution shows that for fixed (real) y
the x-integration contour may be rotated. The distribu-
tion of singularities does not, however, permit the first
term to be treated in this way. The result (assuming

2
us-m

FV

W=-m’

y=-m*

Fic. 5. Integration region and singularities in the (%,9) plane.

As indicated above, the first contribution to the right
side of Eq. (28) is the more complicated and will be
discussed in detail. The second may be dealt with in an
analogous fashion, and only the results are given below.

The motion of the singularities of the integrand in
Eq. (28) makes it difficult to analyze the behavior of
fara as 7— 0. It is convenient, therefore, to change to
integration variables that render this motion un-
important. For the first contribution in Eq. (28),
convenient variables are

w=xy—n'l,

(29)
v=xy—n'%y.
It follows that
w=2xy=3%(u+v+9+£+K),
x=3@—utnt~K)/n'?, (30)
y= 3ot/ K) /0,
where
K=K (u,0,n)= (u-+tv+n)*—4uv, (31)

and K =0 yields the parabola P, shown in Fig. 5, which
touches the # and va xes at (0, —y) and (—n,0). The
Jacobian of the transformation is

J=0(u,0)/3(xy)=vK. (32)
The singular curves are
u=—m?,
v=—m?, (33)
and
w=—m?,
that is,
(u+m?) (v+m?)+ nm?=0. (34)

These curves are shown in Fig. 5. The attached cuts lie
in the negative # and v directions.

When the + sign is chosen in Eq. (30), the integration
comprises the three quadrants in which either # or v is
positive, together with the hatched region shown in
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Fig. 5. When the — sign is chosen, the integration
region comprises only this hatched area.

As n—0, the only motion of the singular curves is
that of the hyperbola [Eq. (34)] which coincides with
its asymptotes [Egs. (33)]. The e prescription guaran-
tees that no pinch of the integration contour occurs. It
follows that the relationship of the singular curves to
the integration contour does not change significantly
as p—0.

The contribution from the hatched area can be most
simply estimated by noting that it corresponds to the

dudy
| gl e VR I vt VIR (=, =, =),
)'D;n

the integration region being the above-mentioned three
quadrants. Equation (36) may be written

f uuuu) =y / dudv
u2e VK
X[%(u——v—l—n—{—\/K)]“?““lF(—w, —u, _7))
udy

d
+n“"‘/
>u VK

x[‘%(v—“_"'ﬂ'*-\/K)]al_azF(_w, —u, —1}).

G (utv+9++vK)]n

[ (u+v+9++/K)]=

(37

Sagaa D=7y f dudy ur(u—v)er-a1F(—w, —u, —y)+g /
uZvte v
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box 0L x< 2, 0K y< 7’2 in the (x,y) plane. Hence,
for small 4 this contribution is given by

7l/2 n1/2

dx x4
0

dy y*
nF(0,0,0)
(e (14a)

pierted F(0,0,0) f
0
35)

The singular contribution to fa,«, coming from the first
term in Eq. (28) is therefore

(36)

This equation does not yield the behavior of faa,
immediately, since, when a;>a, the first integral
diverges as n— 0 because of a singularity on the line
#=9, When «2>a;, the second integral diverges. The
difficulty can be overcome, however, by dividing each
integration region thus:

uwZv—u2vtc, v+ccu>v;
vZu—v2utc, utc2v>u.

For small 4, Eq. (37) becomes

dudv v2(v—u) =2 F(—w, —u, —p)
Zufe -

* ot dz
—ag a1 - 1 2 12N as—a1 B — —_— —
+7 /0 duu /; T (3[z+ (3> +4un) 2 ]} =t F (—u, —u, —u)

o ctn dz
+’7'°"f0 dv W"‘”/ﬂ W{%Eﬂ' (+4vn) P Iy es=aF (=, —v, —v), (38)

where the substitution z=(v—#-+n) or (u—v+1n) is
made as appropriate, and ¢ is chosen sufficiently small
that #=v is a good approximation in the third and
fourth terms. In addition, n has been taken equal to
zero where this does not cause trouble. Of course, the
convergence of the resulting integrals at infinity is a
further assumption.

The z integrations can be performed explicitly. For
example,

ctn dz
/ m{%[2+(22+4un)"2]}“"“‘

= (=)ot (un)ier=0].  (39)
It then follows that as n— 0,
f am:mgA v+ A3, (40)

where
A1=f dudv u2(v—u)r—\F(—w, —u, —v)
%2 vte

¢ (ar—a2)

+

f dv v2F(—v, —v, —v),
0

Q1—02
(41)
A2=f dudvy ur(u—v)r o 1F(—w, —u, —v)
u ? v4c

claz—a1)

+

f du u\F(—u, —u, —u).
0

ag2—01

The term in y#erte2) from the third contribution in
Eq. (38) is cancelled by a similar term in the fourth
contribution. Note that 4; and 4, both have a pole at
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F1c. 6. Reggeon graphs for the process 7p — wtn0p.

ai=ay but the residues are opposite. When a;=as, the
behavior is changed slightly to become

FfoaragP=2Zn~*(A— B Iny). (42)

The second term on the right of Eq. (28) yields
behavior of the same form and thus contributes simply
to a modification of the coefficients 4; and 4, in
Eq. (40). The behavior indicated in Eq. (40) agrees with
that suggested by Blankenbecler and Sugar.? Both
Egs. (40) and (42) confirm the results of Zakrzewski,'?
who has examined the two-Reggeon graph in perturba-
tion theory. Strictly speaking, the analysis set out
above is relevant to the variation of fua, with 7 when
g3 is fixed. In other words, the analysis really yields
the dependence of fa,a, on M2 However, when M? is
fixed and ¢5? is allowed to vary, one would, in general,
expect the same results to hold unless there is an
accidental relation between M and the internal masses.
If it is assumed that 4; and 4, (or 4 and B) do not vary
rapidly with g;'2, then Egs. (40) and (42) provide an
estimate for the dependence of fq,q, 00 7.

It would be of interest to test Egs. (40) and (42)
experimentally. In order to do so, it is necessary that
variations in ¥ produce appreciable changes in #. This
requires M? to be small (M25|t],|t]), the most
favorable case being M 2=m,2% An interesting process to
consider is wtp— wtn%. The most clear-cut situation

d*kd*k1d%ky BA 3
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arises when! 7° is chosen as particle 5, since then there
is a single important two-Reggeon contribution com-
prising the Pomeranchuk and A4, trajectories [ Fig. 6(a)].
When || =[f] =0.25 BeV?, then the physical range
for 5 is 0.02< <1 BeV2. If the estimates ap=1.0 and
@4,=0.5 are accepted, then Eq. (40) predicts that
Sapag, has one term that increases by a factor of 50 and
another that increases by a factor of 7 as 5 is reduced
through its physical range.

If =+ is chosen as particle 5, then there are two
important contributions, shown in Fig. 6(b). In this
case, the estimates o, ~a,~a4,~20.5 lead to a variation
of the amplitude by a factor of 7 as 5 is reduced through
its physical range.

Unfortunately, the small mass of the pion, which is
essential to the striking character of the above varia-
tions, also makes an examination of the entire physical
range for n out of the question at present energies. In
order that the entire range lie in the asymptotic region,
it is necessary that m.s> s.®, where s, represents the
lower end of the asymptotic region for the subenergies
S35 and Sys. This implies that the lab energy of the pion,
w, must satisfy w> so2/2m,2my. If 562210 BeV? (a rather
low value), then w=22.5X10° BeV. However, it would
still be possible to examine values of 7>0.5 BeV? with
a pion lab energy of 100 BeV. A variation by a factor
of 2 of the amplitude associated with Fig. 6(a) in the
range 0.5< 7< 1.0 BeV? would be expected on the above
reasoning

4. REGGEON TRIANGLE GRAPH

The Reggeon triangle graph of Fig. 3 determines the
asymptotic behavior of the Feynman amplitude illus-
trated in Fig. 7. That part of the diagram enclosed in
the dashed boundary is just the off-shell-mass version
of the amplitude B considered in Sec. 2. The Feynman
amplitude is therefore given by (the momenta are
indicated in Fig. 7)

(5
—\@oY ) fe—m)[(p1— k) —m2 L= k)~ I (p1— kr— i R)2—m?]

Once again, it is convenient to introduce the Sudakov

iabl
variables k;=aip2,+ﬂipl’+ki, , (44>
so that, for large s,
d%e=}|s|dadBidhs. 45)

X { (ko= (pr— k)= T ok 1) = m ][ (prrt-gu— k=)= Ty L. (43)
left end of Fig. 7 are, for large s, s35, and su5,
k12=(¥1615+k112,
(pl—-k1)2=a1ﬁ1s-—als—f—m2(1—61)+k1’2,
(k—k1)?*= (@—a1)(B—Br)s+ (K’ —k1)?,
(pr—k1t+k—g1)*= (a—a1)(B—P1)s (46)

The invariant quantities entering into the loop at the

2R, Blankenbecler and R. L. Sugar, Phys. Rev. 168, 1597
(1968).

13T would like to thank Dr. J. C. Polkinghorne and W. J.
Zakrzewski for discussions on this point. The work of Zakrzewski
will appear soon as a Cambridge University Report.

+ (1'—545/8) (OZ—OQ)S
+ (1+B8—B1—s45/5)m?
+(k1"‘k'+Q1')2-

It will also be assumed here that the most singular
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behavior of the integrand arises when the internal
masses such as those given in Eq. (46) remain finite
and the internal energies (ki+ks)?, (ps—ki+k+ps)?,
and (ps—ks—k+p5)? become infinite. It follows, from
arguments entirely analogous to those used by Gribov?
in the two-body case, that any finite region of the
invariants in Eq. (46) is such that

ai~m?/s, (a—a)~m?/s,

Bs~1, (ﬁ—ﬁl)'\’l:
for large s. Hence, if only the most singular contribution
to the asymptotic behavior is sought, then in other
parts of the diagram «; and « may be set equal to zero.
A similar argument involving invariants in the twisted
loop at the right of Fig. 7 shows that the leading
asymptotic behavior is controlled by regions where

Ba~m?/s,  (B—pBr)~m?/s,

as~1, (a—ag)~1.

(47)

(48)

Hence, in other parts of the diagram 8 and 8, may be
set equal to zero. In these circumstances the asymptotic
energy variables become, for large s,

(kstks)?= asBss,
(ps—kr—k+p5)*= (1—8)s35,
(pa—ka—k+p5)2= (1—ag)sss.

The important contribution from A4; may then be
written

As=gs(k?, ki?, (k—k1))Ga(k? (k1+k2)?)
Xg3(k27 kzz: (k+k2)2) 3

(49)

1 (50)
G3= -Z/dlsglacs(ls,kz)(azﬁxé‘)ls,
i
and that from B may be written
1 2
B= (—_) g1g2/dlldlzéhfz-_»
41
X (1—B1)"(1—as) 253515452
XGi(l, (qi' —k")DGy(ls, (g2’ —F')?)
X fun(g' =k, ¢’ — k). (51)

When these expressions are inserted into Eq. (43), the
result is

I i i Ak’ dlhdldl; 1
2|s35| 2]s45] ) (2m)? (2mi)? Eygmit
X Nui(q1' k)N 1,15(g2 k') G1GoGs fryay(qi' — R, g — &)
X &n15(535) 1 BE,Er(545) 2108, (52)

where Ny,;,(¢1',%’) is the amplitude defined by Gribov®
corresponding to the graph of Fig. 8.
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F1c. 7. Feynman diagram corresponding to the
Reggeon triangle graph.

It is easy to check that 7" is even or odd in s3; accord-
ing as the signatures of trajectories 1 and 3 are equal or
opposite. In fact, Eq. (52) can be regarded as yielding
the asymptotic behavior of s3; in the upper half s3;
plane, while that in the lower half-plane is obtained by
replacing sgsiith—1 with 7y73(—s35)4+%-1 Once again,
it is implicit in the analysis that asymptotically the
production amplitude enjoys simple cut-plane analy-
ticity in s3; and, of course, in s35 as well. With these
considerations in mind, it is easy to check that for
large positive s;; the asymptotic absorptive part is
obtained from Eq. (52) by replacing 7£;,£;, with vy,
where

Yuty=5EnE1,(14 7imgei™ (WH)) | (53)

(In fact, vyy,=Re&, &, when [; and Iy are real.) A
similar discussion yields the s4; absorptive part. The
double absorptive part is then

0 )2/ a2k’ dhdl.dls
t=1(5m Y115 Il
2 Q) (Zni)? 1187 lal3
KN 115N 115G1G2Gs fry1,83510 8 L g5leHls—1,

(54)

The “double partial-wave” amplitude, insofar as its
right-most singularities are concerned, may be calcu-
lated as

2 2
T]‘U'z: <~) / d535 335_"j1‘1/ dsys 3‘;5'—'7‘2_ L y (55)
U s4 SA

where s4 is some arbitrary lower limit. The result,
keeping only singularities furthest to the right, is

) a2k’ dldlydls
Thin= 7’/ T
2m)? (2mi)?

Nllzalezg’Yllzs'YlgnglCstlelz

X - - . (56)
L (1= h— A1) (Jo—l— 1+ 1)

If now only the pole contributions from the G are kept,

AN
>‘v/J ‘
: LZ\{_,

F1c. 8. Graph for coupling two Reggeons
to two external particles.
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F16. 9. Contraction of the Reggeon
triangle graph.

the background terms being dropped, the result is

T . ak’ YarasY azas
=1 -
“” (27)% Eagms!

NalasNazazfalaz

X ; , (87)
(ji—a—art+1)(jo—a1—as+1)
where, of course,
ar=a((k'—g:)%,
ar=a((k'—g2)), (58)

Q3= 03 (k’z) .

Equation (57) suggests that Gribov’s rules with
suitable modifications will apply in calculating the
Reggeon graphs for production amplitudes. The modi-
fications are that for each three-Reggeon loop to which
an external particle is attached, there must be (i) a
factor fi,;, for the coupling of Reggeons 1 and 2 to the
the external particle, (ii) a factor v, for the “absorb-
ing” vertex as well as vy, for the “emitting” vertex,
and (iii) a factor #(&,n%1) associated with the third
Reggeon in the loop. One consequence of these changes
is that the Reggeon “Ward identity” suggested by
Anselm and Dyatlov® no longer holds when the particle-
two-Reggeon vertex is modified by a Reggeon insertion.

/
k,w
S—E-b;i-ll
;,;;u
> k'
() *
'
Kk A
7
b o/
b?b;q'
b o
beby %2
’
(v). ky

F16. 10. Pinch giving rise to the leading singular curve of the
triangle graph (a) in the limit (fikde, foztde), (b) in the limit
(]1:!:1:6, ]2:F1:e).
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5. ANALYTIC STRUCTURE OF T,

The complete analytic structure of 7',j, cannot be
understood without a knowledge of the properties of
the numerator in Eq. (57). However, it is possible to
give an account of that part which arises from pinches
caused by the vanishing of the denominator.

To simplify the discussion, it will be supposed that
the trajectories are linear, that is,

Otz(t) = dr{— bit 5 (59)

and that ¢1=a,=a, by=">b,=">. The zeros of the denomin-
ator are two circles in the %’ plane, one with center

k'=[5/(b+bs)]g:’ (60)
and radius 71, where
a+a3—j1— 1 bb3
ri= f ", (61)
b+b3 (b455)?
and the other with center
k'=[b/(b+bs)]ge' (62)
and radius 7,, where
a+ds—j2— 1 bb3
rod= } 2, (63)

b (bt

When 7; and j, are sufficiently large, 712 and 75® are
negative. The denominator never vanishes and the
function is analytic in both variables. When 7; is
reduced so far that =0, then the &’ integration is
pinched and a singularity of T,;, results at the point

S1=ans(q1”?) =a+as+[bbs/(0+0:) ] — 1. (64)

This is just the two-Reggeon cut corresponding to the
contracted diagram in Fig. 9. Similarly, when j, attains
the value

Jo=a23(q2"?) = a+as+[0bs/ (b+bs) g2 — 1,

re vanishes and T,;, is again singular.

When ji<ais, ja<ass, so that 71 and 7, are real, then
the leading singular curve, corresponding to the com-
plete triangle diagram, is encountered. It results from a
pinch occurring when the two circles touch (see Fig. 10),
that is, when

(65)

(riz=r2)*=—[b/(0+bs) Pgs". (66)

This curve is a parabola (see Fig. 11) that touches the
line j1=a13(q1'2) at

Jo=cing+[Bbs/ (b+b3) Jgs?

and the line jy=uay3 at the symmetrical point.

In determining those parts where the leading curve is
singular, it is necessary to take into account the cuts
attached to the branch points given by Egs. (64) and
(65). Since the leading curve lies in a region through

67)
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which both cuts pass, it is necessary to specify the sign
of the small imaginary parts & and e of 7; and 7, at
points on the curve. When ¢; and e, have the same sign,
the pinch that gives rise to the leading curve is effec-
tive! when the circles touch as in Fig. 10(a). The
corresponding part of the leading curve lies between its
touching points with the two-Reggeon branch points.
It turns out that this is the part of the curve that deter-
mines physical asymptotic behavior. The remainder of
the curve corresponds to a pinch of the type shown in
Fig. 10(b) and is singular when ¢ and e, have opposite
signs.

The relationship between this analytic structure and
asymptotic behavior is examined in Sec. 6. In order to
make the connection, it is useful to understand the
discontinuities of T'j,;, around its singularities.

The discontinuity around the branch point
J1=a13(¢1") is obtained by replacing, in Eq. (57), the
relevant pole with a é function. The result is

A1T i,

a2k’
=2 [ e e =g+ 1]
(2m)?
YeresY asaslV araslV. asaaf aras
Easn™ 1 (fa—ca—agt1)

(68)

The value of the discontinuity may be approximately
evaluated near threshold by replacing %' with
[8/(0+535)]gy" everywhere in the integrand except the
6 function, with the result that

YerasY asaslV ayaslV azasf ajaz
AITJ'U'::g (69)

2(0+b9) Eagt ™ (fr—cr—as+1)

It follows that in this approximation, where N 4,4, does
not depend on ji, the singularity ji=ais(gi'?) is
logarithmic. Although it is only approximate, Eq. (69)
exhibits the important property that while it contains
the leading singularity represented by a pole at

Ja=ans(q2"?)+[0bs/ (b+b3) Jgs™,

A1Tj,;, does not contain the two-Reggeon cut beginning
at jo=as3(g2"?). This latter property is exact and follows
from the presence of the § function in Eq. (68) which
restricts the &’ integration to the circle

{F'— [/ (b+bs)1gs'}*+7:*=0.

In general, this restricted contour will not be pinched
when j2=a23(Q2’2).

The discontinuity of T;,;, across the cut attached to
the leading curve is obtained by replacing both poles of

14 The relevant theory of pinching is explained in the appendix
of P. V, Landshoff and D. I. Olive, J. Math. Phys. 7, 1464 (1966),
and also in M. J. Bloxham, D. I, Olive, and J. C. Polkinghorne,
ibid. (to be published),
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F16. 11. Leading singular curve of the Reggeon triangle graph.

the integrand in Eq. (57) with § functions. The result is
AT Jiz

=-{/wyxﬁ-m—%+nxﬁ~m—m+n

X (Eaa’?as_1)_LYaxaa’)’aeasNawsNazasfmaz- (70)
It can be evaluated approximately in the neighborhood
of the singularity by replacing &’ with its value k7’ at
the touching point in Fig. 10, everywhere in the
integrand except the § functions. The conclusion is that
near the singularity,

AT sy (r1+72)2— [/ (b+bs) J2q5") 112

X{ (ri—=r2)*—[b/(b+b5) Fgs*}~12,  (71)
so that the discontinuity has inverse-square-root
behavior.

6. ASYMPTOTIC BEHAVIOR

The production amplitude is obtained from the
double partial wave T',;, by writing

_1 2
T(s,835,545,1,t2) = (T) / dj1d joki EisTinjpSss™s a5 (72)
1

Since the analytic structure of Tjj, is no longer a
product of two factors, each with singularities in one
variable, the asymptotic behavior of T no longer has a
simple product form. A convenient way of understand-
ing the asymptotic character of T is to introduce a limit

suggested by Polkinghorne’ on the basis of a
perturbation-theory investigation. Put
s35=N(ns)7,
s55=N"1(ns)?, (73)
zt+y=1,
Then
Sagllsgglt=\—72 ("'IS) zjrtyde | (74)
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F16. 12. (a) The j-integration contour. (b) Pinch of the j con-
tour by the two-Reggeon singularities. (c) Pinch of the j contour
by the leading curve singularities.

On making the change of variables

T=2j1+yjs,
e (75)
J=J1—J2,
Eq. (72) can be put in the form
1
r=——[a1 4007, (76)
1y
where
1
90(]) = _Z/djgjxi:h)‘jz‘jliz; (77)
7
with
= T4y,
n=sr (78)
Jo=J—xj.

The J integration may be chosen to run from —¢e to
+100, with ReJ sufficiently large. In that case, the
7 interaction (at fixed J) runs between the singularities
that correspond to the branch points j;=a(q1?),
J2=a93(g2"?) as indicated in Fig. 12(a).

The s-asymptotic behavior of 7 is determined by the
right-most singularity of ¢(J). Such singularities arise
from pinches of the j-integration contour in Eq. (77).
Since this contour lies in the complex part of the line
L, shown in Fig. 11 and given by

xjityje=J,
it is clear that pinches are brought about by (i) the

DRUMMOND
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coincidence of the two-Reggeon branch points [Fig.
12(b)] when

J= xa13(91'2)+3’a23(92'2) (79)

and (ii) the leading curve when L becomes tangent to
it [Fig. 12(c)].

Pinch (i) is ineffective and results in no singularity
of ¢(J) because, as pointed out in Sec. 5, A{T},;, does
not contain the singularity at jo=as3(g2'?). It is easily
verified that this property implies that no discontinuity
of ¢(J) results from continuing around the point given
in Eq. (79).

The right-most singularity of ¢(J) is, therefore,
produced by pinch (ii). This occurs at the point

J = xa15(q1"?) + yoss(q2'?) -+ wy[0%/ (04 bs) 1gs",

when also

(80)

Jr=a3(q1*)+y°[ 8/ (b+bs) Jgs"?,
Jo=aus(ga")+ 2[5/ (b+b3) g5 .

It is simple to check that the inverse-square-root be-
havior of AT, [Eq. (71)] implies that the discon-
tinuity of ¢(J) is analytic at the branch point. The
resulting asymptotic behavior is then

T~s7/lns

at fixed (g1'2,g2'%,¢5"*), where J is given by Eq. (80). The
behavior arising from the Reggeon triangle graph
therefore differs from that due to a double Reggeon
graph, in that the exponent of s depends on ¢;'? as well
ason ¢1'? and ¢»"%. Associated with this extra dependence
of the exponent is a nonlinear one on x and y, which
determine the relative rates at which s35 and s45 become
infinite.

(81)

CONCLUSION

In this paper, Gribov’s approach has been used to
investigate the asymptotic properties of production
amplitudes. When it is applied to an analysis of the
double-Reggeon-exchange graph, the results of previous
authors are confirmed. In particular, it is verified that
the amplitudes for the coupling of two Reggeons to an
external particle f4,q, depend not only on the masses of
the Reggeons ¢1'* and ¢52, but also on ¢5"2= (¢:'—¢.")>.
On the basis of a Feynman-diagram model, the analytic
properties of foq, as a function of ¢;' are discussed. It
is shown that when ai2a; and 97— 0, faa~A1n™
+ Ay, and when ci=ae=a, faa~(A—Blng)y= A
means of testing this result experimentally is indicated
when M =m,.

In Sec. 4, the Reggeon triangle graph is discussed.
Gribov’s® rules are found to apply provided that
certain extra factors are included. Because of these, the
Regeeon “Ward identity” suggested by Anselm and
Dyatlov® no longer holds.

The analytic structure of the double partial-wave
amplitude corresponding to the triangle is investigated.
In addition to the usual two-Reggeon cuts correspond-
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ing to contractions, there is also a leading curve corre-
sponding to the uncontracted diagram. The curve bears
a relationship to the two-Reggeon branch points similar
to that of an anomalous threshold to normal thresholds.
In particular, it touches the two-Reggeon branch
points.

The asymptotic behavior of the production amplitude
turns out to be controlled by the leading curve. It has
the form T'~s’/Ins, where the exponent J depends on
¢3'? as well as on ¢1'? and ¢»'2. This is quite different from
the type of behavior that emerges from double-Reggeon
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exchange and has no analog in two-body scattering.
The identification of such behavior experimentally
would be an important support for the relevance of a
Reggeon calculus.

Finally, it was noted that a necessary condition for
the appropriateness of the definition adopted in this
paper for the multi-partial-wave amplitude is the
asymptotic simplicity of the analytic structure of the
production amplitude. Such simplicity does seem to
emerge from Gribov’s analysis applied to production
amplitudes.
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The two-pion-exchange contribution to nucleon-nucleon scattering is studied at scattering energies of
95 and 310 MeV through a partial-wave analysis of the exact relativistic scattering matrix. Additional
two-boson-exchange effects are also studied at these energies corresponding to the =-+» and =+o exchange
processes, with 7 the pseudoscalar resonance and o the scalar resonance. It is found that the two-pion-
exchange (TPE) phase parameters are large compared with one-pion-exchange (OPE) phase parameters
for low values of L, and OPE+4TPE is a reasonable representation of the phenomenological phases for the
lower energy when L>3 and for the higher energy when L2 5. The w9 effect is found to be small com-
pared with the pion-theoretical effects, but the =+o effect is large for a light scalar resonance if it couples

strongly with the nucleon.

1. INTRODUCTION

HE description of the nucleon-nucleon inter-
action by resonance models consists of some
compensation for the core of the interaction and con-
tributions from the virtual exchange of a single = meson,
an 7 pseudoscalar resonance, the w and p vector reso-
nances, and scalar resonances.! Despite the fact that
the two-pion-exchange (TPE) mass is less than any
established resonance mass, resonance models either
exclude the TPE effect or simulate it by some approxi-
mation—perhaps by the introduction of scalar reso-
nances whose existences have not yet been conclusively

* Present address: Bellcomm Inc., Washington, D. C. 20024.
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established experimentally. Moreover, the effect of the
virtual exchange of a pion and 5 resonance together has
not been considered even though the mass exchanged is
less than a single vector resonance mass. Finally, if a
light scalar resonance ¢ is used in a resonance model,
the m+o effect should also be considered. It would
therefore seem of interest to evaluate the TPE, w7,
and 7+o contributions to nucleon-nucleon scattering.

An exact determination of the relativistic scattering
operator for nucleon-nucleon scattering due to two-pion
exchange by Gupta has been available since 1960.2
It includes the total contribution of the pion-nucleon
pseudoscalar interaction through the fourth order in
the pion-nucleon coupling constant. A nonrelativistic
approximation is also presented from which a potential
is derived, and by using this potential Breit et al.?
obtained two-pion-exchange phase parameters.

In a later work, Gupta, Haracz, and Kaskas obtained
the relativistic scattering matrix corresponding to the
TPE scattering operator and evaluated it at nucleon

2S. N. Gupta, Phys. Rev. 117, 1146 (1960).

3 G. Breit, K. E. Lassila, H. M. Ruppel, and M. H. Hull, Jr.,
Phys. Rev, Letters 6, 138 (1961),



