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For a two-to-two particle interaction, one of the particles being massless, we discuss and give the
kinematic-singularity-free combinations of helicity amplitudes, the constraint equations, and an expression
for invariant amplitudes in terms of helicity amplitudes. The constraint equations are obtained from an
invariant-amplitude expansion rather than from the crossing matrix.

1. INTRODUCTION

EVERAL accounts have been given!—? of the kine-

matic singularity structure of helicity amplitudes
for four-particle processes (i.e., two-body scattering),
and of the construction of regularized helicity ampli-
tudes which do not have kinematic singularities, these
regularized amplitudes being simple combinations of
helicity amplitudes multiplied by kinematic factors.
More recently, further investigations®=® have shown
that at certain values of the c.m. energy, there are
linear relations, known as constraint equations, between
different regularized helicity amplitudes and between
their derivatives. We give here an extension, to the case
of a four-particle process with one of the particles
massless, of the results on kinematic-singularity-free
amplitudes. The constraint equations are obtained
without considering the crossing matrix. We also give
some formulas concerning the use of invariant ampli-
tudes for such a process.” Although the results on regu-
larized helicity amplitudes would appear to be of interest
principally in the discussion of the application of the
Regge-pole model to photoproduction, there is no
essential difficulty introduced by considering the mass-
less particle to have arbitrary spin, and for the most part
we shall do so. ,

The definition of a kinematic singularity used here is
that of Stapp.? The helicity amplitudes can be expressed
in terms of M -functions (amplitudes with spinor trans-
formation properties).8 These M -functions are assumed
to be analytic functions of the components of the mo-
menta of the particles on the complex mass shell, apart
from singularities (“dynamical singularities”) required
by unitarity. In a c.m. system, the helicity amplitudes
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are certain functions of scalar invariants s and ¢ Kine-
matic singularities are then defined to be the singulari-
ties (in s and #) that the helicity amplitudes would have
if there were no dynamical singularities in the
M -functions.

The expression of the scattering amplitudes in
terms of kinematic-singularity-free invariant amplitudes
(functions of s and #) has been given by Hepp® and by
Williams,® and extended to the case of massless par-
ticles by Zwanziger.” In Sec. 2, after defining some nota-
tion and conventions, we recall these results, and also
show how to invert the expansion of Ref. 7 (for one
particle massless), that is, express the invariant ampli-
tudes explicitly in terms of M-functions and thus in
terms of helicity amplitudes.

In Sec. 3, we consider the construction of regularized
helicity amplitudes, which are in practice much easier
to deal with than the invariant amplitudes, except for
low-spin processes. We use the method of Cohen-
Tannoudji, Morel, and Navelet,*!! who obtain the
kinematic singularities from the expression of helicity
amplitudes in terms of invariant amplitudes. The results
differ from those for the case of four massive particles
only by a singularity factor at s=m,%1? Section 3 D
mentions one obvious dynamical singularity, arising in
lowest-order perturbation theory, which can coincide
with one of the kinematic singularities; a formula is
given for identifying the regularized amplitudes con-
taining this singularity.

In Sec. 4, the constraint equations on the regularized
amplitudes are obtained. Although constraint equations
can be written down directly by inspection of the expres-
sion of helicity amplitudes in terms of invariant ampli-
tudes, some algebra is unfortunately necessary to
simplify them, and to put them in a form comparable
with those obtained in Ref. 3 (where the constraint

9 K. Hepp, Helv. Phys. Acta 36, 355 (1963).

10D. N. Williams, Lawrence Radiation Laboratory Report
No. UCRL-11113, 1963 (unpublished).

17, P. Ader, M. Capdeville, and H. Navelet [Nuovo Cimento
56A, 315 (1968)] give a treatment of the analyticity properties of
two-body helicity amplitudes for reactions involving massless
particles. Their results for the case of one massless particle
correspond with ours, except that they obtain a slightly different
set of kinematic-singularity-free combinations of helicity ampli-
tudes in the case of one fermion in the initial and the final states.
Their method is compared with ours, briefly, in Sec. 5 below.

12 We take s=(p1+p2)?, m1 =0,
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equations were obtained by consideration of singularities
in the crossing matrix). Again, the constraint equations
differ from those for four massive particles only at
s=mg?. Finally, in Sec. 4 D, we show that we have in
fact obtained all the constraint equations on the helicity
amplitudes, by proving that if the helicity amplitudes
have only the kinematic singularities given in Sec. 3,
and satisfy the given constraint equations, then the
invariant amplitudes are necessarily analytic in s and ¢.

2. M-FUNCTIONS AND INVARIANT
AMPLITUDES

A. Notation

For reactions involving massless particles, Zwan-
ziger”!3 has shown how one may construct M-functions
with spinor transformation properties.! Zwanziger has
also given singularity-free decompositions of such
M-functions into invariant amplitudes, in the cases of
four-particle reactions involving one or two massless
particles. We shall first recall these results, and define
for this purpose some notation.!*

Let the four particles, labelled by ¢ (=1, 2, 3, 4), have
four-momenta {p;}, pi=pu (=0, 1, 2, 3), in some
standard frame. We have pi=p;?—pl=m?, and
P1+ﬁ2=P3+P4. As usual, S= (P1+j)2)2 and = (Pl—Ps)z.
Let {ps’} be the momenta in an s-channel c.m. frame:
Epkll—*_Pk?’:O (k=1) 2; 3)’ P25’=O (/L=1, 2; 3} 4)]

We shall take particle 1 to be massless. Unless stated
otherwise, “c.m. frame” will mean the s-channel c.m.
frame in which the momenta of particles 1 to 4 are,
respectively,

(%,0,0k);
(ws,p sind,0,p cosb);

(ws, O.’ 0, —%); (2.1)
(w4, — p sind, 0, — p cosb) .

We have, when m,=0,

b= ),
wy=5571%(s+my?),
w;=35"12(s+-m2—m;?),
p=35"1284,
S34=Psasa= QaaF34= QusFss,
where
G34= [s— (ms+mq) /2, Yau[s— (mg—my)*]1/2,
Qou=[(\/s+ms)>—m]'2, Ezy=[(y/s—ms)?— m42:|”2~
Also

L4, j=3,4]

2st+ 52— s(mo2—+ma2+m42) — mo? (m3®—m42)

(S— m22)534

cosf= )

251 p(s) ]

(S— M22)S34 ’

13D, Zwanziger, Phys. Rev. 133, B1036 (1964).

14 Most of this introductory material is given by P. Moussa
and R. Stora, in Lectures at Hercegnovi International School of
Elementary Particle Physics, 1966 (Gordon and Breach, Science
Publishers, Inc., New York, to be published); H. Joos, Fortschr.
Physik 10 65 (1962), and in Ref. 3. The notation of the latter
most closely resembles ours.
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where

&(5,8) = st(ma2+ma2+md— s— )+ smz?ma(— ma4?)

+ tma?(ma—m?) — mama(ma+ms?—ma?)
and ¢(s,/)=0 includes the boundary of the physical
region.

In the case of a four-particle reaction involving only
massive particles, M -functions may be defined in terms
of helicity amplitudes!® by

HMM;MM({Pi})
= Mssiaea({p,}) ® D*[Bi(pi)eilai-

Here Bi(p:)&SL(2,C) represents the Lorentz trans-
formation taking a state of particle ¢ (m;>0) at rest and
with definite spin projection in the 3 direction, into a
state with momentum p; and definite helicity. The
matrices e; are given by

10
61=€2=( ),
01

(2.2)

(2.3)
01
e3=e4=ia2=( >,
-1 0
D#(i0%) ap=(—1)"+25, 5. (2.4)
The matrix D*(4).?, AEL(2,C) is given by
D(A)f= ¥ [(sta)l(s—a)l(s+B)!(s—p)! ]
r+a=s—f
A1 Te P4 19524915794 27
(2.5)

X .
(s—a=plplis—a—0)lg

In the case of a boost to velocity v=n tanhu,
AESL(2,C) is given by

A =coshiu—n-eo sinhiu; (2.6)

o= (0l,0%¢%) are the usual Pauli matrices. In the case
of a rotation clockwise through angle 6 about direction
n, AESU(2) is given by

A =cos}f—in o sini6

(2.7)

and when n=(0,1,0), we write the corresponding trans-
formation matrix D*(4) as d*(6).1¢

Under a Lorentz transformation L, the M-functions
transform according to'”

M ({p:}) =M= ({Lps}) ® D#(L)ar* (2.8)

16 The helicity amplitudes are normalized such that for given
helicities the s-channel c.m. differential cross section is given by
do/dQ=(64w"5)"1(p/k) | H(s,)|?, % and p being the initial and
final 3-momenta in the c.m. frame.

16 These are related to the rotation matrices given, for example,
by A. R. Edmonds [Angular Momentum in tum M echanics
(Princeton University Press, Princeton, N. J., 1957)] by
d¢(6)[here]=d*(—6)[Edmonds].

1" We write L, R, etc., as shorthand for the 2X2 matrices
representing the correspondmg Lorentz transformations, rotations,
etc.
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(the indices {a;} being of the type referred to in the
literature as upper undotted spinor indices). In par-
ticular, for s-channel c.m. helicity amplitudes

Hypnanne @ (5,0)

=M= ({p/}) @ D*(Bi(pi)eda. (2.9)

Bi(ps) can be expressed as
B(p")=R(6)Zn(p), (2.10)

Zn(p") being the boost in the 3 direction taking (1,0,0,0)
(m>0) to ($,,0,0,]p’|) and R(6) a rotation through
angle 6 about the 2 axis, where

pu/=(pd,|p’| sin,0,|p’| cosf).
po’+m— |p’| 0'3)2"‘
2m(po'+m)
=<PL——P—I) Bag. (2.11)

m

Dty ei=(

Our notation differs from that of Jacob and Wick!® in
that we do not introduce their conventional factor
(—1)s—i for 4=2, 4; this factor is dropped also in Ref. 3.

M -functions transforming according to the complex
conjugate representations of the Lorentz group (i.e.,
with upper dotted spinor indices, {¢;}) are similarly
given by

Hypiana@(50)

=M ({p/}) @ D[ Bi(p/)*ei Ja, (2.12)

where
é,;’ = icrgei

and the corresponding transformation law is

MU ({pi}) =M ({Lpi}) @ Doi(L)*ar. (2.13)

Note that in (2.9) and (2.12) the M-functions are
unchanged if we replace {p:’} by, say, {:”'}, momenta
measured in another s-channel c.m. frame related to the
first by a rotation about the 2 axis.

The above equations are all familiar in the case m;>0.
Now let us consider the case when particle 1 is mass-
less.?® Let py" be (k% sinfy,0,k cosfy). Under a Lorentz
transformation L, the helicity amplitude transforms
according to

Hy, ({p:})=Hx\({Lp:}) D H (R

(where we have suppressed the helicity labels, and corre-

(2.14)

18 M. Jacob and G. C. Wick, Ann. Phys. (N. Y.) 7, 404 (1959).

13 When p; is complex, f(p;)* means a function of p; related to
J@) by fep)*=Lf(6:) " . . .

20 The relevant transformation properties are given by S. Wein-
berg, Phys. Rev. 134, B882 (1964).
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sponding rotation matrices, of the massive particles).
A1 has the possible values ==s; only, and is not summed.
The Wigner rotation ® is given by

61=B1(LP1)_1LBI(P1) .
This differs from the massive-particle case only in that
Bi(p1)=R(61)Zo(k), (2.15)

Zo(k) being the boost in the 3 direction taking some
standard lightlike vector (x,0,0,«) into (%,0,0,k). We take
k as unity without loss of generality. Then

D Zo(k))oP=k~5ap. (2.16)

Since @® is of the form

% /2 0
~(Criy o)
x+iy eil2

(¢, %, ¥ being some real functions of L), we have

San D (R)ran= s (2.17)

Equation (2.2) or (2.9) may therefore be used to define
M -functions for particle 1 massless and with helicity
AM=-+s1. Note that now Bi(p:) is defined by (2.15)
instead of (2.10), and that A; is not summed but has the
value s; only. These M-functions must satisfy the
condition

M+{ai}({Pi})D“(Bl(Pl))qu:0 if Ais#sy.

(The subscript + refers to the helicity of particle 1.)

Equation (2.12) may similarly be used to define
M-functions in the case \;=—s;. The corresponding
condition on these M-functions is

M_&SY({p: ) DY(B1(p1)H)aM=0 i A5y

(2.18)

(2.19)

An undotted spinor index may be changed into a
dotted one by operating with the matrix D*[(p;-0)
m;o%],% which is nonsingular. Here p; is some
momentum such that p;2=m;*>0, and (p-0) means
pol—p-o. Hence we could also have defined (different)
M -functions with upper undotted indices for A\;=—s;
by, for example,

Hypngane (5,0
=M_t=3({p/})D((p3" - o)ms  B1(p1") "M arry
X&) D*(Bi(pi)edanns, (2.20)
%1

where we have used (i02) B(ig?) = BT,
We shall also require the quantities

My (p; jyn)*f=M yoo=s82({p;})

[.L, 83 S4\/a i,
G G
J a3 /N
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Mo (p; jim)*=M 3 ({p:})
u" S3 Sy ﬂ’ S1 S2\/u j, i//
(oo G o )G ) e
JII as Qg ]/ a; Qs J #I “Il
where the M-functions with subscript — are to be taken

as having dotted indices. 5 represents the set of inter-
mediate angular momenta appearing in the Clebsch-

Gordan expansion.
(] 1 Je ]3)
M1 M2 M3

is the usual 3-7 symbol, whose {u;} indices may be
raised by operating from the left with the matrix
Cit'e= (= 1) 45y

B. Expansion in Terms of Invariant Amplitudes

The well-known!®-!* singularity-free decomposition
of M(p; jn)* into invariant amplitudes is still valid
when particle 1 is massless; it is

. M 11 12
M(p; jpr= ( )Vl,wa)w(qz)

hiz \}  p1 e
X4 (S,t; ll:l2;j;77) ) (223)

where the sum is over values of /;, l, such that ;=3
or l1+l2=]+], and [l1—12| gjg Il]_+l2| . Yl"‘(q) is the
usual solid spherical harmonic; the semibivectors q; and
qs are given by

qi1= q(arb) = Papr"‘PbOpa——'i(papr) y
92=a(c,b) = peops— propc—i(P:X Do) ,

where a, b, and ¢ are three different numbers out of
(1,2,3,4) and p,2>0.

“Singularity-free” means here that if the M (p; jn)»
are analytic functions of the momenta {p;} in some
domain, invariant under complex Lorentz transfor-
mations, on the complex mass shell {p;: p2=mz2,
p1tpe=ps+ps}, then the A(st; lLilojn) are analytic
functions in the image of this domain in the space of the
scalar products of the momenta, i.e., in s and 4.

Because of the conditions (2.18) or (2.19), the invari-
ant amplitudes A(s,f; lilajn) are not all independent.
Zwanziger” has shown how they may be reduced to an
independent set in a singularity-free way, and gives the
resulting decomposition as?!

. Jji+s1 fa il 12
Mi(p; jm)*e= X X ( )
{d.l2}ds1 I=51—s1 \J vV o

1 s1t I\yv g 1

X( ) (R e

—S81 $1 0 J1 S1 M

XY (q1) Y 1,2(q2) A4 (5,85 jalem)

(2.24)

(2.25)

1 Qur notation differs from that of Ref. 7 in a number of details,
principally in that we have used upper rather than lower spinor
indices, and in our choice of sign for the second terms in (2.6) and
(2.7). Consequently, for example, the sign of the real parts of the
semibivectors has been reversed.
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where q; and g are the semibivectors given by (2.24)
with a=1. ¢, is given by
a=prpe, ¢’=|aw|®

The notation {71,l} /s means that j; and /; are summed
over the set

(2.26)

ji=s1, | j=s1] <L< j+s1 (any 7)
J1=j—1s, 0< LS j—s1—1 (5>s1)
h=j—b+1, 1ISLSj—a1 (7>s1).

M_(p; jn)* has an analogous decomposition, differ-
ing in that we take the complex conjugate spherical
harmonics, i.e., Y#(q) is replaced by (—1)*¥;#(q°),
where

Q°(4,7) = pipi— piopiti(p:Xp;) . (2.27)
The corresponding invariant amplitudes are written
A_(s,t; jjilen). [Note that in Ref. 7 the invariant ampli-
tudes A_(s,f) correspond to an expansion of the M -func-
tions defined by an equation similar to (2.20), instead
of by (2.12) as here.]

Let us consider the effect of imposing parity invari-
ance on the helicity amplitudes; this will, of course,
reduce by half the number of independent invariant
amplitudes. The parity invariance condition reads?

H~)\3—)\4;—)\1—7\2(5:t) = ('— 1)Ei(st+)‘i)77H)\a7\4:M)\z(syt) ) (228)
where 5=]]; 7:, 7: being the intrinsic parity of particle
1. Taking, for example, =2, ¢c=3 in (2.24), we have in
the c.m. frame (2.1)
a'=4q'(1,2)=(0, 0, —k(wyt#)),
a'=q'(3,2)

= — (wap sind, ipk sinf, wap cosb+wsk) ,
g1/ = k(s B) =3 (s—m2?)..
Since, for i=(1,2,3,4), Z(p,) is Hermitian and

DHZ(p{)) o’ =D*(Z(pi)) a0
=D i(Z(p/) )-af (2.31)

and all the matrices are real, we have
D(Bi(p)*e)a; = Ds(Bi(pi)€)aM(— 1), (2.32)

Hence, taking A;=s1, and substituting (2.9) and (2.12)
in (2.28), we have M_{&3({p,}) =nM 1«1 ({p/}). Since
(g1'=%1q12") and (gar'==1gsy’) (the second index on the
¢’s labels the 3-vector components) are real, we have,
dropping angular momentum labels,

A+(Srt) = ﬂA—(Sat)E 4 (S)t) ) (233)

so that it is trivial to make the invariant amplitudes
satisfy parity invariance. This is in contrast to the case
for reactions involving four massive particles, where no
explicit formula has yet been found in the general-spin
case to obtain an independent set of invariant ampli-
tudes, satisfying parity invariance, from those in Eq.
(2.23).

(2.29)
(2.30)
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C. Inversion of Invariant Amplitude Expansions

[The later derivation of the kinematic-singularity-
free helicity amplitudes and of the constraint equations
will not require the results of this subsection, apart from
Eq. (2.34).]

We now consider how to express the invariant ampli-
tudes A(s,) in terms of the helicity amplitudes
Hypana@(s,8). Since the inversion of (2.9) and (2.21)
is trivial, we shall consider in detail only the inversion
of expansion (2.25), i.e., we shall express A(s,t; 771lan)
in terms of M =M ({p/'},7n)*.

Let us use the c.m. frame (2.1) with q," and g, given

i+s1 y— | ! 1/2
Men= l:_“ (”’*‘—“——“‘8 _‘:;'gf:; !) Cy*(a2)q1"*1B 1yi(s,2)
e ((j+a)l(j~a)!
=0\ (I4-w)!(l—p)!
j—81
=1
where

Cayr= (2A1)"12(4x) 12V 1,

R. COSSLETT
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by (2.29). Since q,’ is in the 3 direction,
YVi#(qy) = (4m)12(20+1)12(— g1) 8,0
and (2.25) reduces to
a 31 L .
e 5 Jatymarina)
{Al2}is1 \J —S1 N
X (Ar)=12A(s,t; jiddem) . (2.34)

We rewrite this in terms of new invariant amplitudes
Bmyi(s,t) [with m=(1,2,3); indices 7, n suppressed] as
follows, for 7> si.

1/2
> Cy*(q2") g1+ B 9i(s,1)

1/2
m) pCay (@) g 1B gy i(s,),  (2.35)
u)b—pu):

=u—3ISi1.

For j<si, the lower limit on the first sum becomes s;— j and the other two sums are omitted. The Bmyi(s,t) are

given in terms of the A(s,#; 7,71,l2,m) by

B(l)l(s)l) =4 (S,t; j7s17l)77)

Bayi(s,0)=a2A(s,t; 7,s,ln)+auqiA(s, t; j, s1+1, 1, 1)
B(2)l(s;t)=a2A (S) tr jr ]—l; l; 7))+0491A (S’ t; j) ]—l+1) l; 7])

B(s)l(s,l)=(13A(S, t: j; j_—l+1, l; 77)

where the coefficients a;, @2, @3, ¢4 (functions of 7, J, s1)
may be obtained by comparison of (2.35) with explicit
expressions for the 3-j symbols in (2.34). Note that
g’ =%(s—m.?), and that a,(!=0) is the only zero co-
efficient, so that the transformation to amplitudes
B(myi(s,?) is nonsingular. [If < 51, the values of /in the
first equation of (2.36) are s;—j<I<s1+7, and the
other equations are dropped.]
Now let us define??

1
X Hw) =3(—sinw)™*

d(cotw)?

X[[(cotw—+cscw)*+ (cotw—cscw)*].  (2.37)

Some properties of this function are given in the
Appendix. If we write 2= g2(sinw cosX, sinw sinX, cosw),
then

Vi#(q2) =exY #(w)gyt.

22 G. C. Fox, Phys. Rev. 157, 1493 (1967). The notation differs
in detail.

for j—s1+1<I< 5451,
for I=j—s,

2.36
for 0<I< =511, (2.36)
for 1L1<j—s1,

Then, using results given in the Appendix, we obtain

_ (JF+a)\'7
Ba(s)=2 M ““6—"‘(S‘J’“’Ql'_qulnl( - )
] (]——a)!
% ( X81+al(“‘) Xs1+al+1(w) )
(Hsita)! (Hsitat)l/’

B(z)l(s,t) =Z Maue—ix(sx+a)q1'(—81—r‘+l) (2_38)

Xgd L+ (j—a) T X oral(@),

Banu(st)= X Mengixtrra)g /(—a—jti-1)
az—s1

X gL (j+a)! (=) T srrte) X upal(@).

For 512 7, only the first of these equations applies. The
range of values of / for each of these equations is given
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in (2.36). From (2.29), we have the values of w, X, so that

<j+a>!)w
(j+a)!
JON (P Fays(qy, I4+1)
>< ea+sl< Qz ) )
(l+31+0[)! (l+81+a+ 1)'
Bay(s,t) =2 Mg =D (j+a)l(j—a)! 172 (2.39)

Ban(s)=X Ma-*w{‘”’(

X ea+81F0(+3l(q2,Jl) ’
Ban(si)= 22 Meog oD (j+a)l(j—a) 717

az—3]1

X Ga+“[a+Slj_lFa+s1(‘I2',l) )
where

@ = (s/2mys1)»

X {(s—mo?)[¢(s,) T H2ms~ 1} 81 (—sgnu)#  (2.40)

and??
Bel+D]

Fulaul)= X bugasH—t2rge%, (2.41)

where b, is the coefficient of
(cosw)!#1=1=2r in  (sinw)!#I X, (w),
bo=2"u|(|u]| +1—DI(r+1—1)!
XL(2r+21— D! (|u]| —2r— 01T (2.42)

g1, g/, and gy are given by (2.29) and (2.30).

Note that apparent singularities of the Bmy:(s,f) in
(2.39) arise from singularities of the transformation from
{p:} to (s,f) in the particular c.m. frame we are using.
Let us consider? the singularity (p sinf)~!ertel appearing
in these equations in the coefficients @. Now if M ({p:})
is an analytic function of {p;} in some domain on the
complex mass shell, it is an analytic function of (s,#,q1,q2)
in the corresponding domain [q;, q» being given by
(2.24) with a=1, =2, ¢=3]. Suppose the domain
includes ga;=¢22=0. Then M has a series expansion
near this section in powers of ¢s; and ¢s2, or equivalently
in powers of (g21+1g2s), (gea1—1ge2). But under an in-
finitesimal rotation through é&¢ about the 3 axis,
(g217E17g29)" = (ga1=E1ga2)*(1£indg) and Mest— Mt
(1+4i(a+s51)é¢); and in any s-channel c.m. frame with
the incident 3 momenta parallel to the 3 direction, the
M -functions must be invariant under such rotations at
ga1=¢22=0 (where all the particles have parallel mo-
menta in a c.m. frame). Hence, writing £ for the sign of
sita, Met goes to zero like (gaiti£ges)lertel at
ga1=¢22=0. From (2.29) we see that this cancels the
(p sing)—lsr+el gingularity mentioned above, i.e., this
example verifies the known singularity-free nature of
the invariant amplitudes.

23 [#] means the nearest integer less than or equal to x.
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3. KINEMATIC SINGULARITIES OF
HELICITY AMPLITUDES

A. General Remarks

In dealing with amplitudes for general spin processes,
it is generally assumed?8 that the M-functions are
analytic functions of the momenta on the complex mass
shell, except for singularities required by unitarity;
these singularities are on Lorentz-invariant surfaces
and so the invariant amplitudes given in Sec. 2 B are
also analytic (in s and £) apart from such dynamical
singularities. If we express the helicity amplitudes in
terms of these invariant amplitudes, the coefficient
functions (functions of s and ) contain singularities,
defined to be the kinematic singularities. [In particular,
if we artificially substitute for the invariant amplitudes
functions analytic in the regions of (s,#) under consider-
ation, the singularities of the helicity amplitudes are the
kinematic singularities. ]

By means of the methods of Cohen-Tannoudji, Morel,
and Navelet,? these singularities are readily identified,
and linear combinations of helicity amplitudes are
found which do not have these singularities.

Let us consider the case where particle 1 (massless)
has helicity A\;=-s;. The singularity structure is evi-
dently the same in the case A\;= — sy, and it is immaterial
whether parity is conserved in the reactions or not
(Sec. 2 B).

From (2.9), (2.21), and (2.34) we have in the c.m.
frame (2.1)

Hygngona @ (5,) = (— 1) 2otesthaDo(Z (py)),
XDHZ(p D UZ (s )25
XDHZ(pd)aTMCoh, - (3.1)
where Z(p;) is given by (2.16) (¢=1) or (2.11) (i5£1),
and where?*

Vo oas o
C81)\2>\3)\4=Z Z d%(g)aa—)\adu(e)a‘)q('u,v )

53 (it o« S3 S84
n il

o4 =\ /a
(G Yoty otas)
a ¥ Ss/\] —s51 u

X(4m)~ 1244 (s,t; jjabn) . (3.2)

Commuting some d-matrices and 3-j symbols, we may
rewrite this as

Cedda=3%" > (s2(— g) as M2d(— g)ﬁsl

53" {1} s
=X A\/] # axNza 8 1
SV (R (R T
v sz s/ \a § s/\j ¥ op
XY #(qe")(— 1)1 (dm) 7 2A, (5,85 Fum),  (3.3)

where q,” is the vector obtained from q,’ by a rotation

through angle — 6 about the 2 axis.
q2' = — (w2p sinb, ipk sinb, wqp cosb+wsk) , (2.29)

% Summation over repeated spin component indices is implied.
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qo" = (w3k sinf, —ipk sinf, —wsp—wsk cosd),  (3.4)
g’ =k(wet+ k) =1(s—m,?). (2.30)

[Momenta are related to (s,f) by formulas at the begin-
ning of Sec. 2 A.]

We also require the expression
GHNIG=N e
——‘——) (COS%@) lut
GHmiG—m)!

X (£, sing6) k1 P,_y (h=sl. DtaD) (cosf)

d«@¢=(

(3.5)
where
A=max(|\],[u]), &=sgn(|N[—=|u]), f=sgn(\—p),

and P,@#(x) is a polynomial (the Jacobi polynomial)
in x of order %. In particular,

QI+ 04! —p)\"2 1
Yz“((l)=< - - ) ;—%6(914"56@)]""

T
X g 181P (8118 (gs/q),  (3.6)

where e=sgnu. (In this equation, the suffixes on the
¢’s are 3-vector component labels; ¢ appears only as
powers of ¢2=q?2.)

The coefficient functions evidently have possible
singularities at ¢(s,))=0, s=ms? s=(mztmq)?, s=0.
In the following, we shall use the descriptions “non-
singular” or “finite,” applied to combinations of helicity
amplitudes, to mean kinematically nonsingular or
kinematically finite; that is, nonsingular or finite if the
invariant amplitudes are replaced by functions analytic
at the points under consideration.

B. General-Mass Case

By this we mean ms>%m4, and only m; is zero.

(a) The singularity at ¢(s,f)=0 is dealt with exactly
as in Ref. 3. At this surface, sind, sini6, and cos3f are
singular, but not cosf. From (3.1), (3.2), (3.5), and (3.6),

Hiaana(s,0)
= 2 (sin36)*(cos30)PR1(5,8) asas; nire s

agaq

(3.7

where Ri(s,f) is nonsingular and nonzero at ¢(s,)=0.
A and B are given by

A(azay)= |a3+>\3|+ |as—Na] + |u],
Blazas) = |az—Ns| + | st |+ |u]

where u=A;—N\o+a3+as. Hence the well-known result
that

I_{)\sh; M)\z(s)t)
= (sing6)~*#I(cos30) M Hypnapna(,8) - (3.8)

is nonsingular and, in general, nonzero, at ¢(s,f)=0. As
usual,

)\2)\1—)\2, [12)\3—7\4.

(b) The singularities at s= (m34=m4)? are also dealt
with as in Ref. 3, except that treatment of the case of
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an initial (and final) boson-fermion state is modified.
This modification is independent of the masslessness of
particle 1, and the results are essentially those of Hara.!

Z(ps) and Z(p,) are singular here, as are the d-matrices
because of the singularities in sinf and cosf, but not
q2’. From (3.1), (3.2), (3.8), and (2.11),

Hynsnne(sl) = (— 1)+ erhs(sing6)~ sl (coshe) =
X [(ws—p)/ms I3 (w4— p)/ma]
X Z dss(e)a.;)‘sd“(g)a4)‘4R2(5:t)ata4; MA2)

agay

(3.9)

where Rs(s,t) is nonsingular and nonzero at s= (m3m4)2.

If the amplitude is continued through 2 around the
point s=(ms=m,)? in the complex s plane, we have
S34— —S34. Hence § — 6—{m (¢ is the sign of Im tané
near the singular point), and

Llwi—p)/miI = [(wimp)/ms Pi(yi) >,

where v; is the sign of w;=Z=m, at the singular point.
For positive /s, v; is negative only when s= (m3;—m.,)?
and m;<m; (i, =3, 4). For negative 1/s, v; has the
opposite sign. Then

Hypanna(8,011=134(v3)23(va) > H_ryramna(5,8) ,  (3.10)

where n34=(—1)#s (The sufiix II indicates that
the function is evaluated on another sheet, specified
above.)

Consequently?? the following expression has no
branch point at S3=0:

{g)\sh: ana(8,0) = "734H—)\a——7\4; ana(8,0)} Ko(E)

% is the number of fermions in the final state. The factors
X.(=%) are given in Eq. (3.16). These combinations of
helicity amplitudes can have poles (or zeros) in (S3)?
at the singular point, and from (3.9) these poles?® are
of order [%(s3+s4—A)7],2 where

A=max(|A],|u]).

(1=3,4)

(c) The singularity at s=m,? is the only one whose
form may not be deduced by taking m; — 0in the results
of Refs. 1, 2, or 3. At s—ms?=2¢,"=0, Z(p1’) is singular,
and the d-matrices are singular because of poles in sinf
and cosf, but Z(p.") and q,” are not.

From (3.1), (3.3), (2.11), (2.16), and (3.8),

FI)\sM; MM(S,':) = (sin%@)— =l (COS%@)— tal (5'— m22)_sl
XE T d(—0)ai 90— 0)g(s— )i
a1 2B
XR3(Srt7jl))\8M;azﬂ) (311)

where R;(s,f) is nonsingular at s=m,?2. It is not difficult
to show that the coefficient of at least one invariant
amplitude in Rj(s,f) is nonzero at s=m,% The singu-
larity is evidently just a pole in (s—m42)'/? of order

2 A “pole of order »” (n integer) is a zero of order —#n if # is
negative and is to be ignored if # is zero.
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2(32—A), i.e., _
(S— m22) SZ“AHMM: MM(SJ)

is regular at s=m,%

(d) Singularities at s=0 are found as in Ref. 3, with
appropriate modifications for boson-fermion scattering.
Consider the singularities in (3.1) and (3.2). At s=0,
sinf (and either cosif or sin}d), all the Z(p;), and
(g21"2=1g22") are singular; cosf and ¢.5" are finite and
nonsingular. We have

(QlezbiQnI) =— (s/m2)q:”2m21/2p sinf. (312)

The phase of S34 at s=0 will be taken as [e.g., by hav-
ing the cut associated with the branch points ¢3.=0
and ¥3,=0 running along the real s axis from (m;—m,)?
to (m3+m4)?]. The singularity structure is independent
of this choice of sign. Then, with e;s=sgn(m;—m,), the
behavior of various functions in (3.1) and (3.2) near
s=01is
cosf~ — €34,
(sink@)12—81(cosLg) |8l ~ slectesssl /2

D(Z(pi)) a7 = [(wi— p)/miJ i~ (s7eii 2) 7,
(1=3, 4)
D(Z(p2 g2 =[(ws— k) /ma 2= (mps=1/2)}2,
D(Z(pIZ M=k~ stz

Hence,

Hypano(8,0) = 22 52R4(5,) agass Mda s

a3ad
where Ry(s,t) is nonsingular and nonzero at s=0, and

C=M—NoFe3as(Ns—N)+ | as— e3ahs| -+ | st e3aha| — 1,
p=aztas—N+A1.

Because {C(azas)} is a set of even integers with mini-
mum value zero, Hyp,ap,(5,) is nonsingular at s=0,
and

[HMM;MM(S;t):E7’34H—)\a—)\4:7\1)\2(5;’:)]
XK (F)sUMFILDZ (313)
is nonsingular at s=0.

However, if x=1 (i.e., initial and final states consist
of a boson and a fermion), then (3.13) has a square-root
branch point at s=0. This singularity arises, firstly
because |Atu| and |A—gu| differ by an odd integer,
so that the square-root branch point is cancelled in only
one of Hapuan(8,0) or H_ s aapn(s,0); and secondly
because of s!/2 singularities in & (y(Z). In this case,
therefore, (3.13) is analytic in 4/s rather than in s.
Note that when the amplitudes are continued through
27 about s=0,

Hypgap, = (— 1) sl oo,

—
Qgs—> — €34534,

(3.14)

—_
Hza—> — €34s4.

(e) The kinematic-singularity-free combinations of
helicity amplitudes (“regularized” helicity ampli-
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tudes) are

Faypannna(s,t) = (V/5) MFI (s—ma?) 1A (S5) 443 (y)

X [Hpnpo(8,0En3H agasana(s,0)],  (3.15)
with

A=N—N2, u=Ng—M\g, A:max(lkhl“')’
ngg=(—1)8—setA, y=(—1)ms,

2 is the number of fermions in the final state, and

Mgs=S3FS4—A y

Ko(+)=1, Ko(—)Ssa,
Ku(+H)=Qrs 1, Ki(—)=Ers!, (3.16)
Ro(F)=wsat, Ko(—)=st.

(FB is 34 or 43, depending on which of the two final
particles is the fermion.) Evidently,

FE sy gninna(8,0 = Ensal Frgnin(,0) -
The form of (3.15) is the same, whether A\;=s; or
)\1= —3S1.
For x=1, we have analyticity in 4/s rather than in s.
However, from (3.14), we obtain the so-called general-

ized MacDowell reciprocity relation for the amplitudes
(3.15),

Fi)\sh;)\l)\z(_\/s) = ("‘ 1)283[5gnO‘F’f)]F:FMM:M)\z(\/S) .

(There is no analogous relation for the kinematic-
singularity-free amplitudes of Ref. 3.) Hence, in the
case of boson-fermion scattering, the amplitudes

{Fragame=(—1)25 sgn(u) JF g} (/)& (3.17)

have no kinematic singularities at all, where
a(+)=0, o(=)=-—1.

Unlike (3.17), the amplitudes (3.15) correspond at
large cosf to definite parity for each J in the partial-
wave expansion.

C. Equal-Mass Case

By this, we mean that ms;=ms=m and only m; is
zero. In such cases, s3=$54= 5.

This differs from the previous case only in that 3,=0
coincides with s=0; the kinematic singularities at
¢(s5,t)=0, at ¢32=0 and at s=m,? are as before. At s=0,
there are singularities in cosf, sin}f, cos3f, in all the
Z(p@), and in (QQllﬂ:iQn’), but not iIl sin0 or 923,.

From (3.1), (3.2), and (3.12),

HMM; ana(8,0) = (— 1) s Absatha(ging §) = 1Al
X (Cos%g)—l)\+u!k—)\1(sll2/m2)—)\2
s1/2_ (S__ 4”12) 1/2\ —A3—A4
(%)

2m

Z d-‘?s(g) aa——)xsdm(ﬁ) a4)\4

agay

X Latid I2R(syt)a3a4; Mgy (3- 18)

where R(s,f) is nonsingular and nonzero at s=0, and
where V=D£3+C{4—>\2+)\1.
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If the amplitude is continued through 27 around the
point s=0 in the complex s plane, we have 6 — ——¢r
(¢ is the sign of sinf at s=0) and

S12— (5— ) L2\ —Ns—s
ey

2m

s1/2 (s_ 4,m2)1/2 Azthe
<______________> (__ 1)7\3-}-)\4 .

2m
This gives

Els)\4:)\x)‘2(syt)ll= (- 1))‘3"')‘417_)\3_)\4;)\1)\2(8,15) (3.19)

(the suffiix IT again denoting that the function is evalu-
ated on another sheet), so that

[ anmna(5,0) 2 msa(— IPTEIEMT_y oy, (5,8) Jso /2

has no branch point at s=0; with a(+)=0, a(—)=—1.
The Z(p;) (=3, 4) and the d-matrices are finite at
s=0, so that we are left with a pole in 4/s of order
max(—s;+Ae+v)=2s;. (The d-matrix elements are
nonzero for az=as=s;.)

Hence the kinematic-singularity-free combinations of
helicity amplitudes in the case mz=ms=m, s3=s4=15;
are

Fapnaang(8,2) = () B 12(s—gp,7) 2=A
X (s— dm?) st a2 [Ty 05 ang(5,0)
s angap(s0)} - (3.20)

Here N\, p, A, 734, and ms, are the same as given under
(3.15). a(x£) and B(=) are given by

a(+$1)=0: a(—§1)=——1, £1=(_1)m34’
B('{_EZ):O’ B(_£2)=_1;
= (= D)2r(— 1,

D. Effects of Charged External Particles

When the massless particle has spin 1 or 2, it can
couple at zero energy to a ‘“charge.”?® For s;=1 (which
would appear to be the only physically interesting case,
namely, photoproduction) this charge is the electric
charge; for s;=2 (the massless particle being a graviton)
the charge has the same value (87G)/2 for all particles,
G being the gravitational constant.

This results in the appearance of readily identified
poles in the helicity amplitudes in lowest-order pertur-
bation theory, from diagrams in which the massless
particle couples at zero energy to the charge carried by
one of the external particles. In the c.m. frame (2.1),
zero energy of the massless particle corresponds to
(s—ms?) — 0, so that these poles may coincide with the
kinematic-singularity factor (s—m.2)®2~2 obtained in
Sec. 3 B. These extra singularities have been referred
to at times as ‘“kinematic singularities,” so that we
shall briefly consider them here.

26 S. Weinberg, Phys. Rev. 135, B1049 (1964).
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According to Ref. 26,
H)\suzin)\z(syt: pro— 0)
~2 g pir e *(p) 1 (pi ) Hoarars,  (3.21)

where sy is 1 or 2; 1=(2,3,4); 7; is +1 for outgoing and
—1 for incoming particles; gi=e; (electric charge) for
particle 1 a photon and g;=(87G)'/? for particle 1 a
graviton. The residue Hynq, corresponds to the vertex
(2— 3+4), and it also contains the kinematic singu-
larity factors discussed previously.

e+(p1) is the polarization of particle 1, and in c.m.
frame (2.1) it is

G:E(Pl,) = 2—U2(0y 17 :*:i; 0)+a:tP1, )

where @ is an arbitrary scalar function of the momenta.
Equation (3.21) is given in Ref. 26 for p; — 0, which is
not in fact useful for considering the singularity struc-
ture in s and £; however, the arguments given there may
be applied to the case p;>— 0 as well.

For s;=1 (photoproduction), (3.21) introduces first-
order poles at (depending on the charge configuration)
s=ms?, t=ms? and u=m.2 ie., s+i=m2+ms2 (Of
course, lowest-order perturbation-theory diagrams in-
troduce a dynamical pole for every particle or reso-
nance that can be exchanged in the direct channel or in
a crossed channel.) Let us consider under what circum-
stances a pole at s=m,? can appear, since this will
modify the factor (s—m,?)®4 used above to obtain
kinematic-singularity-free amplitudes.

The requirements are that

(1) particle 2 must be charged; (ii) the helicities must
be such that a final state (of particles 3 and 4) exists
with the same total angular momentum and parity as
the spin and parity of particle 2; and (iii) the final state
must have the same total isospin (and G parity if ap-
plicable) as particle 2.

Condition (ii) means that of the regularized helicity
amplitudes [(3.15), (3.20)] F4puana(s,2) (4 stands for
-+ or —), an extra pole factor appears in those with?’

(3.22)

where, as usual, 7, is the intrinsic parity of particle 4,
and A=max(|\],|u|). We have used the fact of parity
conservation in the reaction, and that cosf—w as
(s—ms?) — 0.

If particles 3 and 4 belong either to the same isospin
multiplet or to charge-conjugate multiplets, the general-
ized Pauli principle, together with conditions (ii) and
(iii), provides conditions which the regularized helicity
amplitudes satisfying (3.22) must additionally satisfy
in order to have the extra pole factor (s—m.2)~1 [If the
particles are actually identical or charge-conjugate,
condition (iii) is not needed here.] Let the above isospin
multiplets have isospin 7'y. Then these further conditions

27 M. Gell-Mann, M. L. Goldberger, F. E. Low, E. Marx, and
F. Zachariasen, Phys. Rev. 133, B145 (1964),

A=namana(—1)%274, 5,2 [p]
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are
A3# Ny if (——1)'2=—x,
NE =N i nangna(—1)¥=—x,

where M =min(|\|,|u|). x=(—1)27-T2 for final par-
ticles in the same isospin multiplet, and x=Ga(—1)T2
for final particles in charge-conjugate multiplets, where
T, and G, are, respectively, the isospin and G parity
of particle 2.

Condition (iii) also affects the particular isospin-
invariant amplitudes in which the extra factor appears.
Let us express the helicity amplitudes as (dropping the
helicity labels)

(Tl T, T')(Tg T, T’)
717’ \ Q ta ¥ s s 4

Frpms(sit)= 2
XF(Srt; TIT’)’

(3.23)

(3.24)

where particle 4 has isospin 7'; with third component #;,
and Ty is O or 1. Then the extra pole factor occurs only
in the isospin-invariant amplitude F(s,t; T172), and in
particular if particle 2 has definite G parity, T1=1 only.

For example, in the case of pion photoproduction from
nucleons® (7T,=1, T3=T,=%), the isospin coefficient
of F(s,t; 1T,) is proportional to the usual X3[op,03 X,
where X and X are are the nucleon and antinucleon
isospinors, respectively, and 8=#,. This is the isospin
coefficient of the amplitudes conventionally labelled
A, From (3.22) and (3.23), only Fy,16-(s,t) (and
the parity conjugate amplitude) has this extra factor
(s—mo?)~'. [The second (—) superscript refers to the
isospin coupling.] Now the kinematic-singularity-free
helicity amplitudes of Sec. 3 C are in this case related
to the conventional invariant amplitudes? by

Fryge=V2Q2M yA +— 41),

Fyg0=V2(41+4ss),
F+‘}_%;1o=\/Z(SA 4 ZMNA 1) 5
Fy y10=V243,

and these amplitudes A;(s,t) are free of kinematic
singularities®’; however, the above considerations show
that 42 does in fact have a pole at s=m,? as is well
known. Note in particular that for the charge configu-
rations ym®— NN, there is no pole at s=m,? in the
invariant amplitudes in the lowest-order nonvanishing
perturbation-theory diagrams?® (to first order in ¢ and
third order in the pion-nucleon coupling constant). In
view of its dependence on the isospin configuration, such
a pole would not appear to qualify for description as a
kinematic singularity.3?

28 Qur s channel is the reaction yr — NN.

2 G. F. Chew, M. L. Goldberger, F. E. Low, and Y. Nambu,
Phys. Rev. 106, 1345 (1957).
( 30 ;) P. Ader, M. Capdeville, and P. Salin, Nucl. Phys. B3, 407
1967).

31 S, Minami, Progr. Theoret. Phys. (Kyoto) 7, 69 (1952).

32 This matter is also considered by F. S. Henyey, Phys. Rev.
170, 1619 (1968).
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There has been some confusion on this point, since
the treatment of Ball®® proceeds in a different way: The
amplitude is first expressed as e(pu)uis T i (s and %y
being the nucleon spinors), and 7', is then decomposed
into eight invariant amplitudes B(s,£) whose coefficients
are constructed from particle momenta and y matrices.
Gauge invariance, namely, p1,7,=0, where p; is the
photon momentum, tells us that six of the Bi(s,t) are
related to the four 4,(s,t) by®®

A1=B1—MnyBs, As= 232(5'—”'1'12)—1 )

A3=-—Bs, A4=_%B6;

(2t+s-—- 2MN2— mw2)32= 2(3_ m12)33 ’
Bs—3(2t+s—2M y2— m.2) B+ 3 (s—m42) Bs=0.

(B: and B; have vanishing coefficients for physical
photons.) These equations indicate kinematic zeros in
B, and 2B;—({—My?)Bs at s=m.2, and in Bs and
2Bs+ (s—m.2)Bg at t=u, but not a kinematic pole in
A, at s=m,* as has sometimes been stated.

Finally, we note that in the case s;=2 (particle 1 a
graviton) exactly the same conditions apply [except,
of course, that condition (i) above is dropped] to the
appearance of an extra factor (s—m.g?) 7

4. CONSTRAINT EQUATIONS ON
HELICITY AMPLITUDES

A. Constraint Equation at s=my?

In Sec. 3, we obtained combinations of helicity ampli-
tudes, multiplied by kinematic factors, which have no
kinematic singularities. However, the inverse expansion,
expressing the invariant amplitudes in terms of the
helicity amplitudes, will in general have kinematic
singularities that are not removed by the above process.
The inverse expansion will contain apparent kinematic
poles whose residues are combinations of helicity ampli-
tudes; these “residues” must vanish so as to remove
these poles since the invariant amplitudes are free of
kinematic singularities. Hence at certain values of s
we shall have relations between different helicity ampli-
tudes, and between derivatives (of a particular order) of
helicity amplitudes. These constraint equations will
be derived directly from the formulas of Sec. 3 A.

First, let us consider the behavior of the helicity
amplitudes at s=m,2 From (3.1) and (3.3), we see that

Hypnna(5,0) (— 1) 2D(Z (p2) Mg (0) 2 (4.1)

has no singularity at s=m.?, for all @ (|az| < 52). We are
excluding values of ¢ such that ¢(m.2,£)=0. From (3.11),
we know that

Fag=Hgagana(5,8) (s— m2%)

is nonzero and nonsingular at s=m,? The equations
that follow are independent of Ay, A3, and A4, so that we
drop these labels. Also, d*2(0)_»,**(s—m2?)* is nonzero

3 J, S. Ball, Phys. Rev. 124, 2014 (1961).
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and nonsingular at s=m,2 Then
dn
e pE e
°

ds”
() rmirono]

for 0< < 2s5—1 (n integer), |a| <o

The presence of boosts and rotation matrices makes
this constraint equation unsuitable for practical appli-
cation, so we proceed to simplify it. First multiply (4.2)
for each value of @ by [(seFa)!(s—a)!]/%(tandf)e.
This factor is nonsingular at s = m,2, so that we can move
it to the right of’the differential operator to obtain an
equivalent set of equations. Then, taking successive
differences between equations with consecutive values
of a, we can replace the set of equations (4.2) by

[z on(2)”

X (s—ma?)*2[ (sou) W(s2—p)!]12

=0 (4.2)

s=msa?

XP&z—p—m(SZ-H"’ —sytptm) (COSQ)] } = 0 y (43)

s=mg?

where 0<m< 252 (m integer), and P,@®(cosf) is a
Jacobi polynomial. Equation (4.3) can be rewritten as

S
X (5= ) (5= m?) cost s
N NI

First consider m=#. cosf and sinf have first-order poles
at s=ms?, with residues related by sinf~i{ cosf. { is
+1, the sign depending on the determination of
V/[#(s,t)] which has phase s=ir at s=m,% The non-
vanishing terms in (4.4) are then

(52__#)1)1/2 1
(Sz‘f'ﬂ)! (

=0

> ww( (4.5)

So—p—m)!
for 0<m< 25— 1.

Now consider (4.4) for m=n— p, where p is an integer
0< p< 2s9—1. Since 0<#< 25o— 1, we have 0 m < 252
—1—p. [If p is negative, (4.4) obviously contains no
terms nonvanishing at s=m»2.] Equation (4.4) becomes

> [z 5, (gi)n

» r==0

(so—p) 1\ 1/2 Uly)
X<(s2+#),) (S—#_M+P)!Js=m22—0’ (46)
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where F, means (d7/ds")[Fu(s,t)], and U(u) is some
polynomial of order (p—7) in u, whose coefficients are

functions of s and ¢. Now suppose we have, for all 7 in
0<r<p—1,

% g_“@)(ﬁ)ﬂ((ﬁz—u)l)uz ( .

(s2Fm)! So—pu—m)!
O<m<L2s—1—7). (4.7)
From this we may obtain
V()
Sg—ﬂ_m)l ’

0<m<2s—1—p) (4.8)

% aﬂu)(m#((sz—ﬂ)g)l,z (

(satm)!

where V(u) is any polynomial in u of order p—#>0.
Substituting (4.8) into (4.6), we see that (4.7) is true
for r=p if it is true for 0<7< p—1, and from (4.5) it is
true for r=0.

Hence the constraint equation on the helicity ampli-
tudes at s=m,? is

=( -, “Hyasna(si])

N \ds” s=mg?

(SZHZ)!)m ! (49)

(Sg"-)\z)! (Sz—f—)\g—m)!
for 0<7< 25— 1, 0<m < 20— 1—7.
By multiplying by suitable functions of #, and adding

these equations for values of » from 0 to (s2—a), we
get the equivalent constraint equations

x (e

dr
> { [(s—ma?)*2Hgagana(S,1)

a ldsT

X (ig‘)—)‘zdsz(%ﬂ') )\za:l =0 (4 10)

s=mg

for 0<7< 20— 1, —so+147<as s

One may then express the helicity amplitudes in (4.10)
in terms of the regularized helicity amplitudes (3.15)
or (3.20), to obtain the required constraint equations on
these regularized amplitudes. The factor (cosif)!*l
(sind@)*# (s—m2?)A will then remove the apparent
(©)* sign ambiguity. Since the regularized helicity
amplitudes are nonsingular at ¢(s,t)=0 and at s=m.?,
the resulting constraint equations are valid for all ¢ at
S= M22.

B. Other Constraint Equations

Constraint equations at s=(msztms)? are found
similarly. From (3.1) and (3.2),

Z HMM; )\1)\2(5:1) ('— 1) skkzDss(Z(PQ—])—M_)‘s

A3hg

XDHZ(pa) A Mo (—0)agd(—O)a (4.11)
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has no singularity at s= (msdma)? for all a3, as. From
(3.9), we know that Hyg,;ap(5,0)[s— (mazzm,)? ] (sstsa /2
is finite at s= (ms3=m.)? where its kinematic singularity
is a square-root branch point. First consider the case
s— (ms+m4)?=¢3?=0. Put

n

G)\a)\f=_¢34sﬁ's4H>\aM;M’\z(sat) ’ GMM(")E Gasnae

d(¢se)"
Then, as at s=m,?,

(G ™ (5)#d*5(5) uad®*(37)sp Jpgm0=0  (4.12)
for
0<n < 2(ssts4)—1
and
—53—S4+1+7L<0£+6<S3+34-

But from (3.10), continuation of G, along a circuit
of 27 about ¢s4=0 gives

(Guv)II= (_' 1)_#_VG——M,—V
so that, at ¢34=0,

dr
G,y ®0 = (2r) ';[GI"’_}' (=D)+7G-u~],
’ (4.13)
r!G,‘v(Zﬂ'l) = (2r—l- 1) ‘L-i_{ EGMV— (_ 1)—“_VG—M,— vj¢34~1} .
sT

From the symmetry properties of the d-matrices, we
obtain the constraint equation

dr
{ [ Z ¢343'H'84—GH)\3)\4; M)\z(syt)

ds” Nahs

X (i;—))\ﬁ-hdss(%w) )\aaad“(%ﬂ') )\4:14] =0 (4 14)

$34=0
for 0< < [B(ss+satastar)—17,2 with
(s3+satas+as) even,
(S3+S4+Ol3+0[4) Odd .
The behavior at s— (mz—my)2=y32=0 (for ms=m,)
is almost the same as that at ¢35=0. However, the term
(wi— ps)/m; appearing in D*(Z(p;)) has the value ~.1
rather than +1 at ¥3,=0 if m,<m; (1, j=3, 4). This

introduces an extra factor (—1)* into the equation
corresponding to (4.12), and we obtain

a=0 for (4.15)
a=1 for

dr
{ [ Ysuro ()

ds™ N3\

><<ir>wdas<%w>mdu%w)w]} 0

¥34=0

for® 0K 7S [2 (st 54t esa(as—aq))— 1], with

es4= sgn(mz—my)
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and

b=0 for 83+S4+€34(013*Ot4) even,
b=1 fOI' 33+S4+ 634(013—014) Odd.

As one might have expected, the constraint equations
(4.14) and (4.16) are the same as those obtained in
Ref. 3, in the case of all nonzero masses, by consider-
ation of poles in the crossing matrix for transversity
amplitudes (amplitudes in which the spins are quan-
tized along the normal to the reaction plane).

There is no constraint equation for the helicity ampli-
tudes at s=0 if ms~£m.4, as will be shown in Sec. 4 D.
However, there is a constraint of a more trivial nature
affecting the regularized helicity amplitudes at s=0,
resulting from singularities in the sin}8 and cosi6 factors
introduced.?* From (3.8) and (3.15), we see that

Fi)\a)\u )\1)\2(57t) = [:H)\s)\4: )\1)\2(310 (\/5) IN-Lul=IM e ul
=+ 7734H—)\3-)\4; )\1)\2(37 t) (\/‘Y) ! )\|+[ﬂ|*|)\_€84l‘|]Ki(s,t) 1
(4.18)

where K*(s,t) is regular at s=0, as are the helicity
amplitudes. Then near s=0,

Frypana (8,0 [X(v) I — [sgn(uXess) JF agng ang(s,2)
X[Ko(—7) T ~sM, (4.19)

where M =min(|A|,|u|), other symbols being defined
in (3.16) and following (3.15). Appropriate derivative
conditions are readily formulated; note that when M
is half an odd integer (boson-fermion scattering), (4.19)
should first be divided by s!/2 so that both sides of the
relation become regular in s at s=0. In particular, pro-
vided that A and u are both nonzero, the nonderivative
conditions at s=0 for various numbers of fermions in
the final state are

(x=0): F*(0,t)= —[sgn(\w) J(ms*—me)"F~(0,1)

(x=1): FH0,5)=(—1)*sgn(\u) JF—(0,0),

(x=2): F+(0,0)=sgn(\u) |{ (ms+ma)/ (ms—m4)}”
XF=(0,),

where the helicity labels (Ash4; A1\s) have been dropped,
and where y= (—1)sstssa,

(4.17)

C. Equal-Mass Case

The constraint equation at ¢¥3:=0 for msz=ms=m
needs separate consideration, because ¥3,=0 now coin-
cides with s=0. Let ss=ss=s;. From (3.1), (3.2), and

(3.18), we have

w_p AztAd

% o= Dw(0) T a(=0) e
X a1 (— ) s (ostan) /2

Ashdg m

(4.20)
has no singularity at s=0, and Hg,an(s,2)s* is finite

3¢ Such constraints were first noticed by S. Frautschi and L.
Jones, Phys. Rev. 167, 1335 (1968).
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and nonsingular in 4/s at s=0. Then

dar
li('\/_y)nl:yév;\:4 H)\a)\d;)q)\z(s,t)ssf(__ 1))‘3

“’_P AgtAg
x (_‘> d"’(~0>—wdv(—e)u“‘]

m

=0 (4.21)

8=0

for 0<n< 2s;—az—au

When s — 0, sinf — {= =1, and (w— p)/m — =i [ the
sign in the latter case depending on the arrangement of
the cuts associated with the (s—4m?)!/? branch point].
By the same method as used to obtain (4.9) from (4.4),
we have, substituting 8(s=0)= ()¢,

(d(\/ns)n[H Mk mz(s,t)ssr])

8=0
X (7'3' ))“H'“dsf (%7") raas@®! (%77) Mas=0 (4-22)

for 0<n< 2sp+¢(as—as)+1. From (3.19), equations
analogous to (4.13) are obtained, and the constraint
equations finally obtained are

dr
(d [ a5 (e
sT

X dsf(%”r) Masds‘f(%ﬂ')um:l) =0, (Wl3= ’WL4) (423)
8=0
for 0< r< [3¢ (as—as)+s5—1],28 with
¢=0 for oastaseven, (4.24)
Cz% for 0!3+Ol4 Odd .

As expected, this result is the same as that implied
by the results of Ref. 3.

D. Completeness of Constraint Equations

It remains to be shown that we have obtained all
possible constraint equations on the helicity amplitudes
that are imposed by the original assumptions on the
analyticity properties of the A -functions. This is
achieved by showing that the constraint equations ob-
tained above, together with the analyticity properties
of the helicity amplitudes derived in Ref. 3 and Sec. 3,
are sufficient for the analyticity of the invariant
amplitudes.

Evidently, the constraint equations are exactly equi-
valent to the absence of singularities in (4.1), (4.11),
and (4.20) at, respectively, s=ms? s= (ms==m4)? and
s=0. We shall consider explicitly only the case A;= +s1.

Analyticity of (4.11) at s= (ms~+m4)? implies analyti-
city, at this value of s, of M/« [expressed as a function
of s and ¢ in the c.m. frame (2.1)] in (2.39), from which
it is immediately apparent that the invariant ampli-
tudes are not singular there either. The same applies
to s= (mz—ma4)? if mz=ma.
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Next consider possible singularities at s=0 in the
case ms=ms From (2.39), (2.21), (2.9), and the result
that the helicity amplitudes are analytic at s=0, one
finds that

Bl(sat)= Z sxl2R(Sat:l)&azah

aagza4
where R(s,,0) is nonsingular at s=0 and
w= a1~ Ao— ess(As— Na)+ |as— esahs|+|aat esah o],

a= a3+a4—7\2.

[The behavior of the kinematic factors in (2.9) near
s=0is given in Sec. 3 B (d).] Evidently « is an even
integer with lowest value zero, so that no constraints
on the helicity amplitudes are required by analyticity
of the invariant amplitudes at s=0.

It is somewhat less trivial to show that, at s=m.?,
analyticity of the invariant amplitudes follows from the
analyticity of expression (4.1). We require invariant-
amplitude expansions of the types (2.23) and (2.25),
using

Q= q(1,3) y Q2= q(473)

[ie, a=1, b=3, ¢=4, in (2.24)], in the s-channel c.m.
frame with the spatial momentum of particle 3 parallel
to the 3 axis. As before, g1=%(s—m22). In Ref. 7 it is
shown that, at ¢;=0, the analyticity of the invariant
amplitudes of (2.23) implies the analyticity of those of
(2.25). Now the expansion (2.23) can be inverted,??

Bau(s,) =2 M (j+e)!(j—e)! 7"

X @'"M—-ij(ql’l)qz—-H-lwm ) (425)

where m= (0,1) and the Bmy:i(s,t) differ only by numeri-
cal constants from the 4(s,t; lile,7,7) of (2.23) with /
+1ly= j+m. For the notation, see (2.41). €, is given by

e,/ =[(ws+ep)k sing x|

None of the coefficients of M* in (4.25) is singular at
s=my? Since Ds(B1(p1)~1)s, is not singular at s=1m,?,
the analyticity, at s=my? of (4.1) implies analyticity
of the M* in (4.25). This gives the required result.

If m3=m., absence of a singularity in (4.20) at s=0
implies that

e=sgn(u).

Masi~ s Mrthr—az—ad ]2 pear s=0,

M=st being the M -function appearing in (2.39), and in
(2.39) a=a3+as—Ne. It is again apparent that this is
sufficient for analyticity of the invariant amplitudes at
s=0.

# We note that the well-known existence of singularity-
free inversion formulas'® of the form (4.25), together
with the results of Ref. 7 and Sec. 3, is in fact sufficient
to obtain all the results of this section; the explicit in-
version formulas of Sec. 2 C are not necessary for our
present purpose.
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5. SUMMARY OF FORMULAS OBTAINED

Kinematic-singularity-free combinations of helicity
amplitudes for a four-particle process, one particle being
massless, are given in (3.15) and (3.17) (masses of final
two particles unequal), and in (3.20) (masses of final
particles equal). Linear relationships between helicity
amplitudes (and between some of their derivatives) at
certain values of s are given in (4.10), (4.14), (4.16),
and (4.23). A further relation involving the kinematic-
singularity-free amplitudes, which does not correspond
to a constraint on the helicity amplitudes, is given in
(4.19). In addition, an explicit formula (2.39) is given
for the inversion of a certain expansion of the M-
function in terms of invariant amplitudes.

These results agree with those obtained by Ader,
Capdeville, and Navelet.!! These authors obtain the
kinematic-singularity-free combinations of helicity am-
plitudes for one or more massless particles in a two-
particle to two-particle reaction by using the same
invariant-amplitude expansion as in Refs. 3 and 10; a
gauge-invariance condition on the M -functions then
produces additional kinematic factors corresponding to
the presence of the massless particles. For one massless
particle, as here, their treatment of the case of odd-
fermion-number initial and final states differs from ours.
In such a case, their regularized helicity amplitudes
have kinematic branch points not only at s=0 [as do
our amplitudes (3.15) with x= 1] but also at thresholds
and pseudothresholds on the sheet with negative +/s.
Of course, in the study of kinematic singularities of
scattering amplitudes, such extraneous singularities on
unphysical sheets are usually not important, but they
do have the effect that the MacDowell symmetry of the
helicity amplitudes is not expressible in a simple form
for the regularized helicity amplitudes of Refs. 3 and
11. Consequently, one cannot readily obtain from them
amplitudes without any kinematic singularities (even at
s=0), corresponding to our amplitudes (3.17). (Davies3
has also shown how the method of Wang! may similarly
be modified.) The authors of Ref. 11 also obtain the
constraint equations, using a method involving con-
sideration of the crossing matrix for transversity ampli-
tudes, as was done in Ref. 3. (Their method is slightly
indirect compared with that used here, in that it has
not previously been shown that al/ the kinematic con-

3 W. E. A. Davies, Nuovo Cimento 534, 828 (1968).
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straints implied by analyticity of the M-functions are
in fact also implied by singularities in the crossing matrix
between regularized helicity amplitudes.)

APPENDIX

This is a description of some properties of the func-
tion X ,}(w), defined by (2.37), which is useful in certain
cases for the inversion of invariant amplitude expan-
sions. Let

XyH(w) =3(—sinw)™

{1

d(cotw)?
[X [(cotw+cscw)#+ (cotw— cscw)*]  (2.377)
for which g, /, are integers and 7> 0. We have

X w)=(=1)XHw),

X Hw)=0 when |u|<I. (AD

Evidently,

V(@) XV (w)=0 if I'>1. (A2)
If we substitute z= (cotw’d=cscw’) into the formula
% Cor @ L) 10— T4

=[cosw—3(z—271) sinw], (A3)

where
Cay#(w)= (2H-1)71%(4x) 2V 4(w)

we see that

2 Co(@X (@LUHmI—m)! T =80 (A4)

The function X,(w) may also be shown to satisfy the
relations

2 Co(@) X (@4 1L —p) ]2

XLEZAw =60 if I2L2V, (AS)
§0 Cay(@) X,V (@ LO+p) T2 L(1—p) | T2
XLZAw!T1=0 if IZL>V. (A6)

Further, it is obvious from the symmetry of the terms
under 4 — —pu that

Z C(z)“(w)X,,,l'(w),u,il=0. (A7)
B0



