
PHYSICAL REVIE%' VOLUME 176, NUMBER 1 5 DECEMBER 1968

Spin Polarization of Low-Energy Electrons Scattered
Elastically from Atoms and Molecules*

A. C. Yatesf
DePartment of Chemistry, Indiana University, B/oomington, Indiana 47401

(Received 1 July 1968)

The Z dependence of total spin polarization is systematically ascertained by tracing the tra-
jectory of a particular zero of the scattered amplitude as a function of atomic number. The
incident electron energy corresponding to 100Vo polarization is shown to increase linearly
with increasing atomic number. In addition, it is found that total polarization is confined to
a relatively narrow angular range for varying Z. Further calculations on the independent-
atom model representation of electron spin polarization for electron-molecule collisions are
given. Arguments leading to the improbability of obtaining enhanced polarization over the
atomic case are presented. The most significant result of these calculations is the relative
insensitivity of the spin polarization to the molecular parameters.

I. INTRODUCTION

A search of the literature' "of recent years
shows a new resurgence of interest in the spin po-
larization of low-energy (less than 2000 eV) elec-
trons scattered elastically from atomic and molec-
ular targets.

Some workers'~" have suggested that the corre-
sponding angular distributions may serve as very
useful tools in obtaining more information about
atomic and molecular potentials than is possible
with the cross sections. With the advent of large
computers, it has become possible to obtain accur-
ate self-consistent-field (SCF) wave functions, and
hence, greatly improved atomic potentials. " "
The experiments of Eitel, Jost, and Kessler' have
shown that, for the energy range of 100—2000 eV
and scattering angles of from 30' to 150', no seri-
ous discrepancies exist between experiment and
theory, as given by the calculations of Bunyan and
Schonfelder, "and Holzwarth and Meister. ' These
workers used relativistic Hartree potentials deter-
mined by SCF calculations using the Dirac equa-
tions and imposing the Hartree assumptions.

The production of highly polarized electron
beams is of considerable importance for the study
of many processes, e.g. , nuclear reactions and ex-
change scattering. High polarization effects for
large atoms and low incident electron energies
were predicted as early as 1941 by Massey and
Mohr, ' mho also noted the diffraction minima in
the angular distribution of the cross section, which
are observed when the wavelength of the incident.
electron is comparable to atomic dimensions. Re-
cently Buhring" analyzed the features exhibited by
spin-polarization curves by considering the com-
plex zeros of the scattered amplitude; whereupon
it was predicted that total polarization can, in prin-
ciple, be obtained for elements as light as neon.
One aim of the present paper is to report results
of calculations of combinations of energies and an-
gles which lead to total polarization, and to follow
these points as a function of atomic number. The
particular advantage of our calculation to that de-
scribed by Buhring is the use of better atomic
fields which have been described in an earlier
paper. '9

The second part of this work is to report addi-
tional calculations using a model presented in a re-
cent brief report'4 which describes the spin polar-

ization of electrons scattered elastically from mo-
lecular targets, the first experimental results of
which, have been reported by Hilgner and Kessler. '
In the following section, we give the Mott relations
for scattering from a central field, and briefly
sketch Buhring's analysis, followed by the results
from the atomic calculations. Section III contains
a detailed description of the independent atom mod-
el for electron spin polarization following electron-
molecule collisions. The Appendix gives an abbre-
viated description of the numerical procedure used
in the calculations.

II. SPIN POLARIZATION: ATOMS

A. Theory

The wave equation for target atom plus incident
electron can be written as

~ ~ ~

N

0 i=1 Oi

=(W+E )+(r, rl, ''', r&), (2. l)
where the undistrubed N-electron atomic system
is represented by

HC (rl, , r~) =F. C (rl, , rH), (2.2)

where IJ is the time-independent Dirac Hamiltonian
given by

H=P co. . p. +P.mc'- —+ Q —,2 Z 1
i i i ~. . .r. ,

'
i i &g ig

and Ho = co.'o po+ Pomc',

(2.3)

(2 4)

where n~j, o'yf, , &gj, and pf are the 4X4 Dirac ma-
trices, and & is the total energy of the incident
electron, F-0 is the total energy eigenvalue for the
atom in its ground state.

A number of calculations have been made using
relativistic Hartree fields, ' i.e., ignoring electron
exchange and correlation effects for the atomic
electrons. However, an equation for the scattered
electron which includes exchange effects can be de-
rived by employing the Hartree-Fock (HF) scheme.
The nonrelativistic treatment for electron-atom
scattering in the HF approximation has been given
elsewhere, '~&'2 so only a rough sketch outlining the
principal differences between relativistic and non-
relativistic treatments will be given here.
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The four-vector 4(r0, rl, ' ' ', rN) can be expand-
ed in eigenstates of the complete Hamiltonian

4(r, rl, , rN) = Q + (r0, r, ', rN), (2.5)
m=0

where the +~ are to be approximated by single
Slater determinants of one-electron central-field
wave functions

replaced by Gaspar's average value" to get

[II—lV+ V(~)]@(r)= 0, (2.10)

where the zero subscript has been dropped, with

rV(x) = -Z+ f 4mr "p(r')dr'

+rf 4mr'p(r')dr' --[3w'p(r)]»'. (2.11)

(r0)

(r )

(r0)

(rl) "' 0 (rN)

1 1 1 (~N~ (2 6)
d'g (&) l(l+1)

+ km —
2

— —Ui(r) ~gl(r) =0, .(2.12)

where

Equation (2.10) is the usual Dirac equation for a
central field and can be separated to give the fol-
lowing radial equation in Schrodinger form'4 for
the scattering problem in atomic units as

where ( (r,) is the wave function of the scattered
electron. It should be remembered that each one
electron function is itself a four vector. The as-
sumption is now made that fm(ro) and pi~(ri) are
both solutions of the relativistic Fock HamiItonian
arising from the (N+ 1) 'electron system represent-
ed by (2.6), but in addition, it is also necessary to
assume the pi™(r~)are eigenfunctions of the N
electron relativistic atomic Fock Hamiltonian.
The extent of these approximations and the connec-
tion of the N and (N-+1)-electron problem has
been discussed by Bonham. "

A one-electron Hamiltonian for the scattered
electron can now be obtained by substituting (2.5)
into (2.1), multiplying by the atomic wave function
for the Pth state, i.e.,

1

4 ~=(N!)
A

U(r-) = 2yV(r) + n2V2(r) + —+ ———~+1g' r g" g q' 2

q 2

(2. 13)
with q= (1+y)/o.'+ a V(t), and where y is the rela-
tivistic correction factor, & is the fine-structure
constant, and k' = (y' —1)/o. ' is the square of the
magnitude of the incident wave vector.

The spin polarization caused by the interaction
of the electron with a central potential is given by

P(8) = i(fg * f *g)/I(8), — (2.14)

where f(8) and g(8) are the scattering amplitudes,
and I(8) is the differential cross-section,

I(8) =
If I'+ Ig I ', (2.15)

with

f(8) =2;~ Z [(l+1)(e —1)
l=O

q2 (r2) ~ ~

q2 (rN), (2.7)
and

+l(e l 1 —1)]Pl (cos8), (2.16a)

q,.(r')y(r')q, (r )0P f'dr ' ' 0=0,
Iro —r'

I

where p(r) is the relativistic electron charge den-
sity

p(r) =Q p.*(r)V.(r)

(2.8)

(2.9)

with the summation index running over all occu-
pied orbitals. The exchange term in (2.8) can be

and integrating over the atomic coordinates. By
making use of the appropriate orthonormality con-
ditions, simplifying, and discarding the inelastic
and non-exchange terms (we ignore the terms cor-
responding to exchange between the incident and
atomic electrons, but not exchange between atomic
electrons), we obtain

g(8) g (e
' -l-1 e

' l)P (cos8) (2 16b)
l=1

where &~ and 6
E y are the Dirac phase shifts.

For the energies in which we are interested,
large values of the polarization occur only in a
very narrow angular range around a minimum in
the cross section curve. A minimum in the cross
section is thus due primarily to one of the complex
zeros, z, =a+2&, of f(z = cos8) situated near the
real axis. Buhring considered this and has written

f(x) = [x —(a+ib)]A(x), (2.17)

b =+d cosp . (2.19)

and g(x) =d(x)A(x)e (2.18)

where z =x corresponds to physical values, and
d(x) &0. Then, on substitution into (2.14) and
(2.15) to get relations for P(x) and I(x), and assum-
ing A, g, p, and d to be constant in the neighbor-
hood of a minimum in the cross section, one ar-
rives at the following condition for total polariza-
tion:
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FIG. 1. Points of total spin polarization plotted as in-
cident electron energy versus atomic number. The up-
per curve refers to positive polarization values and the
lower to negative values.

8. Results

Our calculations for atoms have been confined to
determining combinations of energies and angles
which give rise to total polarization as a function
of atomic number. The results of these calcula-
tions are given in Figs. 1 and 2. It should first be
remarked that these curves were computed by trac-
ing the path of a particular zero of f(z) as a func-
tion of the nuclear charge. Two sets of points are
plotted in Fig. 1 (distinguished by the dashed
curves), the upper set corresponding to 100~o posi-
tive polarization as defined by (2.14), and the low-
er points for the case in which the polarization is
in the opposite direction. The most striking fea-
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FIG. 2. Total negative spin polarization for Z = 37 and

54, for incident electron energies of 477 eV and 745 eV,
respectively.

ture of the Z dependence is the near-linearity for
increasing atomic number, which, of course, in-
fers that additional points may be obtained by ex-
trapolation. As shown, the energy separation of
total positive and negative polarization increases
with increasing atomic number. Figure 2 gives
the angular distributions for Z= 37 and 54, and
shows how the features of the curves are shifted
to larger angles with increasing atomic numbers.
It was also found, at least for the zero we chose
to follow, that the large peaks were confined to an
angular range of 120' to 135'. A large number of
other calculations were made for smaller atoms
which were in complete agreement with the gener-
al a,spects of Buhring's discussion of total polariza-
tion for target atoms lighter than mercury. For
Z &7 energy values corresponding to total po1ariza, —

tion are all inside 30 eV, and as has been shown
in an earlier paper, '9 the present description of
the scattering process breaks down due to the in-
creasing importance of incident and atomic elec-
tron exchange.

IH. SPIN POLARIZATION: MOLECULES

A. Theory

As pointed out in an earlier paper, ' if we consider a molecule, consisting of N-spherically symmetric
atoms, and invoke the independent-atom model, then a very simple expression for 'the polarization result-
ing from electron-molecule collisions can be determined. By linear superposition the total scattering am-
plitudes, F(s) and G(s) are given by
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N N
(a) +(s)= Z f, (s)e ' »d(b) G(s)= Z g,.(s)e" ", (3.I)

i=1 8=1 '

where s =kf —k is the momentum transfer vector, i.e., the difference between the initial and final momen-
tutn vectors, and r; is the position vector relating the ith nucleus to the center of mass; f; and g; are e-
fined by (2.16). Thus, by comparison with (2.14), the polarization in this case is

(3.2)

~(Z(f,g, *-f,'g, )+ZZ(f, gj* f, *g )-e

P(s) =

(I+I + ioi & &Z(if,. i + ig,. i )+RE(f f *+g,.g *)e" '. &»

whex'e the bx'ackets denote rotRtlonRl Rnd vibrational Rvex'Rges. Now if the effect of the collision of a beRm
f 1 ctrons with a molecule initially in the ground state, is to excite all the rotational and vibrationa

25 26 lstates associated with that state, then (3.2), as a result of closure arguments ~ may be written as
1 o 3

iQ(f. g.* f."g~)-+QQ(f g *
f. .*.g,.)e-' ij j 0(sr )..

p(lf. l y Ig, I +Qp(f f*+g.g.")e, 2 i2 j (sr )
E~j

2 2

2Q If Iig. I sin(g. . -g. )+QQ if Iig. I sin(g.g. -7l. )e ' ~2 j (sr . .)i . . i j i j 0 jji R'j

—2$&
's'-

Q(lf I+ Ig. l )+Q. Q if. i If Icos(vy. —g, .)+ Ig. l ig. f cos(7l. vy. )e 2 'J j (sr. .)
t'~j

where the r/f are defined by f&
= Ifj I exp(igjf), the l,~ are the amplitudes of vibration, and j, is a spherical

Bessel function of the first kind, and order zero.
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FIG. 3. Electron spin polarization curves for atomic
iodine and CHI&, for incident electron energies of 360 eV.

B. Results and Discussion

Because of the simultaneous variations of the
phase differences and j„as a function of 8, it is
not possible to make an exact statement with re-
spect to the enhancement of polarization for elec-
tron-molecule collisions over electron-atom col-
lisions without a complete definition of fq and gf
as functions of energy and atomic number. How-
ever, as a result of a very large number of calcu-
lations on several systems over a wide range of
energies, it seems apparent that enhancement is
not possible; but if it can occur for molecular con-
figurations not considered here, then it must oc-
cur for s &2, for only in this region are the molec-
ular terms (double sums) in (3.3) large enough to
appreciably influence the magnitude of the polar-
ization. Figures 3-5 show three such calcula-
tions. CHI3 and AsBr, were chosen as examples
since both molecules have large molecular-atom-
ic ratios, i.e., the ratio of the double sum to the
single sum in the denominator of (3.3). Also, CHI„
owing to the large differences in atomic number of
the constituent atoms, causes the cos('g; —

g&) fac-
tors to pass through zero, significantly reducing
the polarization. The corresponding curve for
AsBr, would be expected to give results very near-
ly those of Br. In Fig. 3 the polarization curves
for C and H are not given, since the magnitudes
are less than 10 ' throughout the entire angular
range. This set of curves clearly shows the dilu-
tion effect of carbon and hydrogen on atomic iodine.
The calculations for AsBr, are more descriptive
of the model, and are given for energies where
very high peaks for both As and Br occur. Figures
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FIG. 4. Spin polarization curves for atomic As and Br,
and for AsBr3, for incident electron energy of 410 eV.

FIG. 5. Spin polarization curves for atomic As and Br,
and for AsBr3, for incident electron energy of 450 eV.

4 and 5, like the curves for CHI„show that the po-
larization due to the molecular collision is point
by point less than that of the atom having the larg-
est polarization at that point. Note that, as expect-
ed, the curves for AsBr, follow very closely those
of Br. In Fig. 4 the effect of As is to increase the
polarization in the vicinity of the large peaks,
where in Fig. 5, the effect is just the opposite.
One of the more significant results of these calcu-
lations has been to show that with the appropriate
combinations of energy and atomic numbers, the
peaks for the molecule can be made slightly broad-
er than the corresponding ones for the atoms. This
can be made clear by noting the slight broadening
of the peaks (at half height) for AsBrs. Figures 3—
5 together with equation (3.3) completely describe
the model.

Hilgner and Kessler' have suggested that mea-
surements of spin polarization of electrons scat-
tered from molecules might be useful in determin-
ing molecular structure. The sensitivity of the po-
larization to the molecular description can be de-
termined, for the present approximation, by vary-
ing the molecular parameters" defined in the pre-
ceding sub-section. The result of varying the I-to-
I distances in CHI, and the Br-to-Br distances in

0

AsBr, by 0.1 A are given for selected values of 6

in Tables I and II. Also given in the tables are the
corresponding percentage deviations of the molec-
ular cross-section [given by the denominator of
(3.3)]. The most notable feature is that the polar-
ization is highly sensitive to the bond distances in
the vicinity of a zero of the polarization distribu-
tion. This effect is due to the slight shift of the
curve (a few tenths of a degree) and its steepness.
An overall comparison leads to the conclusion that
the cross-section is more sensitive to the model
than is the polarization. In any case, it appears
that until the accuracy of the polarization measure-
ments are considerably improved, the sensitivity
is not enough to provide information about the mol-
ecule as accurate as that obtained from other mea-
surements.

IV. CONCLUSIONS

A systematic approach to determining the behav-
ior of total polarization as a function of atomic
number was undertaken and the results of this in-
vestigation have been given in Sec. II.B. Using the
best atomic fields which are presently available,
a large number of combinations of energies and
angles over a wide range of Z corresponding to to-
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Table I. Change in polarization and differential cross
section for As Br3 for a variation of 0.1A in the Br-to-
Br nonbonded distance for 450-eV electrons. The angle
0 is in degrees, s = 2k sin20, and M and ~~ are given
as percentage differences in the absolute magnitudes.

Table II. Change in polarization and differential cross
O

section for CHI3 for a variation of 0.1A in the I-to-I non-
bonded distance for 360-eV electrons. The angle 8 is
given in degrees, & =2k singe, and M and ~~ are given
as percentage differences in the absolute magnitudes.
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tal polarization were found, not all of which have
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of f(cos&)J approaches linearity as a function of Z
with increasing Z. For very small values of Z
(e.g. Z &10), the half-widths of the large peaks are
only a few tenths of a degree and would go unob-
served by recent measurements' quoting angular
resolutions of +1'. One further aspect of this se-
quence of calculations is that throughout the range
of Z, the large peaks resulting from the same root
of f(cos&) are restricted to a relatively narrow an-
gular range.

The description of spin polarization for electron-
molecule collisions afforded by the independent at-
om model has so far proved to be an excellent ap-
proximation in regard to quantitative agreement
between theory and experiment. " However, as
has been shown in the preceding section, it ap-
pears that the precision of these measurements
has not reached the level which would offer any
sexious competition to established methods of
structure determination, e.g. , intensity measure-
ments in electron diffraction, positions of absorp-
tion or emission bands in spectroscopy, etc. But

the possibility of peak broadening in the angular
regions corresponding to large values of the polar-
ization should add considerably to the possibility
of producing highly polarized beams of intensity
higher than that previously obtained. It should al-
so be clear from Figs. 3-5 what overlap of the
atomic curves wouM induce high polarizetion or
peak broadening for the corresponding molecule.

Finally it shouM be noted that, although the pres-
ent description is capable of giving good xesults
for some molecular configurations it might be ex-
pected to fail for molecules such as Sb4 or N„
where intramolecular multiple scattering and bind-
ing effects, x'espectlvely, ax'e thought to be quite
impox'tant.
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The phase shifts 5f defined::by the asymptotic solution of (2.12),

g&(r) —(kr) 'sin{kr -2lm+6&), as r-~,

(Al)

where k is the integration step size, and $f is given by

(,= [1 —k'~f(r, .)]a)(r,.) =Bf(r,)gf(r, ),

are determined as usual by integrating the radial Dirac ecluatlon out to a point r =a, where l (a) —0, and
subsequently matching to the field-free solution. ' This may be done using the summed form of the Nou-
merov algorithm. 29~~

b (.= (k'A. +k'A. '/12)$. , ($,. 1
—$,.) = {$,. 5, 1)+-&$, $, ~ 1= (k;~1 —t;)+ 5;,

with A (r.) = -k'+l(l+1)/r. '+U (r, ),
E i i l i ' (AS)

(A4)

where &u = $f /$f, and jf and nf are spherical Bessel functions of the first and second kind, respectively,
and the prime on the Bessel function denotes the first derivative with respect to the argument ka, Note
that B~ in (A4) corresponds to the field-free case.

A step-size of 0.001 assures six stable. figures in the E= 0 phase shift, using the scheme outlined above.
The calculations can be performed on the CDC S600 at the rate of 1 phase shift/sec.

The series given by Eq. (2.16) were summed directly up to terms for which I&E~ &10 ~ rad.

Using the fieM-free solutions, and matching logarithmic derivatives at x =a, the phase shift can be cal™
culated from

j[l-aar&(a)]B&{a)+aB&'(a))j&(ka)+kaB&(a)j &'{ka)

{[1-au&&(a)]B&(a)+aB&'(a)]nf(ka)+kaB&(a)n&'(ka) '
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Rotational excitation of polar molecules is calculated in the approximation that the electron
transit time is short compared with rotational periods with the result of an E behavior of
the cross section. Diffusion cross sections are calculated for ~l =0, 1, 2. Significant correct-
ions to the Born approximation are obtained for large dipole moments. The range (in energy)
of applicability of the result is discussed in terms of the energy dependence of the correc-
tions, and a novel energy dependence of these corrections is encountered and explained.

I. INTRODUCTION

The full problem of electron scattering by a
general atomic or molecular target is much too
complex a problem for an exact solution to be
even attempted. However, for some values of
the incident energy there are solvable approxima-
tion schemes which are valid. For example, for
low-enough energies it is known that electron-atom
scattering is usefully parametrized in terms of
the long-range parts of the potential. ' Similarly
for scattering by polar molecules, we can find an
energy range of the incident electron in which a
solvable approximation scheme is valid.

If the electron moves fast compared with the
rotational motion of the molecule, then we may
describe the process in terms of electron scat-
tering from a molecule of fixed orientation' and
subsequently average over the orientation. If,

further, the electron has low-enough energy so
that its wave function does not probe the inner
structure of the molecule, i. e. , the scattering is
dominated by the long-range potential, then we
may further approximate the molecule by a point
dipole. Thus the scattering in this energy range,
which is bounded from above and below, may es-
sentially be described as the scattering of an elec-
tron by a fixed point dipole. The numerical so-
lution of this problem has been previously given. 3

It is used in the next section to obtain rotational
excitation diffusion cross sections. In the third
section the approximations described above are
treated in more detail. It is found that the domain
of applicability is most seriously restricted from
below and that the restriction is more severe the
greater the dipole moment. If the dipole moment
is greater than the critical value the method
breaks down. This is discussed briefly in the
fourth section.

II. DERIVATION AND NUMERICAL RESULTS

The scattering problem of an electron on a molecule is most conveniently described by the integral
equation


