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A quantitative interpretation of the coefficients in
Figs. 26 and 27 should be approached with some caution.
Near the p' mass As/Ap has a maximum value of 1.3
instead of 2.0 as expected for pure I'-wave scattering. "
This indicates the importance of absorption eBects.
Furthermore, in the same mass region As/Ap for Prssr

is roughly a factor of 2 smaller than for m+x . This dis-

crepancy seems to be due to vector exchange in p pro-
duction which is significant" near 4 GeV/c. It was
pointed out above that an expansion of the angular

"For P-wave and S-wave amplitudes

A p/Ap= 6 sin'g&'/L(4/9) sin'bp +3 sinsgq').

If Spp=y21 when 81'——-', 2i, then A2/Ap ——1.74.
' W. L. Yen, R. L. Eisner, L. Gutay, P. B. Johnson, P. R.

Klein, R. E. Peters, R. J. Sahni, and G. W. Tautfest, Phys. Rev.
Letters 18, 1091 (1967); I. Derado, J. A. Poirier, N. N. Biswas,
N. M. Cason, V. P. Kenney, and W. D. Shephard, Phys. Letters
24B, 112 (1967).

distribution in powers of cose... Fq. (7), proved par-
ticularly useful for phase-shift calculations because the
ratio fi/c was found to be independent of t. The terms in

expression (12) are found to be strongly t-dependent.
In Fig. 28 we show the results of extrapolating the
Legendre coefficients A i/Ap and As/A p to the pion pole.
The curves are least-squares fits to a quadratic form in

t. Both coeScients are seen to depend strongly on t and

the values at the pole have large errors associated with

them.
We suggest that it is highly desirable to extend S-

wave mm phase-shift calculations to dipion masses

greater than 900 MeV. A phase-shift analysis offers the
best means of settling questions about possible reso-

nances between the p' and f' Also, .it would help de-

termine which of sets I and II is the correct set for 60'

since set I approaches 180' and set II is near 90' at 900
MeV.
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Results of simultaneous measurement of the radial position and angular orientation of electrons in ten
high-energy (180—2000-BeV) electromagnetic cascades are given. Six of these cascades were developed in
pure emulsion, while four were developed in a lead-emulsion sandwich stack. Numerical calculations of the
angular distributions, both within approximation B and the core approximation, are presented. Calculations
on the mixed radial-angular distribution are related to the separate distributions. A method is given for the
use of the mixed distribution to extend the effective radial range of measurement to such an extent that the
transition of the experimental results from the core approximation to approximation B becomes evident.
Limited experimental verification of the often-used approximation B is thereby established. It-is further
shown that cascade theory is internally consistent within the region of validity of the core approximation
and that the radial range must extend up to ~10 ' radiation length in order to include all particles having
angles as small as ~4-5 deg.

I. INTRODUCTION

HE measurement of the lateral distribution of
cascade electrons offers one of the few possibilities

to measure the energy of ultrahigh-energy particles
(&10" eV). Such measurements rely on the experi-
mental determination of the radial distribution of the
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cascade electrons at specihed distances from the cascade
origin. ' The experimental results are then compared
with the theoretical calculation of the integral radial
distribution in the three-dimensional cascade theory.
These theoretical calculations utilize an approximation
which requires that the radius R be small compared to
unity when expressed in units of the radiation length
(r.l.). This is called the "core approximation'" since it
is valid only near the core of a cascade.

Experimental evidence, which has been obtained
from scattering measurements on individual cascade

' K. Pinkau, Phil. Mag. 2, 1389 (1957).
P K. Kamata and J. Nishimura, Progr. Theoret. Phys. (Kyoto)

Suppl. 6, 93 (1958).' K. Pinkau, Nuovo Cimento 33, 221 (1964).
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electrons' 6 and from the angular divergence of y rays
in the decay of x' mesons, seems to support the use of
the core approximation up to distances of &IO ' r.l.
from the cascade axis. However, this radial distance is
near the point where the core approximation has been
predicted to begin to deviate from the true electron
distribution. '

One of the main objectives of this work is to Qnd
the experimental radial distribution of cascade particles
up to a significantly greater distance from the axis than
has previously been reported in order to check the core
approximation. It should be emphasized that in obtain-
ing the experimental distributions up to the larger
distances, the core approximation is accepted as being
valid up to its proven range of validity (10 ' r.l.), and
is used up to this distance to determine the primary
energy E0 of the measured cascades. Any deviation
from the core approximation can then be found by
comparing the experimental distributions N((R) versus
EOE. up to the maximum distances of R which are
measured, with the theoretical curves predicted by the
core approximation.

Theoretically, at large R, a transition of the cascade
distribution curves from the region of validity of the
core approximation to the region of validity of approxi-
mation B occurs. The shape of the distribution predicted
by approximation 8 should be independent of primary
energy and should yield information on the total num-
ber of particles at any depth. Determination of the
angular and radial distributions at sufBciently large
distances from the cascade axis would therefore be a
check on the validity of approximation B.

The experimental angular distribution of the particles
in ultrahigh-energy electromagnetic cascades have not
previously been measured. Because of the relation be-
tween the radial and angular coordinates, it is possible,
in principle, to check any deviation of the experimental
radial distribution from the core-approximation curves
by using the angular distribution. Since the radius r
and angle 8 of a particle in a cascade are typically related
by

()=r/1 r.l. ,

the angular distribution that can be measured in emul-
sions covers a different (larger) domain of the variable
and thus shows a more pronounced deviation from the
core approximation than the radial distribution.

The angular distribution is distinct from the radial
distribution in that it is insensitive to the particular
geometrical arrangement of the cascade-producing ma-
terial. If, for example, the cascade-producing material

' K. Pinkau, Nuovo Cimento 3, 1285 (1956).
'O. Minakawa, Y. Nishimura, M. Tsuzuki, H. Yamanouchi,

Y. Fujimoto, S. Hasegawa, J. Nishimura, and K. Niu, Nuovo
Cimento Suppl. 11, 125 (1959).' P. H. Fowler, D. H. Perkins, and K. Pinkau, in Proceedhngs of
the Moscow Cosmic Euy Conference, 1959, edited by V. I.Zatsepin
and B. A. Khrenov, (International Union of Pure and Applied
Physics, Moscow, j.960),.Vol. 2, p. 302.

is arranged in layers, the angular distribution of the
cascade particles at any point will depend only on the
distance from the cascade origin expressed in radiation
lengths. However, the radial distribution, which is a
result of the scattering process and diGusion under the
angle attained in the scattering process, is dependent
on the arrangement of the absorber. This is dear be-
cause the particles will diffuse outward in any less
dense material or space between the production layers.

Most detectors' ' employed in investigations in-
volving measurements of high-energy electromagnetic
cascades have consisted of alternate layers of lead or
tungsten and nuclear emulsion. Such stacks are called
"sandwich stacks. " The question has remained open
whether the layers of the arrangements were suSciently
small compared to the radiation length so that the ab-
sorber could be treated as a homogeneous medium.
Obviously, a comparison of the angular distribution
(which is not dependent on the arrangement) and the
radial distribution (which is dependent on the arrange-
ment) with each other and with the corresponding
theories should reveal any inconsistencies.

In complete analogy to energy determinations from
the radial distribution, the primary energy Eo of an elec-
trornagnetic cascade can be determined from its angular
distribution. The theoretical angular distributions
sY((O) versus Ep tan0~ have been calculated by the
authors and are presented in Sec. II 8 for several dis-
tances t from the cascade origin. The value of Eo can be
obtained by comparing the experimental distribution
X(&O~) versus tanO~ with the theoretical distribution
X((O~) versus Ep tanO~ in exactly the same manner as
is done for the radial distribution. ' By using the value
Eo obtained from the angular distribution, the eAective
radiation length of a sandwich stack having any par-
ticular geometrical arrangement can then be found by
fitting the theoretical distribution X((R) versus EpR,
where E is expressed in radiation lengths, to the experi-
mental distribution 1V((R) versus R with R expressed
in microns. Since Eo is known from the angular distribu-
tion, the number of microns per radiation length can be
determined.

From the considerations given above, it appears to be
of great importance to measure simultaneously the posi-
tions and angles of electrons in high-energy electro-
magnetic cascades which are observed in pure emulsion
blocks and in lead-emulsion sandwich stacks that have
been exposed to the cosmic radiation.

The radial and angular distributions of six electro-

~ J. G. Duthie, C. M. Fisher, P. H, Fowler, A. Kaddousa, D. H.
Perkins, K. Pinkau, and W. Wolter, Phil. Mag. 6, 89 (1961);6,
113 (1961).

8 P. K. Malhotra, P. G. Shukla, S.A. Stephens, B.Vijaylakshmi,
J.Boult, M. G. Bowler, P. H. Fowler, H. L. Kackforth, J.Keeree-
taveep, V. M. Mayes, and S. N. Tovey, Nuovo Cimento 40A,
385 (~965).

M. Akashi, Z. Watanabe, A. Misaki, I. Mito, Y. Oyama, S.
Tokunaga, T. Ogata, Y. Tsuneoka, S. Dake, K. Yokoi, S. Hase-
gawa, J. Nishimura, K. Niu, T. Taira, A. Nishio, T. Fujimoto„
and N. Ogita, Progr. Theoret. Phys. (Kyoto) Suppl. 32, 1 (1964).
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Ep((O) = P r(Ep, 0,g, t)2xgdg,

where P t(Ep, 0,g, t) is the normalized structure function
for the angular distribution of electrons in the three-
dimensional cascade theory of Kamata and Nishimura. '
This function, which is valid for Eo))~, can be obtained
by letting r +8 in their Eq-. (3.54), and is given by

E i(Ep, 0,g, t) =$2z'tr(s)Mr(0, —s, s, t)]—'
+iw e ) 2 esgs —o—1

X dp —
i r(p+1)r(s+2p)

g,j
XMt(p, —s—2p, s, t). (2)

magnetic cascades from a pure emulsion stack having
energies in the range 845—2000 SeV have been measured.
The same distributions have been measured for four
cascades from a mixed lead-emulsion stack in the energy
range 178—720 BeV.

The measurements were performed over lateral dis-
tances that permit a direct check of the core approxi-
mation up to distances seven times larger than has been
previously reported. By making use of the calculations
presented in Sec. II C, which relate the mixed radial-
angular distributions to the separate radial and angu1. ar
distributions, it is possible to check the core approxi-
mation up to even larger distances. The related problem
of the transition of the actual cascade distribution from
the predictions of the core approximation to approxi-
mation 8, and indeed the validity of approximation
3 itself, also can be investigated within the range of our
measurements and calculations.

The simultaneous measurements of radii and angles
of the cascade particles provide a check on the internal
consistency of the cascade theory within the core ap-
proximation and give the possibility for establishing the
effective radiation length for the lead-emulsion sandwich
stack. Furthermore, one can obtain results about the
mixed radial-angular distributions which are not pres-
ently known either theoretically or experimentally.

II. THEORETICAL CALCULATIONS

A. Angular Distribution of Cascade Electrons
within Approximation B

The theoretical predictions for the angular distribu-
tion of cascade electrons exist simultaneously with the
predictions for the radial distributions in the three-
dimensional cascade theory. However, because of pre-
vious lack of interest in making experimental angular
measurements on the cascade electrons, no numerical
results from the theory are presently available. There-
fore it is necessary to derive the numbers predicted by
the theory so that a comparison can be made with ex-
perimental results.

The normalized (to unity) number of cascade elec-
trons having angle less than O~ with respect to the cas-
cade axis is given by

The integration over 0 can be performed for negative
values of the real part of p to obtain

+iao eg~
—2o

Xp((O)=(~tr(s)M, (0, —s, s, t)]-t dp —
i

X — ir(p+1)r(s+2p)Mt(p, —s 2p,—s, t) (3)

Using the saddle-point method of solution, the in-
tegral over p gives

r(p+ 1)r(s+2p), g)-—
Ep((O) =

r(s) z,& —pi

Mt(p, —s —2p, s, t)
xL2 ~"(s)]'",(4)

Mt(0, —s, s, t)

where p is the value of p at the saddle point Li.e., the
value of p which maximizes the logarithm of the inte-
grand in Eq. (3)] and is defined by

eo 1—2 ln——+&P(P+ 1)—+2/(s+ 2P) =0.

The expression pc"(p) is the second-order derivative
with respect to p of the logarithm of the integrand in
Eq. (3) and is given by

--(p) =(1fp)+~(p+1)+4~ (+2p).
The functions p and lt' are, respectively, the first- and
second-order logarithmic derivatives of the y function
and are tabulated in the literature. "

I'or practical application, it is suIIIicient to write the
angular Mellin function as

M t(p, g,s,t) =mt(p, g,s)e"ri'&'

since Mt(p, g, s,t) is a linear function of e"'«&' e"'+'&'
~ e"2(') t e~2(~')' . ~ and since)

e~1(e) t))ex2(e) t e) 1(e) t))ex1(e+1) t

Therefore, the recurrence relation for the angular Mellin
function given by Eq. (3.33) of Ref. 2 can be expressed
as

P,rs(s)+ LA (s+2P+g)+ o p]Xt(s)+ A (s+2P+ g) o'
p

—&(+2p+gX'(+2p+g)) (p:g, )=(& ()+ o)

X/pal t(p —1, g, s)+ (s+2p+ g)g5$t(p, g 1, s)],
(g)

with the boundary condition for an electron-pair pri-
mary beingu

mt(0, 0,s) =B(s)Ht(s)/(rp.

rp See, for example, Haialbooh of ht'atheocatjca/ turictioris, edited
by M. Abramowitz and L A. Stegun (Dover Publications, Inc. ,
New York, 1965), p. 255.

'r J. M. Kidd, Nuovo Cimento 27, 57 (1965).
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the shower age, e is the critical energy,
E,=21 MeV is the scattering energy.
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The tabulated values" of A(s), B(s), C(s), Hi(s),
and Xi(s) can be used with this boundary condition to
solve the recurrence relation for mi(p, g,s) for any pois-
tive value of p and g. However, rmi(p, g,s) is needed for
negative values of p since the values of tI in Eq. (4)
range from 0 to ~ as p goes from —-', 8 to 0. Using the
fact that mi(p, O,s) has a pole at p= ——',s—1 (see Ref. 2),
it is possible to obtain nzi(p, O,s) for negative values of

p by making an extrapolation to this pole. A consistency
check on this extrapolation can be made by using the
recurrence relation for mi(p, g,s) for values of g/0. In
this manner, it is possible to find rni(p, g,s) for the needed
values of p andy, i.e., mi(p, g= —s—2p, s) can be found
for ——',s&p&0.

By solving Eq. (5) for various values of p at fixed
values of the shower-age parameter s, the normalized
number of cascade particles Xo(&0') as a function of
etanO~/E, can be obtained from Eq. (4) for each value of
s. This dependence is plotted in Fig. 1 for a few values
of s.

To get the distribution of cascade particles in ap-
proximation 8, one must determine the correct value of
t, for specific values of s and the ratio Eo/e, frorrP

1n(EO/e)+X'i(s) t= 0. (10)

obtained by letting r-+ 0 in Eqs. (6.1) and (6.2) of
Kamata and Nishimura. ' These equations are the series
solution to the three-dimensional cascade theory with-
out the Landau approximation. The first term in the
series represents the spread caused by multiple scatter-
ing of electrons when they are traversing matter and in
fact is quite similar to the solution derived under the
Landau approximation. The second term of the series
gives the contribution of single scattering and some of
the plural scattering. Thus, this second term gives
little contribution to the structure function near the
shower axis but is predominant at the tail of the struc-
ture function.

The total number of particles 1V(&0') which make
angles less than 0 with respect to the cascade axis for
the approximation eo/E&(1 (core approximation) is
expressed by

X(&0)= dsi i

—i(1——,'s)2~i;„5 X ks&

&&@&i(——',s, 0, s)ei&&'&' (11)

TABLE I. Number of electrons having angle less than 0 for
electron-pair primary.

The normalized number oi particles 1VO(& 0~) given in
Fig. 1 must then be multiplied by the total number of
particles at a fixed I and for a fixed ratio of Eo/e which
is given by Fig. 5.13.3 in Ref. 12.

B. Angular Distribution of Cascade Electrons
within the Core Approximation

The expressions to be evaluated in obtaining the
angular distribution within the core approximation are

'2 B. Rossi, H~gh Errergy Particles (Prentice-Hall, Inc. , Engle-
wood Cli8's, N. J., 1952).

I"0 ta
t,
'SeV

5X10 '
2 X10'
2X10o
5X10'
1X101
2 X10'
5 X10'
1X10'
2X10'
5 X10'

5.1 4.0
10.2 9.2
19.5 19.2
42 46
72 85

115 146
202 281
297 439

2.8
7.2

16.5

88
165
360
620

1015

~ ~ ~

4.5
13.0
40
83

169
398
722

1290
2590

~ ~ ~

94
34
73

155
392
762

1425
3070

~ ~ ~

5.4
23
58

132
370
758

1460
3400
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if only the first term of the series solution is considered.
The parameter K is correlated to the scattering energy
E„and the other symbols used are the same as those
described in Sec. II A. This equation can be solved by
the saddle point method to give

CASCADE AXIS

LECTRON TRACK

N(& 0)= $21rl"(S)j '12(EoO/E) 2(1/8) I'(1——,'e)
XTT21( 2—s, 0, s)e"a~'&' (12)

where

l (E,O/X) —1/s ——,'alt'(1 —-,'e) yX, '(e) 3
—0

and

(13)

C. Mixed Radial-Angular Distribution

Cascade theory does not solve the problem of the
angular distribution of cascade particles as a function
of radius or of the radial distribution as a function of
angle, i.e., the mixed radial-angular distributions.
Rather the angular distribution considered there is the
one integrated over all radii, and the radial distribution
is integrated over all angles. These theoretical assump-
tions are rarely completely and often not even ap-
proximately satisfied in experimental measurements.
Therefore, it is of value to study these mixed distribu-
tions. This will be done here in a kind of semitheoretical
approach.

The density distribution of cascade electrons can be
expressed as a function of the projected coordinates de-
6ned in Fig. 3 by

g(rl r2 81 82)«1«2li81d82 ~

In general, this distribution should be a function of the
linear sum of all possible combinations of the variables

I I I I I I lit I I I I I lilt I I I I I l Ill I I I TT~ 1 I I lllll I I I 11111t I I I Illllt I I I I TTTI

10

io' ;
t0

EO tan (BeTlt)
a a aaaaaJ a a ~ ~ sssJ s a aaa ~ sJ

IO lO IO

a I aaaaaJ ~2 aaaaaJ

IO IO
I a aaaaJ a a a ~ aaJ ~ ~ a aa ~ asi

IO

Fro. 2. Angular distribution of cascade electrons in the core
approximation for an electron pair primary. The primary energy
is in units of BeV and the angle 0 is in units of the tangent. The
circles attached to the curves give the distance from the origin
in radiation lengths. The curves are displaced horizontally, and
the proper abscissa scale is indicated beside each curve.

The solutions of these equations for an electron-pair
primary are given in Table I and in Fig. 2 at a few
values of I, for E= 19.3 MeV. The details of obtaining
the Mellin function ml( —2s, 0, s) are given in Sec. II A.

FIG. 3. Coordinate system indicating the relation between the
various coordinates used for a sample track.

Since a cascade exhibits cylindrical symmetry, the
variable y' must be independent of the azimuthal angle
@. Furthermore, a cascade should be symmetrical with
respect to rejections through the cascade axis so that
g' is also independent of the sign of the angle o.. With
these restrictions, straightforward calculations show
that the constants in Eq. (16) are such that

a=d, b=e, c= f, g=h= 2j=0.

Therefore, x' should be of the form

y'= a(81'+ 82')+ b(r181+r282)+ c(r1'+r2'). (19)

If one normalizes the constants u, b, and c so that u= 1,
then x' can be expressed as

X =81'+82'+b(r, 8,+r282)+c(ra'+r2') (20)

=8 +b2r 8+cr2. (21)

If x' is indeed given by this expression, the differential
angular and radial distributions of cascade electrons,

r~, r2, 8~, and 02 so that

g(rl r2 81 82)«1«2d81d82 g(g )drldr2d81d82

where

x' = a81'+ br181+cr1'+ d82'+ er282+ fr2'+ g r281

+br, 8,+28182+jr,r, (16).
The space coordinates r and 8 are related to the pro-

jected coordinates by

r1= rcosQ,

r2 ——rsing,

81=8cosp,

82
——8sing.

with the angle f being related to the azimuthal angle g
and the angle u as defined in Fig. 3 by
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stack. "This stack consisted of 500 sheets of Ilford K-5
nuclear emulsion (1 r.l.=28.3 mm), each having the
dimensions 45X60X0.06 cm'. This stack was launched
with a balloon from Brawley, Calif. , in 1961 and was
recovered after having Gown approximately 30 h.

In addition to the cascades from the Brawley stack,
four cascades were measured in emulsion plates which
were borrowed from the Institute of Nuclear Research
in Krakow, Poland. These pla, tes were part of the SSS
lead-emulsion sandwich stack which was irradiated at
balloon altitude for about 5 h in Italy in 1961."The
SSS stack consisted of 140 Ilford 6-5 nuclear emulsion
plates each having dimensions 25&25X0.06 cm' and
70 lead plates each 2 mm thick. The stack was con-
structed so that two emulsion plates were placed be-
tween adjacent lead plates. The radiation length of the
stack was calculated to be 8.1 mm by assuming a homo-
geneous mixture of lead and emulsion.

Since the distance from the cascade origin can only be
measured with certainty from the first electron pair, the
initiating p rays were required to have materialized in-
side the stack. To insure that the cascade-initiating
particle was indeed a single p ray, the Brawley cascades
were required to fu1611 the following criteria:

(1) The origin of the Grst pair was located within
about two conversion lengths from the edge of the stack.

(2) The origin of the erst pair was found and scanning
of the adjacent area showed no accompanying parallel
tracks which might be connected with a low-multi-
plicity nuclear interaction.

(3) The origin of the Q.rst bremsstrahlung pair was
located a reasonable longitudinal distance from the
origin of the primary pair ( 1 cm) and had a small
lateral displacement from that pair ((3p).

(4) The cascade had only one apparent core.
(5) Scanning of the immediate area around the cas-

cade showed no secondary interactions.
The cascades in the SSS lead-emulsion sandwich stack

could not be continually observed throughout their de-
velopment since much of the development was in the
lead plates. Consequently, all of the above criteria
could not always be used for this stack. For example,
the 6rst emulsion plate through which a cascade passed
after entering the stack was scanned for accompanying
parallel tracks in lieu of criterion 2. Also each of the SSS
cascades was traced throughout each emulsion plate in
which it could be found. These observations showed
that each cascade had only one apparent core. When
the cascade origin could not be found in an emulsion
plate, calculations were performed by using the dip
angle of the cascade to locate the origin within a lead
plate. To calculate the distance t from the origin where
measurements were made, the origin was assumed to

'g F. Abraham, J. Gierula, R. Levi Setti, K. Rybicki, C. H.
Tsao, W. Wolter, R. L. Fricken, and R. W. Huggett, Phys. Rev.
159, 1110 (196/).

'4 J. Babecki, R. Holynski, S. Krzywdzinski, A. Peeva, K.
Rybicki, and W. Wolter, Nucleonika 9, 271 (1964).

FIG. 4. Schematic diagram of
the box graticule as it appeared
in the Geld of view of the
Koristka R4 microscope.

100

I I I I I

be in the center of this lead plate. By calculating the
distance traveled in each lead and each emulsion plate
from the dip angle of the cascade, the distance t in
radiation lengths was calculated using 5.7 mm/r. l. for
lead and 28.3 mrn/r. l. for emulsion.

Measurements were made on each Brawley cascade
at distances t from the origin which corresponded to 5,
7, and 9 r.l. The positions of measurements on the SSS
cascades were restricted by the development of the
cascades in the lead plates, but these SSS cascades were
also measured as closely as possible to 5, 7, and 9 r.l.

The actual measurements were performed by using a
Koristka R4 microscope which has a vernier scale to
permit determination of the depth of the Geld of measu-
rement in the emulsion relative to the emulsion surfaces.
The position and angle of all cascade tracks were meas-
ured over a lateral spread of &600 p to either side of the
apparent cascade core. This was accomplished by plac-
ing a square "box" graticule in the eyepiece of the
microscope. Each side of the graticule was marked off
into 100 scale divisions (see Fig. 4). The graticule also
contained a bisecting centerline which was oriented
perpendicular to the cascade core and this centerline
was taken to be the position of the target plane for the
measurements at a specific distance from the cascade
origin. The graticule covered a square area in the emul-
sion of approximately 85 p, per side under the magnifi-
cation used (10)&eyepieces with 55 Xobjective). There-
fore, in order to measure the desired lateral spread, it
was necessary to measure the tracks in 15 adjacent
volumes, 85&85)&600 p', with the cascade core located
midway between the glass and air surfaces of the emul-
sion in the center volume. Each track, which had grain
density around the plateau value for singly charged
particles, that crossed the horizontal centerline of the
graticule was traced to the two points where it inter-
sected the sides of the graticule. Tracks having twice
the grain density of singly charged particles were con-
sidered to be an electron-positron pair and were re-
corded as two particles. The particular graticule sides
and the corresponding scale readings at the intersections
of the track with those sides of the graticule were re-
corded along with the relative positions of the rneas-
uring 6eld in the emulsion. These data were punched
on cards and subsequent analysis was performed with
an IBM 7040 computer to obtain the spatial position
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and angular orientation of each particle relative to the
cascade axis. See Fig. 3 for de6nitions of the coordinates
used.

The cascade axis was determined by requiring the
average values of the coordinates (both position and
angle) to be zero, i.e., r~ 0, ——r2 0, ——0~=0, and 02

——0.
The average values of the respective coordinates were
obtained by an iterative method of successive approxi-
mations. Only those tracks which had both a lateral
separation of less than 250 p, from the cascade core and
which made an angle less than 5' with respect to the
direction of the core as measured on the microscope
were used in the iteration. The first approximation to
the average value of any particular coordinate was ob-
tained by a simple average over that coordinate for all
tracks which satis6ed the above criteria. Subsequent
iterations for the average value of that coordinate
(say r) were given by
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where e„was taken to be 0.5 p for the lateral coordinates
and 0.001 rad for the angular coordinates.

All cascade tracks, irrespective of angle, were meas-
ured over a lateral spread of )600 p to either side of
the cascade core. Since the undeveloped emulsion was
approximately 600 p thick, these lateral measurements
extended to about twice as far from the core as the re-
spective glass and air surfaces of the emulsion. Thus,
while one could obtain exact distributions of the track
coordinates up to distances of about 300 p, from the
cascade axis, larger distances required some correction.
The needed correction was calculated from the ratio of
the area in that part of an annular ring (centered about
the cascade axis) in which measurements were made to
the entire area of the ring. The technique amounts to
assuming aximuthal symmetry of particles around the
cascade axis.

Since the cascade measurements were performed on
the tracks of all singly charged particles in the measur-
ing volume, many particles which were not actual cas-
cade electrons were necessarily measured. These addi-
tional particles which consist of protons, mesons, muons,
etc. , are called "background. ."In order to determine the
background level, exactly the same measurements as
were made for the cascades were performed in several
volumes of the emulsion which were located & 1 cm
from the core of the cascades.

The same calculations were performed on the back-
ground tracks as was done for the data consisting of
cascade tracks superimposed on background with the
exception of the background "axis."The coordinates of
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TaaLE II. Cascade energies using core approximation.

Cascade

3rawley
1044

(1068, 1032, 1101)average
1045
1150

SSS

Es (BeV) Es (BeV)
from radial from angular
distribution distribution

2000
1333
1176
845

51
59

(133, 306)average

720
345
178

780
333
174

each track in the background data were calculated rela-
tive to an axis perpendicular to the horizontal centerline
of the box graticule, i.e., parallel to the cascade core
direction. Since the axis of each cascade was inclined
at some angle (dip angle) with respect to the emulsion

surface, the background track coordinates were also
calculated relative to several axes inclined at diBerent
angles. The dip angle of the background axis could then
be matched with the axis of any cascade. Therefore, for
any distribution of coordinates which was desired, the
corrections for background noise could be made by a
simple subtraction of the average background from the
distributions of the cascade superimposed on back-
gl ound.

matching of the curves in this manner is done with some
ambiguity. However, the agreement in the energy esti-
mation by two different observers was better than 95%.
The radiation lengths near the maximum of the longi-
tudinal development ( 6-7 r.l.) were given the largest
weight, since these should have the smallest Quctuations.
The primary energy of the cascade was then given by
the ratio of the EOR scale of the core-approximation
curves to the R scale of the experimental distributions.
The energies of the cascades as determined from the
radial distributions are shown in column 2 of Table II.

The experimental radial and angular distributions of
the cascades are compared with the theoretical predic-
tions of the core approximation and approximation 8
in Fig. 5(a—g). The top half of each figure displays the
number of cascade particles E((R) having lateral dis-
placements less than E from the cascade axis as a func-
tion of EOZ, and the bottom half shows the number of
cascade particles 3((0) having angles less than 0' with
respect to the cascade axis as a function of Es tano~. The
curvesfor the radial-core approximation (curves C) were
taken from Kidd, ' while the curves for the angular-core
approximation (curves C') were taken from the calcu-
lations presented in Sec. II B. The curves of approxi-
mation B for the radial distribution (curves B) and the
angular distribution (curves B') were calculated by de-
termining the total nuniber of particles from Fig. 5.13.3

IV. RESULTS

From the initial cascade measurements the projected
coordinates ri, r2, ei, and 02 of each electron in the cas-
cade were determined for the coordinate system having
the t axis coincident with the cascade axis. The space
coordinates r and 8, which give, respectively, the lateral
displacemen. t and angular orientation of each track
relative to the cascade axis, were calculated from the
projected coordinates. At each position of measurement,
the integral radial and integral angular distributions
were then determined. The integral radial distribution
specifies the number of particles, irrespective of angle,
contained within a circle of radius E centered about the
cascade axis. The integral angular distribution gives the
number of particles having angles less than O~ without
regard to lateral position.

The primary energy Eo of each cascade was deter-
mined from the radial distribution by comparing the
experimental points with the core approximation curves
Only the experimental points within 10 ' r.l. of the
cascade axis were taken into consideration, since this is
the region where the core-approximation curves had
previously been shown to be reliable.

In making the comparison, a transparent overlay con-
taining the core-approximation curves E((R) versus
EOR plotted to the same scale as the experimental points
was simultaneously Gtted by eye to the experimental
distributions E((R) versus 1' at all the measured
depths from the origin for an individual cascade. The
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Fro. 6. Density distribution p(8) versus S of the electrons having
the angle jn i &20 deg and located within the annular rings defined
by the radial displacement 150+(r&200p and 400p&r&500p.
These are example distributions from the average of cascades SSS
51 and SSS 59 given to indicate the displacement in position and
width of the maximum at different distances from the cascade
axis. The curves were obtained by a least-squares 6t to the data
polIl ts.
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FIG. 7. Density distribution g(x~) versus x for the average of
cascades SSS 5I and SSS 59. The curve represents a least-squares
trt to the data points with an over-ail standard deviation of 21%.

of Rossi" and using the normalized radial and angular
distributions given, respectively, by Fig. 7 of Pinkau
and the present authors' Sec. II A.

Brawley cascades 1068, 1032, and 1101 had approxi-
mately the same energies. Therefore, in order to de-
crease 6uctuations, the distributions of these cascades
were averaged and are presented in the figures as one
cascade. For the same reason, SSS cascades 133 and 306
are presented as a single cascade.

For statistical reasons, we have also combined the
electron number distributions for cascade SSS 51 at
t=5.9, 7.5, and 9.3 r.l. with the distributions of SSS 59
at t= 5.2, 6.8, and 8.3 r.l. The resulting data were aver-
aged and then considered as representing a single cas-
cade having primary energy equal to the average of the
two cascades, i.e., 530 HeV, at the depth from the cas-
cade origin equal to the average of the individual depths,
i.e., 3= 7 r.l. It is this average which is considered below
in making comparison with the calculations presented
in Sec. II C for the mixed radial-angular distribution.

The parameters b and c used in the definition of x
were calculated according to the argument given in Sec.
II C to be —2.04 and 4.41, respectively. The value of c
was found to be the same whether the theoretical or the
experimental integral distributions were considered and
is believed to be suKciently accurately determined. In
the determination of b we have used those particles
which have the angle

~

o.
~

&~ 20 deg in finding the particle
density distribution p(8) versus 8 for various fixed values
of r. For r&150 p, this distribution was maximum at
angles on the order of our experimental accuracy ( I
deg). Therefore, the value of b was taken to be the aver-
age obtained from the position of the maximum in the
density distributions at larger values of r. The maximum
was determined in each case by a least-squares 6t to the
data points which had an average over-all standard
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Fyc. 8. Integral radial distribution as calculated from the mixed
radial-angular distribution, i.e., from Fig. 7. Comparison is made
with the core approximation (curve C) and approximation 3
(curve 3). An arbitrary error of 25'%%uo has been attached to the
points.

deviation of 5%. Two typical examples of the angular-
density distribution are shown in Fig. 6. These examples
show the shift in the position of the maximum as the
radial distance is increased. They also indicate the in-
creased width of the distribution about the maximum
and the decrease in statistical accuracy for the larger
distances from the cascade axis.

Kith b and c determined, the parameter x was calcu-
lated for each cascade particle, and subsequently the
function g()fs) versus )r also was determined by a least-
squares fit with an over-all standard deviation of 21%%u&.

This function is shown with the experimental points in
Fig. 7 up to values of y =0.35.

The central radial density Ils(r ~0) could not be
directly calculated as given in Eq. (27), since we have
not measured x indefinitely. However, the central d,en-
sity Irs(r -+ 0) is of course known experimentally, since
it is completely within the domain covered by our meas-
urements. In order to determine Irs(r-+ 0) one would
however have to extrapolate back to r —+ 0. Therefore,
one may rather use a generalization of Eq. (28), namely,

r (c—g/4) k

xg(x')dx (»)
rg(c-&~/4) ' II
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for r) r,. Now, r, is a certain small value of r which is
chosen such that 112(r,) can be completely and safely
determined from our experimental results. For the value
of r„50 p has been used.

In this manner, it was still possible to determine the
central density. However, our main interest has been in
establishing the electron density at large values of r,
and the central density was of interest chiefly for the
sake of consistency.

In Fig. 8, the integral radial distribution as calcu-
lated from the mixed radial-angular distribution, i.e.,
from g(y') versus x, where x'=g' —2.04 (ri8i+r282)
+4.41r', is compared with the theoretical curves pre-
dicted by both the core approximation and approxima-
tion B.An arbitrary error of 25% has been attached to
the points. These calculated points extend up to E= 1.9
X10 ' r.l. (x=0.35), whereas the directly mes, sured

points extended up to R=7.4&&10 ' r.l. In other words,
the radia]. domain has been extended by a factor of
about 2.5.

Q'e are able to extrapolate our measurements beyond
the radial domain actually measured as long as we keep
inside y=0.35 for which some experimental results
exist. Qf course, our method of extrapolation depends
on the assumption of the validity of Eq. (20). That this

assumption is valid is substantiated by the fact that
the theoretical and experimental 1V(EoR) and E(E,
tano) distributions can be made to coincide by multi-

plying the variables with one factor, i.e., by satisfying
the relation Eq. (33).

V. DISCUSSION

The comparisons shown in the top half of Fig. 5 (a-g)
of the directly measured experimental radial distribu-

tions with the theoretical curves of the core approxima, -

tion and approximation B indicate that the experimen-

tal results are generally consistent with the cascade

theory under the core approximation in the radial and

energy range which were measured. The measurements

in the Brawley stack extended up to R= 2.1)&10—' r.l.
and covered an energy range of 845—2000 BeV, while

in the SSS stack the radial measurements were made up
to E= 7.4)&10 ' r.l. and the energy range was 178—720

BeV.
As shown in the bottom half of Fig. 5(a—d) there is an

apparent discrepancy when the angular distributions

of cascade particles measured in the Brawley stack are
plotted as a function of Eo tanO~ and compared with the
cascade theory under the angular-core approxima, tion.
This apparent discrepancy could conceivably stem from

two sources. The first source could be an internal in.-

consistency in the predictions of the theoretical curves

while the second could be that the measurements suf-

fered from the limited radius (2.1XIO-' r.l.) which was

covered in the Brawley stack. From the measurements

in the SSS stack where the radial range was much larger

(7.4X 10 ' r.L), it is clear that the latter source is the

correct one. The bottom half of Fig. 5 (e-g) shows that
for the SSS stack, the radial cutoff E,=2.1&(10 ' r.l.
does not allow the measurement of all particles even at
1—2 deg. However, for E,=7.4&(10 ' r.l., there is good
agreement of the experimental points up to 4-5 deg
with the cascade theory under the core approximation.
Consequently, one must conclude that no comparison
is possible between theory and experiment for the angu-
lar distributions in the Brawley stack, because the
limited radial interval which could be measured did not
permit the measurement of all particles even at very
small angles.

The deviation of the experimental angular distribu-
tion from the core approximation for angles greater
than 4—5 deg in the SSS stack can certainly be ex-
plained to some extent by the fact that the radial limita-
tion of 7.4&10 ' r.l. was not large enough to include all
particles having angles greater than 5 deg. This appears
to be a major reason for the apparent deviation, but it
does not exclude the possibility that part of this devia-
tion may truly be a deviation from the core approxima-
tion.

Indeed, as shown in Fig. 8, the radial distribution
determined from the mixed radial-angular distribution
according to the argument presented in Sec. II C clearly
indicates that the true electron distribution deviates
from the core approximation curve and begins to follow
the curve of approximation B. Furthermore, this tran-
sition occurs near the predicted intersection of the two
approximations. This implies not only that the range of
the core approximation has been reached, but also that
approximation B correctly represents the cascade dis-
tributions for larger distances from the cascade axis.

Ke want to emphasize that the radial distribution
shown in Fig. 8 represents the average of two cascades
at six different positions of measurement. This average
was deemed necessary in order to have sufFicient statis-
tics for the calculation of the parameter y used in
determining the density distribution. That this average
is capable of representing an individual measurement
on a cascade is substantiated by the fact that the dir-
rectly measured average distribution follows the curve
for the core approximation in its previously shown range
of validity. The extrapolation of our results is therefore
dependent only on the validity of Eq. (20) and the ac-
curacy with which the parameter z, i.e., Eq. (35), can
be determined. The agreement of the calculated dis-
tribution with the core approximation in its previously
shown range of validity indicates that Eq. (35) is suffici-
ently accurate.

The final point that requires discussion is the assump-
tion made in Eqs. (15) and (21) about the particular
choice of the form of the density distribution function.

We have convinced ourselves experimentally tha, t the
density of electrons is really a function of the variable
g as defined in Eq. (21).This is illustrated, for example,
in Fig. 9, in which the density of electrons is shown to
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remain constant if one varies r and only x is kept
constant.

We believe, therefore, that our extrapolation method
is applicable because this functional behavior of x is not
expected to change drastically.

Another piece of evidence is that quoted in Sec. II C,
namely the coincidence of the distributions X((R) and
X((0"=c'~'E) over our range of variables.

The functional behavior of Eq. (21) is also that of
multiple-scattering theory without energy loss given by
Rossi."One should therefore expect that Eq. (21) has
also only a limited domain of applicability, namely
that in which most of the electrons have energies larger
than the critical energy (es). One must not be disturbed
here by the agreement with the theoretical distribution
derived "under approximation 8," since this is really
in the first place, an "approximation for large radii. "
This has extensively been discussed previously' and need
not be repeated here. Essentially, the electrons will
deviate from the "core approximation" and follow the
"approximation for large radii" while they still have
energies in excess of es. This allows us to apply Eq. (21).
If one goes still further away from the cascade core, the
average electron energy will become comparable to t.o,

and Eq. (21) is then expected not to hold any more.
It should also be noted that, in exact analogy to the

use of the radial distributions, the primary energy of
the SSS cascades can be determined by considering
only the experimental points for the angles where all
particles have been measured, and making direct com-
parison with the theoretical curves obtained under the
angular core approximation that are given in Sec. II B.
The results of the energies so obtained are given in
column 3 of Table II. One can see that there is good
agreement between the energy estimates obtained from
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FIG. 9. The function g(x') versus R with x as a parameter. This
figure indicates that within the range of our measurements the
electron density g(x') is only a function of the parameter x, i.e.,
g(x') is independent of the radial distance from the cascade axis.
The experimental points were calculated for the g intervals in-
dicated within radial increments of 100 p, and are plotted at the
midpoint of these intervals. The solid curves are a simple average
of the data points and are shown with an arbitrary error of 25%.
These solid lines do not necessarily have exactly the same density
magnitude as that given in I"'ig. 7 since the latter was determined
by a least-squares 6t to all our data points, which were weighted
equally.

the radial and angular distributions. Two obvious con-
clusions can be drawn from this agreement in energy
determination. First, it shows the internal consistancy
of the cascade theory as derived under the core approxi-
rnation. Second, it indicates that the sandwich ar-
rangement of the heavy SSS stack is sufficiently 6ne
so that it can be considered to be a homogeneous mixture
of lead and emulsion as far as the determination of the
effective radiation length for the radial distribution is
concerned.


