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In v p single-pion-production reactions near 4 GeV/c, we observe several interesting features. Backward
pe production is seen to occur with do/du=63+21 ub/(GeV/c)' at 180'. Backward p production is less
prominent. We see evidence for production at small u of Nee (Pn near 1700 MeV) and A (nn at 1236
MeV), and possible evidence for other nn structure at about 1800 MeV. The density-matrix elements for
peripheral p production are presented in the Jackson and in the helicity frame. The n+n elastic cross section
is obtained by extrapolation of the data to the mass shell. The S-wave mm phase shifts are calculated by two
methods and compared with previous results. We 6nd evidence in the dipion decay angular distribution for
the n+n decay mode of the S*(1070).

and 4978 events of the type

sr P ~ sr sr P. (2)

The weighted total cross sections are 3.12+0.05 mb for
reaction (1) and 2.10&0.04 mb for reaction (2). Reac-
tions (1) and (2) at these energies are dominated by
peripheral p', f', and 9 production. Isobar production
has been observed. to occur about 8% of the time in
reaction (1) and 20% in reaction (2).'

Ke examine the following three important charac-
teristics of the above reactions: backward resonance
production, p production and decay, and srsr scattering.

* Work supported in part by the Atomic Energy Commission
and the National Science Foundation.

t Notre Dame-Purdue-SLAC Collaboration.
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4.0 GeV/c —L Derado, V. P. Kenney, J. A. Poirier, and W. D.
Shephard, Phys. Rev. Letters 14, 872 {1965);4.16 GeV/c —R. L.
Eisner, P. B. Johnson, P. R. Klein, R. E. Peters, R. J. Sahni,
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I. INTRODUCTION

'HE results presented here are obtained from a
study of single-pion production in sr p interac-

tions at incident momenta of 3.65, 3.90, 4.0, and 4.16
GeV/ .'cThe weighted average incident momentum is
4.0 GeV/c. We have 7916 events of the type

II. u-CHANNEL RESONANCE PRODUCTION

Figure 1 showers the m+x effective-mass distributions
for events in rvhich the dipion system is produced in the
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Fn. 1.The 7I-+7f- effective mass spectrum for events with cosg~ *
&0.0 (full histogram), cosS»e& —0.6 (shaded histogram).

In Sec. II, vre discuss I-channel production of reso-
nances. In Sec. III, p and f'production and, decay are
discussed. The p-decay density-matrix elements are
given in both the Jackson frame, in which the quantiza-
tion axis is the incident x direction, and the helicity
frame, in which the quantization axis is the p line of
Qight. In Sec. IV we analyze the peripherally produced
dipion events in terms of m.x scattering. In discussing
angular distributions @re vill use the convention that
8,~* refers to the angle betw'een incoming particle a and
outgoing b in the over-all center-of-mass (c.m.) system
and O, q refers to the angle between incoming particle e
and outgoing particle 6 in the appropriate two-particle
rest system.
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Fro. 2. Number of events in the p' band (0.'IO —&0.85 GeVl
as a function of cos8„*,the cosine of the c.m. scattering angle.

backward hemisphere, i.e., cose~„*(0.The shaded his-
togram is the subsample with cos0~„*(—0.6. We see a
clear p' signal above background for both selection cri-
teria; in contrast, we see no significant evidence for
f' or any other structure for coso„„*&—0.6. Using a
smooth background for this mass spectrum and cor-
recting for losses in the tails of a Hreit-Wigner curve for
the p' intensity, we estimate the p' production cross
section to be 87&15pb for backward production
(cosl9p„*&0).

From the mass spectra shown in Fig. 1, we estimate
that about 50% of the events in the p' region are back-
ground; within statistics, this fraction is independent

of cosa„„*in the interval —0.3&cose„„*&—j..0. Thus,
we have calculated the diGerential cross section for the
backward region using the number of events in the p'
region and the total cross section of 87 pb as mentioned
before. Figure 2 shows the c.m. p angular distribution.
The differential cross section seems to rise in the back-
ward direction although the hypothesis of constant
cross section is consistent with the data (at the 20%
confidence level). We estimate the ps differential cross
section near 180' to be 63&21 pb/(GeV/c). '

The production mechanism for p' in the backward
direction is a topic of some interest. In Fig. 3 we have
plotted the dipion-decay angular distribution for three
different production regions. In the forward region,
coso„„*&0.6, the distribution in 0 — — shows the
cos'0 — — contribution from one-pion exchange and a
strong forward asymmetry. In contrast, the decay dis-
tributions for cose„„*&0.6 show no asymmetry and are
consistent with isotropy. If baryon exchange contrib-
utes to backward production, the p is produced at the
proton vertex; in this case the quantization axis be-
comes the incident proton direction. The resulting dis-
tributions in cose~ — and g„- for cosg~„*&—0.6 are
shown in Fig. 4. Both of these distributions are consis-
tent with isotropy. To examine effects on these distri-
butions due to background present under the p peak, we

have looked at the corresponding distributions for
events on both sides of the p. The distributions of Figs.
4(a) and 4(b) are not altered after subtraction of these
background distributions. These results are consistent
with predictions for exchange of an unpolarized nucleon.
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In reactions (1) and (2), if backward p production is
interpreted in terms of a Reggeized baryon-exchange
model, the E, E~, and d trajectories can all contribute
to p' production whereas only 6 exchange can con-
tribute to p production. In Fig. 5(a) we show the m'n.

eAective-mass distribution for events with cosa»
& —0.6. For comparison, Fig. 5(b) shows a strong p
signal in the m'+ distribution for all events. We esti-
mate the p signal in Fig. 5(a) to be 18&5 events; this
corresponds to about ~ the p' signal seen in the shaded
distribution of Fig. 1. This suggests that 0 exchange is
weaker than nucleon exchange for backward p produc-
tion. When we look at the production angular distribu-
tion for the ~ m' system in Fig. 6, we observe a sharp
increase in the differential cross section at the last bin
(cos8»*(—0.96), which suggests A++ exchange. How-
ever, we are not able to associate this peaking with reso-
nance production in the dipion system.

Figure 7(a) shows the neutron m. effective mass
spectrum for events which have cos8 — +& —0.6 and
which lie outside the p' band (0.70 to 0.85 Gev). We
observe a strong 6-$236 signal and possible evidence for
other structure at 1.80 and 1.96 Gev. Both of these
latter enhancements are 2 to 3 standard-deviation
effects. The steeply rising background in Fig. 7 (a) comes
from events in which the dipion system is peripherally
produced. We can electively suppress this background
by making cuts in coso~„*; the shaded events in Fig.
7 (a) are removed when cos8~„*(0.9. (The two enhance-
ments remain signihcant even when we make the more
stringent cut cose„„*&0.8.) In 7(b) the corresponding
spectrum is shown for the middle region —0.6&cose — +
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TAnLx I. Maximum 1ikelihood 6ts to the mass spectrum in Fig. 11. Fit function No. 1 is Eqs. (3) and (5). Fit functions Nos. 2—5
are Eqs. (4) and (5) (mass-squared fIt). FI=(M/Mp)(Qp/Q)~ where QP=(7JM)P mP—, Qps=(xpMp)P p—IIP I.'I=Fp(Q/Qp)PDp/D, where
D= 1.0+ (Q/0. 777)' and 1'p= 1'p(Q/Qp)'(Mp/M). Of the fits tried, fit No. 4 is the best fit in terms of in(LF).

Fit
function ln(LF)

1 (M) —3.26
2 (M') —17.06
3 (M') —9.08
4 (M') 0.0
5 (M') —2.03
average

const
const
const

r2

Ag

1.0 0.467 0.776
1.0 0.522 0.780
Fg 0.543 0.776

0.555~0.021 0.775~0.002
0.548 0.776
0.527~0.033 0.777+0.002

0.152
0.142
0.148
0.154&0.006
0.152
0.150+0.004

p'/Tot

0.368
0.340
0.382
0.404&0.015
0.394
0.377~0.022

0.168
0.586
0.748
0.618+0.04
0.673
0.656~0.04

1.266
1.266
1.264
1.268~0.006
1.266
1.266+0.006

0.195
0.216
0.210
0.176m 0.013
0.191
0.197~0.013

&0.6. We note that the d ~236, the 1.80-GeV, and the
1.96-GeV enhancements are not present. We suggest
that these enhancements are not due to any known
backward effects and that they may be interpreted as
isospin-~ isobars. Studies of the decay distributions are
not statistically significant. Phase-shif t analyses' have
reported evidence for several new I=—,

' isobars not pre-
viously seen, including a E3~ resonance at 1.934 and a
D35 at 1.954 GeV. However, there is no reported struc-
ture at 1.80 GeV in the phase-shift analyses.

The other system for which nucleon exchange is
allowed is the p» combination. The p» effective mass

is plotted in Fig. 8 for cos8„-„0&—0.6. We observe a
signal near 1.68 GeV where several I=-,' isobars have
been reported. There is no evidence for a 1.80- or 1.96-
GeV enhancement, but this is not unexpected, since
the Clebsch-Gordan coefIicient is unfavorable for pro-
ducing I=~3 systems. In contrast to the above, the
backward n»+ and p»p systems require doubly charged
isobar exchange in the I channel. The mass spectra for
these systems, Figs. 9 and 10, show no interesting struc-
ture. Thus we conclude that within the limits of our
statistics isobar production, like boson production,
proceeds predominantly via nucleon exchange.
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FIG. 8. The pm efFective-mass spectrum for events with
cos8 - 0*&—0.6. All events for which the 2F'2t- effective mass is in
the p band (0.70 ~ 0.85 GeV) have been excluded.
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FIG. 11.The 2t 2F' efFective mass spectrum. The shaded events
are those with cos8„*&0.94.The 6tted curve is obtained assuming
constant: width resonances and phase space,
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III. mm RESONANCES

Figure 11 shows the invariant-mass spectrum for
reaction (1) for all the data; the shaded histogram shows
events with cos8~ *&0.94, a cut which, for a dipion
mass of 0.775 GeV, corresponds to [ti (0.2(GeV/c)s.
The p' and f' resonances are prominent: about 40% of
the events correspond to p' production and. 14%%uq to f'
production. The solid curve in Fig. 11 is a fit to the data,
assuming two constant-width Breit™Wigner shapes for
the p' and the f' plus phase space for the background.
More details of the fitting procedure and the values of
the 6tted parameters are discussed below.

Figures 12(a) and. 12(b) show two Dalitz plots for
reaction (1); two plots are shown since the third two-
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(4)

particle effective mass for a point is dependent on the
incident momentum. Figure 13 is a Chew-Low scatter
plot of M(e+s. ) versus (—t/ps)'* for reaction (1), where

p is the pion mass. There is a strong concentration of
events near the minimum allowable momentum trans-
fer. There is also some increase in the density of events
near the maximum allowable momentum transfer; these
events have been discussed in Sec. II.

Figure 14 is a scatter plot of cos0 — —versus the w+w

invariant mass. The strong forward-backward asym-
metry for the p' region is apparent; the distribution is
rather symmetrical in the f' region but becomes quite
sharply peaked near cosg=+1.0 for masses above the
f' The clust. er of events near cos8 — -=&1 at 1.0 GeV
will be discussed in Sec. Dt.

Table I summarizes various maximum likelihood 6ts
to the mass spectrum in Fig. 11.Ke have used various
forms of the expected Breit-Wigner shapes"':
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where A is the intensity, F is a function dehned in Table
I, Mo is the resonance mass, and 1' is the full width at

Fro. 12. Dalits plots for the reaction s- p~ sss p. (a) s,s.
eGective mass squared versus ~++ effective mass squared.
(h) Ns effective mass squared versus Ns+ effective mass squared.

FIG. 14. Scatter plot of cos8 — versus the ver effective mass.

' J. D. Jackson, Nuovo Cimento 43, 1644 (1964).
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total cross section is 1.15 mb; the shape of the distribu-
tion is obtained from all events with effective dipion
mass in the interval 0.70—0.85 GeV. From the fits, we
estimate that this mass interval contains 18% non-p
background.

In Fig. 16 we show a scatter plot of cos0 -„-versus
the Treiman-Yang angle together with the projections
on the axes. The nonuniform distribution of events on
this scatter plot has been fitted with a function param-
etrized by density-matrix elements p „which includes
possible S- and P-wave interference effects. 4 The t

dependence of these matrix elements is presented in
Figs. 17 and 18.

Interest in the vector-dominance model has focused
attention on the density-matrix elements in the dipion
helicity frame. We have evaluated the density-matrix
elements in the helicity frame as a function of t; the
results of the fits are shown in Figs. 19 and 20.
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FIG. 15. de/dt for p production normalized to a total p
cross section of 1.15 mb.

IV. ~~ SCATTERING

It has been observed previously' that p' production
and decay can be fairly well explained for small values of
~t~ by models based on one-pion exchange, e.g. , the
absorption modei5 (cf. Figs. 17 and 18). We have also
seen in Fig. 13 that reaction (1) is peripheral not only
in the p' and f' resonance hands but across the entire

half-maximum for the resonance. The over-all fit func-
tion is

de/dM= (PS)$1.0+(BW)p+BW)fj, (5)

where PS is three-body phase space. Fit errors are shown
for fit number 4; the other fits have comparable errors.
Note that the fraction of p' varies from 0.340 to 0.404,
depending on the function used.

If one takes the average (p'/total= 0.377), the total p
production cross section at GeV/c falls in the range 1.06
to 1,.26 mb based on the fits in Table I. Figure 15 shows
the t distribution for p production scaled so that the
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FIG. 17. The t dependence of the density-matrix elements for
events in the p band {0.70 —+ 0.85 GeV). The curves are taken
from an absorption-model calculation which includes S- and P-
wave interference (Ref. 4).
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Peters, R. J. Sahni, W. L. Yen, and G. W. Tautfest, Phys. Rev.
165, 1497 (1967).
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made in other experiments. ' Thus there is considerable
evidence suggesting that for small
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angular distributions from reaction (1) contain informa-
tion related to xm elastic scattering. The questionof
obtaining the S-wave xx phase shifts from data on
reactions (1) and (2) is a topic of current concern.
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Gutay et al.~ observed. that the t dependence of the
dipion-decay distribution was Gtted rather well by an
absorption-model calculation which included S-wave
amplitudes. Applying this model to data from reaction

(1) at 2.7 GeV/c, they obtained two sets of I=0 S-wave

phase shifts. The same model was applied to slightly
more than half the data in the present collaboration,
and the results were in quite good agreement with those
obtained previously. 4 It should be pointed. out that in

the calculation of the m~ S-wave phase shifts one en-

counters two types of ambiguities. An unavoidable

ambiguity results from the invariance of the scattering
amplitude (cce'lsin8) under the transformation 8~&
&em. The second ambiguity, in analyses based on S-
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FIG. 21. Forward-backward asymmetry g as a function of sr+a
effective mass for

l
l

l (0.2 (GeV/c)s.

s J. D. Jackson, Rev. Mod. Phys. 37, 484 (1965);D. H. Miller, 'L. J. Gutay, P. B. Johnson, F. J. Loeiaer, R. L. McIlwain,
L. Gutay, P. B. Johnson, F. J. Loller, R. L. McIlwain, R. J. D. H. Miller, R. S. Willmann, and P. L. Csonka, Phys. Rev.
Sprafka, and R. B.Willmann, Phys. Rev. 153, 1423 (1967). Letters 18, 142 (1967).
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FIG. 22. The I=0, 5-wave x~ phase
shift as a function of the dipion eGec-
tive mass. The various results are
taken from the following references:
J. P. Baton and J. Reignier, Nuovo
Cimento B6, 1149 (1965);L. W. Jones,
D. O. Caldwell, B.Zacharov, D. Hart-
ing, K. Bleuler, W. C. Middlekoop,
and B. Elsner, Phys. Letters 21, 590
(1966); and Refs. 4, 7, 10-12 in the
text.

and P-wave interference, arises from the invariance of
the interference term under the transformation bo' —+ —,'x

(bp b1 ).' Here bzr denotes the phase shift for iso-
spin I and angular momentum J.

ln the present collaboration, we have calculated the
isoscalar S-wave mm phase shifts from the asymmetry
parameter

where E is the number of events with coso &0 and j3
is the number of events with cose (0.When the dipion
angular distribution was 6tted to the form

U(g, m, t) = a(IN, t)+b(Its, t) cos8+c(m, t) cos'0, (7).

and

cos(bp —b1 ) slnbp
t3= 1+

2 cos(bp —51 ) slnbp

120—

The values of bt' used in (9) are from a relativistic cal-
culation. ' The values of 80' were tak. en from Baton et
at.' The parameter k in (10) is the correction introduced
by the t dependence of a/c and was varied between 1.0
and 0.25; these limits were suggested by the results cited

it was observede r that the ratio b/c was effectively in-
dependent of t and a/c was strongly dependent on t. In
terms of (7), the asymmetry is

g=
a+28/c

In Fig. 21 we show g as a function of III for
i
t

i
(0.2

(GeV/c)'. We have assumed b/c to be independent of t
consistent with the results of Refs. 4 and 7.

The phase shifts 80' are obtained by solving the
equations

Sin2600
tan5g'=

3gn(~o', &o )/P(&o &o') —2 sin'bo'

l00-

80-
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40
ee
40

20-

-20-
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a—a—o

I I I I I t I I
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where

4 sin'i)pe+ sin'boo+4 cos(bp —bps) sinbo' sinbo'
G= 1+k

27 sin'6 '

FrG. 23. The 800, bp, and 811 m7r phase shifts as functions of the
dipion efFective mass. 80' is calculated from scattering length
parameters suggested by Bander (see text}.80'is taken from Ref. 9.

8 J. S. Ball and M. Parkinson, Phys. Rev. 162, 1509 (1967).
9 J. P. Baton, G. Laurens, and J. Reignier, Phys. Letters 25$,

(10) 419 (1967).
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abover based on an absorption model. The dependence
of the solution 80 on k was treated as part of the uncer-
tainty in bo'.

In Fig. 22 we show the calculated 80' as a function of
M (Ir,Ir) together with some results reported by other
groups. The sets labeled I and II are related to each
other by the interference term ambiguity. Set III is
shifted by 180' from set I. The results of Walker et al."
were obtained by a method similar to that of Ref. 7
except that a constant correction factor was applied to
the data to account for absorption eGects. The set of
80' preferred by Walker et a/. is seen to be in qualitative
agreement with set II. Malarnud and Schlein" Gtted the
dipion-decay angular distribution in the p helicity frame
to obtain the 5-wave phase shifts. We see that the
set of bo' preferred by Malamud and Schlein is in good
agreement with set I in Fig. 22. A recent determination
of Ss' at low M (Ir,Ir) from interference between Coulomb
and strong interaction amplitudes" is consistent with
sets I and III.
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Fn. 25. The elastic x+m cross section obtained from an ex-
trapolation to the pole as a function of the g+w effective mass.
The curves are the unitary limits for spin-1 and spin-2 particles.
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It is of interest to apply the Bander, Shaw, and Fulco
model, " which includes one-pion exchange with ab-
sorption in the initial and anal states to our data for
reaction (1).Figure 23 shows the result of such an analy-
sis based on scattering length, eGective range, and reso-

0.2
CO

+

0.8—
CG

I
LL

0.7—

0.6—

0.5

0.4—

0.5—

0.40
I

0.60
I

0.80
1.5-
1.0-

0.5-I

Ap
p p I I

"0 5-
5.0-
2.5—
2.0-

Ag 1.5-
Ap

1.0—
0.5-
00 05
15-
l.p-

Ap 0.5-
Ap

0.0
-0.5-

+++++
+~+g+I.

I I I I I I I I w I I

0.5 0.7 0.9 I.I 'l.5

0

+
Vl ly

I I

1.5

0.2
0.40 0.60 0.80

Ef fective Mass in GeV

2.0-
l.5-

FIG. 24. The forward-backward asymmetry as a function of
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are calculated from the phase shifts in Fig. 23 and the model in
Ref. 13.

'0 W. D. Walker, J. Carroll, A. Garfinkel, and B.Y. Oh, Phys.
Rev. Letters 18, 630 {1967)."E.Malamud and P. E. Schlein, Phys. Rev. Letters 19, 1056
{1967).

"N.
¹ Biswas, N. M. Cason, P. B. Johnson, V. P. Kenney,

J. A. Poirier, W. D. Shephard, and R, 'Zorgerson, Phys. Letters
27$, 513 (1968).
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FIG. 26. Legendre coefBcients from fits to the w+w decay angular
distributions for events with 1t ( &0.2(GeV/c)'.

s M. Bander and G. L. Shaw, Phys. Rev. 155, 1675 (1967);
M. Bander, G. L, Shaw, and J. R. Fulco, sbI'd 168, 1679 (1968)..
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' M. Bander, University of California, Irvine (private com-
munication to Z, G. T. Guiragossian). We would like to thank
Professor Bander for several illuminating discussions, and for this
computation based on our data.

"G. F. Chew and F. E. Low, Phys. Rev. 113, 1640 (19S9);
C. Goebel, Phys. Rcv. Letters 1, 337 (1958).

nance width parameters suggested by Bander. " The
I= 2 5-wave phase shift bo' has been obtained from Ref.
9. It is found that this evaluation of mm phase shifts is
primarily sensitive to variations in the value of the
p-meson width. The S-wave I=O phase-shift 80' solu-
tion thus obtained is found to be in qualitative agree-
ment with that of set II of Fig. 22. In Fig. 24 we show
the forward-backward ww asymmetry ratio for f;„(

I t~ &0.06(GeV/c)s and for 0.06(
~
ti &0.2(GeV/c)',

together with the predictions of this phase-shift analy-
sis. The agreement is found to be adequate.

In principle, the mz elastic cross section and phase
shifts can be determined from a Chew-Low extrapo-
lation. " Such a procedure has been used recent1y by
Baton et al. to obtain the p parameters and the 5=2
S-wave phase shift. ' We have performed the extrapola-
tion to obtain the ~+a= cross section; the results are
presented in Fig. 25. The cross section passes through
the limits 12')t' for P-wave and (80/9)wA' for D-wave
scattering near 0.77 and 1.25 GeV, as expected for the
p' and fP resonances. Our statistics, however, do not
permit an accurate determination of the S-wave phase
shifts from such an extrapolation.

The m.+m and m'x decay angular distributions have
been fitted to a Legendre polynomial expansion of the

The first four terms of these expansions are shown in
Fig. 26 for reaction (1) and Fig. 27 for reaction (2). In
almost all cases, higher-order terms were consistent with
zero. For reaction (1) only events with ~t~ &0.2(GeU/
c)' were included in the fits; the cutoff for reaction (2)
was

I t~i &0.4(GeV/c)'. Notice that for the ir+s. data,
the A i/A p term in Fig. 26 is large and positive through-
out the p' region, goes through a maximum at about
0.92 GeV, and falls off to a minimum close to zero near
1.07 GeV. In the prss final state, the At/Ap term is
small and negative from 0.5 to 0.8 GeV and increases
rapidly with dipion energy above 0.8 GeV. The energy
dependence of Ap/Ap for the 7r+7r final state shows a
peak near 1.03 GeV. This structure ( 3 standard
deviations) is not seen in the prspr data. This structure
in A p/Ap near 1.03 GeV is also visible in the scatter
plot of M(s.+or ) versus cos8, as seen in Fig. 14. The
peaking of A s/A p together with an increasing A i/A p for
m )1.0 GeV is consistent with constructive inter-
ference between a rapidly increasing 60' and an in-
creasing D-wave phase shift 82', although we are not
able to rule out the possibility that the e6ect is due to
D or higher partial waves. This is compatible with the
suggestion of a resonance" near 1.05 GeV, such as the
S* reported in the ICK system.
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Fro. 28. The t dependence of A&/A p and As/A p in the s+s-
decay angular distribution.

's W. Beusch, W. E. Fischer, B. Gobbi, M. Pepin, E. Polgar,
P. Astbury, G. Brautti, G. Finocchiaro, J. C. Lassalle,
A. Michelini, K. M. Terwilliger, D. Websdale, and C. H. West,
Phys. Letters 258, 357 (j.967); T. F. Hoang, D. P. Eartly, J. J.
Phelan, A. Roberts, C. L. Sandier, S. Bernstein, S. Margulies,
D. W. McLeod, T. H. Groves, ¹ ¹ Biswas, ¹ M. Cason, V. P.
Kenney, J. M. MarrafIj. no, J. T. McGahan, J. A. Poirier, and
W. D. Shephard, Phys. Rev. Letters 21, 817 (1968).



n —
p DATA AT 4 GeV/c 1661

A quantitative interpretation of the coefficients in
Figs. 26 and 27 should be approached with some caution.
Near the p' mass As/Ap has a maximum value of 1.3
instead of 2.0 as expected for pure I'-wave scattering. "
This indicates the importance of absorption eBects.
Furthermore, in the same mass region As/Ap for Prssr

is roughly a factor of 2 smaller than for m+x . This dis-

crepancy seems to be due to vector exchange in p pro-
duction which is significant" near 4 GeV/c. It was
pointed out above that an expansion of the angular

"For P-wave and S-wave amplitudes

A p/Ap= 6 sin'g&'/L(4/9) sin'bp +3 sinsgq').

If Spp=y21 when 81'——-', 2i, then A2/Ap ——1.74.
' W. L. Yen, R. L. Eisner, L. Gutay, P. B. Johnson, P. R.

Klein, R. E. Peters, R. J. Sahni, and G. W. Tautfest, Phys. Rev.
Letters 18, 1091 (1967); I. Derado, J. A. Poirier, N. N. Biswas,
N. M. Cason, V. P. Kenney, and W. D. Shephard, Phys. Letters
24B, 112 (1967).

distribution in powers of cose... Fq. (7), proved par-
ticularly useful for phase-shift calculations because the
ratio fi/c was found to be independent of t. The terms in

expression (12) are found to be strongly t-dependent.
In Fig. 28 we show the results of extrapolating the
Legendre coefficients A i/Ap and As/A p to the pion pole.
The curves are least-squares fits to a quadratic form in

t. Both coeScients are seen to depend strongly on t and

the values at the pole have large errors associated with

them.
We suggest that it is highly desirable to extend S-

wave mm phase-shift calculations to dipion masses

greater than 900 MeV. A phase-shift analysis offers the
best means of settling questions about possible reso-

nances between the p' and f' Also, .it would help de-

termine which of sets I and II is the correct set for 60'

since set I approaches 180' and set II is near 90' at 900
MeV.
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Experimental Tests of Cascade Theory at High Energies*
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Results of simultaneous measurement of the radial position and angular orientation of electrons in ten
high-energy (180—2000-BeV) electromagnetic cascades are given. Six of these cascades were developed in
pure emulsion, while four were developed in a lead-emulsion sandwich stack. Numerical calculations of the
angular distributions, both within approximation B and the core approximation, are presented. Calculations
on the mixed radial-angular distribution are related to the separate distributions. A method is given for the
use of the mixed distribution to extend the effective radial range of measurement to such an extent that the
transition of the experimental results from the core approximation to approximation B becomes evident.
Limited experimental verification of the often-used approximation B is thereby established. It-is further
shown that cascade theory is internally consistent within the region of validity of the core approximation
and that the radial range must extend up to ~10 ' radiation length in order to include all particles having
angles as small as ~4-5 deg.

I. INTRODUCTION

HE measurement of the lateral distribution of
cascade electrons offers one of the few possibilities

to measure the energy of ultrahigh-energy particles
(&10" eV). Such measurements rely on the experi-
mental determination of the radial distribution of the

* Work supported by the National Science Foundation.
t On leave of absence from Institute of Nuclear Research in

Krakow, Poland.
f Submitted in partial fulfillment of the Ph.D. degree at

Louisiana State University, Baton Rouge, La. W. V. J. would
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the Alexander von Humboldt Stiftung in Germany for a research
stipend at the Max-Planck-Institut fiir Extraterrestrische Physik,
Garching bei Munchen, Germany.

cascade electrons at specihed distances from the cascade
origin. ' The experimental results are then compared
with the theoretical calculation of the integral radial
distribution in the three-dimensional cascade theory.
These theoretical calculations utilize an approximation
which requires that the radius R be small compared to
unity when expressed in units of the radiation length
(r.l.). This is called the "core approximation'" since it
is valid only near the core of a cascade.

Experimental evidence, which has been obtained
from scattering measurements on individual cascade

' K. Pinkau, Phil. Mag. 2, 1389 (1957).
P K. Kamata and J. Nishimura, Progr. Theoret. Phys. (Kyoto)

Suppl. 6, 93 (1958).' K. Pinkau, Nuovo Cimento 33, 221 (1964).


