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Muon Polarization in X„s'-Meson Decay*
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The polarization of the muon in the decay EI, -+ ~ p+v was measured in a spark-chamber experiment.
For the decay phase space measured in this experiment, the results are nPI, =0.31+0.07, aP+ = —0.02+0.07,
and oI'I = —0.10+0.07, vrhere PI„Pp, and I'I are the average components of polarization along the muon
momentum, transverse to the decay plane, and perpendicular to the muon in the decay plane. The analyzing
parameter n of the muon decay is about 0.35 in this experiment. From the above polarization results, assum-
ing energy independent form factors, we obtain the ratio of form factors 5=f /f+, the results are Re) = —16
+0.5 and Imp= —0.2+0.6.

I. INTRODUCTION

A N experiment was undertaken to measure the muon
polarization in the decay Ere~sr +tt++&

measurement of the total polarization of the muon
yields two pieces of information that are of importance
in the study of weak interactions. First, the existence
of a nonzero component of polarization transverse to
the decay plane would indicate a violation of time-
reversal invariance. Second, the components of polari-
zation within the decay plane are sensitive functions of
the form factors, the parameters that appear in theo-
retical analysis of K-meson decays. Consequently, the
polarization can yield specific detailed information on
the weak interaction involved in the K-meson decay
process.

The matrix element is of the form

M-L(p +p-) f+(q')+(p p-) f-(q')—j
XI-~(1+&.) j, (1)

where prr and p are the four-momenta of the K meson
and sr meson, respectively; f+(q) and f (q') are two
form factors that specify the behavior of the hadron
current; q is the momentum transfer between the K
meson and the m meson. p and u represent the wave
functions of the lepton and neutrino, respectively. pz
and y5 are Dirac matrices. The above matrix element is
in the form of a product of a hadron current and a
lepton current with a vector interaction.

The polarization of the muon in K» decay has been
calculated by several authors. ' %'e will use the result as
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derived by Cabibbo and Maksymowicz. The polariza-
tion is computed in the muon rest frame. The result is
expressed in terms of the momenta in the E rest frame.
The polarization vector is P=A/ I

A I, where

A= a, (])p„—as(P) {p„t.(Mtr —E.)/rn„
+(p. p.) (E.—m.)/~. I p. I'j+p-}

+M-I ~(q)(p.&&p.), (2)
and

5(q') =f (q')/f+(q-'),

ar(g) =2M+(E„+Reb(q') (E * E)—j/nt„,
as($) =Msrs+2 Reb(q')MME„+ I b(q') Isrn„',

b(q') = lB(q')-&j
E *=(Mtrs+nt. s—rn s)/2Mz

ar($) and as(P) are scalar functions which depend on the
real part of the form factor ratio $(q').

The last term in Eq. (2) is the component of polari-
zation transverse to the decay plane. Several groups
have previously reported. ' that this component was zero
within the experimental error. That result is in agree-
ment with time-reversal invariance.

The other two components of the polarization are in
the decay plane; it is convenient to take one component
Ez along the muon momentum and the other component
P~ perpendicular to the muon momentum. The value
of the ratio of the form factors f /f+= $ has a strong
dependence on I'r /Pr„which is the tangent of the angle
of the polarization vector relative to the momentum of
the muon. As can be seen from Eq. (2), the dependence
is a function of the portion of the Dalitz plot being
measured.

We obtain an average value for ] over the entire
Dalitz plot, by measuring average values of I'I, and I'&.
We have also evaluated El. and I'I for two halves of the
Dalitz plot to check for a possible energy dependence
of g. The statistical accuracy was inadequate for any
conclusion to be drawn about the energy dependence.
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L. J. Verhey, snd A. Wattenberg, ibid. 17, 606 (1966); K. K
Young, M. J. Longo, and J. A. Helland, ibid. 18, 806 (1967).
1603



1604 AB RAM S et cl. I76

The perpendicular polarization in E» decay has also
been measured by Auerbach et at. ,

' who obtain a value
for the perpendicular polarization of I'I = —0.28+0.12
and (= —1.2+0.5. Other experiments which give values
of P have been summarized by Auerbach et at.4 and by
Lee and Wu. '

II. EXPERIMENTAL ARRANGEMENT

A. Beam Layout

The experiment was performed in a neutral beam at
the Argonne National Laboratory Zero Gradient
Synchrotron (ZGS). The ZGS proton beam impinged
on a beryllium target (G in. thickX42 in. X s in. ) which
was located in the L3 straight section (see Fig. 1).A set
of four collimators (CL1, CL2, CL3, and CL4) were
positioned along a straight line at 31' to the proton
direction. p rays were attenuated by a 2-in. -thick lead
brick placed in the beam ahead of the Grst collimator
CL1. Charged particles were swept out of the beam by a
magnet located between CL2 and CL3. The upstream
end of CL4, located 45.5 ft from the target, was the
defining aperture. This aperture, 1.2 in. )&1.8 in. , sub-
tended a solid angle of 7.2)&10 ' sr. The experimental
apparatus was set up about 55 ft from the target.

B. Ayyaratus

The experimental arrangement is shown in Fig. 2.
The fiducial volume for the Ez,' decays was within a
vacuum pipe that had Mylar side windows 0.003 in.
thick. Tracks of the charged decay products were
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Fro. 2. Experimental apparatus plan.

recorded in the momentum spark chambers. The
momentum spark chambers were situated in a magnetic
field. An absorber consisting of 2.9 collision lengths of
material (4 in. of brass and 20 in. of aluminum) was
installed in the yoke of the magnet immediately down-
stream from the momentum spark chambers. The
absorber was used to remove or scatter pions by nuclear
interaction. The muons in which we were interested
passed through the absorber without nuclear inter-
actions and entered the range spark chambers.

An idealized decay Ezs +2r +—tr++v is sketched in
Fig. 2 with the decay occurring in the vacuum pipe. The
m and p+ tracks are seen in the momentum spark
chambers. The x meson disappears in the absorber,
while the p+ goes through the absorber, stops, and
decays (tr+ —+ c++v+ v) in the so-called "range
chambers. "
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STEEL
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METAL
USE

Fro. 1. Neutral beam layout at Argonne ZGS.

~ L. B. Auerbach, A. K. Mann, W. K. McFarlane, and F. J.
Sciulli, Phys. Rev. Letters 17, 980 (1966).
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The range spark chambers consisted of Qve identical
units, each having 20 gaps. All plates were S-in.-thick
aluminum, 36 in. high)(48 in. wide. Muons in the
momentum interval from 540 to 750 MeV/c passed
through the absorber and stopped in the range cham-
bers. To minimize the precession of the muons that
stopped in the range chambers, a "mu-metal" magnetic
shield house was built around the range chambers. The
average magnetic field at the range chambers inside the
house was about 0.3 G. Without the shield house the
Geld was about a factor of 10 higher.

The spark chambers were photographed with four
Seattie-Coleman 35-mm cameras that were modified to
use Schneider Super-Angulon lenses. The momentum
spark chambers were photographed with one camera;
approximately 90' stereo was obtained using a mirror
inside the magnet. The range spark chambers were
photographed with three cameras. Two cameras viewed
the chambers from the top, one from the side.
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Fro. 3. Electronics block diagram.
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C. Triggering and Electronics

The scintillation counters are indicated in Fig. 2.
Counters n and P were used to veto charged particles
which entered the apparatus. Counters M1, M2, 0, and
I' were required to form a fourfold coincidence; the
logic is shown in Fig. 3. University of Illinois modular
electronics were used. Counters A and 8, which were
employed only 10% of the time, were used to veto
muons which went completely through the range
chambers The .trigger nP 3AM2QP that was used
mainly ensured that (1) a neutral particle entered the
vacuum, (2) two charged particles were produced
before the counters in the magnet, (3) a charged particle
entered the range chambers. The counters n, P, M1, and
3f2 were made of S-in.-thick plastic. To allow a sub-
stantial percentage of the stopped rnuons to decay
(about 60%), the range chambers were triggered after
a delay of 2.2 p,sec. A small clearing field of 1 V was used
in conjunction with the delayed firing of the range
chambers.

D. Operational Procedures

The Geld of the magnet was mapped before and after
the experiment. All the counters had radioactive stand-
ards and these were checked about once a day. The
singles and coincidence counting rates, all high voltage,
and the magnet shunt current were monitored every
2 or 3 h. Every 1000 pictures a test strip was taken and
the efficiencies of the spa, rk chambers were checked. The
stray and earth's magnetic Geld inside the mu-metal
house was initially checked on a daily basis with a large
Qip coil. Later in the experiment this check was made

about once a week. The neutral beam proGle and posi-
tion was checked at the start of every running period by
means of a polaroid scintillation camera to determine
whether the ZGS target position was correctly set.

III. DATA REDUCTION AND MEASUREMENTS

A. Scanning

Two views of the range chambers film were scanned
to find events that apparently had a stopped muon
accompanied by its decay electron. The signature of
such an event was a stopped track that had a kink at its
end. The minimum acceptable kink length was four
gaps (3.8 g/cm' aluminum); the maximum acceptable
length was 30 gaps. The minimum acceptable opening
angle between the kink and the stopping track was 10'.

Of the 415 000 pictures, 47 000 (11%)were found to
have an acceptable stopping track and kink. Some
332000 of the pictures did not have a track. which
stopped in the range chambers. Some 36000 of the
pictures had a stopped track but did not have an
acceptable kink. Of the 47 000 acceptable pictures, only
those 30000 pictures that had a minimum opening
angle of 30' were retained for further analysis. Events
in the omitted forward cone contained a contamination
from forward scatters and one-prong interactions. The
number of different types of events is summarized in
Sec. I of Table I.

The 30 000 event candidates were further scanned to
determine whether there was a possible EI.' decay in the
momentum spark chambers. A possible El,' was defined
to be two tracks apparently intersecting in the region of
the vacuum pipe. Each track was required to have a
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Trna@ I. Data reduction summary. The second scan increased the sample by about 5+&,
indicating a scanning efhciency of about 95%.Description

Total number of pictures

I. Scanning
A. Range chambers

1. No stopping track
2. Stopping track but no kink & 20'
3. Stopping track but 20'&kink&30'

Sum: Rejected

Accepted possible muon decays

B. Momentum chambers
1. Nonintersecting tracks
2. Intersection beyond limits
3. Three-prong interaction
4. Other

Sum: Rejected

Accepted possible E decay plus
possible muon decay

II. Measurement
A. Fitting

1. Fitting criteria not satisfied
2. Both tracks same curvature
3. Helix intersection not good
4. Helix intersection outside 6ducial

volume

Sum: Rejected

Acceptable fit

B. Kinematics
1. Failed to satisfy E„3or Ese

kinematics
2. Satisfied E,3 but not E„3kinematics

Sum: Rejected

Acceptable E„a

Rejected Accepted

415 000

332 000
36 000
27 000

385 000 —385 000

30 000

6000
3000
4000
3000

16 000 —16000

14 000

5400 — 5400

8600

1600

1000

2600 — 2600

6000

B. Measurement and Computer Processing

The two tracks in the momentum spark chambers
were digitized by means of a Hydel measuring machine.
Section II of Table I summarizes the various types of
events and the reasons for rejecting the unsuccessful
ones.

Of the 14000 measured events, 8600 were success-
fully reconstructed and Gtted. A large number of the
measured events (3500) were rejected because the inter-
section of the helices (decay vertex) occurred outside
the fiducial volume of the vacuum pipe. Most of these
decays occurred beyond the downstream limit of the
Gducial volume. Five hundred were rejected because
both tracks had the same curvature, which probably
indicated a spurious track or a scatter in one track; an
additional 400 of the events failed because the distance
of closest approach of the helices was not within the
0.3-in. limit. One thousand were rejected in Qtting
helices to the sparks. Helix trajectories were corrected
to account for the nonuniform magnetic Geld.

Events that had been successfully fitted (about 8600
events) were further analyzed with kinematics programs
similar to those of Carpenter' and Fisher. ' From the
laboratory momenta of the two tracks, the center-of-
mass energies and momenta were computed with
different assumptions for the decay modes of the EJ.'.
Approximate1y 1600 measured events failed to satisfy
either E„3' or E,3' kinematics. One thousand events
were consistent with E,3' decay but not with E„s'
decay, and these were also rejected. Six thousand events
were kinematically consistent with E»' decay.

III. Range-momentum
Outside limits of +11%

Acceptable

IV. Scattering
Outside limits of 10 in.

Good events

3000 — 3000

3000

1000 — 1000

2000

minimum of four sparks. A total of j.4 000 possible EJ.'
decays were found (43%%u~). The reasons for rejecting
pictures were

(1) nonintersecting tracks (6000) which included
events in which a track. suGered a visible scatter and
events with insu15cient sparks,

(2) intersection beyond scanning limits (3000) which
included two-prong interactions in foils or scintillator,

(3) three-prong interactions in foils or scintillator
(4000),

(4) others (3000) which included possible decays or
interactions with only one visible track.

A sample of about 25% of the film was rescanned.

C. Muon Identiacation Criteria: Scattering
and. Range-Momentum

The particles that stopped in the range spark cham-
bers passed through a thick absorber which was located
between the momentum spark chambers and the range
chambers (see I'ig. 2). To eliminate pions that had
undergone a nuclear scattering in the absorber we re-
jected any events that had scattered more than approx-
imately two standard deviations from the expected
multiple Coulomb scattering for a muon. The scattering
in the absorber was determined by comparing the
measured position of the track entering the range
chambers with its expected position. The expected
positions were computed from an extrapolation of both
trajectories in the momentum spark chambers. An rms
scattering distance of 5.5 in. is expected for a 600-
MeV/c muon passing through the absorber. Events
were accepted that entered the range chambers within
10 in. of their expected positions. The sign of the muon

D. W. Carpenter, thesis, University of Illinois, 1965 (un-
published}.

G. P. Fisher, thesis, University of Illinois, 1964 (unpublished).
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was deduced from the sign of the matching track in the
momentum spark chambers.

In addition to the scattering criterion, we employed
a range-momentum criterion. The measured momentum
of the stopping track was required to be consistent with
the expected momentum of a muon that had traversed
the same amount of material. A histogram of the
fractional deviation of the expected momentum from
the measured momentum is shown in Fig. 4. The full
width at half-maximum is 7%. The momentum meas-
urement has an accuracy of +3%, while the range
straggling for 600-MeV/c muons is approximately
&3%.Events within &11%were accepted.

Approximately 1000 candidates were rejected due to
the scattering criterion; approximately 3000 were
rejected due to the range-momentum tests.
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D. Range-Chamber Measurements

The range-chamber measurements provided positions
and angles of the tracks of the entering muon, the
stopping muon and the decay positron. The tracks were
hand measured by means of templates and Recordak
film readers. All three views were measured. The posi-
tron tracks, which often scattered, were measured along
the first four sparks, in general. The first three sparks
were used if the fourth spark was noticeably out of line.

The measurement accuracy was determined from the
reproducibility of repeated measurements and the
consistency of the reconstructions using diGerent pairs
of views. The accuracy of the reconstructed muon
angles was typically about 2'. The positron track angle
was typically accurate to about 7'. The uncertainty in
this angle results in an error in the inal result which is
negligible compared to the statistical accuracy.

IV. DATA ANALYSIS

A. Polarization Components and Kinematic Ambiguity

The angular distribution of positrons from the decay
of polarized muons is known to be of the form

dX,/d(c 9)o=s1+aP cos0, cos9=P 8, (3)

where I' and 8 are unit vectors along the directions of
the muon polarization and the positron momentum,
respectively. The quantity P, the degree of polarization,
is expected to be unity. The parameter a is the asym-
metry parameter of muon decay. For the entire positron
spectrum, a=0.33. For the portion of the positron
spectrum used in this experiment, a is estimated to be
0.35; there is no experimental evidence of depolarization
in aluminum.

It is convenient to consider components of the polari-
zation unit vector I' along three orthogonal directions
relative to the muon momentum p„and pion momentum

p in the El,' rest frame:

P= Prur+ Prur+P pl p.

20—

IO—

Fxo. 4. FractionaI deviation of expected momentum based on
range for muons compared with measured momentum of particles
which stopped in the range spark chambers.

4 =y X(y Xy)/lp X(y Xp)l' (7)

the three components of polarization I'I., I'~, and P&
can be obtained from the slopes of the three angular
distributions. The analysis is complicated by a twofold
ambiguity in the EI,' decay kinematics.

The kinematic ambiguity is present because neither
the energy of the El.' meson was measured nor the
neutrino detected. Two possible values of the EL,'-
meson energy Ez result:

E» (M» E„)(E.'+E„')a
l P„,l

—(P.,'+P„,')
M» (E '+E„')'—(P„,'+P„')' (g)

The three directions are

(1) longitudinal:

&i= p./l y. I,
(2) transverse, i.e., normal to the decay plane:

&r= (y-xy.)/lp-xy. l

(3) "in-plane-perpendicular, " i.e., perpendicular to
the muon momentum within the decay plane:
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High

K

the absorber. For the configuration, where the E meson
has the higher energy, the neutrino is directed forward.
The total neutrino momentum is the same for both
con6gurations; all transverse components of momenta
are the same for E~H'~" as for E~ '".The pion and the
muon are emitted less forward for E~H'&h than for
E~L'". The muon direction NL, for the E~ '" con-
figuration diBers only by about 25' from that of the
Eirn'a" configuration. The sense of ur from Eq. (6) is
opposite in the two cases. The direction ui from Eq. (7)
differs markedly for the two con6gurations.

E
K

SOLUTION

Fre. 5. Decay conQgurations for both kinematic solutions
in the Eg rest frame for typical event.

E ' and E„' are the laboratory energies of the pion and
muon; I',' and I'„,' are the components of the pion and
muon momenta along the El,' direction. E„ is the neu-
trino energy in the Er,' rest frame; ~P„, I

is the magni-
tude of the component of neutrino rnomenturn along the
Kl.' direction.

The transformation to the E~' rest frame is therefore
not unique. Two possible sets of momentum vectors
occur in the center-of-mass system. In Fig. 5, we display
the two possible center-of-mass momentum configura-
tions of a typical El.' decay in this experiment. For the
solution of Eq. (8), where the E meson has the lower

energy, the neutrino momentum p„ is directed backward
relative to the El.' beam direction E. The muon is
typically directed forward because its laboratory
momentum must be at least 540 MeV/c to pass through

B. Angular Distributions for Total Data

The angular distributions shown in Fig. 6 show the
total data, 1602 events. These are events for which the
positron track made an angle of at least 30' relative to
the stopped muon track in the range spark chambers.
Events that had a positron track within the forward 30'
cone are not included. The longitudinal angular distri-
bution in Fig. 6(a) shows a pronounced asymmetry; the
transverse angular distribution in Fig. 6(b) shows no
apparent asymmetry; the in-plane-perpendicular angu-
lar distribution in Fig. 6(c) shows a slight backward
asymmetry. The distributions are not linear because of
the anisotropic detection eKciency of the range spark
chamber system.

For the data in Fig. 6, the kinematical quantities have
been calculated in the El.' rest frame assuming the
solution which resulted in the lower of the two possible
values for the laboratory energy of the Ez, meson (the
EEL'" solution). An analysis of the angular distribu-
tions of Fig. 6 was made by a Monte Carlo calculation
described in Sec. IU F. In Secs. IV C—IV E, we describe
a diferent method of analysis in which unambiguous
events were selected from the data.

I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I I
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Fro. 6. The (s) longitudinal, (b) transverse, snd (c) in-plane-perpendicular angular
distributions of positrons for the total sample of 1602 events.
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TAm, E II. Selection of unambiguous subgroups of data.

Criteria

Number of events accepted
as unambiguous

For in-plane For up-down
components components

Number of events
retained for
further tests

Number of events
rejected

Initial data sample
1. 30'&e,&150'
2. yang, &4.0
3. cosel, unambiguous

cosep unambiguous
cos8p unambiguous

4. cong unambiguous
cos8~ unambiguous

5. cos81, unambiguous
coa9p unambiguous

Totals accepted

347
189

129

347
189

102

638

1602
1459
1112
923

692

C. Selection of Unambiguous Events angular distribution, the event was considered un-
ambiguous. With the range of cose divided into six equal
intervals, 189 of the 1112 events were found to be un-
ambiguous; 923 events did not pass this test.

(4) The remaining 923 events were tested to find
those events which were unambiguous only for the
determination of the in-plane polarization. If both
possible values of cosgl, =lg e fell in the same interval
and if both possible values of cos0~=6~ e fell in the
same interval, the event was used. Of the 923 events,
129 passed this test, giving a total of 665 events to be
used for the analysis of the in-plane-perpendicular
polarization. The angular distributions for these events
are shown in Figs. 8(a) and 8(b).

From the total sample of 1602 events, in which the
p+ to e+ decay was observed, two unambiguous sub-
groups of events were selected (see Table II). The
following procedure was used:

(1) Only those events were retained for which
30'&8,&150', where 0, is the angle between the posi-
tron track and the muon track in the range spark
chambers. This cutoff cancels a bias in the longitudinal
distribution LFig. 6(a)] due to the cutoff 30'&0, used
in selecting events. Of the total of 1602 events, 1459
events satis6ed this new criterion.

(2) A group of events was selected for which the
higher-energy (Ezm's") kinematic solution could be
ruled out because of the E-meson energy spectrum and
the E„ss detection efliciency (Fig. 7). The K-meson
energy spectrum was calculated from the results of a
regeneration experiment (Ez,' -+ Ks' —+ s+s ) per-
formed with a 3-in. copper regenerator in the same
beam. ' A constant regeneration amplitude was assumed
in the calculations The detection eKciency was obtained
from a Monte Carlo calculation. "As shown in Fig. 7,
the E-meson energy spectrum decreased by a factor of
10 between Err/Mrr=2. 2 and Err/Mrr 4.0, while the-—
detection efficiency varied by only +10%%uq in that inter-
val. For 347 events with EirH'sh/Mrr& 4.0, we used the
E~L'" solution; these events were selected from the
1459 which satisied 30 &0&150'.

(3) The remaining 1112 events were tested to find
those events for which both kinematic solutions gave
the same polarization result. If both possible values of
cos81,=61. e fell in the same interval of the longitudinal
angular distribution and if both values of cos8~=N~ e
fell in the same interval of the in-plane-perpendicular
angular distribution and if both possible values of
cos8z =6p 8 fell in the same interval of the up-down

R. E. Mischke, thesis, University of Illinois, 1966 (unpub-
lished).

9 The results of the present experiment are not very sensitive to
the uncertainties in the X-meson energy spectrum.

's R. J. Abrsms, thesis, University of Illinois, 1966 (unpub-
lished).
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of electrons from stopped negative muons (see Fig. 10)
from 340 events which fit E~' —+ m+p, v. Stopped nega-
tive muons are almost completely depolarized (84%)
by orbital capture. In Fig. 10, events have been removed
in which the electron angle relative to the stopping
muon was greater than 150'. An empirical fit of the
function

r)(cos8,.)= 1—A exp( —8 cos'8,.) (9)
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FIG. 8. Center-of-mass angular distributions for sample of 665
unambiguous events: (a) longitudinal, (b) in-plane-perpendicular.
Dashed curves indicated expected shapes for an unpolarized
sample.
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(5) Similarly, if both possible values of coser, fell in
the same interval and both values of coser = tIr .e fell in
the same interval, the event was used for the analysis of
the transverse polarization. Of the 794 events tested,
102 were found to satisfy the criterion, giving a total of
638 events for the analysis of the transverse polariza-
tion. The angular distributions are shown in Figs. 9(a)
and 9(b).

D. Correction for ERciencies

A correction was applied to the experimental angular
distributions of Figs. 8 and 9 to account for

(1) exclusion of events in which the angle between
the positron track and the muon track was less than 30'
or greater than 150,

(2) selection of unambiguous events,
(3) loss of steep positron tracks in the range spark

chambers.

We obtained the relative detection eKciency for steep
positron tracks from the observed angular distributions

70
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20—

EFFICIENCY FUNCTION

/

resulted in 2=0.95, 8=5.3, where 8„ is the angle
between the electron track and the normal to the
plates. In Fig. 10, the dashed curve shows the fitted
function.

A Monte Carlo calculation was performed to compute
the expected shapes of the center-of-mass positron
angular distributions for our sample of E»' decays. For
each measured E»' decay a group of simulated posi-
trons was generated by the computer. The angular
distribution~of the simulated positrons was weighted
according to Eq. (3) using an assumed polarization.
Each positron momentum vector was rotated by an
amount equal to the precession of the muon spin in the
magnetic field. The laboratory angular distribution of
positrons was weighted according to Eq. (9) to account
for the loss of steep positron tracks in the range cham-
bers. In addition, those candidates were not accepted
for which the simulated positrons were emitted within
30' forward or backward relative to the muon-momen-
tum vector in the laboratory. Ten simulated positrons
were produced for each E„3' of the actual data.

The selection of kinematically unambiguous Monte
Carlo events was similar to the selections of unambigu-
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FIG. 9. Center-of-mass angular distributions for sample of 638
unambiguous events: (a) longitudinal, (b) transverse to the decay
plane. Dashed curves indicate expected shapes for an unpolarized
sample.

cos 8„
Fxo. 10. Laboratory angular distribution of electrons from p,

events. e., is the angle between the electron direction and the
normal to the plates of the range spark chambers.
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ous real events. For each event in which ErrH's'/M~) 4,
all Monte Carlo positrons were accepted for the E~L "
solution. If Erra'~/Mz(4, a comparison was made
between the EE.H'~ values and the E~~'" values of
8 6L„e.ly, and e 6~ for each Monte Carlo positron.
Qnly those Monte Carlo positrons were accepted. for
which both values of e 41,, t", .4p, or 8 6~ fell in the same
interval of the angular distribution. To correct the data,
the number of events in each bin in Figs. 8 and 9 was
divided by the relative value from the dashed curves;
the total number of events was then normalized to the
original number. The corrected data are shown in Figs.
11 and 12.

E. Least-Squares-Fit Results

We made least-squares fits to the data of Fig. 11 and
Fig. 12 using linear functions of the form

dE,/d(cos8) = 1+aP cos8. (10)

The results of the Gts to the data of Fig. 11 are

rrPI„= 0.31+0.07,
cxPI = —0.10&0.07.

For the data of Fig. 12, the results are

nP J.= 0.30&0.07,
nPz ———0.02&0.07.

The longitudinal polarization Pg is large, consistent
with full polarization; the transverse polarization is
consistent with zero; the in-plane-perpendicular polari-
zation is small.

We dehne p to be the angle in the decay plane be-
tween the polarization vector and the muon momentum;
it is independent of the analyzing parameter n. From
the above results, we obtain

nPI —0.10&0.07
tan@= = =—0.32&0.23. (12)

uPI, 0.31&0.07
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FIG. 12. Center-of-mass angular distributions for sample of 638
unambiguous events after correction for eKciencies: (a) longi-
tudinal, (b) transverse to the decay plane. Lines indicate least-
squares-Qt results.
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The theoretical relationship between tang and Re&,
integrated. over the observed Dalitz plot density, is
shown in Fig. 13.The experimental Dalitz plot is shown
in Fig. 14. Since the transverse polarization was con-
sistent with zero, we have assumed Im)= 0 for Fig. 13.
The value obtained for tang corresponds to

Ref= —1.6&0.5, for Im(=0.

If we define P to be the angle between the polarization
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Fxe. 11. Center-of-mass angular distributions for sample of 665
unambiguous events after correction for eKciencies: (a) longi-
tudinal, (b} in-plane-perpendicular. Lines indicate least-squares-
fit results.

FIG. 13. Calculated relationships between tan& and Re& for
Imp=0. The curves are labeled to indicate integrals over the
experimental Dalitz plot density taken for E &205 Me+, for
E &205 MeV, and for the entire Dali' plot.
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Re)= —2.4+1.4 for E )205 MeV. The size of the
errors on Re(, particularly for E &205 MeV, does not
allow a conclusion to be drawn about the energy de-
pendence of the form factor ratio. As shown in Fig. 13,
the polarization angle is much less sensitive to Re) for
E )205 MeV than for E (205 MeV.

F. Monte Carlo and K' Analysis

As a check on the least-squares analysis, a Monte
Carlo analysis was made. It was possible to compare the
Monte Carlo generated angular distributions directly
with the angular distributions of Fig. 6; thus selection

FIG. 14. Experimental Dalitz plot density
corrected for the kinematic ambiguity.

vector and the decay plane, we have

tan18= = —0.08&0.23.
L(o'-Pr)'+ (rrp~)'1'"

Similarly, we obtain a value Imf= —0.2&0.6 for the
curve in Fig. 15.

As a check on a possible energy dependence of the
form factor ratio Re(, we have divided the data shown
in Fig. 8 into two groups depending on the center-of-
mass energy of the pion. Corrected angular distributions
are shown in Fig. 16. There were 371 events with
E (205 MeV and 294 events with 8 )205 MeV in the
samples. From least-squares fits to the data of Fig. 16,
tang= —0.55&0.34 for E (205 MeV and tang
= —0.03&0.35 for E )205 MeV. From the curves in
Fig. 13, Re)= —1.4+0.4 for E (205 MeV" and
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Fro. 16. Center-of-mass angular distributions for sample of 665
unambiguous events after correction for eKciencies: (a) longi-
tudinal, E )205 MeV, (b) in-plane-perpendicular, E &205 MeV,
(c) longitudinal, E,&205 MeV, (d) in-plane-perpendicular,
E &205 MeV.

--- IO

FIG. 15. Calculated relationship between tanP and Img integrated
over the experimental Dalitz plot density.

"Although the experimental error in tan@ is larger for the
portion of the Dalitz plot with E &205 MeV than for the total
data, it leads to an error in & of &0.4 for that part of the Dalitz
distribution, while the total distribution has an error +0.5. This
arises from the greater slope for E &205 MeV in Fig. 13. If the

of unambiguous events was unnecessary. The Monte
Carlo calculation was parametrized such that a X'

analysis was made as a function of the form factor ratio
$. Details of the method used to generate Monte Carlo
events are given in Ref. 10. The El,' energies were
picked at random from the beam energy spectrum
(Fig. 7). The center-of-mass energies of the muon, pion,
and neutrino were picked at random from the theoretical
decay spectra. Random center-of-mass orientations

difference in the errors is signiicant, it may be arising from the
simple treatment of the errors in the least-square analysis. A more
elaborate treatment of the errors did not seem warranted in the
light of the agreement with the results of the p' analysis of Sec.
JV F.
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were picked. The polarization vector P($) was com-
puted for each event according to Eq. (2). The angle
between the positron and the polarization vector was
chosen at random weighted according to Eq. (3). The
laboratory angular distribution of the positrons was
further weighted according to Eq. (9) to account for the
detection efficiency for positrons in the range spark
chambers.

For ea.ch Monte-Carlo-generated Kz,' decay the cor-
rect kinematic solution was known since the value of
E~ was chosen in the calculation. I.et E~&'& be the
chosen value of the El.' energy, and Ez&'& be the other
(or incorrect) solution. If Ezr&'&(Ez&&'~ then Zzr '"
=Ez('~ and the three low-energy dot products were

cos0z, = e(&) .uz, &»,

coser= e(&) 6r&»,

cos8p ——e(]) dp&»,

(13)

(14)

(15)

where Ng"& denotes a unit vector along the muon
momentum, computed from the E~o& kinematic solu-
tion, etc. If, on the other hand, E~&'&&E~&'), then
E~L'"=E~"& and the three low-energy dot products
were computed as

cosgz, = e(&) uz, &'&,

cos8r=e(&) 6r &'~,

cos8p ——e(&) 6p&'~.

(16)

(17)

In this way, the EzL'" angular distributions were
obtained for each value of t tested. The EzrL'" angular
distributions obtained were thus directly comparable
with the data of I'ig. 6.

A Monte Carlo sample of 4000 detectable El,' decays
was generated; three detectable positrons were gener-
ated for each value of the form factor ratio $ for every

El.' decay. The Ez '" Monte Carlo angular distri-
butions were normalized to the total number of data
events, then smoothed using least-squares-fitted parab-
olas. The smoothed angular distributions for each
value of t were compared to the Ezr L'" distributions for
the total data (1602 events in Fig. 6). The following X'
functions were used:

io PT;z(])—D z]'
Xz,'(f) =Q

T;z, (()
(19)

(20)

(21)

where the symbols D;I. and T,T. represent the numbers
of events in the jth bin of the longitudinal angular
distributions for the data and for the smoothed Monte
Carlo sample, respectively. The subscripts T and I'
denote the transverse and in-plane-perpendicular,
respectively. The angular distributions were divided
into 10 equal bins.

The results of the X.' tests are shown in Table III.The
values obtained for Xz,', Xr', and Xp2 are displayed in
matrices as functions of Re& and Im]. Examination of
Table III shows that Xr' is insensitive to Ref, but that
Xr' has a minimum at Im(=0 for nearly all values of
Re(. Xp is insensitive to Imf, but negative values of
Re) are favored over positive values. The Xzm plot has
a broad minimum from —2.5(Re/( —1.0. The sum
Xz,'+Xp'+Xr' has a minimum value of 24.83 at Re)
= —1.8, Im(=0.

Because Xr' was insensitive to Re) we have combined
Xz,' and Xp', with Im)= 0, to determine Re). In Fig. 17,

TAsLE III. Results of g2 calculations.

&L2, longitudinal

Xy', transverse

&~', in-plane-
perpendicular

~L +XT +~P

Re(

2
1
0—1—2
2
1
0

—2
2
1
0

—2
2
1
0—1—2

—3.0

12.46
9.30
9.97
8.45

21.20
23.09
10.63
11.62
17.00
22.72
14.61
15.81
14.64
15.99
13.37
50.15
35.73
36.23
41.44
57.29

—2.4

14.03
6.82
5.83
8.09

16.86
23.22
11.32
8.73

16.61
21.34
11.46
12.60
11.66
12.29
11.68
48.71
30.75
26.21
37.00
49.88

14.07
8.23
5.39
9.24

14.36
20.56
12.88
8.74

15.93
25.19
10.83
10.66
10.69
10.70
11.56
45.46
31.77
24.83
35.87
51.10

102

13.11
g.52
5.82
5.90

11.63
19.31
10.98
7.57

14.18
24.48
14.56
11.53
12.20
13.63
13.78
46.98
31.03
25.60
33.71
49.90

—0.6

14.54
9.90
8.73
8.89

12.64
23.00
10.08
11.76
12.31
21.57
16.15
19.12
18.20
15.93
14.58
53.69
39.09
38.69
37.13
48.79

0.0

19.49
13.38
9.58

11.53
22.57
12.14
11.27
9.12

11.67
19.46
19.90
23.56
24.19
22.18
22.38
51.53
48.21
42.89
45.39
64.42

0.6

21.98
21.11
12.07
16.gg
20.09
11.35
9.76
7.69

10.12
13.60
22.53
24.30
25.42
27.59
24.61
55.87
55.18
45.18
54.59
58.29

1.2

24.41
20.61
20.21
24.47
27.01
13.32
10.02
6.94
9.90

10.95
25.61
25.63
31.62
29.13
24.32
63.34
56.25
58.76
65.50
62.28
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Xq&=8.7, occurs for Imp=0. 1&0.5. The minimum value
of Xr corresponds to a probability of 36%, for 8 degrees
of freedom. This result is consistent with the result
Imt= —0.2+0.6 obtained from least-squares fits to the
corrected unambiguous data.

-- IO

Im /=0

I

- 5.0
I

- 2.0
I

-I 0 I.O

FIG. Ig. xI versus Re( for in-plane components of polarization.

X~zs is plotted versus Re), where

XT

--30

RB (e

t I

0 2

Pro. 18.g' versus Im( for transverse polarization.

The minimum value, X~z,'= 16.1, occurs for Ref
= —1.8~0.5. The minimum value of I~i. corresponds
to a probability of 52% for 17 degrees of freedom, a
reasonable 6t. The errors correspond to the points at
which Xzzs increases by one unit. This value of Re) is
consistent with the value Ret= —1.6+0.5 obtained
from least-squares 6ts to the corrected unambiguous
data as presented in the previous sections.

We have used Xr' at Ret= —1.8 to determine the
best value of Img (Fig. 18). The minimum value,

V. CONCLUSIONS

The magnitude of the polarization of the muon from
.E»' decay was found to be consistent with the theo-
retically expected complete polarization. From the
direction of the polarization we found an average value
of Re)= —1.6&0.5 for the form factor ratio. Our result
is in agreement with the result Ref= —1.2&0.5 by
Auerbach et cl.' from a measurement of the in-plane-
perpendicular component of the muon polarization in
E»' decay. Our result is in reasonable agreement with
recent measurements of the muon polarization in
E»+ by Cutts et al. '~ and in E»' by Helland et al. "
who reported values of Re)= —0.95+0.3 and Ref
= —j..75 0.2+", respectively. These results are con-
sistent with the BI=2 rule which predicts that the
E„3+ and E„3' form factor ratios be equal. Our result
Imp= —0.2+0.6 derived from the transverse polari-
zation is consistent with zero in agreement with time-
reversal invariance.

As a check for possible energy dependence of the form
factor ratio, we analyzed separately the polarization for
two different ranges of pion energy (or four-momentum
transfer). For pion energy E„(205 MeV we found
Re)= —1.4&0.4; for pion energy E &205 MeV we
found Re&= —2.4&1.4. The statistical errors, particu-
larly for E &205 MeV, are too large for a conclusion to
be drawn about the energy dependence of the form
factor ratio. The intrinsic lack of sensitivity for 8 & 205
MeV makes it more dif(icult to measure P precisely in
that part of the Dalitz plot.

There is a need for more precise measurements of the
polarization over the whole Dalitz plot to determine the
energy dependence of the form factors. The intrinsic
lack of sensitivity for the higher pion energy region will
make it more diKcult to obtain the desired precision.

It is to be pointed out that although all the values of
Re( obtained from the polarization measurements of
both El,' and E+ are in agreement, they seriously
disagree with the value of Ret obtained from a rneasure-
ment of a branching ratio of Z„s/E, s.'4 Attempts by
Auerbach et al.4 to resolve this discrepancy by employ-

ing form factors that have large energy dependencies
have not been very satisfactory. Therefore, it is ob-
viously very important that improved measurements

~ D. Cutts, R. Stiening, C. Wiegand, and M. Deutsch, Phys.
Rev. Letters 20, 955 (1968).

13 J. A. Helland, M. J. Longo, and K. K. Young, Phys. Rev.
Letters 21, 25'/ (1968).

'4L. B. Auerbach, J. Dobbs, A. K. Mann, W. K. McFarlane,
D. H. White, R. pester, P. Y. Kschstruth, G. K. O' Neill, and
D. Yount, Phys. Rev. 155, 1505 (1967).
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of the branching ratio as well as of the polarization be
made.

The comparison of the value of Re) obtained from the
branching ratio with Re) obtained from a measurement
of E„3 alone is based on the assumption of p-e uni-
versality. Lee and Wu (Ref. 5, p. 491), using earlier
data which were not as precise, drew the conclusion that
there was evidence for p,-t, universality in the E decays.
Until one understands the present discrepancy, the
conclusion that there is p,-e universality in E decays is
not valid.

ACKNOWLEDGMENTS

We wish to acknowledge the advice and assistance of
Dr. D. W. Carpenter, particularly during the analysis
of this experiment. We would like to thank the staff of
the Argonne Zero Gradient Synchrotron for their
cooperation. We are very indebted to C. Smock,
L. Seward, H. Barton, P. Mantsch, and K. Harris for
their help in the construction of the apparatus and in
the running of the experiment. We are grateful to Mrs.
P. Martin for her careful supervision of the scanning
and measuring.

PHYSICAL REVIEW VOLUME 176, NUMBER 5 25 DECEMBER 1968

Relativistic Energy Loss by Ionization in Nuclear Emulsions
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The variation in grain density in the tracks of 5-, 8-, 12-, and 24-GeV/e protons and 5-GeV/c pions has
been investigated as a function of velocity in the same plate of an IIford K-5 nuclear emulsion. About
80 000 blobs were counted for each beam. The pion-to-proton ratio of grain densities at 5 GeV/c is 1.114
&0.006. The results are in agreement with the Sternheimer formula using a mean ionization potential for
AgSr of 434 eV and a cutoff energy To of 2-5 keV. Comparison of these data with an earlier experiment in
a 6-5 emulsion shows no dependence of the rate of the relativistic rise in grain density on type of emulsion.
The combined data from the two experiments are in excellent agreement with Sternheimer's formula with
I=434 eV and T0= 5 keV with no correction due to secondary ionization. A correction for secondary ioniza-
tion corresponding to a 10% contribution due to secondary ionization at minimum ionization gives excellent
agreement with I=434 eV and TO=2 keV.

I. INTRODUCTION

'HERE have been many attempts to measure the
relativistic rise of the grain density in nuclear

emulsions, and much evidence' '4 has been accumulated
to support a proportionality between the grain density
and the restricted energy loss given by the Sternheimer
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formula. '~" In comparing their data with the Stern-
heimer formula, the parameters I (mean ionization
potential of emulsion atoms) and Tp (allowed energy
transferred in individual collisions) have been varied
by experimenters to obtain a best fit yielding, however,
a wide Quctuation in the values of both constants. In
most of the previous experiments, the relativistic rise
was calculated from the ratio of grain density measure-
ments at large values of y (7= (1—v'/c') 't') 200) and
at minimum ionization (3(y&4). Objections can be
raised to this method of measurement, however. Theo-
retical and experimental studies by Patrick and Barkas
on the effect of secondary grain densities (i.e., due to
8 rays) would seem to indicate that a shift of as much
as 6%%uq might be expected in the ratio of the plateau to
minimum grain densities from that predicted by Stern-
heimer's formula, while the second-order radiative cor-
rection predicted by Tsytovitch' would introduce
another correction of 4-5'P~ in the asymptotic region.
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