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Quantum Theory of an Electron Gas with Anomalous Magnetic
Moments in Intense Magnetic Fields
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In this paper we have continued our investigation of the properties of an electron gas in intense magnetic
Gelds. We have obtained expressions for the thermodynamic energy density, particle density, the magnetic
moment, and pair density (created in equilibrium with the system) for a gas of electrons with an anomalous
magnetic moment, using the exact eigenvalues of the Dirac-Pauli equation for an electron with an anomalous
magnetic moment, obtained by Yernov et al. According to the solution of Ternov et al. , the lowest energy
states of the electrons can be zero at certain Geld strengths. We have shown that pair creation does not occur
spontaneously at the expense of the magnetic-Geld energy, but only at the expense of the thermodynamic
energy of other particles of the system. Exact expressions for the pair density are given.

I. INTRODUCTION

'N several previous papers'~ we have derived thermo-
s - dynamic properties for an electron gas in a magnetic
Geld, using the exact solution of the Dirac equation for
an electron gas in a magnetic Geld. We have found that
the gas becomes very anisotropic. Further, because the
lowest energy state of the electron is unaltered, we con-
cluded that spontaneous pair creation will not take
place even when the classical spin energy tttIIr H (where
tto=

~
e( n/&mc is the magnetic moment of the electron

and H is the magnetic f'Ield) exceeds mcs.

However, it is well known' that the electron pos-
sesses an anomalous magnetic moment amounting to
ti= (n/2sr)tIO, in addition to its Dirac moment

~
e

~

it/mc.
The question then naturally arises: Will this small
amount of additional magnetic moment change our
previous conclusions? In this paper we study the effect
of the anomalous magnetic moment on the thermo-
dynamic properties of matter. In general, we consider
field strengths of the order of (4sr/n) msc'/ett~4X 10"G.
Admittedly this Geld strength is rather high and may
not be realized in nature. However, our main purpose is
to investigate whether spontaneous pair creation will

really take place when the effect of the anomalous mag-
netic moment is included. It is shown that in the
presence of an anomalous magnetic moment, in certain
cases the separation energy between the positive- and
negative-energy states become zero. However, we show
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that spontaneous pair creation still does not take place
at the expense of magnetic-field energy.

II. ANOMALOUS MAGNETIC MOMENT AND
DIRAC-PAULI EQUATION

It is wel. l known that the interaction of an electron
with an anomalous magnetic moment within any ex-
ternal field A„can be described by the Dirac-Pauli
equation'

Z8 $ SK
Vo ~o+ A e ts ~ov'ye'Y v+

h|, 2hc
P= 0, (1)

where p is taken to give the correct values of the mag-
netic moment

&
it turns out that'

II ]e)tt
p=

2x' 2ssc

The electromagnetic tensor is

Equation (1) has been solved by Ternov et al. ,r

giving the following energy eigenvalues (x=—p,/mc,
8'.= m'c'/eh):

H j./2

Z(x,l,s)=mc' x'+
~
1+ (2n+s+1)a,

n H-' ''2

+S
4m II,

n=o, 1, , s= &1.
6 J. Schwinger, Phys. Rev. 73, 416 (1948).' I. M. Ternov, V. G. Bagrov, and g. Ch. Zhukovskii, Mgscq~

Univ. Bull. 21, 21 (1966),
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FlG. 1.Behavior of the energy eigen-
values, Kq. (2), in units of mc' for the
three cases explained in Sec. II. It is
clear that the main eGect of the
anomalous magnetic moment is to
remove the degeneracy between the
levels with quantum numbers n and
s=1, and @+1and s= —1. The scale
is arbitrary.
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We have checked the calculations of Ternov et al.~ and
have conGrmed their results.

III. PROPERTIES OF ENERGY STATES

The behavior of Eq. (2) is schematically shown in Fig.
1 for the three cases (a) when the spin is equal to zero
(i.e., no magnetic moment); (b) when the magnetic
moment is identical to the Dirac magnetic momen

l el h/2mc, and. (c) when the anomalous magnetic mo.-

ment is included, in addition to the Dirac magnetic
moment considered, in (b). It is seen that the effect of

magnetic Geld in the s direction is to cause the energy
in the x and y directions to become quantized. Howeve,
when the magnetic moment of the electron takes t e
value of the Dirac magnetic moment, there is a de-
generacy between the case with the principal quantum
number rs and the spin parallel to the field (s=+1)
and the case with the principal quantum number m+1
and the spin antiparallel to the field (s= —1). This
d

'
however removed when the anomalousdegeneracy is, o

magnetic moment is included. The two degenerate levels
then s lit, in much the same way as the remova
degeneracy in the Zeeman splitting of atomic spectral
lines.

b-The lowest energy states of the electron in the a-
sence of s momentum (P,= x wc= 0) are zero when the
Geld strengths are given by

/H=H, —
i ti+ ii'+i —

1ni I4w j

(3)
=2~a.(4 /~)' (~so),
= (4~/~)&. (v=0),

where ii=0,1,2,3, .
, Do. For the case x=0, Eq. (2)

becomes
H

E(0,e,s) = +etc' 1+ (2N+s+1)
I

+s— . (4)
H, ) 4~@,

We have calculated the first Gve energy states as func-
tions of Geld strengths as shown in I'ig. 2.

FIG. 2. Energy levels of Eci. (2) (in
units of mc') as a function of the
parameter (H/Z, )n/4s for the case
x=0. The lowest level ~=0 and
s= —1 is shown to reduce to zero for
(H/H, )n/41r=1. The ordinate is the
energy of the electrons in mc' units.
The numbers 10 ' indicate that the
actual value of the energy has been
multiplied by 10 3 to Qt into this
graph.
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IO

which changes sign after the magnetic Geld is increased
beyond the critical value H/H, = 4sr/n. Does this mean
that the energy of the electrons will become less than
that of the positrons at this 6eld strength P If this
happens then spontaneous pair creation will be possible.
However, this is incorrect because the value of x can
never be zero. As long as there is one electron in the
universe the Fermi energy of the electron is nonzero,
the operation in Eq. (5) is not permissible, and the sign
of the energy state is an invariant property of the elec-
tron or the positron. This also means that the positive-
and negative-energy levels of the electrons will never
cross each other (noncrossing property). Naturally, this
implies that spontaneous pair creation in a magnetic
field without an external energy source is forbidden.

Note that the condition

H/H. =4sr/n

can also be written as

IO

IO IO

(Ni'No j

IO

Fro. 3. Relation between the magnetic moment M' (M =SR/SRp,
ORp=2spes 9., ') and the electron density N/Np (Np=s' pK p)

for the degenerate case. M exhibits the same undulating behavior
as in the case without an anomalous magnetic moment (See
Ref. 3).The various peaks correspond to the excitation of diiferent
magnetic states. At a given density the magnetic moment de-
creases as the 6eld strength increases, until the erst magnetic
quantum state is excited.

H=4pe/rps, (7)

4we 4w
H=

ros ~ &4sr

where rp e'/mc' is the——classical radius of the electron.
Equation (7) is independent of k and is a classical re-
result. ' Similarly, Eq. (3) can be written as

Consider the case of m=0 and s= —f. The energy
state of an electron is then mc'(x'+ $1—(n/4pr)/
Hj/H, g'}'*. If it were possible for the z momentum to
vanish identically, then the energy state of the elec-
tron in the state n=0 and s= —1 would be

er Hq'-'l'
E(0, 1, —1)=+mc'

I
1——

4w H.i

( rr H
=mc'l 1——

4wH,
'

IV. MAGNETIC MOMENT

In previous papers'~ we have shown that spontaneous
magnetization cannot take place in a noninteracting
electron gas. This conclusion is not altered by the in-
clusion of the anomalous magnetic moment of the elec-
tron, as expected. The magnetic moment of an electron
gas with an anomalous magnetic moment is obtained
in a similar way as we have done previously; here we
will not repeat the intermediate steps but will give the
results (p= kT/me'; is is the chemical potential in mcs

units).

BR (P p) (4 fs
= sbo'Csl ——l+-', bo(1—bo)f-rl —,—+ -', P g„'C,

l
—,—

kb, b,i Ebp bp p=& kg„g„

p H ~ ssg„(P p, H ~ Nb„
+s 2 b-'Cs ——— 2 -ri —,——

b b H, p=r g„+b„Eg„g„H,p=s g„+b„ l,b„

where

——.
' Z g. (g.—b.)Cl —,—+-.' P b.(g. b„)C,

l
—,—,—

2 Ise $ f' H )&to er H p H &Is

3}to=——,)(.=, g =11+2rs
l +—,b =l 1+2rs

mc
'

l H,i 4 H,
'

k H, 4 H.
L. D. Landau and E. M. Lifshitz, The Classiea/ Theory of Fields (Addison-Wesley Publishing Co., Inc. , Reading, Mass. , 1965),

Chap. 9.
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where no is some constant. Consider the case of the
vacuum; then eo——0 and p, =0. In most cases of interest,
all terms in e and sz+ are negligible except those with
b =0. We then 6nd from Eq. (28) that

n =n+ N——o& ln(1+e»&)
=Nod ln2, (35)

which is proportional to the temperature. In the pres-
ence of matter p is positive, and pair creation is sup-
pressed. Let us consider the case (tt —1)/P»1, with a
field strength such that b =0. The positron density n+,
to the order exp( —tt/P), is given by

tt+ ——N,y 1n(1+e »4). - (36)

The electron density is e+ plus the number of electrons
originally present without pair creation. Let the num-
ber density of electrons originally present be np. If
np&)e+, then tts approximately determines the chemical
potential through Eq. (13), i.e.,

no =AropVr (tt,d)+ N, (tt,p));
hence

tt— tt p+ I+
=NettNt(ti, y)+Ns(tt, y)+@ in(1+e-»&)j. (37)

Thus it is seen that the number of pairs vanishes at
zero temperature, as expected. This means that the
energy of pairs created comes from thermodynamic
energy from other particles and not from the energy of
the magnetic Geld.

How'ever, the number of pairs created is directly
proportional to the temperature in the nondegenerate
limit (tt —1«tt) and is proportional to Pe»& in the
degenerate limit. Additional processes like the pair-
annihilation process' e +e+ —+ r+ t can take place more
favorably when a strong magnetic Geld is present. '0 This
will aid energy dissipation. However, this will not occur
un. til the field strength exceeds H= (4~/a)B ~10" G.
It is not known whether such a strong field may exist in

nature.
VII. CONCLUSION

We have discussed the thermodynamic properties of
an electron gas in a magnetic field with an anomalous

magnetic moment. According to the solutions of the
Dirac equation with an anomalous magnetic moment,
the lowest energy states of an electron can become zero
when the Geld strengths exceed 10"G. We have shown

that spontaneous pair creation cannot take place at the

».Y. Clnu and P. Morrison, Phys. Rev. Letters 5, 573 (1960);
H. Y. Chiu, Stellar Physrrs (Blaisdell Publishing Co., Inc. ,
~altham, Mass. , 1968), Vol. 1, Chap. 6.

rs H. Y. Chiu, V. Canuto, and L. Fassio-Canuto (to be
published).

expense of the Geld energy. We have also derived expres-
sions for the magnetic moment, the energy density, the
number density, and the pair density as functions of
temperature and the chemical potential.

%e now compare the normal and anomalous cases.
In the normal case the minimum energy of the electrons
is always mc' and is independent of the Geld strength;
the magnetic Geld only quantizes the kinetic energy per-
pendicular to the Geld and does not change the rest mass
of the electron. In the anomalous case the rest energy of
the electrons changes with field strength, first decreasing
to zero at H 10" G and then increasing to a value of

2X10' @ac at a Qe}d strength of ~10' G, and then
decreases to zero again, and so on (see Fig. 2). Since
the energy eigenvalues determine the thermodynamic
properties of a system, naturally the normal case will
diGer from the anomalous case.

At a Geld of 10"G, the rest mass of an electron in
the proper quantum state is of the order of twice the
mass of the protons. According to our theory the rest
mass of a muon in a magnetic Geld is not altered until
the field strength approaches B,(rr/4rr) (m„/ttt)s=10" G.
Thus it is energetically possible for an electron in the
proper magnetic state to decay into a muon at a Geld
strength of ~10' G. In other words, at a Geld strength
of ~10" G matter should consist of electrons, muons,
and baryons. This result may be of relevance in the
theory of neutron stars.

Finally we should point out that the solution of
Ternov et a/. is based on the concept of a point anoma-
lous magnetic moment. It is known from quantum
electrodynamics that the anomalous magnetic moment
possesses a form factor of electrodynamical nature. It is
not known how a Gnite distribution of the anomalous
magnetic moment will alter the solution of Ternov et al.
and hence ours. This may require further investigation.

Note added its proof. After our paper was prepared
for publication, we received a preprint by R. O' Connell
on a similar subject. "However, O'Connell's paper only
discussed the possibility of pair creation while we have
given expressions for the pair densities and discussed
other relevant facts, among which the most important
one is the instability of an electron to decay into a
muon in Gelds as high as 10"G.
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