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In this paper we have continued our investigation of the properties of an electron gas in intense magnetic
fields. We have obtained expressions for the thermodynamic energy density, particle density, the magnetic
moment, and pair density (created in equilibrium with the system) for a gas of electrons with an anomalous
magnetic moment, using the exact eigenvalues of the Dirac-Pauli equation for an electron with an anomalous
magnetic moment, obtained by Ternov et al. According to the solution of Ternov e al., the lowest energy
states of the electrons can be zero at certain field strengths. We have shown that pair creation does not occur
spontaneously at the expense of the magnetic-field energy, but only at the expense of the thermodynamic
energy of other particles of the system. Exact expressions for the pair density are given.

I. INTRODUCTION

N several previous papers'™ we have derived thermo-
dynamic properties for an electron gas in a magnetic
field, using the exact solution of the Dirac equation for
an electron gas in a magnetic field. We have found that
the gas becomes very anisotropic. Further, because the
lowest energy state of the electron is unaltered, we con-
cluded that spontaneous pair creation will not take
place even when the classical spin energy uge-H (where
ug=|e|%/2mc is the magnetic moment of the electron
and H is the magnetic field) exceeds mc?.

However, it is well known® that the electron pos-
sesses an anomalous magnetic moment amounting to
w=(a/2m)ug, in addition to its Dirac moment |e|#%/mc.
The question then naturally arises: Will this small
amount of additional magnetic moment change our
previous conclusions? In this paper we study the effect
of the anomalous magnetic moment on the thermo-
dynamic properties of matter. In general, we consider
field strengths of the order of (47/a)m?c}/eh~4X10' G.
Admittedly this field strength is rather high and may
not be realized in nature. However, our main purpose is
to investigate whether spontaneous pair creation will
really take place when the effect of the anomalous mag-
netic moment is included. It is shown that in the
presence of an anomalous magnetic moment, in certain
cases the separation energy between the positive- and
negative-energy states become zero. However, we show
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that spontaneous pair creation still does not take place
at the expense of magnetic-field energy.

II. ANOMALOUS MAGNETIC MOMENT AND
DIRAC-PAULI EQUATION

It is well known that the interaction of an electron
with an anomalous magnetic moment within any ex-
ternal field 4, can be described by the Dirac-Pauli
equation®

[(8 iIeIA iF +mc] 0.
Y ﬂ-+ T M) ,uzhc wY Yy 7 ‘P_ ) (

where u is taken to give the correct values of the mag-
netic moment; it turns out that®

a lelk

2w 2mc
The electromagnetic tensor is
sz A4 v,lf“Aﬂ.v .

Equation (1) has been solved by Ternov et al.,’
giving the following energy eigenvalues (x=p./mc,
Ho.=m?c?/eh):

H 1/2
E(x,n,5)=mc? {xz—l— [(1—I—H—(2n—{-s+ 1))

L n=0,1, -, s==41.

6 J. Schwinger, Phys. Rev. 73, 416 (1948).
7I. M. Ternov, V. G. Bagrov, and V. Ch. Zhukovskii, Moscow
Univ. Bull. 21, 21 (1966).
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Fic. 1. Behavior of the energy eigen-
values, Eq. (2), in units of mc? for the
three cases explained in Sec. II. It is
clear that the main effect of the n=1
anomalous magnetic moment is to
remove the degeneracy between the
levels with quantum numbers # and
s=1, and »+1 and s= —1. The scale
is arbitrary.

We have checked the calculations of Ternov et al.” and
have confirmed their results.

III. PROPERTIES OF ENERGY STATES

The behavior of Eq. (2) is schematically shown in Fig.
1 for the three cases (a) when the spin is equal to zero
(i.e., no magnetic moment); (b) when the magnetic
moment is identical to the Dirac magnetic moment
|e|%/2mc, and (c) when the anomalous magnetic mo-
ment is included, in addition to the Dirac magnetic
moment considered in (b). It is seen that the effect of
a magnetic field in the z direction is to cause the energy
in the x and y directions to become quantized. However,
when the magnetic moment of the electron takes the
value of the Dirac magnetic moment, there is a de-
generacy between the case with the principal quantum
number # and the spin parallel to the field (s=-+1)
and the case with the principal quantum number #4-1
and the spin antiparallel to the field (s=—1). This
degeneracy is, however, removed when the anomalous
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magnetic moment is included. The two degenerate levels
then split, in much the same way as the removal of
degeneracy in the Zeeman splitting of atomic spectral
lines.

The lowest energy states of the electron in the ab-
sence of 2 momentum (p,=x mc=0) are zero when the
field strengths are given by

o-n(J oo (T)
~H (4r/a)®  (37#0),

=@nr/a)H,  (1=0),
where 7=0,1,2,3,---,0. For the case =0, Eq. (2)
becomes
H 12
E(O,n,s)=:bmc2[(1—l——é—(2n+s+1)> +s——— ——} 4)

4w H,

We have calculated the first five energy states as func-
tions of field strengths as shown in Fig. 2.

26—

F1G. 2. Energy levels of Eq. (2) (in 18—
units of mc?) as a function of the
parameter (H/Hc)a/4r for the case
x=0. The lowest level =0 and
s=—1 is shown to reduce to zero for
(H/H)a/4w=1. The ordinate is the
energy of the electrons in mc? units.
The numbers 1073 indicate that the
actual value of the energy has been
multiplied by 1073 to fit into this
graph.
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Fi1G. 3. Relation between the magnetic moment M (M =T/,
Mo=2upr2x:3) and the electron density N/No (No=#"2x."3)
for the degenerate case. M exhibits the same undulating behavior
as in the case without an anomalous magnetic moment (See
Ref. 3). The various peaks correspond to the excitation of different
magnetic states. At a given density the magnetic moment de-
creases as the field strength increases, until the first magnetic
quantum state is excited.

Consider the case of #=0 and s=—1. The energy
state of an electron is then mc{x*+[1— (a/4r)/
H/H_ 1} If it were possible for the z momentum to
vanish identically, then the energy state of the elec-
tron in the state #=0 and s=—1 would be

o H A2
EO,1, -"1)=+mc2[(1————> ]
Av H,
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which changes sign after the magnetic field is increased
beyond the critical value H/H .= 4n/a. Does this mean
that the energy of the electrons will become less than
that of the positrons at this field strength? If this
happens then spontaneous pair creation will be possible.
However, this is incorrect because the value of x can
never be zero. As long as there is one electron in the
universe the Fermi energy of the electron is nonzero,
the operation in Eq. (5) is not permissible, and the sign
of the energy state is an invariant property of the elec-
tron or the positron. This also means that the positive-
and negative-energy levels of the electrons will never
cross each other (noncrossing property). Naturally, this
implies that spontaneous pair creation in a magnetic
field without an external energy source is forbidden.
Note that the condition

H/H.=4r/a (6)
can also be written as
H= 4176/702 ) (7)

where 7= ¢2/mc? is the classical radius of the electron.
Equation (7) is independent of % and is a classical re-
result.® Similarly, Eq. (3) can be written as

4me 4w a\2 2
1T
1’02 (43 A

IV. MAGNETIC MOMENT

©)

In previous papers'— we have shown that spontaneous
magnetization cannot take place in a noninteracting
electron gas. This conclusion is not altered by the in-
clusion of the anomalous magnetic moment of the elec-
tron, as expected. The magnetic moment of an electron
gas with an anomalous magnetic moment is obtained
in a similar way as we have done previously; here we
will not repeat the intermediate steps but will give the

H
=m52(1_i———> , (5) results (p=~T/mc*; u is the chemical potential in mc?
4r H, units).
n ¢ w\ ¢ w\ |, & ¢ u
=3b0?Col — , — )+3bo(1=00)Co| —, — )43 2 @ *Col —,—
Mo bo o o bo n=1 @ @y
el ¢ u H = na, ¢ u H = by ¢ wu
1 £ bic =, 5)-— £ (2 5) -~ F g (22
n=1 bn b,/ Hc.r=1a,+b, \a, a,/ H n=1a,+b, \b, b,
0 ¢ u 0 ¢ u
1 £ b0, S E bambaG(>, 2), ©)
n=1 a, Qn n=1 b, b,
where
2 up % H\"? « H H\"? a H
No=——, X;=—o, an=<1+2n—> +——, b,.=<1+2n—) _— (10)
w2 Rd me H. 47 H, H. Ar H.,

8L. D. Landau and E. M. Lifshitz, The Classical Theory of Fields (Addison-Wesley Publishing Co., Inc., Reading, Mass., 1965),

Chap. 9.
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The functions Ci(¢,u) are defined by the following
equations:

Calm)= / ) (1+v2>—1/2[1+exp(“i”2m—_f)rdv,

Upon introducing the C; functions, Egs. (15)-(18)
can be reduced to convenient form with the transfor-
mation in the integration variables

v=%/a, or v=2x/b,. (22)
Ca(¢,u)=Cs(p,u)—C1($,u) , The results are (with 5,520)
® (142 2—p\ T w 6 u
C3(¢,[.L)=/ (1+v2)1/2[1+exp<———)] dv, U=Y anzc3<__’ __)7 (23)
0 ¢ n=1 an Gy
0 (1_{_”2)1/2_# —1
C4(¢,ﬂ~)=/ ,:H‘CXP(——):' dv. (11) Us= Z b.2C (i f_>, (24)
0 ¢ n=0 b" bn
The properties of the Cj functions (k=1,2,3,4) have - &
been extensively studied previously and we will not Ni=Y a,.C4<-—,-ﬂ—), (25)
elaborate their properties here. n=1 an Gy
In Fig. 3 we have plotted the magnetic moment of an
electron gas as a function of density for the following N Z 5.C _f L 2%
values of field strengths: H/H,=10-(4r/a), }(4r/a), 2= b5 (26)

and 47/c. Generally the induced magnetization is only
10~ of the impressed field. This conclusion is almost
identical to that obtained previously. We conclude,
therefore, that the inclusion of the anomalous mag-
netic moment does not change our main conclusion:
Spontaneous magnetization cannot take place in a
dense electron gas.

V. THERMODYNAMIC PROPERTIES

The energy density U and particle density N of an
electron gas can be obtained directly from the energy
eigenvalues obtained earlier. In analogy to calculations
presented in previous papers, we have

U=%U00(U1+U2), (12)
N=3N§(N+N,), (13)
where
1 mc? 11 H
) NO:"—'_’ 0='——) (14)
w2 K3 RS H
and Y
Ui=3 | Filam)Es(em)de, (15)
n=1 0
U= [ FPalop)Ea(um)ds, (16)
=0 /g
M=% [ Puem)ds, a7
n=l1 0
Na=3 [ Folem)ix, (18)
2=0 /¢
E,(x,n)— -1
F,<x,n>=[1+exp(—£’ffl—")] . W)
Ey(x,n) = [224((14-200)V2+6a/47)* ]2, (20)
Ea(wm)=[22+((14+200)2— o/ dx T2, (21)

b, vanishes when the lowest energy state of the electron
is zero. When this happens for some values of #n=m, we
have

ad ¢
U= 2 b,.“’Ca<b— )

n=0; n7#m

5)+s=( ), @)
B 1 ¢y” ’

n

0

¢
]\72-——- Z an4<b_ ) bi)-*_ Fo (¢;#) ’ (28)

n=0; n7*m n n

where

Fo (¢)ﬂ) = / [1+exp(——;—>:| dx= ¢ In (1+ el‘l¢) s
0

F1(pu)= /0 i [1+exp<?)]lxdx.

VI. PAIR CREATION

We shall now study the most important case of
interest, na.mely the pair-creation phenomena when the
field strength is close to (4m/a)H, or 29H,(4w/a)?,
7=1,2,3,---,00. At these field strengths the lowest
energy state of the electron is zero. It will be of great
interest to see if pairs can be created spontaneously.

The equation which governs pair-creation equilibrium
is

p—tp=0 (31)
or
(32)

where p_ and p, are the chemical potentials of the elec-
tron and pOSltrOn respectively. The number density of
positrons is given by

ny=No[N1(—n, $)+Nao(—u,¢)].
The charge-neutrality condition requires that

Be=—Ut=U,

(33)

n_—ny="no, (34)
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where 7y is some constant. Consider the case of the
vacuum; then #p=0 and x=0. In most cases of interest,
all terms in #_ and n, are negligible except those with
bm=0. We then find from Eq. (28) that

n_=n,=Nop In(1+¢*?)
=Nop In2, (35)

which is proportional to the temperature. In the pres-
ence of matter u is positive, and pair creation is sup-
pressed. Let us consider the case (u—1)/¢>>1, with a
field strength such that b,=0. The positron density 7.,
to the order exp(—u/¢), is given by

ny=Nop In(1+4¢#¢). (36)

The electron density is 7, plus the number of electrons
originally present without pair creation. Let the num-
ber density of electrons originally present be #o. If
ne>n.y, then no approximately determines the chemical
potential through Eq. (13), i.e.,

no=No[N1(u,)+ N2(u,9)1;

hence

N_=mno+ny

=No[N1(u,9)+Na(u,p)+¢ In(14-¢7+/¢) . (37)

Thus it is seen that the number of pairs vanishes at
zero temperature, as expected. This means that the
energy of pairs created comes from thermodynamic
energy from other particles and not from the energy of
the magnetic field.

However, the number of pairs created is directly
proportional to the temperature in the nondegenerate
limit (u—1<¢) and is proportional to ¢¢=*/¢ in the
degenerate limit. Additional processes like the pair-
annihilation process® e™4-¢+ — »-- 7 can take place more
favorably when a strong magnetic field is present.”® This
will aid energy dissipation. However, this will not occur
until the field strength exceeds H= (4w/a) H 210" G.
It is not known whether such a strong field may exist in

nature.
VII. CONCLUSION

We have discussed the thermodynamic properties of
an electron gas in a magnetic field with an anomalous
magnetic moment. According to the solutions of the
Dirac equation with an anomalous magnetic moment,
the lowest energy states of an electron can become zero
when the field strengths exceed 10 G. We have shown
that spontaneous pair creation cannot take place at the

9 H. Y. Chiu and P. Morrison, Phys. Rev. Letters 5, 573 (1960) ;
H. Y. Chiu, Stellar Physics (Blaisdell Publishing Co., Inc.,
Waltham, Mass., 1968), Vol. 1, Chap. 6.

©H, Y. Chiu, V. Canuto, and L. Fassio-Canuto (to be
published).
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expense of the field energy. We have also derived expres-
sions for the magnetic moment, the energy density, the
number density, and the pair density as functions of
temperature and the chemical potential.

We now compare the normal and anomalous cases.
In the normal case the minimum energy of the electrons
is always mc? and is independent of the field strength;
the magnetic field only quantizes the kinetic energy per-
pendicular to the field and does not change the rest mass
of the electron. In the anomalous case the rest energy of
the electrons changes with field strength, first decreasing
to zero at H~10' G and then increasing to a value of
~2X10® mc* at a field strength of ~10° G, and then
decreases to zero again, and so on (see Fig. 2). Since
the energy eigenvalues determine the thermodynamic
properties of a system, naturally the normal case will
differ from the anomalous case.

At a field of ~10%® G, the rest mass of an electron in
the proper quantum state is of the order of twice the
mass of the protons. According to our theory the rest
mass of a muon in a magnetic field is not altered until
the field strength approaches H.(a/4w) (m,/m)2~102 G.
Thus it is energetically possible for an electron in the
proper magnetic state to decay into a muon at a field
strength of ~10 G. In other words, at a field strength
of ~10® G matter should consist of electrons, muons,
and baryons. This result may be of relevance in the
theory of neutron stars.

Finally we should point out that the solution of
Ternov et al. is based on the concept of a point anoma-
lous magnetic moment. It is known from quantum
electrodynamics that the anomalous magnetic moment
possesses a form factor of electrodynamical nature. It is
not known how a finite distribution of the anomalous
magnetic moment will alter the solution of Ternov ef al.
and hence ours. This may require further investigation.

Note added in proof. After our paper was prepared
for publication, we received a preprint by R. O’Connell
on a similar subject.! However, O’Connell’s paper only
discussed the possibility of pair creation while we have
given expressions for the pair densities and discussed
other relevant facts, among which the most important
one is the instability of an electron to decay into a
muon in fields as high as 10® G.

ACKNOWLEDGMENTS

One of us (V.C.) would like to thank Dr. Robert
Jastrow for the hospitality of the Institute for Space
Studies. L. Fassio-Canuto wishes to thank the Depart-
ment of Earth and Space Sciences of the State Uni-
versity of New York at Stony Brook for travel support.

1t R. F. O’Connell, Phys. Rev. Letters 21, 397 (1968).



