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in agreement with Eq. (29).
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In the simplest case, where s(y)=C'Is, 0(q'(6, we
find using (Aii) that
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The fact that E&~& as eu, V' —& 0 can be explained as
follows. In the case where C-+ " (i.e., a&,V'~ 0) the
particle is uniformly scattered over a region of width
6 in channel 8 as soon as it enters the scattering region
at I,=0. During the next increment of time a fraction of
this uniform probability density Qows out of channel 8,
the remainder of the density being uniformly scattered
back into channel A. During the next increment of time
the same process described above occurs in channel A;
however, the amount of probability density that Qows

out; of channel A durIng this second Increment of tlIQC

is less than that which originally Qowed out of channel
8 an instant before. This same periodic process con-
tinues as f ~ . If we now subtract the probability
density exnerging in channel A from that emerging in
channel 8 in a pairwise fashion it is obvious that
Q—E&0, and thus that E(si as &o,9"~ 0.
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We have measured the electron-hole recombination time rg in bismuth at temperatures from 2 to 50'K
for two single-crystal samples with residual resistivity ratios, pew'K/pe. s'u, of 260 and 560. Above ~6'I,
the value of rg is the same for both samples and decreases rapidly as the temperature increases from
~10 sec at 6'K. We postulate a model in which the absorption or emission of a single phonon provides
for momentum conservation in the recombination of electrons and holes. The data above ~6'K can be
Gtted with two phonons, one of energy (43+4)'K, the other (130+15)'K.We have determined, by group-
theoretical methods, the selection rules for the phonons involved, and have shown our data to be consistent
with them. At lower temperatures, r@ becomes a function of sample purity. Below ~3'K, the value of rg
was found to be temperature-independent for both samples and equal to 1.3&10 I and 2.5&10 8 sec,
respectively, the ratio of which equals the ratio of the residual resistivities. The results were obtained from
measurements of the acoustomagnetoelectric e8ect (AME) at frequencies ranging from 6 to 35 MHz, in
which high-frequency ultrasound sent longitudinally along. a sample in a transverse magnetic Geld generates
a dc electric Geld normal to both the magnetic Geld and the sound-propagation direction. The dependence of
the AME on frequency and on the magnitude and direction of the magnetic Geld was measured and compared
with the theory of Yamada. The temperature dependence of the ultrasonic attenuation coefBcient e was
also obtained. For T&20'K, the attenuation is mainly due to the interaction of the sound wave with
carriers via the deformation potential, which interaction also produces the AME. For large magnetic Gelds,
quantum oscillations similar to the de Haas-van Alphen effect are observed in both 0. and the AME voltage.
Electron periods in the trigonal plane are identiGed. Finally, a lower bound for the deformation potential
that describes the change of overlap of the electron and hole bands due to a trigonal compression is obtained:
(E E„i&1.5 eV. —

I. INTRODUCTION

HE crystal structure of bismuth, a group-V
semimetal, is a slight distortion from a simple-

cubic 8ravais lattice, with two atoms per unit cell.
The 10 electrons per unit cell would 611 the 6fth Bril-

*Submitted in partial fulGllment of the requirements for a
Ph.D. degree at the Swiss Federal Polytechnic Institute (ETH),
Zurich.

H. Jones Proc. Roy. Soc. (London) A147, 396 (1934).

louin zone were it not for a 0.036-CV overlap' with the
sixth zone produced by the distortion. The result is a
material which, Rt low temperatures, hRS
electrons/cc equally distributed among the geometric-

~ D. Weiner, Phys, Rev. 125, 1226 (1962);¹B.Srandt, T. F.
Dolgolenko, and N. N. Stupochenko, Zh. Eksperim. i Teor. Fix.
45, 1319 (1963) LEnglish transl. : Soviet Phys. —JETP 18, 908
(1964)g; G. E. Smith, G. A. Sarah', and I. M. Rowell, Phys. Rev.
135, A1118 (1964); L. Esaki and P, J. Stiles, Phys. Rev. Letters
14, 902 (1965); G. A. Williams, Ph . Rev. 139, A771 (1965);
R. N. Bhargava, ibid. 156, 785 (196'1 . See also Ref. 3.
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FIo. 1, Two adjacent Bi Brillouin zones shoveling planes,
points, and directions of interest to the present experiments. I'I
and VII are equivalent points and are referred to generally as I.
ally equivalent conduction band minima located' '
at I (shown in the reduced zone in Fig. 1), and an
equal Ilumbcr of holes ln thc 6fth zone located Rt thc
cqulvRlcIlt, VRlcIIcc bRIld IIIRXIIna R't T. (Rcccll't
band cRlcUlRtlons lncludlng spin-oI'bit Interactions by
Golin' indicate that I', the center of thc reduced zone,
is a possible alternative choice for the location of the
hole hand. )

It 18 of lntcx'cst to ask what chax'actcllstlc time
determines the redistribution of electrons and holes
between thc two bands, and what microscopic mechan-
isms are involved. The transfer of an electron from the
conduct1on band 'to 'the valcncc band (1ntcrband
scattering), equivalent to the destruction of an electron-
hole pair, involves a large crystal-momentum change,
corresponding to the distance TI.=I'X in Fig. 1 (or
I'J. if the holes are located at I'). It is not clear what
supplies this momentum at temperatures well below
the Fermi degeneracy temperature of the electrons and.
holes ( 200'K).' Were it phonons, they would be
either those phonons at X allowed by selection rules to
couple T and I, or those at I.which couple I" and I.;
the statistics together with the requirements of energy
conservation would make R phonon process become
progressively morc improbable as the temperature is
decreased. If this werc the mechanism for recombina-
tion, we should be able to establish unequivocaQy the
location of the hole band by compaIing the experi-
mentally derived phonon energies with thc phonon
dlspclslon datR of YarncQ 8f cl.~ Rnd of Smith. s AQothcr

' See, e.g., A. L. Jain and S. H. Koenig, Phys. Rev. 127, 442
(1962); E. I. Blount and M. H. Cohen (unpublished), discussed
by A. L. Jain, Phys. Rev. 114, 1518 (1959).

4 S. Mass, J. Phys. Soc. Japan 13, 434 (1958); 14, 584 (1959);
W. IIarrison, j.Phys. Chem. Solids 17, 27'2 (296O).

'M. H. Cohen, L. M. Falicov, and S. Golin, IBM J. Res.
Develop. 8, 215 (1964); J. L. Hall and. S. H. Koenig, ibid. 8,
241 (1964).' S. Golin, Phys. Rev. 166, 643 (1968);L. G. Ferreira, J. Phys.
Chere. Solids 28, 1891 (1967), has recently completed an aug-
mented-plane-vrave band calculation. His results on the character
of the vrave functions at I and T agree with Mase's results.
Ferreira does not consider I' as a possible alternative hole-band
location, although his calculated energies and estimate of their
relative error mould allover it.

~ I.L. Parnell, J.%.Warren, R. G. Wenzel, and S. H. Koenig,
IBM J. Res. Develop. 8, 234 (2964).

D. Smith (private communication); also D. Smith, Los
Alamos Scienti6c Laboratory Report No. LA-3773, 296'E (un-
published).

posslblllty is recombination ln thc pI'cscncc of impurity
centers. However, thc reduction in Coulomb interac-
tions duc to thc extremely -1RI'gc diclcctllc coQstant

( 100), together with the available high purity of
bisIDuth, should minimize thc contxibutlons of impurity
centers, restricting their importance to very low
temperatures.

The earliest attempts to measure rg were by Tosima
eI, aV and by Schillinger. " They tried to set up a
spatially nonuniform distribution of electron-hole
density by applying a fast rise time, high current pulse
to a wire sample of bismuth, hoping to pinch the
electron-hole plasma. The dynamics of the pinch would
then be inAuenced by the generation of pairs at the
outer edge of the pinch and by recombination at the
center. From an analysis of the current-voltage char-
acteristics, they estimated ~g~10 ' sec at 80'K.

zen e~ a~.II estimated «10 8 sec for one of their
samples, from measurements on ultrasonic amplihcation
in bismuth at 4 K.

Somewhat later, Zitter" obtained a value for vg of
1X10 ' sec at 4.2'K in R sample with psss K/p4. s'K=360
by a measurement of the photomagnetoelectric effect
(PME). In this experiment, excess electron-hole pairs
are generated at the sample surface photoelectrically
and allowed to diffuse inwards in the presence of a
magnetic held. The I.orentz force on the diffusing
clcctlon Rnd hole AUx clcRtcs R tx'ansvcI'sc voltRgc, thc
PMK voltage, which depends on Tg.

The acoustoelectric effect (AE) has been shown by
%einreich et ul." to be a powerful tool for obtaining
information oQ lntcrvRllcy scattcI'lng ln gcxmRQ1UID.

In the AK effect„charged carriers are dragged along the
px'opRgatlon dlI'cctlon of externally imposed high
frequency sound by the carrier-phonon interaction.
The resultant charge build up at one end of the sample
pI'oduccs R longitudinal dc 6cld, kllown Rs thc RcoUsto-
clcc'tltc fteld (Zgn), If 'tllc densltles of clcctlolls Rnd

holes Rlc UncqURl. It, ls quite clear that thc I'claxR"

tion time w characteristic of the process that competes
Rgalnst thc sound wave to lcstorc thc equilibrium
carrier distribution wiH determine the magnitude of
Esz. For sound frequencies r=ce/2rr such that err&&1,

the equilibrium distribution will be restored essentially
instantaneously, while for frequencies such that ter&&1

thc cRrrlcx' distribution will bc UQRBccted. Information
on v can therefore be obtained only for ~g 1, which

requires that thc sound frequency be in the megacycle

Tos1ma and R. HQ'otay IBM J.Res.' Develop. 8y 291 (196
Io%'. Schillinger, IBM J. Res. Develop. 8, 295 (1964),.
n A. M. Toxen and S. Tansal (private communication).
~R. ¹ Zitter, Phys. Rev. Letters 14, 14 (1965); 14, 89 (E)

(1965).
I3 G. Weinreich, T. M. Sanders, and. H. G. White, Phys, Rev'.

114, 33 (1959).
w G. W'einreich, Phys. Rev. 104, 321 (1956),
'~ R. H. Parameter, Phys. Rev. 89, 990 (1953).
"K.I. Blount, Phys. Rev. 114, 418 (1950).
"N. Mikoshiba, J. Phys. Soc. Japan 15, 1189 (1960); 16, 895

(1961);J. Appl. Phys. 34, 510 (1963)."S.G. Eckstein, J. Appl. Phys. 35, 27'02 (1964).
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range for bismuth. For the case of equal numbers of
electrons and holes, though their respective interactions
with the phonons may be diferent, any charge separa-
tion (on the scale of the sonic wavelength) is opposed
by the Coulomb Gelds which are set up; the result is an
ambipolar drag and equal Quxes of negative and positive
carriers, with essentially no AE eGect. '~ If a magnetic
Geld is applied perpendicular to the direction of sound
propagation, the electrons and holes will be deQected in
opposite directions, producing an electric current in the
third perpendicular direction. The dc Geld necessary to
cancel this current is known as the acoustomagneto-
electric Geld, E&ME. The possibility of observing this
e&ect in bismuth was suggested to us by R. D. Brown
of this laboratory. Independently, Yamada" later
reported the Grst experimental observation of the AME
eSect.

It is quite clear that the AME and AE eGects give
similar information about interband scattering. Under
the appropriate circumstances, a measurement of
either eGect yields a value for the scattering time
between separate band extrema in the Brillouin zone.
In particular, for the case of bismuth, the AME will
yield information exclusively on the electron-hole
recombination only when a longitudinal sound wave is
propagated along the trigonal direction (TFT in Fig. 1),
since, by symmetry, the three electron bands are
perturbed identically with respect to the hole band,
and only transitions between any of these bands and
the hole band will contribute to the AME effect. This
was not the case for Yamada's geometry, used because
of sample limitations, in which the mean time was
measured for an electron to scatter out of one conduc-
tion minima simultaneously to other I.points and to T
(or 1'), with an uncertain weighting for each scattering;
the time was estimated to be 3&(10 ' sec at 4.2'K in a
sample with pooo'I/p4. o'K= 200.

Measurements on the AME eGect as a function of
frequency, temperature, and sample purity are reported
here which yield much information on:

(1) The nature of the processes responsible for the
recombination, and in particular, whether a single
phonon process describes the recombination. A compar-
ison of the activation energy derived from the AME
eGect with existing data on the phonon-dispersion
curves in bismuth~' will be made in an eGort to establish
the exact location of the hole band. Furthermore, the
phonon selection rules should yield a check on the sym-
metry labelling of the conduction band given by Mase. 4

(2) The relative importance of impurity effects, not
anticipated to be signiGcant above ~5'K judging from
measurements on the temperature dependence of the
mobility. ""

(3) The contribution of electron-hole recombination

"T.Yamada, J. Phys. Soc. Japan 20, 1424 {1965).
'o Allen N. Friedman, Phys. Rev. 159, 553 (1967).
«' R. L Hartman (private communication).

to the total scattering rate that determines electrical
transport.

(4) The dominant mechanism of ultrasonic attenua-
tion at low temperatures as determined by a comparison
of the total attenuation e&,& and the magnitude of the
AME eGect. The origin of the oscillatory dependence
of 0.~,~ on magnetic Geld for high Gelds will be related to
earlier conjectures. "

(5) The effective deformation potential, compared
with the results of Jain and Jaggi. o'

II. THEORETICAL CONSIDERATIONS

DC Mr co

Qg

2Co 1+sr'r' oo
(2)

where r is the characteristic time for restoration of the
equilibrium carrier concentration no, vo= (Co/p)"', and
p is the density of the material. n, will have a maximum
when cur = 1 which will depend linearly on the frequency
of the sound wave; e, will be frequency-independent
fol G)rp)i.

~ A. M. Toxen and S. Tansal, Phys. Rev. 13?, A211 (1965)."A. L. Jain and R. Jaggi, Phys. Rev. 135, A708 (1964).
'4 J. Bardeen and W. Shoddey, Phys. Rev. 80, 72 (1950)."R. W. Keyes, IBM J. Res. Develop. 5, 266 (1961)."E.Adler, IBM J. Res. Develop. 8, 430 (1964)."L. Bruner and R. W. Keyes, Phys. Rev. Letters 7, 55 (1961)."M. Pomerantz, Proc. IREE 53, 1438 (1965).

A sound wave of angular frequency co and wave
number k produces a tensor strain in the crystal,

Eppes('ot
—k r)

7

which, for the geometry of the experiment reported
here, will shift the relative positions of the conduction
and valence band edges by an amount"" (Eq—Eo)o,
where Ej, E2 are two elements of the general deforma-
tion potential tensor, and e is the appropriate strain
component.

If the symmetry of the strain allows for relative
motion of degenerate or overlapping bands, the equi-
librium carrier concentration in each band becomes a
function of the local strain. As has been discussed in
detail by Keyes" and by Adler, " and demonstrated
experimentally by Bruner and Keyes, '7 the free energy
of the carriers is altered by an amount which depends
ori the band parameters and is quadratic in the strain
amplitude. This quadratic variation of the free energy
represents an electronic contribution hC to the elastic
constant and therefore to the sound velocity in the
material.

If r is a time that characterizes the local carrier
concentration approach to equilibrium, then for car j.,
the electronic contribution to the elastic constant Cp
becomes complex, the response becomes out of phase
with the driving force, resulting in a contribution to the
ultrasonic attenuation or dissipation.

It is straightforward to show that the additional
attenuation at, is given by" '
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In thc steady state, the absorption of power from the
sound field by the carriers, Sn. (W/crn'), where S is the
soUQd cncx'gy Qux is bR1Rnccd by R reaction of thc
carrier distribution. For carriers of one sign, .the result
Is Rn cgcctlvc clcctrlc 6cld RctiQg oQ thc carrlcrs
E&F., given by

veeEaF—-Sn,/X. (3)

This expression, in which E is the carrier density» is
often referred to as the Weinreich relation. "LSCC also
Eq. (6b) of Ref. 16.j For the case of semimetals and
the AME, Kq. (3) is readily modi6ed to give"

&~MR= -(~H)&an, (4)

wlicI'c p is Rn RIQbipolar moblllty» Rnd E@E Is the
acoustoelcctric 6eld that would be produced if both
CRrrlcrs had thc same sign of charge.

When the sound wavelength 2s/k is much greater
than the carrier mean free path there are two important
contributions to r '(a) sca. ttering between bands at a
6xed point in spy, ce, characterized by the recombination
time or interband scattering time rs, and (b) diffusion
in space of carriers within one band a,long the density
gradient produced by the sound wave, characterized by
'thc tlnlc (k D«) . HclcD«18'the magnetic ftcld-
dcpcndcnt Rnlbipolar carIlcr dlRUslon constRI1't. FI'oIQ
Yamada's" Eq. (8} extended to low H, r I= (rII '
+ksD«) ', where D« is given by

D =( ~+ A-)I. -( +1( A~)')
+~.(1+(I~)')?' (5)

Yamada's Eq. (8) only holds for k'D««rII ', it must
otherwise be multiplied by 1 2ksD«rII. (—We have
interchanged the notation g and v~ from Yamada's

paper. ) A measurement of the AMK effect will yield
information exclusively on the recombination time rg
UQdcx' experimental conditions such -,that 7'@ Jhk DII.
Since thc primary purpose of the present experimmt in
bismuth is the determination of vg, one must establish
experimental conditions such that

are simultaneously satisfied. (The second condition
was discussed in Sec. I.)

Blount'6 has extensively studied the carrier-sound
interaction in metals. For the case of two bands, as in
bismuth, and ee/es« 1 he obtains the following expres-
sion for' 0!q .'

[EI—Es )
're' Eras

2Eee (St+Ps}'

Xrasrs/(1 —as)+XsutrI/(1 —at)
X , (7)

1+CrsLXIusrs/(1 —

as)+Neutral/(1

—ar)j
where eg is the Fermi velocity, E is an cia.stic constant,

"G.%ej.nre~ch, Phys. Rev. 107, 317 (1957).

= rII(XI++I} g . 18 'tllc de1181'ty of states at tlIC

Fermi level, and u;= (tan ki;)/kl;, with 1; the carrier
mean free path. The subscript i = j., 2 distinguishes the
two bands. For the purpose of estimation, vm assume
at=as—=u, fr=is= .r—/vs 'wltll r~3X10 scc, alld

Fi=.S~=S.Then

From Rcf. j.6»

(E( stesX 1—u

a/(1 a)»ru/r —=30.

From Kqs. (9) and (1), we get kl(&0.2 or

(12)

Z»30k. (13)

%C have to look for experimental conditions such that
Eqs. (13) and (6) are satisfied. We consider the situation
at 4'K.

Since rg 10 s scc, we have aorg~j. at 12 MHz.
The condition (6), ksD«rII ', is readily satisfted for
H) 200 Oc. To satisfy Eq. (13}18 a btt morsctlb'tlc.

At O'K and 12 MHz, 1~6&10 ' cm,"X 2&10 ~ cm,
and, )~~&$. One must reduce the cQcctivc carrier mean

free path in the direction of the sound propagation so
that it becomes much less than a wavelength. This can
be accomplished by going to suQiciently high magnetic
fields so that many cyclotron orbits are traced in a mean
free path; I.e., to the hmit of (p.IIH)'»1. At H =5 kOe,

(p,«H)s 3)&10', snd X~10't(H =5 kOe), which readily
satisfLCS Eq. (13).

A phcnomenological theory for the AME cGect
developed by Vamada" '~ is applicable for ply&&1, but
for II no so large that Landau quantization becomes

important, and for sound waves of sufficiently low

frequency such that nor-, &&i» where ~, is the electron-
phonon scattering time. Since v.,~3&10 ' scc, this
condition is satis6ed in bismuth for frequencies below

100 MHz for the whole temperature range repoxtcd
here. The result is

:Peff ~1 ~2 + ~B
+MME= —|Hse«-- . (14)

pcs D e 1+el Ts
ss R. N. Zitter, Phys. Rev. 12», 1471 (1N2).
3' A.¹Frj.edman, J.J.Hall, and S.H. Koerag, BulL Am. Phys.

Soe. 4, 169 (1959); D, H. Reneker, Phys. Rev. Letters j., 440
(1958);Phys. Rev. 115, 303 (1959).

'~Cf. aIso A. A. Ginsberg, Fiz, Tverd, Teh, 6, 2010 I'j.964)
LEng1ish transl. :Soviet Phys. —Sohd State 6, 1586 (1965)g.

u 8 b(kt)
(10)

1—u 2k) (kl)'

HcIeb(k't) 18 R Slowly varying flinc'tloI1 of kl thRt spaI18

the interval 3)b(kl))1.25, for 0&k'& ro. For the re-
combination to play a dominant role in 0,, requires that

1/a r&&1/~a,

from which it foOows tha, t
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(Note that our S is a sonic energy Qux in W/cm', in con-
trast with the use of 8 for energy density in Ref. 19.)
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FIG. 2. Block diagram of the apparatus used
to measure ghc AME e8ect.

III. EXPERIMENTAL PROCEDURE

A. Ayyaratus

Figure 2 shows the block diagram of the apparatus
used for observing the AME effect. Longitudinal ultra-
sonic pulses of various frequencies, typically 1-10
@sec long, were injected at one end of the trigonally
oriented samples by means of a PZT-4 transducer
(Lead Zirconate Titanate, Clevite Corporation) driven
by an Arenberg P. G. 650 rf power generator. The
generator is capable of producing rf pulses of 1—30
psec at 50 Hz—2.5 kHz rates over the frequency range
5-150 MHz. The main rf pulse, as well as a succession
of reQected echoes which follow with a time lag corre-
sponding to the time taken for the sound pulse to travel,
twice the length of the sample, could be observed on a
model 551 Tektronix cathode-ray oscilloscope (CRO)
triggered by the Arenberg generator. The PZT-4 trans-
ducer has a high electromechanical coupling coefficient,
so that the acoustic load is tightly coupled to the trans-
mitter output. Any change (e.g., with temperature)
in either the acoustic coupling to the sample or the
sample impedance will then effect the amplitude of
the main rf pulse, which may then be used as a sensitive
measure of the amount of sonic energy Qux going into
the near end (the transducer end) of the sample,
Fig. 3(b). The sonic flux was, in fact, found to remain
constant at any one frequency over the entire tempera-
ture range reported here, considerably simplifying the
analysis of the data.

In the presence of a transverse magnetic Geld, the
E~ME Geld appears as a dc pulse across the probes,
approximately of the form described by Yamada, "
each time the ultrasonic pulse goes by the transverse
electrodes. The transmitter pulse length was limited by
the distance from the transducer to the electrodes
because of the need to avoid overlapping in time of the
E~ME and transmitter pulses. Twice the distance from

(b)

Frs. 3. {a) Pulse waveform of Earns in sample 1. Horizontal
scale = 10@sec/large division. Trace shows several double passages
of the sonic pulse past the electrodes. Rf pickup can barely be seen
at 6 psec before 6rst B&MF, pulse. The rf frequency used was 11
MHz. {b) Upper trace: rf main pulse. Vertical scale=10 V/large
division, horizontal scale =10 @sec/large division. First reBected
echo at ~50 @sec delay. Lower trace: EAMF. pulse waveform in
sample 2. Peak of the pulse occurs at a time lag corresponding
to a distance of ~3 cm from the transducer end of the sample,
measured from the center of rf pulse. (The rf frequency was 6.2
MHz. ) (c) Same as (b) but vertical scale on upper trace=1
V/large division to show erst rf echo. H= 5.0 kOe and

~~
bisectrix

for (a)-(c).

the electrodes to the far end of the samples provided a
further limitation on the length of the rf pulses since
it is necessary to avoid interference between the leading
edge of the return pulse and the trailing edge of the Grst
sonic pulse at the electrodes. A model 545 Tektronix
CRQ triggered by the Arenberg generator, in conjunc-
tion with one of three different detecting systems, was
used to display the E&MF, Geld as a function of time.
Typical CRO traces are shown in Fig. 3. Since the sign
of X~ME depends on the direction of sound propagation,
those traces which show the E&ME produced by the
sonic pulse on two consecutive traversals of the sample,
the second one after reQection from the far end of the
sample, show two signs for the effect, with corresponding
magnitudes EgME&+) and EgME& ). Furthermore, the
absolute amplitude of E&MH depends linearly on the
magnitude of the sonic energy Qux passing the electrodes
(see Figs. 3 and 4); therefore, a measure of the total
acoustic attenuation coe%cient n&,& is obtained from the
ratio E+MEi+l/E~MEt l. A knowledge of the tempera-
ture dependence of 0.&,& so obtained is used to normalize
the AME data at all temperatures to the sonic energy
flux passing the electrodes.

Uniform magnetic Gelds from zero to 7 kOe in a
4,5-in. gap were produced by a 6-in, electromagnet
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FIG. 5. Actual X-F recorder trace of the EAMF. in sample 1.
Two double passages of the sonic pulse past the electrodes are
easily recognizable (v=11 MHz).
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(P-P r. t,. input voltage) R

FIG. 4. Veri6cation of the linear dependence of the SAME on
the sonic power Aux predicted in Kq. (14). Lower curve shows
results obtained in Ref. 19. The reasons for the difference in the
two curves relates to the transducer efBciency and is discussed in
the text.

"R. C. Mackey, Rev. Sci. Instr. 35, 859 (1964).
'4%. G. Clark, Rev. Sci. Instr. 35, 316 (1964).

powered by a regulated, slowly swept power supply.
A model 120 Bell gaussmeter, calibrated against a NMR
probe was used to determine the magnetic field strength
to 1%.

A recording of the CRO traces (see Fig. 5), as well as
peak values of X~ME&+& and Ep,ME& & as a function of
the magnetic field, for example, cf. Fig. 17) was obtained
in the following way: By displaying the signal using
the delaying sweep of the CRO, the main sweep can
be used to sample parts of the total waveform displayed,
and the "+ gate" output of the CRO can be used to
generate a sampling pulse. A small modification,
described by Mackey, "enables us to externally control
the position of the + gate pulse with respect to the
signal. The X axis of the X-V recorder was fed either
with a dc voltage proportional to the + gate position,
or by the output of the gaussmeter. The "vertical
output" of the CRO was fed into a gated integrator,
a slight modification of the one described by Clark, '4

the gate of which was controlled by a Hewlett-Packard
212 pulser in turn triggered by the + gate. This pro-
cedure added Rexibility in amplitude and length of the
gating pulses. The output of the integrator was used
to drive the I' axis of the recorder. With this arrange-
ment, signals of the order of 1j20 the noise could
easily be recovered and recorded as a function of either
magnetic field or time.

The sample holder, see Fig. 6, inside a double-walled.
jacket (a single walled glass ja,cket was also used with
similar results) was placed in a conventional system of

glass Dewars. Two Allen-Bradley 1/10-W resistors, with
resistances Ri(300'K)=1kQ and R, (300'K)=100 0,
were placed as close as possible to the sample (Fig. 6),
and were used to measure temperatures above and
below 4.2'K, respectively, using a 30-Hz Wheatstone
bridge. Resistor Ri, previously calibrated by J.J.Hall, »
was checked at three temperatures: 4.2, 77, and 300'K.
Resistor R2 was calibrated against the He vapor pressure
scale with standard Hg and oil manometers. By controll-
ing the pressure of the He exchange gas in the jacket as
well as the power input to a heater, any temperature
above O'K could be maintained constant during the
few minutes necessary for a set of measurements. By
pumping on the liquid-helium bath for approximately
20 min, temperatures down to 1.8'K couM be attained.
The maximum temperature uncertainty over the
entire range was well below 1%.

TRANSDUCER

Cb .~CONDUCTING
EPOXY GROUND

.~ THERMOMETER

~ SAMPLE

FIG. 6. Sample holder with sample 2 mounted. The heater and
one of the thermometers are not shown.

3' J.J. Hall, Phys. Rev. 128, 68 (1962).



ELF CTRON —HOLE RECOM B I NATION IN Bi 829

TABLE I. Information about the two samples used.

P300 K

TABLE II. Sound velocities in 10' cm/sec, at I', for
various directions of propagation.

Sample p4. 2 K

1 260

Dimensions

2.1-cm length
0.635-cm diam
5.3-cm length
0.635-cm diam

trigonal binary
bisectrix

Sound
propagation EAM p

trigonal binary

Direction of propagation

FL
rX
pTa
rEX

VLA

2.40
2.56

972c
2.55

1.51
1.02b
1 074b
1.55

&TA

1.15
0.972
1.074b
0.848

B. Samples

All measurements were performed on either of two
samples cut from two large bismuth single crystals
grown by a modified Bridgman technique" and made
available by R.L. Hartman of this laboratory. Cylindri-
cal samples, oriented lengthwise along the trigonal
direction as determined by cleaving, were cut with a
Servomet spark cutter. A special jig" allowed a sample
to be cut well within 1' of the desired orientation with
diameter uniform to 1 part in 10' over the entire length.
Some information on the samples is given in Table I.
The samples were etched approximately 2 min in 35%
nitric acid before cleaving both ends under liquid
nitrogen. Cleaving proved to be the best way to obtain
perfectly parallel and fiat ends (fiat compared to the
sound wavelength X&5&&10 ' cm) although one has to
contend with the binary lines present on cleavage.
Chemical polishing with a solution" containing six
parts concentrated nitric acid, six parts glacial acetic
acid and one part distilled water tended to introduce a
slight curvature on a Qat surface and was therefore
discarded. By mechanically lapping the ends, poly-
crystalline layers of bismuth of considerable thickness

( 0.1 mm) were formed. These layers introduced an
addition source of acoustic attenuation and reduced
the amount of sonic energy Qux reaching the electrodes.
The transducer end of sample 1 was mechanically
lapped, which accounts, in part, for the difference in
temperature range of the measurements reported on
the two samples.

Since the distance from the near end to the electrodes
in sample 1 was 1.5 cm, which required rf pulses
&5 @sec, measurements of EAMF„with the model 103
Keithley preamp were not possible because of its
limited high-frequency response. Its low noise character-
istics thus could not be utilized, in contrast to the case
for sample 2, where the pulses were 15 psec. The other
two detecting systems had about five times the input
noise level of the 103 Keithley preamp, which further
reduced the temperature range over which the AME
eR'ect could be observed in sample 1.

A PZT-4 transducer of 10 MHz mean frequency
(0.635 cm diam) was cemented to the near end of the
samples with Dow-Corning Silicone Quid of viscosity
2.5X10' centistokes (Dow-Corning Corporation, Mid-

'6 R. D. Brown III, IBM J. Res. Develop. 10, 462 (1966).
'7Kindly made available to us by R. I. Hartman of this

laboratory.
» L. (:.Lovell and J.H. Wernick, J.Appl. Phys. 30, 234 (1959}.

a Reference 39.
b Pure transverse.
e Pure longitudinal.

land, Michigan). This type of transducer was used in
preference to quartz because of its high electromechan-
ical coupling constant (about four times that of quartz);
its conversion efliciency is as high as 30% over a fairly
broad frequency interval centered about its resonant
frequencies. The advantage gained is shown in Fig. 4.
The transducer was driven at the fundamental fre-

quency vo, at some frequencies well above and below vo,

and at the third harmonic ( 35 MHz).
Electrical contacts were made by soldering $36 bare

copper wire to the sample with Bi-Cd solder and f 272
Divco flux. Twisted pairs of f32 Formvar insulated

copper wires provided electrical connection to the
detecting systems. The binary lines on the cleavage
plane were used to align the contacts with the binary
and bisectrix directions.

The samples were mounted in a manner similar to
the description in Ref. 13 with two differences (see
Fig. 6): (a) Eccobond 57C (Emerson and Cumming,
Inc.), an electrically conducting epoxy with volume
resistivity &6)&10 4 0 cm provided both a ground path
for the rf and a mechanical support for the sample. By
diluting Eccobond 57C in toluene and extremely thin
uniform epoxy coating of the sample grounding area was
obtained with 5X10 ' cm clearance between the
copper collar and the sample. The samples were never
removed from their collars for the duration of the
experiments. The epoxy was allowed to cure for more
than 12 h at room temperature. No evidence of sample
damage due to differential thermal expansion could be
detected even after repeated temperature cyclings.
Some shear-mode conversion due to clamping by the
epoxy apparently occurs, judging from the "bump"
immediately before EAME& & for sample 2 and imrne-

diately after EAME& & for sample 1 in Fig. 3, since the
transverse sound velocity is about half the longitudinal
velocity (cf. Table II)." (b) No absorber was soldered
to the far end of the sample, which would prevent the
sonic pulses from being reQected.

IV. EKPERIMENTAL RESULTS

A. Temperature Dependence of Electron-Hole
Recombination Time

The temperature dependence of EAME normalized
and corrected for attenuation (see below) at various

39V. Kckstein, A. W. Lawson, and D. H. Reneker, J. Appl.
Phys. 81, 1534 (1960).
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frequencies for both samples, is shown in Figs. 7 and 8.
Ke have chosen to normalize the data for the various
frequencies by shifting the vertical scale to make the
data overlap over the widest temperature range. It is
clear from Eq. (14) that such an overlap is only possible
in the temperature range where ~re&&1 or ~rg))i;
we have chosen the former range. The data show that
E~E decreases rapidly with increasing temperature
and is independent of sample purity for T&8'K.
This is not true for T&8'K, indicating that some
mechanism which can probably be associated with the
sample purity plays a role at these temperatures; its
relative importance with respect to what could be called
the main process for recombination will vary from
sample to sample as it does indeed for our two samples.
The main feature of this process is to make E~ME
temperature-independent, so that rg will reach a
saturation value rg'" below 3'K, which will depend
primarily on the sample purity.

In Fig. 8, E~ME measured on sample 2 for two sets
of contacts along directions parallel to the binary and
bisectrix axes is shown. The data have been displaced
for clarity. The temperature dependence of the AMK
is the same for both orientations, though there is a
small anisotropy in the absolute magnitude of E~M F, as
shown in Fig. 9. The explanation for this fact involves
the anisotropy of the ambipolar effective mobility p,.«,
and will be discussed subsequently.

Any frequency dependence of E&ME, as shown in

Figs. 7 and 8, has to come from the factor (1+a&'r'R) '
in Eq. (14). The functional form of the predicted

frequency dependence has been verified by taking
measurements at three frequencies, and therefore the
data for two frequencies at a axed temperature below
-8'K can be used to compute r~(T). The results are

.IO .20 .30'
T '('K) '

.40 .50 .60

AG. 8. Raw EgM g corrected for acoustic attenuation and
normalized in the temperature range where cur&1. Shown are
results obtained for contacts along a bisectrix direction (read left
scale) and binary direction (read right scale) in sample 2. Data
have been displaced vertically for clarity. I=5.0 koe.
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Fro. 9. Angular dependence of EJ,MR for contacts along the
binary and bisectrix directions in sample 2 obtained by rotating
the magnetic Geld in the trigonal plane. 8 = 540 Oe, T=4.2'K.

presented in Fig, 10 and confirm, within the experi-
mental error, what has been said above with regard to
the low-temperature saturation of rg '.

sample 1, r@"'=(1.30&0.13)&(10 sec,

sample 2, rs"'= (2.50+0.25) &(10 sec.

In order to obtain rg(T) for the full temperature
range of the present experiments, a knowledge of the
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temperature dependence of p, rr is required. rs(T) can
be determined independently of p, gg as long as there is
a frequency dependent E&ME of the kind shown in
Figs. 7 and 8.By multiplying any EAM15(r0) by 1+co'ra',
a quantity proportional to p,«(T), the zero frequency
E~ME curve is obtained,

E~Ma'(T) rcls.«(T)err(T), (15)

which yields the T variation of p,«(T) for T&8'K.
The results for samples 1 and 2 are shown in Fig. 11,
together with the results on the temperature dependence
of some components of the resistivity tensor obtained
by Friedman" and by Hartman. ' Friedman's data were
interpolated to our resistivity ratios of 260 (curve A),

IO'
0 .IO .20 .50

(OK) I

4.0 .50

and 560 (curve B). Hartman's sample is thought to
have a resistivity ratio of =400. The agreement of the
present data on p,«(T) with those of these two authors,
we believe, justifies the extrapolation of p,ff(T) to
higher temperatures as given by the solid curve in
Fig. 11. This shows that for most of our temperature
range, p, qf

' ~ T', which is characteristic of all measured
components of the resistivity tensor, though as of now
not fully understood. ""

From Eq. (15), curves A and B of Fig. 11 for samples
1 and 2, respectively, and the corresponding values for
err"", 7ri(T) at all temperatures can be obtained. The
results, shown in Fig. 12, indicate a strong temperature
dependence of zz, independent of sample purity above

8'K. (This is also the case for IJ,,«(T); see Fig. 11.)
The solid curve represents the theoretical model
proposed and discussed in the next section.

B. Acoustic Attenuation

Figures 13 and 14 show the results of the temperature
and frequency dependence, at various magnetic fields,
of the attenuation coefficient n obtained in the manner
described in Sec. III. Temperature-independent disper-
sion losses (due to beam divergence) were evaluated,
assuming the transducer acts as a piston source and the
sample as a waveguide, ~ and were subtracted from the
measured losses. An estimated &20% uncertainty is
introduced when comparing the attenuation at various
frequencies for a 6xed temperature by this procedure,
while the experimental error in n(T) at a 6xed fre-
quency is &5%. The following conclusions can be

4' M. Redwood, Proc. Phys. Soc. (London) 70, 721 (1957).

FxG. 12. Temperature dependence of the electron-hole recom-
bination in samples 1 and 2 obtained as described in the text.
The solid curves refer to Eqs. (25)-(27). b,, Ref. 12; X, Ref. 19.
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although
zzz.z(5 k Oe)/a .z(z1 50e)=2,

z(5 Roe)/z (15 Oe)&10.

drawn from the experimental results: (a) Electron-hole
recombination is the major mechanism for acoustic
attenuation in our very pure samples, in contract with
Yamada's observations" on less pure material, as
indicated most obviously by the maxima in the attenua-
tion which occur at cov-g ——1, within the experimental
uncertainty. The prediction of Eq. (2) that the max-
imum attenuation is proportional to cu, is also (roughly)
satisfied by the experimental results. (b) From Eq. (2),
r '=rg ~+kzD~. At 4'K, for z =6 MHz and H=5
QOe, z.zz~10 ' sec, DIz 1 cm'/sec, and k=200 cm '
Therefore k'a~&&7.g ', a= r~, and one concludes that
the diffusion term does not contribute to the attenuation
at high magnetic 6elds. On the other hand, for B=15
Oe, O'D~&~g and v k'D~ ' and the diffusion term
dominates the AME. From the experimental results for
~=6 MHz, we have
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Therefore the diffusion contribution, though it dom-
inates the recombination contribution to o„only
represents 20%%u~ of the total attenuation at very low

magnetic fields, with the remainder unassociated with
This remainder is a temperature-independent

contribution to the acoustic attenuation which appears
to decrease with increasing sample purity and perfec-
tion. (c) Since u. does dominate the total attenuation
for p,«H))1, an experimental verification of Eq. (6), the
"modish. ed Weinreich relation" is in principle possible.
With typical values of EzM@ and S (there is approx-
imately 50%%u~ uncertainty in S), Eq. (6) predicts n, 0.15
cm ' at H=5 kOe, compared with n~,~=0.25 cm '
measured directly at 5 kOe and 11 MHz. This must be
considered good agreement under the circumstances;
in particular, the conclusion is that the experimental
magnitude of n agrees with the magnitude anticipated

10-

~6age~ ~
00 ~ 6 Qh

'~ ~ ~ ~ ~ ~ ~t ~ ~

o
0000'Cf'

+ +~+ y+ t ++g~ .++ ++

I zG. 14. Temperature and frequency dependence of the total
attenuation coeflicient +tot, in sample 2 corrected for dispersion
losses. Data for v=6.2 MHz were obtained from the rf echo
pa, ttern. Arrows indicate temperature at which oy~g = 1.

from the interband recombination mechanism, reinforc-

ing conclusion (a) above.

C. Deformation Potential

An accurate measurement of the deformation poten-
tial is possible only if, as in the case of obtaining n„
the difBculty of obtaining precise measurements of the
sonic energy Aux 8 sent along the crystal can be
overcome. A lower limit for ~E~—Ez~ was obtained as
follows: For a fixed energy flux S&1 W/cm', the sample
chamber temperature was measured. With the rf

power then turned off, the temperature rise due to 5
was reproduced using the heater. An upper limit for 5
was obtained in this manner since not all the heating
due to the rf pulse results from the absorption of the
ultrasound in the sample. From Eq. (14), we obtain

in good agreement with the results of Jain and Jaggi, "
who give ~Ez—Ez~ =2.5 eV.

SAMPLE 1

EAME II BINARY

H II BISECTRIX
0.1—

+ 10.8 MHz

H ~ 5koe o 16.6 MHz
~ 29.5 MHz

I i I i I i I i I

0 .I 0 .20 .30 .40 .50 .69
T '( K)

FzG. 13. Temperature and frequency dependence of the total
attenuation coefEcient at,~ in sample 1, corrected for dispersion
losses. Arrows indicate temperature at which co~g=1.

D. Magnetic Field Dependence of AME

The preceding results were obtained for values of
magnetic field suKciently low so that quantum e6ects
were small, though, in general, not negligible. The linear

dependence of the AME on H predicted by Eq. (14)
holds over a limited range of magnetic fields (see Figs.
17 and 20). Both quantum eRects, which become more

pronounced at lower temperatures (see Fig. 17), and

deviations associated with the deviation from the ideal
II2 dependence of the magnetoresistance, are observed

experimentally. The latter introduces a small systematic
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Fro. 15. Solid curves: phonon-dispersion curves for propagation
along the binary direction (I'EX) from Refs. 7 and g, and along
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were calculated from the sound velocities (see Table II). Dashed
curve is conjectured. Only the two o.

& branches are pure modes
(transverse). 6 and O indicate optical phonons and acoustic
phonons, respectively. The arrows at the right indicate our activa-
tion energies, Eq. (25).

1 xg 1—=A +8 +—,
~g sinh'xg sinh'x

(26)

where A and 8 are constants that measure the strength
of the interaction with the two diBerent phonons.
The final fit gives

2=1.09X10"sec ',
8=5.3SX10"sec ',

rr '=7.52&&10' sec ' (sample 1), (27)

rr '=4.00X10' sec ' (sample 2),
xr ——21.5/T,
ms= 65/T.

B. Phonon Spectra and Selection Rules

The activation energies, Eq. (25), must correspond

to the energies of phonons with momenta equal to the
separation in momentum space of the conduction and
valence bands. In addition, the coupling of the two

bands by the phonons must be allowed by synunetry.
If one knew with more certainty the symmetry of the
electronic levels, the present results, combined with t eh he

another energy appears to be present; the experimental
data above 6'K could be fit within the experimental
error by the sum of two functions as in Eq. (22), with
the following two phonon energies:

T,= (43+4)'K, T,= (130+15)'K. (25)

Below 8'K, the data depend on the sample purity;
at the lowest temperatures, impurity scattering, char-
acterized by a temperature-independent scattering
time vl, is the dominant recombination process. There-
fore, the recombination time is given by
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Fzo. 16. Solid curves, phonon-dispersion curves for propagation
along the trigonal direction (FT) (Ref. 7), along TS'L and FL
(Ref. 8). Again the slopes at I' are obtained from the sound
velocities (see Table II). The notation is as in Fig. 15. Along I'I
all modes are pure. Along FL only the two cr& are pure modes
(transverse). The arrows indicate our activation energies, Eq.
(25). Dashed curves are conjectured.

recently completed data on the phonon spectra in
bismuth, ' would allow one to determine unequivocally
whether the valence band is at F or T. As pointed out in
Sec. I, no calculation or experiments to date have been
able to settle this point. If the valence band is at T,
both vectors FX and FEX couple the bands, and one is
interested in phonons at X. If the valence band is at F,
one is interested in phonons at L (cf. Fig. 1).Our data,
in combination with phonon energies obtained by
Smith' at X and L (see Figs. 15 and 16), show that the
valence band maximum is at T; the value T„=43'K
(also as reported earlier4'), is in excellent agreement
with an acoustic phonon~s at X, while the value
T„—130'K would correspond to an optical phonon at
X.' lt remains to be determined whether these phonons
are a11owed by symmetry to couple the conduction and
valence bands.

There have been two calculations of the electronic
structure of bismuth, one a tight-binding computation,
by Mase, 4 the other a pseudopotential band calculation
by Golin. ' Both, though they include spin-orbit interac-
tion ( 1 eV for bismuth~), suffer from the difhculty
that the properties of bismuth are determined by the
relative positions of bands within an energy range that
is of the order of, or less than, the uncertainty in the
calculations.

Mase gives the symmetry of the conduction band at
L as Ls+Ls (even under inversion), and that of the
valence band~ at T as T4'+ Ts' (odd under inversion)

4' A. A. Lopez and S. H. Koenig, Solid State Commun. 4, 513
(1966)~ Because of a slight oversight, the upper right-hand
diagram in Fig. 1 is in error. The positive F axis should point in
the opposite direction. Furthermore, the angles should read
PL'= —25'48', FTI =+59' 30'; with the corresponding orthog-
onal modes at 90 to these. F'X remains unchanged.

~ E. U. Condon and G. H. Shortley, The Theory of Atomic
SPeclra (Cambridge University Press, Cambridge, England,
1951).

4' See also G. E. Smith, G, A. Hara', and J. M. Rowell, Phys.
Rev. 135, A1118 (1964).
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in terms of the representations of the double group. ~
Golin, by computing the g value of the various valence
bands and comparing with the experimental data, 4' gives
the symmetry I'4+1's (even under inversion) if the
maximum is at I', and is in agreement with Mase if the
maximum is at T. He does not give the conduction
band symmetry. In order to determine the selection
rules, one must determine the irreducible representa-
tions contained in the direct product of the representa-
tion of the valence and conduction bands, and see if
this reduction contains the appropriate phonon rep-
resentation. We consider the two cases, corresponding
to the valence band maxima at T and I', separately.

2. Valence Band Marin at T
If the valence band maxima is at T, we are interested

in the phonons at X. Since the syxrunetry group at X
(and. at L, as well) is a four-element, Abelian group, the
irreducible representations are one-dimensional and the
reduction of the direct product is particularly simple.
The four product wave functions of the form (Pc ) (4'v)
that can be formed from functions with symmetry
4'c.s., 4'o, z„4'v,r, ', and fv, r,', where the subscripts
C and V refer to conduction and valence bands, turn
out to be basis functions for a four-dimensional represen-
tation of the group at X. From the table of characters
in Mase, this representation is readily obtained and
reduced to the result

(L,+L,)&& (T", +T", )=2(X,+X4). (28)

The phonons at X cannot be labeled unequivocally
without regard either to a good force-constant model
or experimental data which show how the diGerent
phonons connect at X. The labeling of the modes
between I' and X can be obtained by requiring that the
symmetry of the motion near I' look like long-wave-
length acoustic or optic modes, in addition to satisfying
the requirements of crystal symmetry. For propagation
along FEX, a twofold axis, the phonons must be odd
or even with respect to a rotation of 180'. For propaga-
tion along I'X, the phonons must be odd or even with
respect to refIection in the mirror plane. From these
considerations, one obtains the labeling of these modes
as shown in Fig. 15. The labeling agrees also with the
computations of Smith. ' The phonon data and force-
constant model in Ref. 8 require that the X2 energy be
less than the X3 energy; from this and the compatibility
relations given by both Mase and Golin, the labeling
at X follows. There is still the possibility of X& and X4
being interchanged if Z~ and Z2 cross along FEX.
Thus from Eq. (28), assuming the labeling of the
conduction band to be correct, phonon-aided recombina-

~The notation is due to L. B. Bouchaert, R. Smoluchowski,
and E. Wigner, Phys. Rev. 50, 58 (1936},and is used for the
group-V semimetals by M. H. Cohen, L. M. Falicov, and S. Golin,
IBM J. Res. Develop. 8, 215 (1964);L. M. Falicov and S. Golin,
Phys. Rev. 137, A871 (1965).

(L,+L,)*X(r,+r,)= 2(L,,+ I.,), (29)

again allowing one acoustic and two optical phonons to
make a first-order contribution to the electron-hole
recombination.

From our measured activation energies and the
phonon data'8 we can ascertain that the principal
valence band is located at T; there are no modes at L
close to 43'K. In addition, the allowed mode at L is
the highest energy acoustic mode. However, we cannot
rule out the possibility of another hole band either at F
or elsewhere in the zone (since optical phonon energies
are similar throughout the Brillouin zone~ ') with its
maximum approximately 19 meV below the Fermi
surface, the energy corresponding to 130'K. There is
some circumstantial evidence for such a band. 4' Mase's
conduction band labeling cannot be unequivocally
veriled, since if we were to choose Lq+Ls (odd under
inversion) for the labeling of the conduction band, the
phonon-selection rules at X would be X~+Xs, also
compatible with our results. We favor Mase's labeling
though, since from Eq. (27), B))A, indicating that at
sufFiciently high temperatures electron-hole recombina-
tion takes place preferably with emission or absorption
of a 130'K phonon. This could indicate that a greater
number of 130'K phonons is involved, compared with
the number of 43'K phonons. Mase's conduction-band
labeling allows four 130'K phonons (two at X and
two at L) and one 43'K phonon.

'~B. Abeles and S. Meiboom, Phys. Rev. 101, 544 (1956),
especially Table II; see also Ref. 22; R. T. Sate and N. G.
Emspruch, Phys. Rev. 153, 796 (1967).These authors rule out the
possibility of another band, but in their Fig. 4 the band models
overestimate the data. Presumably the presence of another band
would slow the rate of change of the extremal areas with doping.
See also Ref. 6.

tion of electrons and holes is allowed in first order
by interaction with one acoustic and two optical
phonons at X.

Z. Valence Band Maxima at I'

The phonons that couple I' and L are L phonons.
However, the labeling of the phonons at L is not so
straightforward as at X. In particular, the symmetry
alone does not require that the Tj LA phonon connect
with the LA phonon at L (Fig. 16), though intuition
suggests this. The Tq, Q~, F'q branch can in principle
connect to os at L, as can the branch 'Ts, Q~, P'q. That
is, either of the Qq, Y~ branches can cross the Qs, Fs
branch along TS'L, but of course not each other. The
force-constant model given in Ref. 8 requires that the
L2 energy be greater than the L3 energy; the labeling
at L is then unique except again for the order of L&

and L4 as was the case at X. Our labeling at T is also
compatible with the force-constant model.

From the direct product of the band representations,
we find the reduction to be
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C. Impurity Scattering

A quantitative analysis of the CGect of impurities
upon the recombination is not possible since neither the
exact nature nor the amount of impurities present in
our samples could be determined. A criterion for the
sample purity is the ratio of resistivities at 300 and
4.2'K. Measurements2 2' at low temperatures show

p(T) ~ T', leveling off typically below 4'K to a value

pz roughly proportional to El, the impurity density. 4'

For sample 2, among the purest samples reported, "4~

the intrinsic mechanisms for electrical conductivity
remain dominant even at 4.2'K (see Fig. 11),making a
meaningful estimate of the relative El in our samples
possible only from data for 7&2'K. From Fig. 11,

pr (1)/pr (2)=Xr (1)/cVr (2) =2.5 {30)

and from Eq. (27),

rr '(1)/rr '(2)=2 (31)

This supports the idea that the impurity scattering
contribution to the electron-hole recombination in
bismuth can be characterized by a temperature-
independent vl such that

vl '~El. (32)

E. Recombination Contribution to Total
Carrier Scattering

Using the mass parameters of Gait et ul. ,"Zitter"
obtained r, and v-~' from measurements on the low-6eld

galvanomagnetIG cocKclents at 4.2 K:

r, =2X10 "sec, ran=4. 5X10 I sec, (33)
4 R. N. Bhargava, Phys. Rev. 156 785 (1967).
47 P. Cucka and C. S. Barrett, Acta Cryst. 1S, 865 (1962).
' For example, D. Pines, E/ementary Excitutions in Bonds

(W. A. Benjamin, Inc. , New York, 1963), p. 276; E. Abrahams,
Phys. Rev. 95, 839 (1954); M. J. Katz, S. H. Koenig, and A. A,

Lopez, Phys. Rev. Letters 15, 828 (1965); W. G. Barber, Proc.
Roy. Soc. (London) A158, 383 (1937);N. F. Mott, Advan. Phys.
13, 325 (1964).

49 J.K. Gait, W. A. Yager, F.R. Merritt, B.B.Cetlin, and A. D.
Brailsford, Phys. Rev. 114, 1396 (1959).

D. Possible Mechanism for Recombination

In addition to the single phonon-aided recombination
mechanism, there is the possibility of a double electron-
hole pair recombination taking place with energy and

crystal momentum being conserved by the four par-
ticles. The particular geometry of the Brillouin zone of
bismuth allows this. Such a process can be regarded as
an electron-electron interaction by which both electrons
are scattered to dna] states in the valence band. Such a
process is characterized" by r„'~ (kT/Ep)', a ternper-

ature dependence which does not in any way describe
our experimental results. Furthermore, the scattering
involves large momentum changes for the individual

particles; the large dielectric constant of bismuth

( 100) and the resulting large screening radius makes

the process unlikely.

where v., and 7I, represent a typical component of the
diagonalized, nearly isotropic relaxation-time tensor
for electrons and. holes, respectively.

Since these values were obtained for a sample with
a residual resistance ratio =150, we would expect the
ratio to be approximately two and three times longer for
our samples 1 and 2, respectively, judging from the
temperature dependence of the resistivity (Fig. 11).
Our measured values of 7-~ would. thus represent a
5-10% contribution from the electron-hole recombina-
tion to the total carrier scattering rate at 4.2 K.

From Figs. 11, 12, and Eq. (33), we see that when
T is increased to 15'K, v-g approximately equals the
characteristic conductivity relaxation time T ~T ~TI,.
A 50%%uq contribution from the recombination to the
resistivity should then be expected; that is, at ~15'K
the carriers will on the average undergo one collision
before recombining. The recombination scattering
should dominate the resistivity above 20'K, and at
50'K one has v, =20vg. This conclusion is self-contra-
dicting, unless the electron-hole recombination does
not contribute to loss of the average velocity of the
carrier distribution (i.e., the current). We propose the
following possible resolution of the paradox.

If the mean free path of the phonons that are emitted
in an electron-hole recombination is determined by the
lifetime for creating another electron-hole pair, then
(somewhat akin to superconductivity) the interaction
wiQ not affect the drift velocity of the combined
distribution. RatheI' thc tightly coupled clcctI'on-holc-
phonon complex will drift until some other scattering
event, presumably the phonon-phonon interaction,
takes place. This explanation predicts a large phonon
drag contribution to, for example, the Nernst coeS.cient
for T&50'K, something that can be checked, .

One may very crudely estimate whether the phonon
mean free path is long enough for this mechanism to be
allowed in bismuth. We must estimate and compare the
phonon-electron (or hole) and phonon-phonon scatter-
ing times, v„,and. v», respectively. From measurements
of the heat capacity~ and thermal conductivity" at
50 K we obtain

Y'pe~1.5+ 10 scc ~

using a phonon velocity e„of10' cm/sec. If we allow
for a 10%uncertainty width in the phonon momentum
(a/typical va"ue, judging from linewidths of higher-
momentum phonons observed in neutron scatter;ng)
then the number of phonons at X or L, (case 1 or 2
respectively) that can contribute to recombination for

3X10"/cm' assuming that at this
temperature no optical phonons are excited (see Figs.
15 and 16). From Eq. {27) it follows that the 130'K
phonon is the dominant one in recombination. Therefore

~ N. E. Phillips, Phys. Rev. 115, 644 {1960).
"Natl. Bur. Std. (U. S.) Circ. No. 556, p. 36; G. K. White

and S. B. Woods, Phil. Mag. 3, 342 (1958).



ELECTRON —HOLE RECOM 8 I NATION IN Bi

E~(T~= 130'K)&asX (1/13)X3X10",
since the population probability for such a phonon is
1/13 at 50'K and it represents —,

' of the available
phonons. The number of carriers"" e at 50'K is
n=m. +xi, 'IX10" r„., follows from Ã~r, =ex„,.

bisectrix, and trigonal directions, respectively, may be
wrltt n m

p, g 0 0
p= 0 p2 p4.0 p4 p3.

where for Bi, p4 is a negative quantity. s' The mobility
tensor for holes is

7X10 "
&1&10"=10'0 sec.

7X10'~
(35)

0 0
pj 0
0

From Eqs. (34) and (35),

This very rough estimate of the strength of the
interaction of carriers and phonons at X avows for the
conjectured mechanism. At temperatures below 50'K,
phonons at X drift with the carrier distribution when
current is Rowing, so that the recombination process
does not contribute to the resistivity.

F. AQ180tfopf of EgMp

All anisotropy of the E~ME field as given by Eq. (14)
is contained in the p,,ffB factor. Although ihe carrier
mobilities in bismuth are highly anisotropic, ~ a fairly
isotropic E~ME is expected. for our experimental arrange-
ment since, as pointed out earlier, p,g= ve for II in the
trigonal plane. By rotating the magnetic 6eld in the
trigonal plane the angular dependence of E~MF shown
in Fig. 9 is obtained. ; the anisotropy of E~MF, is small,
as expected.

The electronic structure of bismuth' consists of three
electron ellipsoids located at the L points (see Fig. 1),
tilted out of the trigonal plane +6.5',2 "and one hole
ellipsoid, now known to be at points T. The mobility
tensor for electrons at one extremum in the coordinate
system with axes 1, 2, and 3 corresponding to the bina, ry,

The p, ii in Eq. (14) is derived from the S;;component
of the conductivity tensor S, where the E~Mn is in the
ith direction and S is defined by

i;=Q s;i(H)Zi (36)

in the notation of Abeles and, Meiboom. 4' Following a
procedure described by these authors, the contributions
from the four extrema to the total current may be added
to give the total current

I;=Q 5;p(H)Ei. (37)

Here the lower-case i; and s;I, refer to one ellipsoid, and
the upper-case letters represent the sum of all electron
and hole band extrema.

In our case H=(H sin8, H cos8, 0), where 8 is the
angle between H and the bisectrix axis. When the
magnetic field is rotated about the trigonal axis, p,jf(8)
is obtained from the Spy component of the tensor
RS(H)R ' where

cos8 —sin8 0
R= sin8 cos8 0. 0 0 1.

The result is

1 pi cos'8+ p2 sin'8
psii (8)=

3 (iistis —p4')sin'8+ p~s cos'8

2 {pi+3p2)cos'8+ (3pi+ p2) sin'8+ 2v3 {p~
—pi) sin8 cos8

+1/v, . (3g)
3 [((3pp+ pi) pp

—3+42jcos'8+ L (+2+3@i)ps —p4'jsin'8+2VSQ&(pp —p&) —p4'jsin8 cos8}

Relative magnitudes of p, ff(8) fol SAME parallel to the
binary or E~~E parallel to the bisectrix axes are
obtained by multiplying Eq. (38) by cos8 and sin8,
respectively. The result is shown in dotted hnes in
Fig. 9. Relative numerical values for the mobility
components were obtained. by adjusting the measured
values of p2, p, 4, and vs given in Ref. 30 to fit the ex-

~' Some confusion exists in the bterature as to the sign of the
tilt angle. This has been recently clari6ed by R. D. Brown, III,
R. L. Hartman, and S. H. Koenig Phys. Rev. 172, 598 (1968).
These authors further show that @4&0 for a positive tilt angle.

perimental data; the result is

p2/pi= 7X10 ',
93/p&=0 ~ i

p4/pi ———8.2X10 ',
Pe/iii= 2.3X10

The major diGerences between these mobility ratios
and those given by Zitter" are in p2/iii and the sign in
p4/iii. " When H is along a principal axis, Eq. (38)
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simpli6es considerably, yielding the results shown in
TRblc III~ iIl RgrccIncnt with Yamada s results.

VL QUANTUM EFFECTS

The linear dependence of the AME CGect on the
magnetic field predicted in Kq. (14) is only true in the
RDscncc 0 RI1 aub f I. dau quantization of the carrier orbits.
Expcnmcntally, oscillations similar to de Haas-van
Alphen (dHvA) oscillations are observed for H) 1 kG,
and become more pronounced as T is lowered. A typical
trace of EAM E versus magnetic field is shown in Fig.
in which periods of 7 2&10 ' 0 ' corresponding to the
well-established electron periods when the field is
parallel to the binary direction, are observed. Sy
rotating the magnetic 6eld in the trigonal plane a
electron periods in the plane could be identi6ed exccp

binary. The data are shown in Fig. 18, compared to the
t dH A results indicated by the dashed

of theline. 4' No hole periods were observed, because o t e
limited range of magnetic fields available in the presen
experiments.

o FA44E II Binary

o EAibii& II Bisectrix

1 I l I

0 5 lo I5 20 25 M
Bin. DEGREES BIIe

FIG. 18. Election periods in the trigonal plane, obtained by
rotating II in this plane. The dotted line are the dHvA perio s
given in Ref. 46.

It has been shown in Sec. II that the AME Geld is
proportional to the electronic part of the acoustic
attenuation, which in turn is proportion to the excess

h
' Fi . j.7 are to be associated with the quantize

levels crossing the Fermi surface, and correspon o
peaks in the total attenuation. The latter is plotted

fi ld in Fi .19.Also shown is EaMa/Z, corrected
Fi . 17. Thefor attenuation, using MME(Z) from ig.
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o T. Yainada, J. Phys. Soc. Japan 20, 1966 (E) (1965).
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7 A l X-F recorder trace of EAME versus magnetic
Geld, under optimum experimental conditions for o

'
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turn eftects. The oscillations correspond to electron periods o
7 Qygo-5 G—1

1 I l
0 I
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F . 19. U per curve shows the magnetic-6e p-6cld de endence ofIG. . p
trace is a lot of Eqs. 3 anthe acoustic attenuation. Lower trace is a p

(4) corn liie ~ i.e.) .d
'

the magnetic Geld dependence o 0,
similarity of both curves and with Fig. 17 is apparen .
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Gurevich et al.55 This interpretation has recently been
questioned by Mase et al." Our interpretation of 0,,
based on the interaction of the classical sound 6eld with
the carriers via the deformation potential, yields
quantitative agreement with all the present experi-
mental results, in both the quantum and nonquantum
limits. lt also predicts that any oscillations in n(H)
should be of the dlvA type, arising from the magnetic-
6eld-dependent carrier density of states. In fact, all
the observed oscillations in y could be identi6ed with
the known46 electron dHvA periods in the trigonal plane
(cf. Fig. 18).

H (koe)

Fu. 20. Fading out of the electron dHvA-like periods vrhen the
magnetic iield is rotated through the binary direction. H~(binary
corresponds to an angle of 0'.

similarity of the two quantities is apparent, as predicted
by Eqs. (3) and (4).

Yamada'9 has shown in detail that the amplitude of
tlM oscilhl'tlons ls Rs expected fl'0111 tile nlRgllctlc-ficld
dependence of the density of states, assuming the
appropriate values for the Fermi energy and carrier
eGective masses.

%hen B was rotated into a particular binary direc-
tion, the oscillations for EgME~jbisectrix faded out, as
is shown in Fig. 20. The detailed analysis of the dHvA
effect~ shows that the amplitude of the oscillations is
proportional to e '~~~, where H is the magnetic 6eld,
in Gauss and P is the period in G '. For the amplitude
of the oscillations to remain constant requires that
HI' remain constant. Therefore, since P decreases at
fixe P Rs H approaches tile binary dlrectioll (scc
Fig. 20), the amplitude decreases. This presumably is
also the explanation for Yamada's observation (see
Fig. 11 of Ref. 19).

The magnetic-6eld dependence of the attenuation
coefficient rr(P) in the magnetic-field range reported
here has been previously investigated by Toxen and
Tansal. ~ They interpreted their data on the basis of a
"giant-oscillation" mechanism 6rst proposed by

I.M. Lifshitz and A. M. Kosevich, Zh. Eksperim. i Teor. Fiz.
29, 730 (1955) t English transl. : Soviet Phys. —JETP 2, 636
(19M)j.

VII. SUMMARY

Ke have shown that the emission and absorption of
phoDoDS of energies 4~~4 I and I30&~5 I constitute
the main mechanism for electron-hole recombination in
bismuth, mitigated at low temperatures by a tempera-
ture-independent impurity scattering.

From erst-order perturbation theory, assuming
emission or absorption of a single phonon with energy
conservation, we showed that a single recombination
time 7g could be dered, and derived the theoretical
temperature dependence of vg. It was by comparison
of the data with the theory that the above phonon
energies were obtained. A comparison was made with
the recently completed data for the phonon-dispersion
curves in an attempt to determine unequivocally
whether the maximum of the hole band is at T or F.
Our two activation energies agree very well with phonon
energies at X, indicating that the hole band is located
at T. The possible existence of another hole band at I'
cannot however be ruled out; our 130'K phonon agrees
with optical phonoD energies at I as well as X. ID any
case this band, if present, must have its maximum about
10 meV (the energy associated with 130'K) below the
Fermi surface, since no contributions from it are
apparent at low temperatures.

Using the best, but by no means certain, theoretical
results for the symmetry of the conduction- and, valence-
band wave functions, we have shown that one acoustic
and two optical phonons a,re allowed by symmetry to
couple the electron and hole bands, whether the holes
are at T or I'. The phonon-selection rules are consistent
with the holes being located at T, and support our con-
clusion that any hole-band maximum at 7 must be below
the Fermi surface, since the acoustic phonon allowed at
I. is not observed in the present experiments. s~

Mase's conduction-band labeling could not be un-
equivocally veri6ed since wave functions of either even

» V. L. Gurevich, V. G. Skobov, Y. A. Firsov, Zh.
Kksperim. i Teor. Fiz. 40, 786 (1961) t English transl. : Soviet
Phys. —JETP 13, 552 (1961)j.

~~ S. Mase, V. Fujimori, and H. Mori, $. Phys. Soc. Japan 21,
1744 (1966).» A summary comparing the neutron data, the AME data, and
the group-theoretical results has been published: S. H. Koenig,
A. A. Lopez, D. B. Smith, and J. L. Yarnell, Phys. Rev. Letters
20, 48 (1968).
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or odd charactel yield selection lules compatible with
our results. We believe, however, that Mase's labeling,
namely, I.e+I e (Ce+C& in Mase's notation, odd under
inversion), is probably correct, since it allows a greater.
number of ~130'K phonons than 43'K phonons, and.
the data show that the total matrix element for the
interaction with the I30'K phonons is groater than
with the 43'K phonon LEq. (27); B»A j.

The relation between v~ and the AME eGect as given
by Eq. (14) was examined in detail. The frequency
dependence was verified, and in fact used to normalize
the results r~. From the magnitude of E~ME and an
estimate of the sonic energy Aux an estimate of the
deformation potential (~Er—Ee( &1.5 eV) is obtained
that is consistent with the known value. "The aniso-
tropy of the EgMF. is explained in terms of the low field
mobility anisotropy. The linear magnetic-6eld depend-
ence was verified for fields below those for which
quantum eGects are signi6cant. At higher values of
magnetic 6eld, quantum oscillations are observed, in
X~ME. The oscillations are interpreted as resulting
from the dependence of the ultrasonic attenuation,
coeKcient o. on the magnetic-field-dependent density
of states at the Fermi surface, much in the manner of
the dHvA eGect. The angular dependence of the
period of the oscillations is in excellent agreement with
the most recent dHvA results. 46

We have shown that an important contribution to
the ultrasonic attenuation in bismuth at low tempera-
tures is that associated with the repopulation of the
energy bands induced by the ultrasonic strain, via the
deformation-potential interaction. This eGect, described

by Keyes, is the dominant attenuatien mechanism
below 20'K for the range of frequency and magnetic
field used here.

Finally, we show that above 20'K the measured.
rccomhin@tion time is shopteg thy, n the conductivity

relaxation time; at 50'K, v, =20~~. A resolution of
this paradox can only be had if the phonons are so
highly coupled to the carriers via this interaction that
they drift with them. This predicts a large phonon-
drag58 contribution to the thermoelectric power
in the temperature range &50'K, which should be
investigated.
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