
DIFFUSION OF Fe IN VANADIUM

Recent data by Murdock and McHargue'4 on the
diffusion of Ti44 in vanadium and a series of vanadium-
titanium alloys, ranging from 10 at.% titanium in
vanadium to 10 at.% vanadium in titanium in steps of
10 at.% titanium, show that the temperature depen-
dence of diffusion varies continuously with composition
from the sharp change of slope in the logD versus 1/T
plot in pure vanadium to a continuously curving plot

n J.F. Murdoch and C. J.McHargue, Acta Met. 16, 493 (1968).

for titanium. Thus, it can be inferred that two mecha-
nisms. of diffusion also operate in titanium and possibly
in all of the anomalous metals.
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A band-structure calculation for silver has been made using Mueller's interpolation scheme. The first-
principles calculation by Segall has been adjusted to give better agreement with experiment, and a set of
parameters derived to fit these adjusted bands. A density-of-states calculation using these parameters
confirms deductions from experimental work using the photoelectric effect which suggest two main peaks
in the 4-band region. However, we find an additional low-energy peak which has not been observed experi-
mentally and no evidence of structure near the Fermi level. The Fermi surface is computed after a recalcu-
lation of the Fermi energy which agrees with Segall's results. Reasonable correlation with the experimental
dimensions of the Fermi surface is obtained. Finally, various effective masses are calculated. The value
obtained for the electronic specific heat suggests that electron-phonon enhancement is somewhat smaller
in silver than in copper.

1. INTRODUCTION

S EVERAL interpolation schemes have been con-
structed in recent years in an attempt to describe

the energy bands of noble and transition metals. ' '
That by Mueller' seems to be the most plausible
physically and can actually be derived, subject to
various approximations, from the Green's functions
(or KKR ) theory of energy bands. ' '

The important point about an interpolation scheme
is that from a relatively small amount of data —perhaps
a '6rst-principles calculation of eigenvalues at sym-
metry points in the Brillouin zone, or, alternatively,
an experimentally determined Fermi surfac- one can
derive parameters for use in the interpolation scheme
and then use these same parameters to extend the
results to any part of the Brillouin zone. This process
greatly facilitates calculation of such quantities as the
electronic density of states, eGective masses, etc.
General considerations as to the philosophy of using

' M. SaGren, in The Iier~rsi Surface, edited by W. A. Harrison
(John Wiley 8z Sons, Inc. , New York, 1960},p. 341.' L. Hodges, H. Ehrenreich, and N. D. Lang, Phys. Rev. 152,
5O5 (1966).' F. M. Mueller, Phys. Rev. 153, 659 (1967).

4 W. Kohn and N. Rostoker, Phys. Rev. 94, 1111 (1954).' J. M. Ziman, Proc. Phys. Soc. (London) 86, 337 (1965).' V. Heine, Phys. Rev. 153, 673 (1967).' R. Jacobs, Proc. Phys. Soc. (London), Ser. 2, 1, 492 (1968).

such interpolation schemes have been discussed by
Phillips. s

In this paper we describe how a one-electron band
structure for silver has been obtained and show that
this structure will predict various electronic quantities
in reasonable agreement with experiment. The work
described is a preliminary to studies of noble —transition-
metal alloys, in particular those of the silver-palladium
series.

2. CALCULATED SILVER BAND STRUCTURE

A. Previous Band Calculations

The only first-principles calculation for silver appears
to be that due to Segall. ' For reasons explained in his
paper Segall did not claim great accuracy and, indeed,
although the general shape of his bands are in quali-
tative agreement with those of the similar metal copper
(except that in silver the d bands are derived from the
4d, rather than the 3d, atomic levels), some of the more
quantitative features of the bands are plainly incorrect.
In particular, in neither of his calculations, using two
different potentials, was Segall able to predict the
height of the d bands relative to.the conduction bands
so as to agree with the (admittedly tentative) inter-
pretation of optical data. These data would place the

' J..C. Phillips, Advan. Phys. 17, 79 (1968).'B. Segall, G.E. Research Report No, 61-RL-(27836), 1961
(unpublished),
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Fermi level about 4 eV above the d bands, whereas,
when using a potential derived from the Hartree free-
ion-core functions, Segall found the d bands to be 2.2
eV below EJ and a value for the neck radius of the
Fermi surface which was much larger than that found
experimentally; when using Hartree-Fock functions
to derive a potential, the d bands were too low (5.2 eV
below E~), while the Fermi surface was found to be
much more spherical and not in contact with the zone
boundary at all.

It was suggested by Segall that a rigid shift of the
d bands to the "correct" level, i.e., the one predicted
from optical data, would also predict the experimental
Fermi surface because the hybridization interactions
between the d and conduction bands wouM then be of
the right order of magnitude. Basically, we have carried
out Segall's suggestion in that we have adjusted the
d bands relative to the conduction bands so as to agree
with various experimental work which we now discuss,
and then show that the Fermi surface which we cal-
culate does indeed have similar dimensions to that
found experimentally. This is not perhaps very sur-

prising, but it is satisfying to correlate results from
different experimental phenomena (de Haas —van
Alphen effect, magnetoresistance, optical properties)
with an abstract interpolation scheme and a first-
principles band calculation.

B. Exyerimental Data

Relevant experimental work as far as the silver band
structure is concerned is the work on optical properties
by Ehrenreich and Philipp' and photoelectric mea-
surements by Berglund and Spicer."

The simplest ideas are by Ehrenreich et ul. , who

assume that the imaginary part ~2 of the dielectric
constant between 4 and 10 eV is due to specific inter-
band transitions, or to transitions to or from the Fermi
level. Since the probability that such transitions will

occur depends on the densities of states of the bands

taking part, and these are largest at symmetry points,
these authors relate the structure in e2 to specific gaps
at symmetry points. They appeal to the similar struc-
ture of copper when in doubt as to which gap corre-

sponds to which peak in ~2.

This approach can, and has, been criticized on several

grounds, e.g., it assumes that the one-electron band
structure is literally true, that only vertical (i.e., lr-

conserving) transitions are possible, and it takes no

account of variations in oscillator strengths for such
transitions. We do not here further discuss the validity
of Ehrenreich's approach, since this has been done by
several authors, e.g., Phillips"; we merely quote their
result, which is that if Segall's calculated band struc-

ture, using a Hartree free-ion function, has the d bands

"H. Ehrenreich and H. R. Philipp, Phys. Rev. 128, 1622 {1962}.
"C. N. Berglund and W. E. Spicer, Phys. Rev. 136, A1044

(1964)."J.C. Phillips, Phys. Rev. 14G, A1254 (1965).

T~rE I. Comparison of the data from optical and photo-
electric work on energy gaps at symmetry points in the silver
Brillouin zone.

F.S. -+
X5 —+

X5 —+

XI -+
XI —+
J2' —+

J2' —+

F.S. -+
J3~

IVg ~

Gap

X4'
X4'
F.S.
X4'
X5 (d bandwidth)
J.I
F.S.
J.I
F.S.
Ws

Optical
data'

(e~) (Ry)

1.7b 0.12
5.4~ 0.40
3 7b 027
9.1~ 0.67
3.7~ 0.27
6.0~ 0.44

0.03

3.9d 0.29
9.8d 0.72

Photo-
electric

(ev) (Ry)

1.8' 0.13
5.55 0.41
3.75 0.28

3.5 0.26
4.2 0.31
0.3 0.02
3.9 0.29

Actual
fit

(Ry)

0.14
0.44
0.30
0.68
0.23
0.34
0.03
0.31
0.32
0.77

Here we have followed Ehrenreich arid Phillip in shifting the d bands
down through 1.8 eV and also the level L g'. The actual values have been
estimated from the graph in Segall (Ref. 9).

b Rigid shift of d bands of Segall (Ref. 9) down through 1.8 ev.
o Probable value (Ref. 11).
~ Estimated from graph or deduced from it.

C. Parameters and Final Band Structure

We list in Table II the final eigenvalues (relative to
the bottom I'& of the conduction band) at the sym-

metry points I, X, I., and W, which we have attempted
to fit. We also show the best fit we have obtained using

the set of parameters listed in Table III, which is the
best set we have been able to obtain. (We do not discuss

here the actual process of fitting the bands. )
It can be seen that a reasonable, if by no means

perfect, fit has been obtained —the rms deviation

being 0.016 Ry. This figure is admittedly not as good
as that of Mueller, ' who obtained a value of 0.006 Ry

shifted rigidly down through 1.8 eV, then the shape of
e2 can be explained.

The photoelectric work of Berglund and Spicer" is
useful in that it, too, enables us, with perhaps rather
more con6dence than in the case of the optical work,
to deduce band gaps at symmetry points. (It also

produces a density-of-states curve, but we defer
consideration of this until Sec. 3.) Another result of
this work is that it can be explained by assuming that
transitions between energy levels are non-direct in

most cases, i.e., crystal momentum k is not conserved.
This is one of the main reasons for doubting the
Ehrenreich approach.

So far as we are concerned at present, though, in

trying to deduce a reasonable one-electron picture for
silver, the differences between the two approaches do
not appear to be too important. In Table I we sum-

marize the evidence on the silver band gaps deduced

from the two methods; it is seen that with one exception
(viz. , the band gap L2' —Li) the different approaches
do not produce badly convicting evidence. The dis-

crepancy at 1.would be explained by the fact that a11

the other levels which Ehrenreich has shifted down are
d levels, whereas the level L~' is a p level. Hence we

reject this shifting of I.2 and just rigidly shift the d

levels.
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Tmz, z II. List of silver eigenvalues we attempted to 6t and the Tmz.z IV. Comparison of orthogonality and hybridization
actual Gt using the parameters listed in Table III. All values in parameters for two copper calculations (Ref. 5) and the present
rydbergs. silver calculation.

Level
Estimated

value
Actual

fit Difference
Copper B'
Copper Sb

Copper S
Silver'

Copper B
Silver

F1
~25

X1
X3
X2
X5
X4'
X1
L,
L3
L3
L2'
L1
Wg
Wg
W1
W1'
W3
rms

0.0
0.141
0.215
0.015
0.042
0.268
0.282
0.687
1.067
0.028
0.141
0.268
0.535
0.854
0.075
0.122
0.220
0.282
1.00

0.0
0.150
0.224
0.033
0.054
0.248
0.258
0.700
1.071
0.039
0.151
0.242
0.526
0.864
0.072
0.143
0.205
0.246
1.011

0.0—0.009—0.009—0.018—0.012
0.02
0.024—0.013—0.004—0.011—0.01
0.026
0.014—0.01
0.003—0.021
0.0i5
0.036—0.011
0.016

TABLE III. Parameters to 6t the silver band structure.
Notation as in Mueller {Ref.3).

d bands

Fourier components of potential

Orthogonality

Hybridization

Parameter

dp
kk'
ddt'
ddt
V111
I/'coo

A
Ro
B
R1

Value

0.179 Ry—0.027 Ry
0.016 Ry—0.003 Ry
0.019 Ry
0.040 Ry
1.30
3.50
0.92 Ry
3.70

on the same bands in copper. However, it must be
remembered that the copper bands which Mueller was
fitting were based on much more definite evidence-
viz. , two first-principles calculations (by diferent
methods but using the same potential) which produced
very similar results, rather than on a mixture of a rather
uncertain band calculation and various experimental
results which, as we have indicated, are by no means
capable of a unique interpretation.

It is of interest, in view of the desirability of reducing
the number of independent parameters in an inter-
polation scheme, to compare our derived parameters
with Phillips's' recent suggestion that the orthogonality
and hybridization interactions (the quantities A, Rp,
8, and Ei in Table III) actually depend on only one
quantity —the width 8' of the d bands through a factor
8""'.We illustrate our results in Table IV, where we
have taken the width of the d band to be the difference
in energy between the levels X& and X5. In this we have
compared the parameters derived by Mueller to fit the
copper calculations of Burdick' and of Segall, ' i.e.,

Ws"'/We''P = 1.096
A s/A g~ = 1.232
RoS/RIS = 1 052

Bs/Bs = 1.010
R1s/RIg = 1.184

rms deviation'
=0.094

Wsl/2/W~l/2 —1 156
A s/A gg = 1.223

Rps/Rod = 1.0
Bs/Bss= 1.114

R1s/RI~= 1.084
rms deviation

=0.095

W 'ls/Ws, 'Is=1.055
A ~/A ~=0.99

Roly/Rod =0.95
Bgy/Bgg = 1.102

RIg/RIgg =0.92
rms deviation

=0.094

Parameters for copper calculation of Burdick (Ref. 13).
b Parameters for copper calculation of Segall (Ref. 14).
o Parameters for present silver calculation.
d Notation for all parameters is the same as in Mueller (Ref. 3). The

subscripts B and S refer to Burdick and Segal calculations.
& Deviation from exact proportionality to TR/4.

the parameters on which Phillips bases his suggestions,
with our own for silver. It is seen that the idea that
these interactions are proportional to 8"t2 is not an
unreasonable one and this lends weight to the theory
that future calculations can be done using a far smaller
number of independent parameters than to date.

In Table V we compare the actual d-band param-
eters —the two-center overlap integrals. According to
the theory of Heine, ' the ratios of these integrals should
be fixed by the crystal structure, apart from a small
energy dependence. It is seen from the table that there
is moderate agreement with this theory.

T~LE V. Comparison of d-band parameters.

Ratio

ddcr/dA- '
ddt/ddt

Copper B Copper S Silver

1.94 1,88 1.66
9.0 6.0 5.33

& Notation is the same as in Mueller (Ref. 3).

3. DENSITY OF STATES

A. Previous Work

As a first application of having fitted a, fairly plausible
silver band structure, we have calculated a density-of-
states curve for silver. This appears to be the first such
curve for silver derived directly from a band structure;
the only previous calculation for silver is one based on
the photoelectric measurements of Berglund and
Spicer "

The main features of the curve inferred by these
writers is the presence of two peaks at energies of about
4 and 5.3 eV, respectively, below the Fermi level. They
also find a very small subsidiary peak just below the
Fermi level. The actual heights of these peaks are
rather uncertain since the interpretation of the experi-
mental results is not entirely unambiguous. It is
reasonable to interpret the two large peaks as being
due mainly to the high density of states in the d bands,

"G.A. Surdick, Phys. Rev. 129, 138 (1963). "3.Segall, Phys. Rev. 125, 109 (1962).
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50-

Electron
States
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FIG. 1. Lower part of
density-of-states curve for
silver showing structure due
to d bands and conduction
bands.
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but the explanation of the peak just below Ep is
uncertain.

No other structure shows up from the photoelectric
work, but the main features provide a useful guide as
to the plausibility or otherwise of the present calcu-
lation; we expected from the outset, however, that our
more direct calculation would show up considerably
more structure than the experimentally derived curve.

B. Method

Since E, regarded as a function of k, has the sym-

metry of the Srillouin zone, and since this symmetry
is cubic for the silver fcc lattice, it is only necessary to
compute eigenvalues in any 1/48 wedge of the zone

since all possible eigenvalues will occur in this wedge.
Hence we used a random number generator to give

us a selection of points in k space and imposed geo-
metrical conditions to ensure that only points in one
particular wedge were used. The generator was thor-

oughly tested to ensure that the numbers used were

truly random and that cycling did not occur during
the course of the computation.

As a check for self-consistency, the density of states
was calculated twice using diferent sets of random

numbers, and in each case the same essential features
were obtained.

C. Results

The calculated density of states for silver is shown in
Fig. 1; the curve is based on the lowest six eigenvalues
at 2000 randomly generated points in one particular
wedge. An energy interval of 0.002 Ry is used.

Our results are in quantitative agreement with the
photoelectric curve in that we And two main peaks at
—0.3 Ry (—4.1 eV) and —0.39 Ry (—5.3 eV) rela, tive
to the Fermi leveL (We have calculated the Fermi level
independently as will be described later. ) The 6rst of
these peaks, however, is substantially sharper than
that inferred from the experimental work. Et should
be noted that the energies at which these main peaks
occur coincide with the energies at various symmetry
points in the zone, though we have not indicated this
explicitly in the diagram.

The main di6'erence between our results and those
of Berglund and Spicer" is that we have obtained a
fairly large subsidiary peak at —0.48 Ry (—6.54 eV)
relative to the Fermi level. Such a peak has been found
in copper by Mueller' in a similar calculation to the
present one, i.e., one based on the interpolation scheme,
and has also been inferred from the photoelectric work
but there appears to be little experimental evidence for
its presence in Ag. The peak can be associated with
some of the lower energy d bands; it corresponds most.
closely with the lowest eigenvalue at the symmetry
point F;
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e2 (u)
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1.5-

1.4-

1.3-

1.2-

Exptt1
Catcd. from photoelectric
density states. '

Ca(cd. from present density
of states. (Adjusted to
agree with expt at 6eV)

Fxo. 2. Imaginary part of silver
dielectric current.
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If such a peak is physically meaningful, it is perhaps
rather curious that it cannot be inferred from any
experimental work. )In particular, the low-energy peak
in copper shows up as a small shoulder in the imaginary
p«t e2(ra) of the dielectric constant at photon energies
of above 6 eV.j The experimental work of Cooper
et al."shows a small shoulder just below 6 eV but not
in the region of 6.5 eV where on simple ideas of inter-
band transitions one would be expected if our low-energy
peak is meaningful. On the other hand, closer examina-
tion of their results shows that Cooper et al. have not
got any experimental values between 6 and 7 eV, so it
is possible that closer analysis of their results might
reveal a small peak or shoulder. Another possibility is
that oscillator strengths for transitions from a low-
energy peak in the d bands to the Fermi level are small,
precluding any experimental con6rmation of that
peak.

Phillips" has suggested that the low-energy peak in
copper which was originally postulated to be present
in order to explain results of photoelectric work is due
to a low-energy many-body resonance. However, a
low-energy peak was found at E—E&~—6 eV by
Mueller in copper using the present interpolation
scheme, while we have found an even more prominent
one in silver. Since both of these have shown up as a

"B.R. Cooper, H. Ehrenreich, and H. R. Philipp, Phys. Rev.
138, A494 (1965).

result of pure band calculations, this would appear to
cast doubt on Phillips's interpretation.

This peak showed up in two of our calculations in-
volving diferent sets of random numbers. We conclude
that further experimental analysis is necessary before
the question of this low-energy peak can be resolved.

So far as the higher-energy portions of our curve are
concerned, we find no definite evidence of any structure
above the peaks which we have associated with the d
bands. This, of course, might be because we have not
used a large enough sample of points in k space, as any
possible peaks in this region will be associated with
conduction bands and hence are likely, if present at all,
to be small.

On the other hand, experimental evidence does tend
to support our results. Above the Fermi level Serglund
and Spicer" And no peak in the curve inferred from
photoelectric data and suggest that it is this absence
which leads to the absence of a second major peak in

ee(~) for silver. ' [Such a peak does show up in copper,
where a small peak in E(E) is found above EI.j In
later work on silver Cooper eI al." do find a (small)
shoulder just below 6 eV which they attribute to a
direct transition from the top of the d bands at X5 to
the level X4' above Eg. This interpretation is of doubt-
ful validity, particularly in view of the uncertainty as
to whether such direct transitions do occur, and it is
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far from definite evidence of any small peak in X(E)
in this region.

Finally, we find no evidence for a small peak about
0.03 eV below Ep such as has been found experi-
mentally. Phillips'~ has suggested on rather tentative
grounds that this peak cannot be explained in terms of
a one-electron picture but must be attributed to a
many-body resonance and our results would tend to
support his suggestion.

D. Dielectric Constant of Silver

From our density-of-states curve it is a smaB ex-
tension to actually calculate the variation of the
imaginary dielectric constant e& with frequency. The
calculation is simpli6ed in that it makes various
assumptions, e.g., that our one-electron band picture is
literally true, that thc structure in ~2 is due entirely to
interband transitions, and that the probability of a
transition from an occupied. band to an unoccupied one
depends only on the joint density of states. This latter
assumption ignores the possible variation over the
Srillouin zone of the matrix elements for the
transitions. '~

Kith these assumptions it follows that our variation
of e2 with frequency, which is shown in Fig. 2, is really
only an alternative way of displaying the density-of-
states curve. Nonetheless, despite the assumptions„
the experimental curve between 3 and 9 CV is repro-
duced fairly well. (We have adjusted the matrix element

to produce the best fit to the experimental curve at
6 eV.)

Ke have discussed experimental work on e2 in the
previous section and merely remark here that the main
feature of our results is the subsidiary peak at 6.5 CV.

This must be attributed to our low-energy peak in
N (E).It does not seem hkely that this peak corresponds
to the second peak in copper (the origin of which has

already been discussed) since it is far closer to the main
d-band peak than the corresponding peak in copper,
no such peak has shown up experimentally, and the
interpretation in terms of .the low-cnergy peak is the
most natural in view of the assumptions.

In general, we consider our density-of-states curve
to be plausible and proceed to consider another test
of our band structure —the surfaces of constant energy,
particularly the Fermi surface, that it will predict. Ke
shall further discuss the density-of-states calculation
in Sec. 5 when we discuss low-temperature specific
heats.

4. FERMI SURFACE OF SILVER

A. Fermi Energy

To determine the Fermi surface in as straightforward
a way as possible, we have erst of all calculated the
Fermi energy E~, we have then calculated Et, at various

"J.C. Phillips, Phys. Rev. 137, A1835 (1965).

x indicate calculated points vrith energies within O.ol Ry of EF

FIG. 3. Intersections of (110) plane with surface of constant
energy near the Fermi energy.

points in the Srillouin zone and found those points kg
which lie on the Fermi surface. Thus we have implicitly
solved the equation E~=E~.

To evaluate the Fermi energy we have followed a
procedure which involves calculating eigenvalues at
89 points in the Brillouin zone, these points being

equivalent by symmetry to a total of 2048 points. "
Each of these 2048 points is at the center of a cubical

volume element and it is assumed that the energy in

each band at these points is an average for thc par-
ticular volume in which the point is situated. Then,
since each energy band contains two electrons from

each atom in the solid, and since we are only inter-

ested in bands derived from the 4d and 5s atomic

levels, i.e., a total of 11 electrons per atom in all, it
follows that of the eigenvalues at our 2048 points, the
first (2048) (5.5) =11264 levels will be occupied and

the rest unoccupied. Hence, numbering the occupied
levels, starting from the lowest„ it follows that the level

numbered 11 264 is approximately at the Fermi leveL

Proceeding in this way for silver, wc find that the
Fermi 1cvcl ls 0.56~0.01 Ry I'clRtlvc to tlic bottom I y

of the conduction band. Segall' quotes a value of —0.31

Ry, and since we estimate his value for I'l to be —0.87

Ry, the agreement is good. Wc have discussed in Sec. 1

how wc 1iRvc adjusted SegRB s bRIlds ln paI'tlculal the

d bands, but since the adjusted levels are below the

Fermi level, wc would not expect appreciable change

in this energy.
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It is well known (see, e.g., Zimanm) that the effect
of a magnetic field P on an electron at the Fermi
surface is to change its k vector in such a way that its
energy wi11 be unchanged and it will describe an orbit
which is dined by the intersection of the Fermi
surface with a plane normal to H. Then, assuming it is
not scattered, the electron wiQ complete a circuit in a
time

on assuming a I.orentz force on the electron. For free
electrons where E~ k' it is easy to show that carr= eH/
woe, while for electrons which are not free a cyclotron
effective mass is defined by

and m,~ varies from orbit to orbit. It can further be
shown that

(5.1)

x indicate catcutated points with energies within 0.0'i Ry of EF

Fro. 4. Intersection of Fermi surface with (100) plane.

8. Fermi Surface

Using this calculated value for E~, we have plotted
constant energy surfaces to give the intersections of the
Fermi surface with various planes. We show the inter-
sections with the (110) and (100) planes 111 Figs. 3 and
4. In the (110) plane we find that the Fermi surface
contacts the zone boundary near the center I of the
hexagonal face and that the radius of the neck so formed
is 0.151~0.005r„where r, is the radius of the free-
electron Fermi sphere. This value compares favorably
with the experimental values of 0.137r, using the
de Haas —van Alphen CBect'~ and 0.142m, using magneto-
rcslstancc. Kc show in F1g. 5 thc variation in Fermi
radius in this (110) plane, and compare it with Roaf's
experimental results.

In the (100) plane we find comparatively small,
though not insigni6cant deviations, from the free-
electron sphere, the surface being pulled out in the
L100] direction and pushed in along the t 110j direc-
tion, thc respective radii being 1.0j.r, and 0.95r,.

A. Cydotron Masses

From the calculated Fermi surface of Sec. 4 it is
possible to derive information about cyclotron masses
fox various orbits in silver. It is then instructive to
compare the results of this calculation with the experi-
mental results of Roaf" and of Howard. "

~~ D. Shoenberg and D. J. Roaf, Phil. Trans. Roy. Soc. London
255, 85 (1962).» V. J.Easterling and H. V. 3ohm, Phys. Rev. 125, 812 (1962)."D.G. Howard, Phys. Rev. 140, 1'/05 (1965).

"Dog's bone"
"Neck"

"Belly"

-K&ective mass
(u,nits of mo)

Present Experi-
work ment

0.91+0.05 1 03W0.01b
0.21~0.04 0.27+0.03b

0.35+0.01'
0.39d

0.9|+0.08 0.94a0.01b

Area
(units of 10'6 cm ')

Present Experi-
work ment'

2.0+0.06 1.93
0.1+0.003 0.095

4.4~0.1 4.8

& Reference 21.
~ Reference 20.
e Reference 1I.
~ A. S. Joseph and A. C. Thorsen, Phys. Rev. 138, A1159 (1965).
20 J. M. Ziman, Prirfcip/es of the Theory of SoSSs (Cambridge

University Press, Cambridge, 1965), Chap. 9.

in atomic units, where A is thc area enclosed by the
orbit in the plane normal to II.

From the interpolation scheme we have computed
the energy contours for various cross sections in the
Briliouin zone and can thus approximate the BA/BE
term in (5.1) for various orbits by evaluating the area
in k -space between neighboring constant energy sur-
faces. %C have done this to obtain m,* for three of the
principal orbits —the "dog's bone" orbit from the
contours in the (110) plane, the "belly orbit" from the
contours in the (100) plane, and the "neck" orbit from
the contours on the hexagonal face. These orbits are
shown in Fig. 6 and results for the cGective masses in
Table VI, where they are compared with the experi-
mental data.

It can be seen that fair agreement is obtained with
experiment, though the values from the present calcu-
lation are, with the exception of the belly orbit, lower
by factors probably too large to be accounted for on
the basis of experimental or computational errors. It

Tmr.E VI. Effective masses and areas for various orbits in silver.
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is usual to attribute such discrepancies to eG'ects not
included in the one electron approximation, e.g.,
electron-phonon interaction, and this is discussed later
in connection with the electronic specihc heats.
, 'Also shown in Table VI are the areas in k space of
these various orbits. These are compared with the
areas as calculated from the de Haas —van Alphen
periods quoted by Shoenberg. "Here we have assumed
that the neck orbit is circular but have actually inte-
grated the area in the (110) plane where we have
computed the constant energy surfaces more accurately.
We would thus expect the result for the dog's bone
orbit to be in best agreement with experiment and this
is the case.

It should be noted that our value of 0.21mo for the
neck orbit is slightly lower than those determined

experimentally but is still higher than the value of
0.15mo calculated on the basis of a constant velocity
over the Fermi surface. '9 Our constant energy surfaces
indicate that the velocity on the necks of the Fermi
surface is smaller than on other parts of the surface,
thus supporting the speculation of Howard" that it is
this decreased velocity which raises the neck eBective
mass. On the other hand, we do not 6nd that the
effective mass for the dog's bone orbit is larger than
for the belly orbit, which Howard considered to be
further evidence for a lower velocity on this orbit.

"D. Shoenberg, Phil. Mag. 5, 105 (1960).

However, our result for the belly orbit is rather anoma-
lous since it does not predict many-body enhancement
of comparable magnitude with that for the other orbits.

where e, is the number of electrons per unit volume in
the conduction band; m, ~&* can be calculated" from

~oyt
4m'n, h'

d'k -', V'I,'Eg

or, transforming to a surface integral, and using the

FIG. 6. Repeated zone scheme
showing the three orbits considered:
{a) dog's bone orbit, (b) neck
orbit, and (c) central belly orbit.

"M. H. Cohen, Phi1. Mag. 7, 152 (1958).

B. Optical EQ'ective Mass

The optical effective mass m, ~&* is the quantity
occurring in the usual expression for the frequency of
plasma oscillations in a solid, viz. ,

a,'= 4n.l.ee/m. pt*,
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fact that p&
——(1/A)dE/dk, we get

3(2n.)on, h
(5.2)

estimated range of energy, is uncertain. The actual
result from our density-of-states calculation is

gati,

*——0.87@so,

where the integral is taken over the Fermi surface.
Since the interpolation scheme will give us the shape

of constant energy surfaces in the Brillouin zone, we
could thus calculate VI,EI, over the whole Fermi surface
without too much difBculty. As an approximation,
however, we can take an average value for the Fermi
velocity on the belly, and following Segall, " take the
volume of the belly to be a sphere of radius 0, where

p(~lop+~110) y

i.e., it is the average of the radii in the L100) and I-110)
directions. Segall estimates that this will lead to an
error of about 5% in the belly volume, but the error
should be less in silver, where there is somewhat less
distortion from the free-electron sphere.

We thus integrate (5.2) separately over the belly
(using the above approximations) and the eight necks,
where the Fermi velocity is much smaller, using an
average value for this neck velocity. We find, in this
approximation,

opt*= 0.95+0.05mo p

which compares reasonably well with the experimental
values of Schulz" (0.97+0.04+so) and Ehrenreich and
Philipp" (1.03+0.06mp).

Again it is seen that the calculated value is slightly
less than the experimental results, indicating perhaps
some enhancement by many-body effects, though in
fact our band theory result is within the range of the
experimental errors.

C. Thermal Effective Mass

The thermal effective mass mt', * is deined by

mth /mp=V/Vpy

ma* y E(Ep)

mp yo $(Ep)o

where X(Eg) p is the free-electron value. But in general

2V
E(Ep)=

(2m)'

de
Ig»d~EpI

for a volume V of specimen, where the integral is taken
over the Fermi surface.

Since eh=(1/5) gradhEp, we have

2V 1 deX(E,)=
(2m)' h

(5.4)

where V& is the Fermi velocity.
For free electrons

I gladpEhI =
Sso

while the Fermi surface is spherical with area Sy' ——sky.
Hence

2V 4xk p'
n(Ep)p=

(2~)' h'k p/mo
(5.5)

Thus from (5.4) and (5.5)

which is a mean value from the two X(E) calculations.
As just indicated, though, too much faith cannot be
placed in this result.

A better method of calculating gati,
* is to calculate

it from a knowledge of the electron velocities over the
Fermi surf ace.~

From (5.3) we have

'pw'ksPE(E p)- (5.3)

where p/pp is the ratio of the electronic specific heat
of the metal to the free-electron value of this quantity
for the metal. y can be calculated from the usual
expression"

6'k p 1 1 dSy
)

yo mo 4~&z'& pI'

&k p dSg
~th

go (5.6)

where S(E') is the density of states at the Fermi level.
Our approach to the electronic properties gives us

several alternative ways of calculating y and hence
gati, ~, the most obvious a,pproach is from the density-
of-states calculation discussed in Sec. 3. This method
has the disadvantag- for a noble metal like silver—
that the density of states at the Fermi level is small
(since the d bands are well below Ep); hence the precise
value of X(Ep), or rather an average value over an

23 L. Q. $chulz, Phil. Mag. Suppl. 6, j.02 (195/}.

The value of Sy can easily be derived from the require-
ment that the Fermi surface enclose half the volume
of the Brillouin zone, since the conduction band in silver
is half full.

To carry out the integration in (5.6) we make the
same assumptions as previously and integrate sepa-
rately over the necks and belly of the Fermi surface.
We find from our calculated Fermi surface that

mtb*= 0.91~0 04mo
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An alternative approach is to use the expression'4

2 BVI, (E)-
1V(Ep)= — Ep,

(2s.)' BE

where VI, is the volume enclosed by a constant energy
surface.

By comparing the volume enclosed by our calculated
Fermi surface with the volume of the free-electron
Fermi sphere we find

mg, *=0.88+0.02mp.

It is likely that this result is slightly more accurate
than the previous one since no assumptions about
average Fermi velocities, etc. , are involved. It is seen
from our calculated values for the quantities that
m&h*&ss p&, which is in agreement with Cohen's result
that this inequality should hold when the Fermi surface
contacts the zone boundary.

These two calculated values, i.e., discounting our
density-of-states result, which is probably fortuitous,
agree within the estimated errors. These values com-

pare with experimental results of 0.96+0.01mp by
Schulz ~ and 1.00mp which has been calculated from the
value for p quoted by Montgomery et a/. '4

It would appear on the basis of these results that
the experimental enhancement of y above the value
calculated on band theory is about 10%.This compares
with an enhancement factor of 25% estimated by
Zornberg and Mueller" for copper. Montgomery sug-

gests that this enhancement might well be smaller in
the case of silver and our results would confirm this.

This question of enhancement of electronic specific
heats, cyclotron effective masses, etc., above the value
expected from pure band theory is an important one
and it appears likely that, even in nonsuperconducting
metals such as silver, it is electron-phonon interaction
which is the main factor causing the effect. On this
assumption work is proceeding in trying to correlate
the discrepancies between our results and experiment
with the perturbation theory approach to electron-
phonon interaction suggested by Quinn. "

'4H. Montgomery, G. P. Pells, and E. M. Wray, Proc. Roy.
Soc. (London) A301, 261 (1967).

2' E.I.Zornberg and F. M. Mueller, Phys. Rev. 151,557 (1966)."J.J. Quinn, in The Fermi Surface, edited by W. A. Harrison
(John Wiley R Sons, Inc., New York, 1960), p. 58.

The present calculations on silver have been done as
a preliminary to studies of alloys of the silver-palladium
series. In particular, attempts are being made to predict
the variation of y with composition. '4 Since palladium,
as a transition metal, has a much higher density of
states at the Fermi level, it appears that electron-phonon
interaction is much more important here than in silver.
How this interaction varies in the alloys and hence to
what extent the variation of y with composition is a
true measure of the variation of N(Ep) is an important
question which has still to be resolved, as indeed has
the problem of the probable spreading of the Fermi
surface from an (assumed) perfectly sharp surface in a
pure metal to a much more diffuse quantity in an alloy.

DISCUSSION

We have in this paper attempted to correlate a band-
structure calculation for silver with the observed
electronic properties of that metal. To this end we have
derived a set of parameters for the band structure which
appear physically plausible.

The uniqueness of this set of parameters has not been
studied; we have been more concerned with showing
the consistency of various physical properties such as
Fermi-surface dimensions, optical data, and effective
masses with our set of energy levels.

Ideally, relativistic corrections should be included in
these energy levels since silver is a moderately heavy
atom and such effects are likely to be more important
here than in copper. It is possible, though calculations
have not yet been carried out, that including spin-orbit
coupling would alter the energy levels at the point L
in the zone so as to bring the calculated Fermi surface
neck into better agreement with experiment. On the
other hand, bulk properties such as the density of states
are not likely to be much affected by this interaction,
which is only of interest at symmetry points in the zone.
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