
ENDOR OF V~ CENTER IN NaF

6eld approaches the J" axis, the resolution of the data
was not sufhcient to conGrm all of the details beyond-
doubt. Therefore, more precise measurements were
made on the spectrum of the lithium C nuclei neigh-
boring the V~ center in LiF. The spin Hamiltonian
diagonalization predicts a complicated angular de-
pendence as the magnetic Geld is rotated about the I"
axis into coincidence with the X axis. In particular, for

the R2 ESR line, the ENDOR lines cross before reaching
the X axis and then come together again on the axis.

In Fig. 16, the E2 ENDOR angular dependence
calculated using the experimentally determined hyper-
fine constants is compared with carefully measured
ENDOR line positions in the vicinity of the X axis.
This conGrms the details predicted by the diago-
nalization of the spin Hamiltonian.
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A new ESR center has been produced in NaF crystals containing lithium impurities by producing Vz
centers and warming the crystal to 150'K so that the self-trapped holes can migrate until they associate
with the impurities. The complex consisting of the self-trapped hole associated with a Li+ impurity ion
has been named the "V~@ center. "The ESR spectrum can be interpreted in terms of a "bent-bond" F2
molecule ion. An electron-nuclear double-resonance (ENDOR) study of the V~~ center has provided
definite confirmation of the assumed model. The difference in the ENDOR spectra of different ESR lines
has been explained by a diagonalization of the complete spin Hamiltonian matrix which includes the hyper-
fine interactions of the unpaired electron with both the molecular nuclei and the lattice nuclei.

I. INTRODUCTION

r IBIS paper presents the results of electron-spin-. resonance (ESR) and electron-nuclear double-
resonance (ENDOR) studies of self-trapped holes (Vx
centers) in NaF associated with lithium impurities.
The name "V~g center'" will be used to designate this
associated center.

The ESR' ' and optical'7 properties of the self-
trapped holes have been investigated in several alkali
halides. Also, ENDOR studies of the V~ center have
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been carried out in LiF ' ' and NaF."All of the experi-
ments have been successfully explained by the molecule-
ion model in which the hole is shared by two adjacent
halide ions to form a negatively charged diatomic
molecule, e.g. , Fs, oriented along a L110j crystalline
direction. The association of the V~ center with the
lithium impurity produces changes in the ESR spectrum
which are similar to those described by Kanzig" for the
Vp center in LiF.

The experimental apparatus and the production of the
V~g centers are discussed in Sec. II.The ESR spectrum
of the Vz& center is analyzed in Sec. III and compared
with other V& type centers. The ENDOR results that
provide the positive identification of the geometry of
the V~g center are reported in Sec. IV. The ENDOR of
the V~~ center is compared with the ENDOR of the
unassociated V~ center in NaF" and LiF '' and the
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reader is referred to the two preceding papers for
additional details of the isolated V~ centers.

II. EXPERIMENTAL

The ESR and ENDOR data were taken with an
X-band, superheterodyne spectrometer. This spectrom-
eter was similar to the one described in detail by
Gazzinelli and Mieher. '

The samples were crystals of NaF grown from a melt
containing about 1% of LiF. The crystals were grown

by the Bridgman technique of lowering the molten salt
through a thermal gradient. The salt was contained in

high-purity graphite crucibles located on top of a
hollow, water-cooled stainless-steel lowering rod. The
crucible was in a stainless-steel vacuum tube in a
vertical two-zone furnace. The lowering rod moved
through a vacuum seal.

The system was first baked out at a temperature
about 100'C below the melting point of the salt and
during crystal growth there was a continuous Qow of dry
argon through the system.

Those samples for which the magnetic field was
rotated in a (100) plane were cleaved from the boule
along the (100) cleavage planes. Typical sample
dimensions are approximately ~&)&~)&~ in. The
samples for which the magnetic field was rotated in a
(110) plane have similar dimensions. The rotation axis,
which is parallel to the ~-in. edges of the sample is a
L110] crystalline direction. Two of the long lateral
faces are cleaved (100) planes. The other two lateral
faces and the two end faces are all (110) planes which

were ground and polished within a tolerance of ~1' or
better.

Production of the V~g centers for ESR and ENDOR
studies is done as follows. After mounting in the
spectrometer and cooling to liquicl. -N2 temperature, the
samples are irradiated for about 24h with the x-ray
tube set at 75 kV and 30 mA. The x-ray equipment used

is the same as that described by Gazzinelli and Mieher. '
After irradiation, the sample is protected from exposure

to light by the microwave cavity or a light shield. The
sample is then warmed by blowing the liquid-N& out of
the coolant container to which it is attached. The
temperature is monitored by a copper-constantan
thermocouple attached to the bottom of this container.
The onset of conversion of V~ centers to Vg~ centers is
observed at 140'K, and the conversion is complete at
160'K. The V~g centers are stabIe at 460'K. The con-

version can be monitored by observing the-ESR of the
V~ and V~g centers.

The conversion efBciency based on ESR amplitude
ratios appears to be near 100%.Attempts were made to
orient the Vzz centers by optical methods that were

successfully used to orient V~ centers in NaF and LiF.
However, the V~@ centers were disassociated with a
consequent regeneration of Vz centers.

The coolant container is refilled with liquid N2 and

the sample is kept at that temperature or lower for the
duration of the experiment. The optimum signal to
noise for the ENDOR studies is obtained with liquid H2
as the coolant. The sample temprature was about
40'K because of exposure to room-temperature radiation.
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Fzo. 1. Geometry of the lithium V~~ center and lettering
of nearby lattice nuclei.

III. ESR SPECTRUM

A. Qualitative Picture

The KSR spectrum of the lithium V~g center in NaF
is similar to that of the V~ centers in the alkali Quorides'
and that of the Vp center in LiF."The total spectrum
observed is a superposition of the spectra produced by
the six different orientations of V~~ centers corre-
sponding to the six L110j lattice directions. They
exhibit the large resolved anisotropic hyperfine inter-
action of the two molecular nuclei that is characteristic
of all the Vz type centers observed in halide salts. The
hyperfine interactions of the lattice nuclei surrounding
the molecule ion are not resolved in KSR but produce an
inhomogeneously broadened line whose width is ~9 G
for the lithium V~g center in NaF. The effective ESR
spin Hamiltonian of the V~& center is the one used by
Kanzig for the Vp center" which is applicable to any
bent-bond Vz center. It is given by

3CEsR/ga80 =Ho g/go S+Kx Tx S+Ks T2 S
—(yah/gopo) (Kg+K2) Ho, (1)

where Ho is the dc magnetic field, S is the electron spin
operator, S=~, g is the electronic g tensor; K~ and K2
are the spin operators of the molecular Quorine nuclei,
E&——E2———,', T& arid T2 are the hyperfine tensors of the
molecular Quorine nuclei, go is the free-electron g factor =
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TAsx, E T. Principal values of the g tensors, principal values of the molecular-fluorine hyperGne tensors (in 0},and the bond angles (8)
of the lithium V~~ center and the Vg center in NaF, and of the Vp center and V~ center in LiF.

Crystal Center (G) (G)

LiF

Li V~ 2.0219+0.0002 2.0231+0.0002 2.0020+0.0001
V~& 2.0220 2.0220 2.0014 47

Vgb 2.023&0,002 2.023+0.002 2.00ia0.002 =0
V~ 2.0239 2.0239 2.0034 Si

916.4(+0.3, —0.1) 0.6a0.2'
47 897.1

=0 915
57 883.7

~ Reference 4. b Reference 11.

2.0023; Po is the Bohr magneton, yr is the fluorine
nuclear gyromagnetic ratio; and h is Planck's constant.

The geometry of the Vz& center is shown in Fig. j..
Figure 2 shows the orientations of the principal axes
x&, y&, and z1, and x2, y2, and z2 of the hyperfine tensors
T1 and T2 relative to the principal axes X, F, and Z
of the tensor g and of the electron distribution of the
molecule ion. The angle 5 by which the principal axes of
the hyperfine tensors are rotated with respect to the
XFZ coordinates is defined as the bond angle. The
hyperfine tensors of all the V~ centers observed in the
alkali halides, ' 4 as well as those of the Vp center in
LiF" and of the lithium V~g center in NaF, have been
found to be axially symmetric about their respective z
axes within experimental error. The parallel principal
value T, is typically 900 G for all the F2 centers, ""
while the perpendicular principal values T, and T„
range from 30 to 60 G for the F2 V~ centers'4 and are
approximately 0 G for the two bent-bond F2 centers
(the Vi and Vxg) . The principal values of the hyperfine
tensors Ti and T2, the principal values of g, and the
bond angle 8 are compared in Table I for the V~ center
and the lithium V~g center in NaF, and for the V~
center and Vp center in LiF.

Fxc. 2. Orientation of the principal axes of the molecular
Buorine hyperfine tensors relative to the XYZ principal axes of
the V~g center. The Ggure eights indicate the distortion of the 0„
molecular orbhal due to the bent bond. The g', y', z' axes rotate
with the magnetic Geld.

The F2 molecule ion in a lattice, whether bent bond
or not, generally produces four ESR lines corresponding
to the four independent spin states of the two spin--,'
molecular Quorine nuclei. These states may be classified

by the projection quantum number M =+1,0, 0, of the
total nuclear spin K+=Ki+K2 along the internuclear
axis (the superscript + is used because the operator
K =Ki—K2 will be introduced later). The angular
dependence of the four ESR lines of the V~ center and
of the lithium V~g center in NaF is shown in Fig. 3 for
rotation of the magnetic field in planes containing the
molecular axis. The ordinate f' is the angle between the
magnetic field and the molecular axis, The lines are
designated by both the conventional labels, R&, R2, R3,
and R4' and by (+1), (0), which denotes the corre-
sponding value of M.

Although there is an over-all similarity in the spectra
of the two centers, the R2 and R3 lines of the V~g center
are resolved in the range ~20'—75', where they are
unresolved for the Vlf- center. This splitting is the
principal difference between the ESR spectra of an
F2 V~ center and an F2 bent-bond center. It occurs to
some extent for all field orientations where the molecular
Quorines of the bent-bond center are nonequivalent.
Thus the splitting is greatest for field rotation in the FZ,
plane as in Fig. 3, and is zero for field rotation in the
XZ plane. The splitting is linear in 8 for a given orienta-
tion of magnetic field (see quantitative discussion to
follow). Kanzig" noted these basic differences between
the KSR spectra of the V~ center and the bent-bond V~
center when he observed them in the Vp center in LiF.

Since the bond angle of the Vzz center is substantially
less than that of the Vr center (see Table I), the splitting
of the E2 and E3 lines is correspondingly less. Clear-cut
observations of these splittings were consequently
hindered for most orientations of magnetic field by
overlap of the E2, Re, and R41ines of diferent orientations
of V~g centers. Nevertheless, four diGerent orientations
of centers become equivalent when the field is parallel to
a [100)or a [110jdirection, and the splitting of the R2
and R3 lines of these centers is readily discerned in each
instance. The ESR spectra of the V~~ center for these
two field. orientations are shown in Fig. 4 and are com-
pared with the corresponding spectra of the V~ center
in NaF in Fig. 5. The splitting of the R2(45 ) and
Rg (45') lines for Ho parallel to [100j, and of the R2(60')
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f5R Spectrum of VK center in NoF

4—L)(6(f),R~(609, q(60')l~ RgQf),(f)
Rt(0'), R)(()rl

FIG. 4. The KSR spectra of the V~
center in NaF before conversion to the
V~~ center. The top recorder trace is for
H4 parallel to [110$ and the bottom
trace for Hs parallel to [100$. Splitting
of the &(45 ) line is caused by slight
crystal misorientation. Ri(4S') Ho II IIQQ]

OUOrtz tine

KSR Spectrum of VK- center in NoF

R)8~)

R)45'),Rs(45'), R4(9(fl
R)4S')

Quartz line

Zeeman terms are dropped, and g, T~, and T2 are as-
sumed to be axially symmetric about their respective s
axes, i.e., gz =gz and T =T„.The calculations eventually
showed that incorporation of the bond angle 8 into the
Vz center matrix was actually the only additional
feature essential for the analysis of the Vz& center data.
Limitation of field rotation to the I'Z plane simplifies
the algebraic expressions and the calculations but does
not prevent accurate determination of the Hamiltonian
parameters.

In deriving the matrix of Table II, the KSR Hamil-
tonian is written as the sum of an expression almost
identical with the V~ center Hamiltonian and some
terms which represent the eGects of the bent bond. The
molecular nuclei of the V~ center are equivalent, and it
is possible to eliminate K~ and K2 from its ESR Hamil-
tonian by the substitution K+=Kt+Ks as has been
done previously. "For the sake of comparison it is
desirable to use K+ in the bent-bond Hamiltonian as
well, but the nonequivalence of the molecular nuclei

Ri(0 )

Ri(60 )
R4(sd')

Ho II I, IIO)

ESR5pctrum of Lithium + center in NoF

Rg(90')

Rz(60')
Rl(90'), R2(90') l

R (904)4
~Rg(60')

go')

Fxo. 5. The ESR spectra of the lithium
V~~ center in NaF. The top recorder
trace is for H4 parallel to [110$ and the
bottom trace for Hs parallel to [100$.
Splitting of the E~ (90') and E2(90')
line in the top trace is caused by slight
crystal misorientation. R,(45')

I I (I00)

Ouortz line

ESR Spectrum of Lithium VKA center in NoF

Rp(45 ),Rg(90 ),R4(90 )
(

Rg(45')

RI(90 ) R$80 ) R4(45')

Ouortz line
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TASLz IL The matrix (ys„K+, M
( X@sn

~
ssss', K+s, M'). The states ) 1), ( 2), etc. , are given in

Eq. (8) and the terms A, B, C, etc., are given in Eq. (9).

A —B+C

A

—I+1
G—H

(2I

(6I

prevents a complete elimination of K~ and K2 in this
fashion. It was found that if the additional relation
K =K~—K2 is introduced, the V~ center part of the
ESR Hamiltonian is expressed in terms of K+ only, the
bent-bond part in terms of K only, and K~ and K2 no
longer appear.

The quantization directions of the spin operators and
the zeroth-order spin functions are the same as those
used in the previous V~ center calculations. ' The
electron spin S 'is quantized along the magnetic 6eld or
the z' axis in Fig. 2. The spin operators K+ and K, or
equivalently, K& and K2, are quantized along the
molecular or Z axis. The eight basis spin functions are
taken to be the product states,

Each term is first expanded in the principal-axis co-
ordinate system of the tensor involved. This gives

KESR/gopo = (gz/gp) HpSz cosf (gY—/gp) HoSY sill)

+TsE1,„S„+Twit, w, Sw,+TsX1,„,Ss,

+Ts+2,s2 s2+Tw+2, ws w2+Tslt2, s2 ss

—(Hpy/goPo) &"+Ho (4)

A counterclockwise rotation by an angle 0. about one of
the x axes in Fig. 2 is given by

0 0

E(n) = 0 cosn sinn .

where
I~,) Iz+, iv&= Im. , x+, m&,

0 —sinu cosa

By use of the transformations

and
M=&1, 0.

The quantum number m, is the projection of 8 along

Ho, K+ is the total nuclear spin of the molecule ion in the
singlet-triplet representation, and 3f is the projection
quantum number of K+ along the Z axis. The expressions
for the combined nuclear spin functions

I
E+, M), in

terms of the spin functions
I
X;, M;&;, 2= 1, 2, of the 2th

molecular nucleus, are

I1, 1&= Il, l&tlat, l&

I
1, o& =-,'&(I -'„-', &, I

—;,—l &+ I l, —l) I l, l»
I 1, —1)= I 2, —

2&1 I 2, —
2&2

I
o, o&=22&2(l 2, 2&, I 2, —

2&2
—12, —

2&1 I
21, 22&2) ~

In order to calculate the analytic form of the matrix
in the chosen representation, the ESR Hamiltonian is
expanded with the components of S expressed in the
x'y'z' coordinate system and the components of K+ and
K expressed in the XI'Z coordinate system (Fig. 2).

(6)

+Tw~r+(Sw. cosf S,. Sing)—
+T~KZ+(Sy sint'+S, cost' )

+ETysKY (Sy~ slnf'+ Ssi cosi )

+&Ty,&z (Sw cosf' —S, sini)

+ (hyy/goPo) (Ho sini )EY+

—(/gay/gsPo) (Ho cosf') Kz+, (&)

Sx,Y,z ~( f ) Ss'y's'y

Ssrwrsr =~( ('+@Ss'w's'&

Sssysss ~( i 8) Ss'w's'i

+1,sly lsl ~(8)+1,xYz&

R,sswsss=~( 8)%,xYzq

E, += KY+ sin f+Ez+—cosf,

Eq. (4) can be written in the desired form,

Rnsn/goPp ——(Hp/go) (g,

cosset'+g

Y sino)) S,

+ (Hp/gp) (g.—gY) (sint' cosf) S„

+ Tsar(x+S.
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where
Tog=To COS 8+Tg Sill 8,

Tgo=To Sill 8+Tg Cos Bp

ATog= (To—Tg) sink cos8.

line positions LFig. 3(b) and Table IIIj could be com-
puted in this fashion for a particular set of ESR
parameters.

The parameters g~, gy, gz, T, T„, T„and 5 of the
lithium V~g center in Nap are determined as follows:

The matrix &m. , E+, M
I
KEsn

I
m, ', E+', 3II') is given

in Table II.The states &I m„E+, M
I

are represented by

=&-;, 1, 0

&81=&—l o oI.
The terms A, J3, C, etc., are

& = ( UoHo/2 go) (gz cosof+ gr sin'f'),

8=.QlgHp cosf,

C—
2 UpTzy,

D= (ypHp/K2) sing,

E= (UoT~/2&2) sing,

F= (Upb, T„,/2v2) cosl,

G= (UpHo/2go) (gz —gr) sing cosl,

H=o(UpT, „) sinl,

I= UpT, /292,

J= (UoT„,/2') cosf,

E= ( UpAT„./2V 2) sint', (9)

where Up = 10 '
gpPp/h and yr is in units of Mc sec 'G ',

so that all terms are in Mc/sec units. The submatrices
such as

(E+, M
I
E,+I E+', M')'

that were used to obtain Eq. (9) are discussed in the
Appendix.

The computer program would first evaluate the ESR
matrix for a given orientation and some arbitrary
magnitude of magnetic field ( 3000 G), compute its
eigenvalues, and then calculate the frequency of a
particular transition (R&, Ro, R,, or R4) from these
eigenvalues. The field magnitude was adjusted by
iteration of these steps until the computed transition
frequency and the fixed microwave frequency (9180.6
Mc/sec) agreed within 0.1 Mc/sec. The computed
results were expressed as proton probe frequencies for
direct comparison with the experimentally measured
proton probe frequency. Angular dependences and E$R

(1) gz is determined by the Ro line position when Hp
is parallel to the Z axis, i.e., the Ro(0') line with
Hp II I 110j (Fig. 5);

(2) T, is determined by the separation of the Rl and
R4 lines when Hp is parallel to the Z axis, i.e., the
Ri(0') and R4(0') lines with Hp

I I I 1107 (Fig. 5);
(3) g» and gr are determined by the R, line position

when Hp is parallel to the X and F axes, respectively,
i.e., the Ro(90') lines with Hp

I I L1003 and Ho
I I L»03

respectively (Fig. 5);
(4) T, and T„are determined by the separation of the

Ei and E2 lines when Hp is parallel to the X and F axes,
respectively, i.e., the Ri(90') and Ro(90') lines with
Ho II L100j and Ho II L110], respectively (Fig. 5);

(Sa) 8 is determined by the Ro line position when Hp
is parallel to the F axis, i.e., the Ro(90') line when
Ho II [110j (Fig. 5);

(Sb) or 8 is determined by the separation of the Ro
and Ee lines when Hp is contained in the YZ plane and
makes a 45' angle with the Z axis, i.e., the Ro(45') and
Ro(45 ) lines with Hp

I I
L100j (Fig. 5) .

These measurements are similar to thoses used in the
Vz center analysis, 3 4 but gz and g& are determined from
Ro(90') lines in this treatment whereas g4. was deter-
mined from the Ro(90') line previously. The difference
arises because the Ro(90') line position is significantly
influenced by the bent bond. The method used to
determine gz and g& was justified by computer cal-
culations which showed that the Ro(90') line position
is independent, within experimental uncertainty, of
T or T„and 8. This feature of the 90' spectrum is
illustrated in Fig. 6, which shows the dependence of line
positions on various ESR parameters with Hp parallel
to the F axis. The dependence of the Ro(90') line
position on 8 permits the determination of this param-
eter by measurement (Sa) .

The magnetic field orientations required for the five
measurements are all contained in a (100) crystalline
plane. Thus, the crystal was rotated about a &100) axis
which was perpendicular to the field within an estimated
uncertainty of 1'. The results of the measurements
are contained in Table III. The difference between the
positive and negative uncertainties in the positions of
the Rl(0') and R4(0') lines arises because any mis-
orientation of the rotation axis decreases their separa-
tion. Measurements (3) and (4) required special
methods because the Ri(90') and Ro(90') lines are not
resolved and have a strong V-shaped angular depend-
ence as the field is rotated through one of the

I 100$ or
L110j directions contained in the (100) plane of
rotation [see Fig. 3(b) j. The line positions were
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TABLE III. Calculated' and experimental line positions (proton frequency' in Mc/sec)
for magnetic field rotated in FZ plane of lithium Vg~ center in Nap.

Angle

00

30'

45'

60'

75'

90'

Kxpt.
Calc.

Expt.
Calc.

Expt.
Calc.

Expt.
Calc.

Expt.
Calc.

Expt.
Calc.

Kxpt.
Calc.

RI Line

10.0471(+0.0015, —0.0005)
10.0469

10.141+0.010
10.1380

10.418+0.010
10.4117

10.882+0.010
10.8683

11.515+0.010
11.5044

12.317a0.010
12.3080

13.2510+0.0015
13.2499

RR Line R4 Line

13.9306 13.9473

13.8960

13.8384a0.0003
13.8530

13.9282

13.9146~0.0001
13.8983

13.8119

13.7822

13.2528+0.0015
13.2525

13.8670

13.8433

13.7737&0.0003
13.7735

13.9488+0.0003 13.9488+0.0003
13.9488 13.9488

R4 Line

17.8509(—0.0015, +0.0005)
17,8509

17.661&0.010
17.6653

17.132+0.010
17 ' 1349

16.338&0.010
16.3291

15.347&0.010
15.3461

14.317~0.010
14.2907

13.8367

Parameters used in calculation are T» =Tz =0, T, =915.4 G, 8 =0.47, gg =2.0219, gy =2.0231, gz =2.00205, and f~lg =9180.$9 Mc/sec. Calculated
proton frequencies are numerically accurate to +0.1 kc/sec.

obtained by extrapolating the two branches of the V to
their crossing point. The estimated uncertainty in these
measurements is ~1.5 kc/sec.

The ESR parameters obtained for the lithium V~~
center in NaF are given in Table I. The value of 8 is an
average of the values obtained by methods (5a) (0.47')
and (Sb) (0.79'), and. its uncertainty is determined by
the discrepancy between the two values. %ith these
parameters the entire angular dependence can be
calculated and compared with the experimental angular
dependence as in Fig. 3(b). A quantitative comparison
is made in Table III, where calculated and experimental
proton probe frequencies are listed for several specific
field orientations. The line positions called for in
measurements (1)—(5) were determined more carefully
than the others and have correspondingly smaller
uncertainties. The +0.01 Mc/sec uncertainty of the
latter measurements is a rough (probably excessive)
estimate based on the scatter of experimental points
about a smooth curve drawn to fit their angular
dependence LFig. 3(b) 7. This estimate may not include
some systematic error which, for example, may occur
in the measured angle between the field and the
molecular axis.
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and (+-'„0,0
~
Xpsa

~
+2, 0, 0), are degenerate in

first order. They are also coupled directly by the matrix
elements (+2, 1, 0

~

XEsa
~
&~, 0, 0). This matrix ele-

ment vanishes when there is no bent bond or when the
field is contained in the XZ plane of a bent-bond center

C. Descriytion by Perturbation Theory

Many features of the KSR angular dependence of the
F2 centers can be understood from a perturbation
theory point of view. Most important for the Vzz and
Vp centers of course is the splitting of the R2 and R3
lines(see Fig. 3) caused. by the bent bond. These lines

are produced by the two M =0 states of the molecular
nuclei, namely, the singlet and M =0 component of the
triplet. Inspection of the ESR Hamiltonian matrix
(Table II) shows that for each of the electronic states
(m, = &-', ), the diagonal matrix elements associated with

the M =0 nuclear states, (+-'„1,0
~
XEsa

~

&-', , 1, 0)

~~18 G

Rl R2

~21 G~
FLUORINE ZEEMAN

T = T = 50G
X

T = 900G

3= L5'

INCREASING FIELD

0 )) y axis

FIG. 6. The dependence of ESR spectra on molecular Ruorine
hyper6ne parameters when the magnetic 6eld is perpendicular
to the F2 bond axis of the V~ or V~~ center. The term "fluorine
Zeeman" indicates that the term yp(FI+E2) ~ IIO has been in-
cluded in the Hamiltonian.
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FIG. 7. Typical ENDOR recorder
tracings of the lithium V~g center in
NaF.
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rte in zz plane ST tram z azie

Rt line F

6.0 7,0 8,0 9,0

l l,5 12,0 l2.5 l3.5

1'c c
l

i l l

40'-

I
f~

80'—

SOOIUM

V„,e N

I 2
(&-&H), Mc~sEc

Fro. 8. ENDOR angular dependence of sodium lines
of the lithium V~~ center in NaF.

(i.e., when the molecular nuclei are equivalent). When
nonvanishing it produces a significant effect because
the states it couples are degenerate. Application of
degenerate perturbation theory gives a separation
between the Rp and Rz lines of (ga/g) (T, T„) sin2b sint'—
(G). This result is a good approximation up to I 75'
where other oB-diagonal matrix elements begin to
complicate the perturbation theory.

In the range 75'(t &90' the ESR spectrum does not
exhibit the symmetry which is apparent for I (75', and
it is no longer a good first-order approximation to associ-
ate the Ri line with M=+1, the R4 line with M= —1,

and the Rz and Rz lines with M =0. At t'=0' the Ri and
R4 lines are centered on the Rz and Rz lines, but as I
increases their center of gravity is shifted increasingly
to lower 6elds than the Rz and Rz lines (neglecting the
comparatively small splitting of the R2 and R3 lines
caused by a bent bond) by the second-order perturba-
tion of the matrix elements (-', , 1, &1

~
XzsR

~

—
p, 1, ~1).

As a result, the Ra and R4 lines would cross at I' 82'
if their angular dependence curves for I &75' were
extrapolated linearly to 90'. Instead they repel each
other, a fact which is reminiscent of antilevel crossings
in atoms. Indeed, there is a similar cause for both
phenomena. Namely, energy levels which approach
each other as some parameter is varied in the Hamil-
tionian (I in the Fz ESR Hamiltonian and the magnetic
field in the atomic Hamiltonian) repel each other at
their would be crossing point if they are coupled by
oG-diagonal matrix elements. For the typical F2 center,
the energy levels involved in the R4 transition, after
being shifted by the second-order perturbations of
(-'„1, —1

~
XzsR

~

——',, 1, —1), would cross the energy
levels involved in the Rz transition at i'~82'. Since
these levels are coupled by the off-diagonal matrix
elements (&-', , 1, 0

~
Xasa

~

+-', , —,', —1), they repel each
other near 82', and consequently the KSR lines do also.
The closeness of approach and the sharpness of the
repulsion are determined by the size of the coupling
matrix element.

The magnitude of (+-', , 1, 0
~
Xasa

~
+2, 1, —1) for

the V~g center where T~ 0 G is considerably smaller
than that for the typical Vz center, where TJ. 50 G.
This accounts for the the diGerence in the repulsion
between the R2 and R4 lines evident in the calculated
curves of the V~ center and V~g center in Fig. 3. Both
M=0 lines of the Vg~g center are involved in the
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FIG. 9. ENDOR angular depend-
ence of fluorine lines of lithium V~A
center in NaF.
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repulsion because these states have been mixed by the
bent bond (the singlet of the V~ center is "pure") . The
overlap of ESR lines mentioned previously prevented
direct observation of the sharp bends predicted for the
V~g center at 82'. In fact, the experimental point at
77.5' taken on the E4 line possibly indicates that the
bends are not as sharp as predicted. One Gnal point in
this connection is that the E2 line for i &85' becomes
associated with the M =—1 nuclear state, while the R4
line becomes associated with the M=O state (both
M=0 states for the Vzz center, but only the M=O
component of the triplet for the V~ center). However,

for i' very close to 90', the M=&1 nuclear states are

nearly degenerate, so that the states which produce the

E~ and E~ lines are almost equal mixtures of the two
nuclear states.

IV. ENDOR SPECTRUM

A, Veri6cation of Model

The ENDOR spectrum of the lithium V~A center in

NaF provided definite confirmation of the model
illustrated in I'ig. 1. ENDOR lines were identified for

TABLE IV. Principal-axis (x, y, s) hyperfine values in Mc/sec and orientations (a, 8, p) with respect to the molecule-ion principal
axes (X, Y, Z} for all observed nuclei (except 8, E', G', and G) of the lithium V~A center in NaF and some nuclei of the V~ centers
in NaF and LiF.

Center Nucleus
A

iMc/seel
A„

(Mc/sec)
A,

(Mc/sec)

Li V~A

Li V~A

V~ b (Lir)

Ll V%A

Li VxA

Li V+A.

L~ VxA

A(Na)

A(Na}

A'(Li)

A(Li}

B(F)
B(F)
S'{F)
C (Na)

&(F)

D(F)
D'(F)

F(F)
F(F)

—6.15+0.04 —3.17ap.04 —5.50+0.04 00

—7.15 —4.10 —6.36 00

—6.04~0.02 +1.65&0.02 —4.06~0.02 00

—7.95 +0.97 —5.36 00

+0.85 —3.74 36'

—0.22&0.06 —5.85%0,02

+2.20%0. 50 —1.55&0.10

—5.01~0.02 32.2~0.5'

—1.10&0.10

—1.36+0.02 +2.52+0.08 —1,10+0.04 00

—1.56 +3.05 —1.22 pO

—2.77&0.02 +3.35+0.08 —1.73~0.04

—1.06&0.04 —1.06~0.04 +3.77&0.02

0'
00

—1.10 —1.10 +3.95 p0

+1.34+0.06 —3.945+0.02 —3.22+0.02 38.7+0.5'

pO

00

PO

0'

38.7+0.5'

36

32.2~0.5'

=7 5'

16.3~1.5'

16'

10&2

2.5w0. 5'

00

00

PO

00

pO

pO

00

00

16.3w1.5'

10a2
2.5&0.5'

pO

a g,qfqrence &0, b g.eferqncyy S, 8, pe 9,
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FIG. 10. Comparison of the angular
dependence of some ENDOR lines of the
lithium V~g center in NaF with corre-
sponding lines of the t/'~ centers in
NaF and LiF. For clarity only the
central line of a quadrupole triplet is
shown for the sodium lines.
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the nuclei labeled A, A', B, B', C, D, O', E, E', F, 6,
and G' in the 6gure. A typical ENDOR spectrum is
shown in Fig. 7. In each instance the angular dependence
was consistent with the symmetries of the model. Some
experimental angular dependence curves are given in
Figs. 8 and 9 and the hyper6ne constants are tabulated
i» Table IV.

The data were taken using the same procedures as in
the ENDOR studies of the V~ centers in NaF" and
LiF,'' and the format of presentation of the angular
dependences is the same as in Refs. 8—10. The three
Iianels of a typical 6gure correspond to rotations of the
magnetic field about the X, F, and Z axes (see Fig. 1),
~nd the frequencies on the horizontal axis are the

1iyperfin shifts, v —pH, where v is the observed ENDOR

frequency, p is the nuclear gyromagnetic ratio, and H
is the magnetic 6eld.

Except for a small portion of the lithium A' angular
dependence taken on the E~ and E3 ESR lines, the
ENDOR data were limited to the E~ line and to the E4
line in regions where it is resolved from the super-
position of ESR lines at the center of the spectrum.
Optical orientation of the V~ centers in NaF" and
LiF '' permitted observation of reasonably complete
angular dependences on the E2 and Ee lines. Instead of
selectively orienting the Vzz centers, these methods
disassociated the self-trapped holes from the lithium ions.

Because the perturbation of the unpaired electron
wave function by the impurity in the Vzz center is small,
there is a close resemblance between the angular
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dependences of nuclei of the same type which occupy
corresponding lattice sites in the V~~ and U~ centers.
This similarity greatly facilitated the identification of
ENDOR lines of the U~~ center and is illustrated in
Figs. 10 and 11,where the angular dependences of some
nuclei of the V~~ and U~ centers are compared.

Symmetry arguments like those used in the V&

center studies' "were also used here to verify consist-
ency with the model and to identify ENDOR lines. The
V~ center and the V~g center both have reQection
symmetry through the XY and FZ planes (Fig. l), but
only the Vz center has reflection symmetry through the
XZ plane also. As a consequence, nuclei which occupy
lattice sites exchanged by reAection through the XZ
plane may be equivalent for certain field orientations in
the Vz center but are always nonequivalent in the Uzz
center (distinguished by primed and unprimed letters) .
Furthermore, nuclei which occupy lattice sites contained
in the XZ plane have the F axis as a principal axis in the
U~ center but do not in the U~g center. These are the
basic qualitative differences between the ENDOR
spectra of the V~ and V~g centers. Experimental ob-
servations of these differences include the identi6cation
of the ENDOR lines of the 8, 8', D, D', E, E', G and G'

nuclei of the Vrr~ center (Figs. 8 and 9), and the splitting
of the ENDOR lines of the C and F nuclei of the V~g
center for magnetic field rotation in the YZ plane.

In Fig. 1 we have labeled the nuclei on the same side
of the XZ plane as the sodium A nucleus with the
unprimed letters 8, B, E, and G, and those on the
lithium A' side of the XZ plane with the primed letters
8', D', E', and O'. However, there is no unique way of
correlating the experimental data with the primed and
unprimed lattice sites.

The angular dependence curves of the 8 nuclei of the

V~ center in Fig. 10 are seen to fall between the curves
of the B and 8' nuclei of the U~~ center. The V~ center
curve is closer to the V~g center curve with the smaller
hyperfine constants. The local environment of the
unprimed nuclei resembles that of the corresponding
nuclei of the U~ center more than that of the unprimed
nuclei. This suggests that we identify the 8 nuclei with
the U~g center ENDOR lines closest to the correspond-
ing U~ center lines. Similar relations between the
ENDOR lines occur for the primed and unprimed D, E,
and G nuclei.

The Fermi contact interaction is proportional to the
unpaired spin density at a nuclear site and is given by
one-third the sum of the three principal values of the
nuclear hyperfine tensor. From the values of Table IV
we may compare the contact interactions of the 8, 8',
and BK nuclei. According to the proposed assignment,
the 8' nuclei have the largest and the 8 nuclei have the
smallest contact interaction and the value for the V~
center 8 nuclei falls between these but is closer to that
of the unprimed 8 nuclei. These relative magnitudes

suggest that the primed nuclei and the F2 molecule ion
move toward each other by partial relaxation into the
lattice site of the small Li+ ion. Strong support for this
interpretation is the fact that the contact interaction
of the sodium A nucleus is less than that of the sodium
A~ nuclei. This is the one instance where the V~~
center nucleus is known to be on a particular side of the
XZ plane and thus permits an unambiguous comparison
with the corresponding nuclei of the V~ center.

3. Quantitative Analysis

The frequency v and the hyperfine shifts v —pH of
ENDOR transitions for nuclei neighboring the V~g
center were calculated with the following effective spin
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Hamiltonian (in Mc/sec):

&=&zsz+&.~.S—VAo &, (10)
where I is the nuclear-spin operator, A is the nuclear
hyperfine tensor (in Mc/sec), y„ is the nuclear gyro-
magnetic ratio (in Mc/sec G), and Kzsz is given by
Eqs. (1) and (7). The experimental angular depend-
ences were used to determine the principal values and
the principal axes orientations of the hyperfine tensor A
for the A, A', 8, 8', C, D, D', and F nuclei (Table IV).
Although well-resolved quadrupole triplets were ob-
served for the sodium nuclei, the splitting for the A and
C nuclei is sufFiciently small to permit the accurate
calculation of the hyperfine constants with Eq. (10) if
the central line (+', -—io) of the triplet is used. No
hyperfine constants for the sodium E and E' nuclei
were calculated because the central line (+o~—o)
could not be identified. The quadrupole triplet splitting
of the lithium A' nucleus is barely resolvable. Thus, the
spin Hamiltonian of Eq. (10) without a nuclear quad-
rupole term is adequate for the calculation of those
hyperfine constants given in Table IV. Calculation
methods were only developed for nuclei with at least
one of the principal hyperfine axes parallel to one of the
three axes X, I', and Z (Fig. 1).No hyperfine constants
were calculated for the G and G' nuclei because they do
not satisfy this requirement (see Ref. 10 for a discussion
of the G nuclei for the Vrr center). Although the C
nuclei also do not satisfy this requirement, one of their
principal axes is nearly parallel to the Y axis (differs by
7.5'+2'). The principal hyperfine values of the C
nuclei were calculated by assuming that the two axes
coincide and the error thus introduced is more than
covered by the comparatively large uncertainty given.

The calculations consist of finding the eigenvalues of
the spin Hamiltonian in Eq. (10) from which the fre-
quencies of the allowed ENDOR transitions (I hmr

I

=
1, hm. = hm = 0) can be calculated directly. The
experimental parameters gx, gy, gg, T„T„,T, and 8 of
the KSR part of the Hamiltonian are fixed at the values
given in Table I, and the hyperfine constants of A are
adjusted to produce agreement between the calculated
and experimental angular dependence. In the ENDOR
study of the Vz center in LiF, Gazzinelli and Mieher'
developed perturbation methods for this calculation.
For the M =0 ESR lines the hyperfine interaction of the
molecular Quorines can be neglected, and their per-
turbation calculation is patterned after one described
by Slichter (Chap. 7).' Since very little ENDOR data
for the V~g center was obtained from the M=O lines,
this method could not be used to determine hyperfine
constants. For the &=+1 ESR lines, the ENDOR
frequencies are strongly perturbed by the molecular
fluorine hyper6ne interaction. The perturbation cal-
culations of Gazzinelli and Mieher for %=+1 were
adequate for the angle I ( 75' (see Fig. 2), but they
break down in the range 75'(f(90' Therefore, this.
method could not be used to make accurate calculations

NUCI EUS in YZPLANF

zl

Ho

FIG. 12. The orientation of the principal axes, y and s, of the
hyper6ne tensor of a typical ENDOR nucleus in the I'Z plane.

3'zNnoz =&'~'S—V&o'&, (12)

is expanded with the components of I and 8 expressed
in the x'y's' coordinate system, and KESR is expanded as

of principal hyperfine values for principal axes making
an angle greater than 75' with the molecular axis.

In order to obtain hyperfine constants whose accuracy
is only limited by experimental uncertainties, the
matrix of the spin Hamiltonian in Eq (10). was diag-
onalized numerically on an IBM 7090 computer. The
smallest experimental error is the 10 kc/sec un-
certainty in the measurement of the frequency of an
ENDOR line (typical linewidth 50 kc/sec). The
numerical accuracy of the computer program is well
within this limit for the matrices encountered.

The form of the spin Hamiltonian matrix diGered
depending on the orientation of the principal hyperfine
axes and the field rotation plane. To illustrate the
calculation of the matrix, consider a nucleus with one
principal axis parallel to the X axis (any nucleus
contained in the FZ plane) and field rotation in the FZ
plane. The appropriate geometric parameters are
specified in I'ig. 12. The quantization direction and
representations of the spin operators S, K+, and K are
those used in the ESR calculations i Eqs. (2) and (3)g.
The nuclear spin I is quantized along the magnetic Geld
for the purpose of specifying its zeroth-order spin
function. Since, as mentioned previously, nuclear
quadrupole effects can be neglected, we may take the
value of the nuclear spin I to be ~~. Consequently, the
zeroth-order nuclear spin function is

I mr), where
mz=&~ is the projection of I along Ho. The quantum
number I is redundant and has been dropped. The 16
basic spin functions used to calculate the spin Hamil-
tonian matrix are taken to be the product states

i
m„X+, M) I

mr ) =
I
m„K+, ~, mr), (11)

where
i
m„E+, iV) is given by Eqs. (2) and (3) .

In this representation the ENDOR part of the total
spin Hamiltonian fEq. (10)j,
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TABLE V. The matrix (m„ IL+, 3f, mr I XRBR+SCRNDoR I

I 2b) I 3b) f
4b)

Vl4

-W —W~+ Vll

W+W„+Vgg

—W —8;,+Vgg

Vn

W+ Was+ Vss

—W —8;,+V3g

Vg4

Va4

—W —W„+V44

in the ESR calculations $Kqs. (4)—(7)7. We write

3cENDoa= —y„IIeI,+A~I~S~+A„I&S„+A~I,S» (13)

(b f
for mr ———ar. For example, a typical state is

(m„z+, M, mr
f

=(2, 1, O, —
a f

=(2&
f

~

where A„A„, and A, are the principal values o
Through the transformations

Izys=R( 8) I~ a', , —

S,„,=R(—8) S,.„... (14)

~ENDoa VnIIIA'+Ax~a'~z'

+ (A„cos'8+A, sin'8) I„S„

+ (A,—A„) (sin8 cos8)I„S;
+ (A,—A„) (sin8 cos8) I.S„

+ (A„sin'&+A, cos'8) I;S,. (15)

The matrix (m„E+, M, mr
f
R

f m, ', IL+', M', mr' ),
where 3'.=Kpq~+KENDOR, is given in Table V. The
states (m, , E+, M

f
are the same as in Kq, (g) and the

mr states are represented by (a f
for mr=+-', and

where 8= i —n and R(—8) is given by Eq. (5), Eq. (13)
takes the form

H =—~y„IIp,

W„=LA (A„sin'8+A, cos'8),

W» ———,
' (A„cos'8+A„sin'8),

A

W„,=LA(A, —A„) (sin8 cos8),

and V;;=ijth matrix element of Table II. Again all

terms are chosen so that the matrix is in units of
Mc/sec.

%hen calculating the corresponding spin Hamil-
tonian matrix for the other Beld rotations and orienta-
tions of the principal hyper6ne axes which occurred, S
and I were always quantized along the 6eld and K+ and
K along the molecular axis as was done in the KSR
analysis. Similar submatrices for the spin operator
components were also used (see the Appendix). When
Hp was not in a principal plane the matrix contained
complex matrix elements. The eigenvalues of a complex
Hermitian matrix, A+r3, where A and 8 are real
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m~', 1P', M', rsl'}. The terms F;; and V;; are given in Eq. (16).

8"g,+V4s

8'~+8"~~

-W +Wfo (4s i

(Sb )

(7b j

matrices, are idential with the twofold degenerate
eigenvalues of the real symmetric matrix

a)
(a ~)

Therefore» RlthGugh. thc dlagonabzatlon subroutlDc Used
was RppllcRblc to I'cRl symmetric matrices only, lt could
be adapted readily to calculating the eigenvalues of the
complex HcI"DlltlaD IDRtrlccs encountered.

C. Comyarison of Theoxy and Exyeriment

Typical comparisons between calculated and experi-
IncDtal RDgulal depcndenccs Rlc glvcn ln Figs. j.3—15 fol'

the sodium A, the lithium A', and the Auorine 8'
nuclei, respectively. The experimental points represented
by circles and triangles in these 6gures constitute the
-data from which ENDOR li~es were idcnti6ed and were
the 6rst data taken. Discrepancies between these points
and the calculated curves are in many instances several
times greater than the 10-kc/sec minimum experimental
uncertainty. These errors were due to a time-constant
shift resUlting from sweeping through an ENDOR line
too rapidly. It, wRs not. fcaslblc to tRkc Rll of thc dRtR
while sweeping frequency slowly enough to reduce the
tlnlc-collstRllt slllf't to less 'tllRI1 10 kc/scc. Instead
certain experimental poig. ts were remeasured accurately
by sweeping through the ENDOR lines stepwise and

reading the cycle counter dirctly at each step. These
points are indicated. by crosses in the 6gures. They were
selected to give the most accurate determination of
hypcrQnc constRDts RDd to provldc R comparison with
calculations 111 'tllc rcglolls of gl'cRtcs't ill'tcl'cs't (75
90').The time-constant shifted data are also included to
give R picture of the ovcr-all comparison between cal-
culations and. experiment. The agreement for the care-
fully measured points is within 10 kcfsec, and the other
cxpcrlmentRl polQts lndicRtc thRt this close agrccxQcnt
should hoM for the entire angular dependence.

Thc pl'cscll't calclllRtlolls dcscllbc (wlthln 10 kc/scc)
the observed angular dependences in the regions where
the angle between the magnetic Geld and the molecular
axis is greater than 75', while the perturbation theory'
fails to do so. This is best illustrated by thc angular
dcpcDdencc of thc llthlUID A DUclcUS 1D Flg. 14» where
calculations are given for all and observations for at
least three of the ESR lines in the region of interest
PS'&i:„&90'). The lithium A' ENDOR lines were
observed on the Rs and E4 ESR lines for 82'&$„&90'
even though these ESR lines are not resolved from the
KSR lines of other orientations of V~~ centers. This was
possible because these ENDOR lines are well separated
from any other ENDOR lines. The magnetic 6eld was
adjusted near the expected value until they were
observed. However, it was not possible to distinguish
between the Es and Rs ESR lines by this method,
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the same values of v —yH, and the E3 and E4 ENDOR
lines have the same values of v—yII.

(b) The R~ and Rm ENDOR lines are generally, but
not always resolvably shifted from the E3 and E4
ENDOR lines, and by amounts which generally diGer
for the two m, states (+~) .

(c) The position of the R6 and R4 ENDOR lines is

that predicted by the simplest calculations which do not
include the perturbations caused by the molecular
Quorine hyperhne interaction.

These predictions were verihed in greater detail for the
lithium A' nucleus than for other nuclei where data was
limited to the R» line, but in all cases the agreement was

within experimental error. In contrast, the perturbation
calculations' predict that all four ENDOR lines (R~, R2,
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FIG. 13. Comparison of a calculated and experimental ENDOR
angular dependence for the sodium A nucleus for the E~ and
& ESR lines of the V~@ center.

Several features of the spectrum at $„=90'were found
to hold generally for the 90' spectrum (H6 perpendicular
to the molecular axis) of all nuclei as predicted by the
matrix diagonalization calculations. These are

(a) The E~ and E, ENDOR lines (the ENDOR
spectrum or lines observed on the E;ESR line, i = j, 2, 3,
4, are designated the E, ENDOR spectrum or lines) have
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FIG. 15. Comparison of calculated and experimental ENDOR
angular dependence of the fluorine B' nuclei for the Ej KSR line.
The crosses indicate carefully measured points.

R3, and &) occur at the position of the Z6 and E4 lines

when Bo is perpendicular to the molecular axis.
The shifts of ENDOR lines caused by the molecular

fluorine hyperGne interaction can now be summarized by
several statements which apply generally for all orienta-
tions of magnetic Geld. First, these shifts only occur on
ESR lines produced by the M =+1 molecular fluorine

spin states or by linear combinations of these states.
These include the Rq and E& lines for l (81', and the Eq
and R2 lines for I &83' Second, the.se shifts are caused

by the perturbations of the matrix elements

-I 0
(I -yH), Mc/SEC

PIG. 14. Comparison of calculated and experimental ENDOR
angular dependence of the lithium A' nucleus for different ESR
lines. The crosses indicate carefully measured points.

which mix the two electron spin states m, =+-', . In the
matrix of Table V, the magnitude of these matrix
elements varies approximately as T, sinf and ranges
from zero at )=0' to D00 Mc/sec at |'=90'. Third,
the behavior of the calculated ENDOk angular de-



pendences as f passes through 82' can be described in
terms of antilevel crossings as was done for the KSR
angular dependence in Sec. III.Namely, the E2 ENDOR
line for f)82' is the continuation of the @ENDOR line
for /&82', etc. Finally, the calculations show that the
eGect of the bent bond on the ENDOR frequencies is
less than the 10-kc/sec minimum experimental un-
certainty. (Exceptions to this occurred on the 24, A,
and + ESR lines for Geld orientations in the narrow
range 81 (i (83, but no data were tairen ln these
regions as mentioned in Sec. IIL) Although the bent-
bond angle 8 ls important ln determining the posltlon
of the two KSR lines corresponding to the M =0 molec-
ular Qourine spin states, the shifts for ~—yH values of
the ENDOR lines do not occur for the M=O states.
Therefore, su%ciently accurate ENDOR hyperhne
constants could have been calculated for the V~@ center
without including the bent-bond terms in Table V.

A new KSR center consisting of a self-trapped hole
associated with an alkali impurity has been discovered.
The lnodel has been verihed by an.ENDOR study of the
system in crystals of Nap containing Li+ ion impurities.
All of the details of the KSR and ENDOR experimental
angular dependences can be explained theoretically by
diagonalization of the complete spin Hamiltonian.

APPENXHX

To obtain the matrix (m„E+,M
I
3.'Esa

I es, ', E+', M')
as given by Table II and Eq. (9) we need the sub-
matrices of 5, , S~, 5, for the states nt, =&~~ and the
submatrices of E,+, E„+, E,+, E, , E„,E, for the
states E+=i, M=&i, 0 and E+=0, 3f=0. These are
chosen to be

(4 I ~; I 2)

(—:
I ~; I

-', )

0

&1 Il &'
I

1 1) ~1 11 &" I
1 0& (1 11 it '

I
1 —1) (1 1I &'

I 0, 0)

(1 olla'I »o& (1 olla'll —» (1 oI&'I o*o&
(I~;+)=

(1 —1I J:"I1o& (1 —1I&'ll —» (1 —1llt" Io o)
( j=x, y, s)

(o oI&'I1, 1) (o olla'I 1, o& (o, o lit'll —1)

(E.+)=
—i/v2

i/V2 0 0

0 i/V2' 0

o —~/v2 o o

0 0 0 i/v2—
0 0 0 0

0 0 0 i/v2—
~/v2 O i/v2 O

The matrices of the components of E+ and E are easily computed. by using the expression for the total spin
wave function in Eq. (3) . The matrices for the components of E~ and E2 in Eq. (3) are chosen to be the same as
those for the respective components of 5 above. "

The matrices for 5, and Sy dier from the standard choice by a phase factor that is equivalent to a rotation of
90' about the s' axis. This choice was made because most of the analysis was done for the Inagnetic Geld. in the plane
of the bent bond which had been chosen in earlier work to be the FZ principal plane. The above choice of S„
results in real matrix elements for the FZ plane rotation work.


