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The spin susceptibility for an interacting electron gas is derived, including a fully microscopic treatment
of spin relaxation and transport effects due to nonmagnetic impurities. The corresponding macroscopic
equations for the paramagnet resemble the relaxation-to-equilibrium phenomenological model, with the
spin relaxation time given by the spin-orbital scattering rate appearing in the self-energy, multiplied by
renormalization factors. In the ferromagnetic region, the spin diffusion constant is found to be much smaller
than in previous estimates. The consequences for paramagnons are briefly discussed.

I. INTRODUCTION

GOOD knowledge of the frequency and wave-

number—dependent spin susceptibility is impor-
tant for understanding many physical situations such
as magnetic resonances. This susceptibility should in-
clude transport effects such as spin diffusion and spin
relaxation as well as correctly describing the interaction
between electrons. At present there exist phenomeno-
logical models for this susceptibility but relatively little
work has been reported which critically examines the
various models from microscopic principles. It is our
purpose here to calculate the spin susceptibility, in-
cluding a fully microscopic treatment of uniform elec-
tron exchange, spin diffusion, and relaxation by ran-
domly distributed impurities for ferromagnetic and
paramagnetic metals.

The spin susceptibility for pure metals has been
derived in the random-phase approximation by Wolff!
and by Izuyama, Kim, and Kubo.? In their calcula-
tions, the magnetic electrons are assumed to comprise
one band and to interact with a short-range screened
Coulomb potential. Our approach here is similar but
we include in addition the influence of a small concen-
tration of nonmagnetic impurities following the work
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of de Gennes? on the static susceptibility. The impurities
lead to a randomization of directed particle momentum
due to ordinary scattering processes and hence diffu-
sion. In addition, spin-orbital scattering processes lead
to a randomization of the particle spins and thus cause
spin relaxation.

The ferromagnetic spin susceptibility in the presence
of ordinary scattering processes has been discussed
from a phenomenological viewpoint by Hirst* and by
Kaplan.® They argue that the spin diffusion constant
is decreased by the action of exchange polarization but
that spin diffusion should still characterize the long-
wavelength spin susceptibility. However, as we show
here, the long-wavelength spin susceptibility for this
situation contains spin-wave propagation but essen-
tially no diffusion. As known from previous work,® the
impurity spin diffusion constant in the paramagnetic
range approaches zero at the ordering point and our
result shows that it vanishes throughout the ferro-
magnetic region except for a negligibly small term pro-
portional to an external magnetic field. ,

The situation is slightly different when the effects of
spin-orbital scattering are included. In addition to an
infinite-wavelength broadening of the spin resonance,
one finds a slight contribution to the diffusion constant
proportional to the spin-orbital scattering rate. How-
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ever, this contribution is very small and does not appear
to be experimentally important.

For the paramagnet we extend previous work® to
include the effects of spin-orbital scattering. For long
wavelengths our result is, to a good approximation,
equivalent to the phenomenological relaxation-to-equi-
librium model.” The spin relaxation time in this model
is equivalent to the spin-orbital scattering rate which
appears in the self-energy, modified by a renormaliza-
tion factor. This renormalization factor tends to zero
as the ferromagnetic instability is approached. From
our approach, we derive the proper macroscopic equa-
tions which characterize the paramagnetic system.

II. PARAMAGNETIC SPIN SUSCEPTIBILITY

The spin susceptibility in the paramagnetic regime
with ordinary impurities has been considered previ-
ously. We study here the addition of spin-orbital scat-
tering into the problem, calculate the dynamical spin
susceptibility, and finally determine the corresponding
macroscopic spin equations. The standard diagram-
matic approach is used in our calculations with both
ordinary and spin-orbital scattering described by the
methods of Abrikosov and Gor’kov.® The interaction
between the electrons is treated in the ladder approxi-
mation. The spin-susceptibility tensor is defined in
terms of a vertex function

A (D, @; g, w)
by
dsp
(2m)*
The vertex A(p, w; q, wo) is determined by the usual

set of diagrams® and the corresponding integral equa-
tion

20 on) =dus? Teoi [ L do A, 030, e0). (1)

A(p, w; q, wﬂ)
_ d3 ,da.’,
~G(p, ) [o+iv., THS (o, o5 0, w0)
(2m)"

By’
+ni/ (21{")3 %(P— p’)A(p” w;q, wo)u(p,- p)]

XG(p+q, otw). (2)

In this equation all functions are understood to be 2X2
matrices. The first term in this equation is the un-
renormalized vertex. The second term represents the
vertex correction due to the screened Coulomb inter-
action V.. The third term represents the correction due
to impurities of concentration #; and scattering ampli-
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tude #(p—p’), which is given by

u(p—p) =a(p—p") 14+ib(p—p) pr~2[p xp']-6. (3)
The first term proportional to the unit matrix describes
ordinary impurity scattering, while the second term
describes spin-flip scattering due to spin-orbital inter-
action. In practice, | 5(p—p’) )< | a(p—p’) |?and hence
we will neglect terms of the order | & |*

The function G(p, w) is the electronic Green’s func-
tion which in the case of no external field is given by

G(p, w) =[w— (p*—pr*) /2m+ (i/27) sgnw L. (4)
The lifetime 7 consists of two parts,

1/T=1/7'0+1/T]_, (5)

where

() =ndN ()] [ a2 a(o—1) I,

(=[N (0)] [ d@| b(p—p) [sin®, (6)

with N(0) =mpr/2x® being the density of states. It
is easy to verify from Eq. (2) that the susceptibility
is isotropic in the absence of a magnetic field which
leads to

x(4, wo) =2up*N (0)
XXimpnorm(q: ‘*’0) /[1_N(0) I7¢=Ximpn°m(qa wo) ]; (7

where ximp"™(q, wo) is the normalized susceptibility
determined from Egs. (1) and (2) with the exchange
vertex correction term dropped.

It is convenient to introduce the function

Twig, ) =RV O T [ £ 600, 0
XG(p+q, wtwo)
i K(w)+K(otw)+q

=51E1“K<w>+zc<w+wo>—q’ _ ®

where
K () =3/20+ (sgnw) (pri-+ 2mew) M2 (9)

and /=vpr is the mean free path. Equation (2) is then
solved by the following ansatz:

A(p, w; 4, wo) =G(P, ) G(p+4q, wtw)
X[Ac6+A,(p/ps?) (6+p)], (10)
with the result
As6+A,p(+P) pr2= 6+ (As/0)J (w) 8+ (Ap/') T (w) 8
+ (Ap/7"") T (@) (8 P) pr?— (As/71) T () P(8° D) pr~2
(11)

In deriving this equation, we have made use of the
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fact that only the s-wave part of the vertex 1s impor-
tant for ¢/<<1.? The additional lifetimes =’, 7o’ appear-
ing in Eq. (11) are defined by

() 1=nd[N(0)] [ @] a(p—p) | sins,

/7" =1/m—3 /7). (12)
For the sake of simplicity we take a(p—p’) and
b(p—1p’) to be a constant. Then 7= 37, and (r,/')1=0.
Using Eq. (11), we find
Ao=[1—7"T () (1= Br1) ™V (w) )7,
Ap=—[J () /m][1=7V (0) 1= 3r1) "V () ) 7,
(13)
and
Ximp orm(q wo)
iy /‘* o — 2= GBr) TV () ]
e 1= V(@) [1- Gr) V()]
The procedure for handling this integral is the same

as used previously (Ref. 6) and consists in dividing the
region of integration into three different parts:

(14)

(a) — o <w<—uy,
(b) —w<w<0,
(c) 0<w< o,

The contributions from regions (a) and (c) give the
static susceptibility plus terms of order ¢2/pr? which
are dropped. The frequency dependence arises from
region (b). Combining these we find the result to be

Ximpnorm(Q."«’O)

dwo] (0; g, wo) [1— (3r1) " (0; @, wo) ]
1=77J(0; @, wo) [1— (3r1) " (0; ¢, wo) ]’
where J(0; q, w) is obtained from Eq. (9) and is
given by
](O; q, wﬁ)

= (4/2vpq) In[ (woti/m+0vrq) / (woti/7—vrg) ].

Before we discuss this susceptibility it is worthwhile
to consider the effects of a static external magnetic
field. When the field is switched on, say, along the
axis, the electronic Green’s function must be written as

G(p: ) =%(1+U3)G+(p3 w)+%(1—"73)G—(p’ w), (17)

=1+ (15)

(16)

X+ —(q: ""0)
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where
Go(p, @) =[w— (p*/2m) + (prd/2m) + (i/27) sgnw]™
(18)

and pp, is the radius of the Fermi sphere of spin ¢. The
spin susceptibility is then no longer isotropic but sepa-
rates into longitudinal and transverse components. In
terms of the vertex given by Eq. (10) this means that
two independent elements A,*%, A, — and correspond-
ingly A,*%, Ayt~ characterize the vertex A. Using this
separation in Eq. (2), one finds that the longitudinal
susceptibility is unaffected by the external magnetic
field to order (pry— pr—)%/pr* The transverse suscep-
tibility is found to be described by Eqs. (13) with J(w)
replaced by

To—loi ) =2V O T [ 55 Gulp, )

XG_(p+4, wtw)
IEEN AGES ACVIORY
2pg  Ky(w)+K_(wtw)—gq’

(19)

where
K,=1/2l+ (sgnw) (pre-+2mue) 2. (20)

The corresponding transverse spin susceptibility is then
given by Eq. (7) together with

Xing™™(q, wo) =1
’l(x)o](o, q, wo— A) [1_ (37'1)_1](0; q, wo— A)]
1= (70)7J(0; 4, wo— A)[1— (3r1) " (0; @, wo—A) ]

(21)

The frequency A appearing in x;m,,mm‘(q, wo) is the
energy required to flip a particle spin in the action of
the molecular field, ( pp+ — p#*) /2m, which in the para-
magnetic region is given by A=w; [1—-N(0)V. ],
where wr, is the free-electron spin-resonance frequency.
In the limit ¢>>1 and 7AK1, the susceptibility has the
asymptotic form

X+ —(4, wo)
=2ug?N (0)[1— N (0) Vo (imwo/20rq) N (0) V., T, (22)

which is the result given by the free-electron picture at
q<pr and wy/qup<<1. The absence of polarization effects
result from the assumptxon TAKL1. If this restriction is
relaxed the situation is more complicated and the log-
arithm in Eq. (16) must be retained. In the small
momentum range ¢/<1 a straightforward expansion of
Eq. (21) leads to the result

2ug’N (0) #[1-N(0) V. I[1—irA((1—il)/(14+T%) ) (1~ l/m')]—wL

1-N(0)V,

¢ K. Maki and P. Fulde, Phys. Rev. 140, A1586 (1965).
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where v is given by
v=4/3n+Dg[ (1—4I') /(1+T%) ], (24)

I'=N(0) VA, and D=21rvz% In the absence of an ex-
ternal field Eq. (23) reduces to

2u5*N (0)
1-N(0)V,

(4/3r14+Dg)[1-N(0) V]
(4/3r1+Dg?) [1—N(0) V. ]—iwo

Equation (23) is only valid near the pole of x; —(q, wo).
It is seen from the structure of Eq. (23) that the
damping and diffusion effects vanish as the ferro-
magnetic instability is approached. We note from Eq.
(24) that for very pure metals the reduction of the
diffusion constant as function of magnetic field can be
quite important.

It is interesting to consider the macroscopic equa-
tions which correspond to the spin susceptibility de-
scribed above. For the moment we assume that no
static external magnetic field is applied and consider
the finite-field case later. We introduce the angular
distribution function

195 4, )
=i4rN(O) T [ dadp PGB, 0)G(p+a, ot

X+—((l; w‘)) =

. (23)

X[As(p, @, wo) +545(D, @, w0) ] (25)

From Eq. (1) it follows that the susceptibility is the
angular average of this quantity:

x(4, wo) =2u5*N (0) { f(2) ).

The equation-for f(Q) is obtained from the vertex
equation (2) by multiplying both sides by a factor
i[47*N (0) ]! and doing the integrals over frequency
and | p |. This leads to the result

(26)

Wo

1050, ) =[N O P S| 1= 2

v 1—(3r)~J(0)
1= (10) ™V (@) (1= (3r1) "V () )

], (27)
where

x=cos(p-q/|pllq]).

The quantity J(0) is eliminated in this equation by
relating it to {f() ), with the result

(wo—gup) f(2) = ~ qural 1+ N (0) Ve( £)]
+ (4i/3r) [1-(/YA=N(0) V)]
= @/nLf@—(N1 (28)

The susceptibility calculated from this equation agrees
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with the one calculated from Egs. (7) and (21) except
for terms of the order (7o/r1)?, which is the desired
accuracy. If r171=0, Eq. (28) is identical to the linear-
ized Boltzmann equation for the spin susceptibility in
the presence of exchange and ordinary impurity scatter-
ing, which can be deduced from Silin®® together with
the proper solution of the collision integral. Our result
above represents the proper extension to include the
presence of spin-orbital interaction.

Passing on to the case when a static magnetic field is
applied along the z axis, the same procedure yields the
following equation for the transverse spin suscepti-
bility:

(wo— A—qupx) f(Q) = — (quea+A) [14+N (0) Vo( f)]
+ (4i/3r) [1—-(/YA—N(0) V)]
= @/mLA@—=(NH1 (29)

The corresponding susceptibility agrees with the one
calculated from Egs. (1) and (2) to the desired accu-
racy. The longitudinal susceptibility is found to satisfy
Eq. (28), in agreement with our previous discussion.

III. FERROMAGNETIC SPIN SUSCEPTIBILITY

In this section, we study the susceptibility trans-
verse to the direction of the spontaneous magnetization
[N(0)V.>1]. Repeating the procedure of Sec. II for
the ferromagnet we again must break up the vertex
equation into longitudinal and transverse components
as discussed in the paragraph following Eq. (16). Sub-
stituting this vertex into Eq. (2) one obtains the same
equations as (7) and (14), with J(w’) replaced by
Eq. (19). The two Fermi momenta ppy, pr— are ob-
tained by the self-consistency condition

(2m) " (prs2— pp-2) =wr+ (Vo/612) (pps3— pp-3), (30)

together with the conservation of total particle number.
It is permissible to break the region of integration in
Eq. (14) into three different parts, as done for the
paramagnetic case; however, it is important to include
properly the nonlinear splitting of the Fermi surface
while doing the integrals.

Consider first the case with no spin-orbital inter-
action. Then, in the static limit, one can perform the
integration of Eq. (14) to order ¢*/ps* by making a
change of variables from w to

y=L(prs*+2mw) "+ (pr-2-+2mw) ] sgno.
One obtains the result
Xt Timpmo™(q, 0) = (2p7) [ (3y5*+0%) /330]
=3[ (59— &) /5y*1+0(g" }
EX+ —impnorm(o, 0) (1"0192) ’ (31)

vV, P, Silin, Zh. Eksperim. i Teor. Fiz. 33, 1227 (1957)
[English transl.: Soviet Phys.—JETP 6, 945 (1958)7].
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where we have introduced the curvature « and taken
Vo= pr++pr-,
0= pry— pr—. (32)

This result is well known from the work of Nagaoka.!
To discuss the properties of the low-frequency suscep-
tibility, we can restrict ourselves to w,&4, the spin-flip
energy in the molecular field. To this approximation
we find the spin susceptibility by integrating Eq. (14),
keeping terms linear in wy but dropping terms of order
(prl)7%, to be

XF "impm™™(q, wo)
=X "imp™(q, 0) +8wo/3vrye*+ (wo/vrd)
X[143¢2(i/1—8)~2]/[1+ (ig*/381) (i/1—8)*]. (33)

By inserting this susceptibility into Eq. (7) and look-
ing for the poles one finds the following solution:

wy=wr+Bg?,
B=aA— (iwr/A) (Veye®l/24n) [ (1—18l) / (14-8%) .
(34)

The first term is the ordinary quadratic spin-wave ex-
citation spectrum for pure systems which has been
discussed extensively by Izuyama, Kim, and Kubo.?
The second term represents the effects of impurities
and is seen to vanish if the external field is set equal
to zero. The reduction of the diffusion constant by
(14-8%2)7* has been found previously by Hirst! and
by Kaplan.? However, the additional factor of the form
wr/6 which we obtain makes the diffusion constant
vanishingly small. It should be noted here that we
have ignored the effects of magnetization on the scatter-
ing rate [see Eq. (6)]. When the magnetization is
small, § $0.1pp, this procedure is rigorously justified.
We also use it for large 4, in order to avoid unphysical
spin damping.

In the case that spin-orbital interaction is present
the calculations are done in analogy to the case without
spin-orbital scattering. One finds that Eqs. (34) are
replaced by

wo= w1+ B¢,

wr=wr(1—44/38l;),

By= B—aA4i/38,. (35)
11'Y, Nagaoka, Progr. Theoret. Phys. (Kyoto) 28, 1033 (1962).
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As expected, spin-orbital scattering leads to damping
of the infinite-wavelength resonance and also gives a
diffusion constant proportional to the spin-flip scatter-
ing rate. It is estimated to be of order I/l; smaller
than the results of Hirst* and of Kaplan® and is prob-
ably too small to be observed in most metals.

IV. DISCUSSION

We have studied microscopically the one-band spin
susceptibility of an electronic system in the presence
of exchange interaction and spin-orbital scattering due
to randomly distributed scattering centers. For the
paramagnetic state a linearized Boltzmann equation
was derived from the microscopic vertex equation. It
turned out that the relaxation time and diffusion con-
stant of the susceptibility tend to zero as the ferro-
magnetic instability is approached. In an external mag-
netic field the diffusion constant was found to be
field-dependent if the mean free path in the sample
is very large. In the ferromagnetic state the diffusion
constant was found many orders of magnitude smaller
than in the previous investigations.

It should be noted that the presence of spin-orbital
scattering has drastic effects on the small-momentum,
small-frequency portion of the spin-correlation func-
tion. In particular, the maximum in the corresponding
spectral function at zero momentum occurs at a finite
frequency wmax= (7,")~!, where r,/ is the total spin re-
laxation time given by Eq. (23). As is well known
from studies of nearly ferromagnetic systems,'? the free
energy involves an integration of the spectral function
times a Bose factor over frequency. At low tempera-
tures T'<wmax the Bose factor cuts off the integration
before the peak in the spectral function is reached.
Thus the thermal excitations sample only the small-
frequency region in which this spectral function can
be expanded in a power series in w. As a consequence
one finds only terms linear and cubic in temperature
in the specific heat. Previous considerations® have shown
that the linear term is unaffected by mean free path.
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