
PH VS ICAL REVIEW VOLUME 1 VS, NUM HER 5

Phenomenological Analysis of Weak-Racbative Decay of the K+ Meson
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A phenomenological analysis of the pion and the photon energy spectra and the photon-pion angular
correlation spectrum in the weak-radiative decay, E+—+x++mo+y, is performed by parametrizing the
direct electric (L1) and magnetic (M1) dipole transition amplitudes. A comparison of the calculated ~+
energy spectrum with the experimental spectrum (together with the qualitative information available from
the thcolctlcal lnvcstlgatlons of the direct aInphtudcs) makes 1t posslblc to put hmlts on thc dl, rect amph"
tudes, We also make an estimate of the maximum asymmetry In the weak-radiative decays of X+ and
E mesons that could be present because of possible CI' noninvariance in these decays. This estimate is
based on a model in which CP noninvariance arises from a relative phase (other than ~~ scattering phase
shifts) between the inner bremsstrahlung and the El amplitudes. The maximum observable asymmetry
in the X+ and X radiative decay rates would be about 25%.

L IÃTRODUCTION

HERE have been some speculations on the possi-
blllty of obscrvlng I'clatlvcly 1RI'gc CE-nonln-

variant cGccts ln thc vMRk-radiativc decRys of E
mesons, particularly of charged E mesons. '—' As is well

known~ thcsc %cak-radlatlvc dccRys CRD proceed
through two distinct IncchRDlsIDs: 1DQcx' bl emsstrahlung
and direct emission. The inner-bremsstrahlung ampli-
tude for the decay E+(P)-+sr+(q)+sro(q')+y(k) is
usually written as

e'g e p
sA s (pR11'ty vlolR'tlIlg) . (1)

kg kp

A2 is the Rmphtude for the nonradiativc decay E'+

-+vr++x'. The direct-emission electric and magnetic
dipole transition amphtudes, a denoted. by Ej and Mi,
respectively, arc

Ei: sac'"g„q„'F„„, (parity violating) (2)

Mi:

bribe'I'e„„sq„q,

'F s, (parity conserving) (3)

~here I'„„=.„k„—k„.„and ~„ is the photon polarization
four-vector. 82 is the s-wave, T= 2, vrx scattering phase
shift at two-pion energy equal to thc mass of the E
meson. ol ls the P-wave, T=i, sre. scattering phase
shift at two-pion energy squared equal to (q+q )s. A2,

g, and h are, in general, complex. The Ef amplitude
will have contribution from two type of processes: the
radiative rcscattering process, E+~ sr++sr ~(sr++co

' D. Ciine, Nuovo Cinmnto 56, 1055 (1965); L. M. Sehsnl an&
L. Kolfenstein, Phys. Rev. N2, 1362 (1967),' T. D. Lee and C. S. Wu, Ann. Rcv. Nucl. Sci. 16, 471 (1966).

3 D. Chne, Phys. Rev. Letters 16, 36'l (1966).' G. Costa and P. K. Kabir, Phys. Rev. Letters 18, 429 (1967);
IS, 526K (1967').

~ N. Christ, Phys. Rev. 159, 1292 (1967).
6 S. Barshay, Phys. Rev. Letters IS, 515 (1967).
~ J. Good, Phys. Rev. 118„352 (1959).' The general expressions for the electric and magnetic transition

amphtudes will have 6 and 5 as functions of thc lnvarlants k ' g and
k-q'. The constant terms j.n the expansion of 0 and b wj, th respect
to k, will correspond to the coeKcient of the dipole amplitudes.
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+y; Zi), which involves only (BTI =es weak Hsrnil-
tonianH„I'Isl, and the directprocess'E+-+(sr++me+a;
El), which involves both ( hT

~

= lsweak Hamiltonian
H &I"& and

~
hT

~

=-,' weak Hamiltonian H„&sl'I. I.et us
write a= a'(se)+u(se)+u(le), where a'(Re) is the contri-
blltloll of tile radlatlvc-scattering pl'occss, 8(2) Slid g(e)
are the contributions to e coming from the direct pro-
cess through H &@'& and H„&'~'& respectively. " Prom
the study of nonleptonic decays of E rnesons and hy-
perons, wc know that the contribution of B„&@'& to
these decays is very much suppressed (by a factor of
20—30) compared to that of H„&IIII. It is therefore
likely that the contribution a(es) is also suppressed
compared to u(-', ). The radiative rescattering contribu-
tion u'P) depends, in addition to H &'~'&, on the s-wave,
7 = 2~ x'x' scattcrlng phase shift 82~ Rnd IQay bc further
suppressed relative to u(-,') if Ss is not large. Thus, it
seems reasonable to expect that, among the three con-
txlblltlolls 'to s~ 'tllc dll'cc't colltl'lbll'tlon o(2) will bc thc
dominant one. Similarly the M j. amplitude a&ill have a
contribution. from thc radiative-rescattering process,
E+-+ 3sr -+ (sr++x'+y; 3f1), in addition to the contri-
bution of the direct process E+~ (sr++m'+y; itfi).
51ncc ln this cRsc thc radlatlvc"rcscattcrlng ploccss .CRQ

proceed through H„&'~'), its contribution Inay not be
negligible„but it is dif6cult to make a reliable estimate.
Tllc coll cctloll 'to 'thc Rz11phtudc fol E+~ s' +sl'

~
de-

noted by As, could arise due to the process E+-+ (sr+

+sr'+y; Ei) —+ (sr++7re). As we shaH see, the ampli-
tude Ej is small; the correction to A2 wiH. therefoxe bc
small

The implications of CZT invariance, which relate E+
Rnd E. 1adiativc-decay RInplltudcs, RI'c ln gcncI'Rl

complicated because of the radiative-rescattering pro-

OThe direct process includes the contribution of aH the inter-
mediate states except those which are included in the radiative
rescattering process. Since parity is conserved in strong and elec-
tromagnetic interactions, a Bx intermediate state will not contrib-
ute to the E1 amplitude, and a 2x intermediate state will not con-
tribute to the M1 amplitude.

~0 In the limit of time-reversal invariancc, e'(~~) would be imagi-
nary and e(~s)+e($) real.
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cess "%e have seen above that the radiative-lescatter-
ing contributions to A2 and a are expected to be small.
%e shall therefore neglect these contributions as an
approximation. %ith this simplification, CI'T invari-
ance states that the amplitude for E decay can be
obtained from that of E+ decay by replacing A~ and
c7 with their complex conjugates. To obtain the Mi am-

plitude for E we are to replace (~b) with (ib)*+LB,
where hb depends on the contribution of the radiative-
rescattering process, EC+-+ 3e —+ (Ir++es+y; M1). For
the sake of simplicity we shall ignore hb also. CI' in-
variance requires that the decay rates, energy, and an-
gular spectra (summed over photon polarization states)
should be the same for E+ and E decays. In the con-
text of the approximation we have made, this can be
so only if A2 and c are relatively real. In case A 2 and u
are not relatively real, asymmetries in the rates and
spectra (surmned over photon polarization states) of
&+ and E decays wiQ be present. %e shaQ coli6ne our
attention to the case in which photon polarization is
not observed. In such an experimental situation the
amplitude Mi will not contribute to the CP-nonin-
variant e6'ects."The existence of such sects will then
depend on (neglecting radiative-rescattering contribu-
tions) . (i) the presence of an E1 amplitude, (ii)

~
bt —lit

~

being different from zero and, (iii) the relative phase
between As and a, denoted by @, being different from
zero or ~."Furthermore, the magnitude of CE-nonin-
variant sects in the rates, photon and pion energy,
and angular correlation spectra will depend on the con-
tribution of a term due to the interference between the
Ej and the inner bremsstrahlung amplitudes.

On the experimental side, no data are available on
radiative E decay. The available data on the general
shape of the Ir+ energy spectrum in E+-+ Ir++Ire+y
decay is compatible with the inner-bremsstrahlung
amplitude, Eq.

'
(1). The experimental value of the

branching raho '
Z „=r(lt+ ~ ~++~e+~)/&(total)

=(2.2+0.7)&&10-' (4)

for m+ kinetic energy between 55 and 80 MeV is also
not inconsistent, within the large experimental errors,
with the theoretical estimate"

Eb,=I.36&10 4

for the same x+ energy interval, obtained from the
inner-bremsstrahlung amplitude alone.

~~ For a detailed discussion on the implications of CPS, CP, and
T invariance see Ref. 5.

~ In case radiative-rescattering contribution to the M1 ampli-
tude is not small and there does exist a large CP-violating phase be-
tvreen the radiative-rescattering amplitude and the direct ampli-
tude, then (3E1P for X+ end E will be di8erent. A possibility of
this type for E1 amplitude has been considered in Ref. 6.

'30ur arguments on CP-noninvariant effects are essentially
those of Refs. 2, 4, and 5,

'40ther authors have always overestimated this number by
using a higher branching ratio for the E+-+ ~++M mode. The
value @re have used for that ratio is 21'Po.

Several attempts"" have been made to calculate the
contributions of the direct-emission terms. An optimis-
tic estimate of E1 contribution based on a loop model, "
assuming positive interference with the inner-brems-
strahlung amplitude, gives Rg~ much less than 10~.
Rather elaborate calculations of the Mi amplitude
based on a boson-pole model"" again give a small con-
tribution to the branching ratio. A recent estimate" of
the Sf' contribution based on current-algebra tech-
Illqllcs (lll 'tllc soft-ploll llmlts) glvcs ElrI~0.3)(10
These estimates, however, are subject to considerable
uncertainty due to many not-so-well-known parameters
like Ex scattering amplitude, and various coupling
constants like g~*~~, gp ~, etc.

Phenomenological analysis of the asymmetry, due to
CE'-noninvariant sects of the type discussed above, in
the charged-pion energy spectra in E+ and E- radiative
decays, has already been made in Refs. 4 and 5.Our aim
in this paper is to study the problem in greater detail
by using the available experimental data on E+ ra-
diative decay, and to make an estimate of the relative
contributions of the direct electric (E1) and magnetic
(Mi) dipole transition amplitudes and the inner-
bremsstrahlung amp1itudes by studying the various dis-
tributions of the decay products in K+ radiative decay.
With tllls motlvatlon, wc have made (assuming ++
invariance) a phenomenological analysis of the pion and
the photon energy spectra and the photon-pion angular
correlation spectrum under various restrictive condi-
tions on the direct amplitudes, consistent with the ex-
perimental value of the branching ratio, Eq. (4). A
comparison of the calculated and the experimental m+

energy spectra, together with the qualitative informa-
tion available from the theoretical investigations of the
direct amplitudes mentioned above, enables us to put
limits on the direct amplitudes. Experimental study of
the photon energy spectrum and the photon-pion angu-
lar correlation spectrum is suggested to confirm our es-
timate of the direct amplitudes. In the same manner,
we reinvestigate the problem by introducing a maximal
CJ' violation (i.e., y=-,'e) and calculate the magnitudes
of the direct amplitudes which are consistent with the
experimental data on E+ decay. "Using the values of
the direct amplitudes thus obtained, we estimate the
maximum asymmetry that could be present in the E+
and E radiative decays. A possibility of the existence
of CE-violation eGects of an alternative type ' is brieQy

» S. Oneda, V. S. Kim, and D. Kor8, Phys. Rev. 136, 31064
(1964); Y. S. Kim and S, Oneda, Phys. Letters 8, 83 {1964);
10, 160K (1964); S. Oneda and J. C. Pati, Phys. Rev. j.55, 1621
(1967}.

'6 S. V. Pepper and V. Ueda, Nuovo Cimento BB, 1614 (1964);
34, 1842K {1964).

'7 C. Xtzykson, M. Jacob, and G. Mahoux, Nuovo Cimento
Suppl. 5, Ns (1961).

» Our approach di8ers from that of Ref. 5 in that we commit
ourselves neither to only one sign (positive) of the interference
between the E1 and the inner-bremsstrahlung amplitudes nor to
only one 6xed ratio of the two direct amplitudes. Further, we make
use of the available experimental data on E+ decay to 6x the mag~
nitude of the direct amplitudes.
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discussed, and a way to check such effects experimen-
tally by comparing the angular distributions, particu-
larly in the backward direction, in the E+ and E de-

cays ls suggested.
In Sec. II, wc give details of the analysis performed.

and present the various spectra obtained. In Sec. III,
we discuss the cGect of the Ei amplitude on these spec-
tra. In Scc. IV, we make an estimate of the possible
CE-noninvariant CGects in the radiative decays of E+
and E mcsons. The phase-space integrals for the pion
Rnd thc photon cDclgy spectra Rnd thc photon-pion
angular correlation spectrum are dc6ned and tabulated
in the Appendix.

w'c hRvc

gfmZ[s= fan(s
Pol

=44ra(As ('LFs,+2a(cosh)F;„,+(a'+4b')F, j, (7)

where

2(p q) /4' m'
p~—

(p k)(q k) (q k)' (p k)'

p,. ~— L2(p k)(q k)(p-q)
/'(p k)(q k) —/4s(P k)'—r/Ss(q k)'j, (Sb)

Since our aim in this section is to estimate the mag-
nitude of the F1 and Mi amplitudes in E+-+ e.++4rs+ y
dccRy wc shall Rssunlc CI 1DVRllancc ln this decRy pl'o"

cess and therefore use &=0. However, we do take
account of a reasonable value for the mm phase shifts,
b= bj —b~ 10'."Inclusion of a smaOCP-violating phase,
of thc order of 8) ln thc RDalysls docs not produce any
appreciable change in the results. It is known'0 that
there are Do oB mass-shell corrections to the inner
bremsstrahlung amplitude, Eq. (1), to zeroth order in

k. Any corrections of order k and higher, if present, will

also be neglected. Vhth these simpli6cations and after
a slight rewriting of the EI and Mi amplitudes we have
the expression for the decay amp1itude"

-&e q e p) a(As(
m=s

]
—— ~As+ e"q„q„'F„.

kq k p kl /44

sb fW, (

e"e„„pq„q„'Fs s's. (6)
p ~eI

p, q, q', and k are, respectively, the four-momenta of
E+) Ã+) Ã ) and p. Ag ls Dow' thc on"mass"shell Rmpll"

tude for the nonradiative decay E+-+ s++4rs. /4 is the
mass of the charged pion. In the expression for Ej Rnd

Mi amplitudes we have introduced a factor 1//44 to
make the parameters u and Ijdimensionless. The factor

(As( is introduced for reasons of symmetry between

all the three terms. The parity of the MI amplitude is

opposite to that of the Ei and inner-bremsstrahlung
amplitudes. Its interference with these terms will there-
fore drop out on performing the sum over the photon
polarization states. The interference between the Eg
and inncr-brcmsstrahlung amplitudes will survive. Per-
forming the sum over the photon. polarization states,

» See footnote 6 in Ref. 3: For experimentaI information on bq

see, E. Malamud and P. E. Schlein, Phys. Rev. Letters 19, H)55
(I9N).~ J. Pestiesu, Phys. Rev. 160, 1555 (1N/)."See Refs. 4, 5, and 7'. Our parameters u and 2b are related to

the parameters E and jf' in Ref. 5, by a factor (44/e4)4(A4/As]
0.12; i.e., a=0.128 and 2b O.i'.

F =F-=—P(p k)(q k)(p q)
p' —/4s(P k)'—tas(q k)'j. (Sc)

n is the fine-structure constant (4r=1/137) and 4N is the
mass of E+ meson. The metric is dedncd by the scalar
product a b=asbe —a b. Performing the phase-space
integrations with proper normalization factors (see
Appendix), we anally have the expression for the decay
rate,

ot f As/s
r(X„X,)= P„(X„X,)+2u(cost)I;.,(X„Xs)

+ (a'+4k')I, (xt,xs)j. (9)

X~ and X~ are, respectively, the lower and upper limits
of the appropriate kinematic variable (w+ kinetic energy,
photon energy, or angle between photon and 4r+), be-
tween which we are interested in calculating the decay
rate. Iq» I;~~, and I, are the dimeesioekss integrals of
the 1Ilner-breIIlsstrahlung, interference, and Ei (=Mi)
terms, respectively. These integrals are de6ned and
tabulated in the Appendix. To include CE-Doninvariant
efkcts in the analysis, one has to replace u cosh, the co-
eKcient of I~ 4, with a cos (5~p) in Eq. (9), for E+
decay.

Nova to perform the phenomenological analysis, ere
use the experimental inforxnation on the branching
ratio, Eq. (4). This one number depends on two param-
eters u and b which we are to deterxnine. Of the two pa-
rameters we choose e as an independent parameter and
relate b to u in the following four ways.

(i) 5=0:This corresponds to the amplitude Mi being
absent.

(ii) b=O.Sa: This corresponds to the contributions of
the El Rnd Mi amplitudes to thc decay rate heing equal
in the absence of inner bremsstrahlung.

(iii) b=a: This corresponds to the equality of the
matrix elements of the parity-conserving lowest-order
weak-electromagnetic elective Hamiltonian H~E& o

and the panty-vlolatlng Hamlltonlan B~E&~.

(iv) b=1.5a: An enhancement of the Mi amplitude
over the Zi amplitude.



ANALYSIS OF WEAK-RADIA TIVE DECA Y

TABLE I. Positive and negative values of the parameter e for
various values of R and the ratio b/e. 8=10' and &=O. u and b are,
respectively, the coefficients of the Ei and M1 amplitudes de6ned
in Eq. (6).

(I) 0 ~ 0.259
(2) 0 ~ O. I70

f3) 0 ~-+346
f4) 0 «-0.661

(5) 4 ~ -1.137

b 0
b ~ 0.50
b ~ 0.0

gl e 0

10

1.6

0.0

0.086—0.963
0.179—1.056
0.259—1.137
0.332—1.209
0.398—1.275

0.5

0.080—0.518
0.158—0.597
0.225—0.661
0.279—0.718
0.330—0.768

1.0

0.068—0.243
0.126—0.301
0.170—0,346
0.209—0.384
0.242—0.418

1.5

0.063—0.188
0.113—0.238
0.152
0.277
0.185—0.310
0.214—0.340

The interference between the E1 and inner-brems-
strahlung amplitudes could be constructive or destruc-
tive. Constructive interference corresponds to positive
e and. destructive interference to negative u. For each
of the above four cases, and 8=10', we determine two
values of the parameter u (positive and negative) which
reproduce the required value of the branching ratio

20 40 60
I & I i I t I

'
r I

80 l00 I20 140 l60

~ (Mev)

FIG. 2

IO

(l) 4- 0.25S
(2) 4 ~ -0.346
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8
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l I
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FIG. i. Calculated curves for w+ energy spectrum in the rveak-
radiative decay, E+ -+ m++m +y, for various values of the param-
eters e and b (see text). T is the m+ kinetic energy in the rest sys-
tem of E+ meson. The experimental histogram of Ref. 3 is suitably
scaled to reproduce the mean value of the branching ratio R=
=2.2X10 .

Fxo. 2. Calculated curves for the photon energy spectrum for
various values of the parameters g and b (see text).

I'(&+-+ n.++s'+y)/I'(total) for ~+ kinetic energy T
between 55 and 80 MeV, which we denote by R. The
values of u obtained for 6ve values of E, which are
within the experimental range, Eq. (4), are summarized.
in Table I. The values of the parameter e are not so
sensitive to small variations of 6 (or the use of small CP-
violating phase p, of the order of 8). For example, the
values of u for 6=0 or 20' differ from those for 8= 10'
by at most 3%.

Using the values of e and b thus obtained, wc have
studied the x+ and the photon energy spectra and the
photon- m.+ angular correlation spectrum. The m+ energy
spectrum and the photon energy spectrum for a few
selected values of a (and the corresponding values of
the ratio b/u) which reproduced the experimental mean
value of E. arc given in Figs. 1 and 2, respectively. The
maximum value of the x+ kinetic energy T is roughly
108 MeV. Near this value of T, the inner bremsstrah-
lung dominates everything else. At low values of T the
contributions of the inner-bremsstrahlung and the inter-
ference terms (the latter being essential for distinguish-
ing E1 from M1) become very small compared to those
« the

I E1
I

' and I M11' t~r~s. For these reasons we need
to study the photon-sr+ angular correlation in a x+
energy range vrhere all the terms have comparable con-
tributions. The experimental branching ratio is-.quoted
for T between 55 and 80 MeU. However, we feel that
it would be better for an experimental study to have a
larger range of T so as to include sufIjl. ciently many
events for better statistics. Thc photon-m. + angular
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FIG. 3. Calculated curves for the photon-x+ angular correlat1on

spectrum for various values of the parameters u and b (see text),
for g+ kinetic energy 7 bet&peen 50 and 90 Me&.

coxrelation spcctruID curves for T between 50 and 90
MP f and foI' Gvc vRlucs of 8 RIll thc corrcspoIldlng
values of the ratio b/u are given in Fig. 3.All the curves
in these 6gures refer to X=2.2&I0-4. The curves or
other values of E.can be easily calculated from the tables
of integrals given in the Appendix.

It is interesting to note that the spectrum curves for
various values of the ratio b/rl {in all three spectra
Figs. 1-3) interesct at one point. This is due to the con-
dltlon vM had imposed on thc parameters to rcpx'o-

ducc a 6xcd value of thc bI'anchlng latlo E.

ID'. EFFECT OF THE Ej AMPLITU9E
ON THE SPECTRA

Kith thc present kno%'ledge of thc radiativc E+ de-
cays %'c cancan put only broad limits on the value of the
pal'alllc'tcl' 8 [sec Table I » 8 and 5 Rl'c» I'cspcctlvc y»

K f th Ej Rnd Ml amplltudcs dcGncd 1

Eq. (6)j. For positive interference, the parameter e
t th the present experimental value of the

d 0.4branching ratio) could. be anything between 0.1 an
d d the ratio f»/a. For negative interference i
could be as large as —1.2. Such a large value o u vrou

K (9) can easllg see that that the cond1tlon that
a iven value of the branching ratio 8 should be reprodu ced fixes
the value of a+ + ep h- E 22X10 f rbant=J'I;(T)dr. For example, the c o1ce

in general, depends on the parameters a, b, b, and the ra 1o p( )
(X)/I»(X). Thc vallcblc X st811dc for czll' of thc tlltcc

sg + and hoton energy. Itsohappensklnexnat1cal var1ab1es T~ co was p
that for one value of X theratio p(X) isequa to j. or a va
of X the value of dI'(X)/dx depends only on X, and therefore 1s
independent of the ratio 5/d and b.

Dot bc coDslstcn wlt th the theoretical estimate of the
EI 1 t d mentioned in thc introduction. com-Rmp1 u c

vrith thearison of the calculated x+ energy spectrum vrltp
ig also lndlcatcs thatexperimental spectrum (see Flg ., a so in i

such large va ucs o ul f (due to negative interference
could be ruled out. The positive values of e given ln

Table I Rnd a small ncgRtlvc VRluc of thc order of —0.4
auld bc consistent vrith the present experimental data.
EOI' Posl 1VC 1DF t tcrference the ~+ energy spectrum curves

I; this ls the reason for Qot shoe lng them separate y in

Fi. j..
The hoton energy and the photon-x+ angular corre-

lation spectra for large negative values of u have a, shape
much di6ercnt from those due to inner bremsstrahlung

Dcgatlvc values of 8 hRs R dip Rlound 60—80 MCV and
d 420—140 MCV, vrhereas for positive

charactervalues of u the photon spectrum has a smooth charac er
1 that of inner bremsstrahlung spectrum. A

study of the photon spectrum vrill, therefore, provi e a
much better test of the sign of the EI amplitude and of

nitude if it is negative. The photon-z+ angular
correlation spectrUID shovrn in Flg. or m i

energy in the experimentally feasible range is highly
k d the backward direction {negative values of

cos8s'+p) fol' llegRtlvc vRlucs of 8. Fol' posltlvc va llc

e the pea ln e ak th b ck% ard dlrectlons ls appreciably
d broader but stiB distinguishable from the

e x+ enerer bremsstrahlung spectrum. As in the x energinner I'em
4

or ositivespec rum~t the angular correlation spectrum o p
valui s of u does not depend much on the ratio /1 5 d' SCC

( ) and (2) in Fig. 3$. This is due to the fact that
Qlc lntcI'fcI'cncc term vfhlch dlstlngUls cs c
Mi 1't des is itself small. This difhculty can beM ampl u e

~ ~

I'cso1vcd by stUdylDg the polRrlzRtlon of thc cml

Cd h t s vrould provide a measure of the 3f

'cubSo far, vm have discussed the spectra obtainc y
assuming that thc CI'-violating phase @ is zero. As me

for small values of »f (of the order of 6) are not much
'ff t from those for &=0. Therefore, the main ea-

tlUC fOI'tures of the spectra discussed above arc a so
small values of p. However, as we shall see in the next
scctlon, even thc lalgcst posslblc VRlUc o p pI'0 Uces

it vrould therefore be of interest of knovr th
large values of P on the spectra in the E+ decay. For
p=-,'»r (and f»/O=O) the largest negative value of e is

substantially smaHer than its corresponding value for
&=0 )see Eq. (10) below). As a result, the backward

peak in the angular distribution, and the large ip an
thc peak in the photon spectrum are considerably re-
duced &see curve (6) in Figs. 2 and 3 g» and the spectra



are similar to those for &=0 and b/44& 1.The reason for
the similarity between the /=0 and $40 spectra is
easy to understand. Even though we now have three
pR1RIllctcl's 8, 5, and f, tile spccti'a arc still controlled
by only two eRcctive parameters, namely, u cosh and
(as+4bs), where 8=5+It. Therefore, the spectra corre-
sponding to a given set of values of u, b and p (P non-
zero) can also be reproduced by another set of values of
44, b, and &=0."Consequently, a study of the spectra in
E+ decay alorse (as was attempted in Ref. 3) is not
likely to give information on CI' violation unless we
have more information about the parameters u, b, and
P. One might think that the study of the photon polar-
ization could provide additional information about
these parameters. This, however, is not the case. The
polarization of the emitted photons, in addition to the
above parameters, will depend on another CP-vio-
lating phase, namely, the relative phase between the
M1 and the inner-bremsstrahlung ampHtudes. Thus,
the only way to get information on CI' violation in the
radiative decays of the charged X mesons will be to
study simultaneously the decay rates and the spectra
in the E+ and E decays.

To summarize, we would like to say that the present
experimental data on E+ decay are consistent with
small values of the parameters a and b, i.e., both

~
a~

and ~b~ 0.2-0.6. The experimental verification of the
absence of the large backward peak in the angular dis-
tribution and the large dip and the peak in the photon
spectrum (the feature characteristic of large negative
44, and. b and p both small) would provide a confirmation
of the above estimate of the direct amplitudes. Further,
the study of the spectra in E+ decay alone will not give
information on CP violation in this decay.

IV. ESTIMATE OP CP-NOHINVARIANT EFFECTS

As cxplalxlcd ln th.c lntroductlon) the CP-nonlnvarlant
CRects in the weak-radiative decays of E+ and E
mesons could be present if the amplitude E1 (charac-
terized, by the parameter a) and the inner-bremsstrah-
lung amplitude are not relatively real, and if the diRer-
ence in the p-wave T=1 and s-wave T=2 Irrr phase
shifts, 8= bq —B~, is nonzero. We have denoted by P the
relative phase (other than 5) between the E1 and, the
inner-bremsstrahlung amplitudes. P equal to zero or s
corresponds to no CP violation, and g equal to srvr cor-
responds to maximal CP violation. Since our motive is
to make an estimate of the musing CP-noninvariant
eRects that could occur in weak. -radiative decays of
charged E mesons, consistent with the experimental
data on X+ radiative decay, we shall choose qb=~~vr,

i.e., maximum CI' violation. The values of the param-
eter a given in Table I were obtained by assuming P=0.
These values could still be used for small values of

"For example, the spectra for a= —0.62, b=0, qb=90')curve
(6) in Figs. 2 and 3$ is also reproduced by o= —0.11, b=0.23,
Q&d Q=Q.

P (P 8). As our interest is only in the largest value of

Q, we have reevaluated the parameter a for p=ss-s and,
8= 10'.'9 The result is

u=0. 15, —0.31 for b=0

0.08, —0.11 for b=u

u=0.47, —0.62 for b=0

0.23) —0.26 foI' b= u

u=0.67, —0.82 for b=0

0.31, —0.34 for b=u

for R= 1.5&(10 4, (10a)

for a=2.2X10-4, (10b)

for R= 2.9&(10-4. (10c)

E.=2.2&10 is the mean value of the experimental
branching ratio foI' E+ radlatlvc decays foI' x+ klnet1c
energy T between 55 and 80 MCV Lsee Kq. (4)j.The
other two values 8=1.5&10—' and 2.9 &10 4 are re-
spectively the lower and upper limits of the above
branching ratio. We de6ne the asymmetry in the E+
and E- branching ratios by

&= is+-z-i/z+,

~here R+ and E. Rre, respectively, the branching ratios
for E+and E decays. The estimates of q for some of the
above value of u and for T between 50 and 90 MCV are

g=0.07 for u=0. 15

0.14 for u= —0.31

for b=0 and 2=2.2X10 ', (12b)

g=0.18 for u=0.67

0.22 for u= —0.82

for b= 0 and R= 2.9X10-'. (12c)

The values of g for other values of u, which correspond
to b= u, are smaller by a factor of 2 than those given
above for 5=0. The asymmetry is almost constant over
the range of T we have chosen. For example, the maxi-
mum value of y for u= —0.82 is about 0.25 around
T 55—60 MCV, which is to be compared with the aver-
age value 0.22 quoted above. We emphasize that the
maximum value g 0.25 is obtained by neglecting the
3f1 amplitude altogether, using the maximum value of
the CP-violating phase p, and the maximum value of
the branching ra, tio R, and a destructive interference
between the E1 and the inner-bremsstrahlung ampli-
tudes. The last condition further maximizes the E1
amplitude. Any change in these condj. tions would only

for 5=0 and 8=1.5)&10 ', (12a)

rl =0.15 for a=0.4'f

0.20 for u= —0.62l
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lower this estimate of y. Thus we see that the maximum
asymmetry in the branching ratios of the rather rare
radiative decays of the charged E-mesons, in the simpli-
Ged model, will be about 25%%uo for lr 10'.

So far we have neglected the possible radiative-re-
scattering contributions to the direct amplitudes. H
such contributions are significant, then there exists also
a possibility of sizable CE'-noninvariant effects in the
contributions of the direct amplitudes. A model to esti-
mate CE'-noninvariant e6ects in the Ej amplitude is
discussed in Ref. 6 (hereafter this paper will be referred
to as S.B. and the model as the S.B. model). In the
S.B.model the CP-noninvariant eGects in the E1 am-
plitude arise due to a coupling between the nonradiative
E+-+ e-++e', and the radiative E+-+ (e++e'+7; E1),
decay channels, with CE-violating phase in the eigen-
ampHtudes of the coupled system. As mentioned in the
introduction, the radiative-rescattering contribution to
the E1 amplitude is expected to be small. For the M1
amplitude, the radiative-rescattering contribution could
be signihcant. A coupling between the nonradiative
E+-+ 3e. and the radiative E+-+ (e.++n +y; M1) de-

cay channels could also produce CE-noninvariant ef-
fects (i.e., different values of lM1l' for E+ and E ),
analogous to those considered in S.B.for the Ei ampli-
tude. An estimate of 25%%uo asymmetry in the E+ and E
radiative decay rates is obtained by neglecting the M j.
amplitude. If the M1 amplitude (CF-conserving) is
taken to be di6erent from zero, our new estimate of
the asymmetry will be less than the above value; but,
on the other hand, different contributions of lM1lm to
E+ and E decay rates" may either increase or further
decrease the new estimate of the asymmetry. It is
difBcult to make a reliable estimate of this eBect. A way
to check experimentally the existence of CE™nonin-

variant sects in the direct amplitudes would be to
compal e the E+ and E spectra in the region dominated

by the direct amplitudes. As we have seen in Sec. III,
the photon-pion angular corrdation spectrum in the
region cos8+~& —0.5 is quite sensitive to the size of
the direct amplitudes. Thus, a comparison of the angular

spectra in the E+ and E- radiative decays, particularly
in the backward direction, will be useful in making a
comparative study of the two types of CP-noninvariant
e8ects.

In conclusion, we would like to say that the available

experimental data on E+ radiative decay, according to
our analysis, is consistent with the inner-bremsstrah-

lung amplitude plus a small amount of the Ej and Ml
amplitudes. The maximum observable asymmetry in
the weak-radiative decay rates of E+ and E—would be
about 25%. A comparison of the photon-pion angular

correlation spectra in E+ and E decays, particularly in

the backward direction, would provide information

about the importance of CI'-noninvariant effects in the
djl ect amplltudcs,
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APPENDIX

The decay rate for the process E+(P) ~ e+(q)+m'(q')
+y(k),. in the rest frame of E+ meson, is given by

1 d'Q d'Q' d'E
I'=

2' (2e.)'2E (2e)'2E' (2e.)'2(o

TmLE II. Values of the m+ energy spectrum dimensionless
integrals, 10'I;(Tg,Tg}, dined in Eq. (A6}.

TI
(MeV}

10
15
20
25
30
35
40
45
50
55

65
70
75

85
90
95

100

0.267
0.464
0.714
1.021
1.396
1.848
2.395
3.055
3.860
4.850
6.084
7.645
9.675

12.42
16.23
21.89
31.38
49.40

102.0

0,938
1.517
2.158
2.839
3.543
4.253
4.953
5.625
6.252
6.814
7.289
7.651
7.871
7.915
7.735
7.277
6.472
5.212
3.362

3.724
5.882
8.144

10.39
12.53
14.45
16.09
17.36
18.19
18.51
18.28
17.46
16.03
14.03
11.50
8.067
5.573
2.786
0.786

Using Eq. (7) for lBRl', we have

dQdQ dE
I'= 8'(p —

g
—g' —k)

Sm(2e.)' 8 F'

XLFb,+2u(cosh)F; &+ {a'+4k')F,g, (A2)

where Fb„F; t,, and F, are given in Eq. (8). Integra-
tion over d'Q' can easily be performed by using standard
covariant techniques. To integrate over d'Q and d E,
we choose the rest frame of the decaying particle and
6x Q along the s axis and K along any (8,&) direction.
Since our integrand has no p dependence, integration
over dp gives a factor of (2e). Now we can choose K
in the x—~ plane, so that the momentum vectors are
p= (m,0);

g= (E,Q); Q ls along the s axis;

k= (cu, K); K is in the x—s plane,

and Q K/lQl lKl =cose—=x. (A3)

Using the relation d'X =
l X l

' d
l
X l dQx, performing the
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jQg integration, and changing the integration variables YA Lz IV. Values of the photon-g+ angular correlation spec-

+&' ~'c ~ bet 5o a9oM v.

TABLE III. Values of the photon energy spectrum dimension1ess
lntegrals, 105I;Iayy, cog), defIIled in Eq. (A7).

(MeV)

10
15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95

100
105

115
120
125
130
140
150
160

I'Me V)

15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95

100
105
110
115
120
125
13Q
140
150
160
170

46.00
30.99
22.84
17.72
14.21
11.65
9.N6
8.168
6.942
5.938
5.100
4.396
3.796
3.280
2.834
2.445
2.105
1.806
1.543
1.310
1.104
0.922
0.760
0.618
0,876
0.495
0.220
0.048

105I; t

1.501
2.016
2.485
2.909
3.287
3.620
3.907
4.149
4.349
4.505
4.619
4.691
4.723
4.715
4.6N
4.584
4.463
4.308
4.119
3.899
3.648
3,371
3.069
2.746
4.453
3.016
1.585
0.404

0.066
0.170
0.345
0.603
0.953
1.399
1.945
2.588
3.324
4.145
5.039
5.993
6.989
8.007
9.025

10.02
10.95
11.81
12.54
13.13
13.54
13.74
13.N
13.36
24.51
19.38
11.86
3.439

I'= dEc4dg 2/Q f [K/5'L(p —
q
—k)'—ygl

4'�(2g)'

XLFb,+2m(cosh)F;„,+ (u'+45')F, j
afA2['

pb, +2m(cosh)I;„t+ (a'+49)I,j, (A4)

—1.0—0.9—0.8—07—0.6—0.5—0.4—0.3—0.2—0.1
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
Q9—1.0

—0.9—08—0.7—0.6—0.5 .—0.4—0.3—0.2—0.1
0.0
0.1
0.2
0.3
0.4
0.5
Q.6
0.7
0.8
09
1.0
1.0

0.126
0.390
0.675
0.983
1.317
1.681
2.077
2.511
2.986
3.508
4.083
4.715
5.408
6.162
6.966
7.785
8.524
8.933
8.318
4.458

82.0

0.967
2.327
3.123
3.588
3.847
3.973
4.009
3.982
3.909
3.803
3.668
3.509
3.325
3.116
2.877
2.598
2.264
1.848
1.301
0.519

58.0

7.771
14.85
15.83
14.69
12.88
10.99
9.229
7.671
6.325
5.178
4.206
3.385
2.N3
2.109
1.617
1.202
0.852
0.556
0.306
0.094

122.0

are given in Table II. T=E—~ is the kinetic energy of
the ~+ meson. The integrals for photon energy spectrum

Cd 2 p
I;(~i,~~)= eke dEdg 2iQi [ K[

16mm2

XPC(p —)I—&)'—uo'jF; I (AV)

thc 5 function. The integrals for the x+ energy spectrum

&(&a) p
I;(Tg,Tg)= dE kodg 2(Q) )K[

I(Pl) 1&@%'

Xb'L(p —
q
—k)' —po'jF;

i
(A6)

I;= — dEdadg 2/Q/ f K[
3.6m+'

X~'E(p —e—&)'—~o'jE' (As)

are given in Table III. The integrals for the photon-
'+ angular correlation spectrum

ga f p
I;(gg,g,)= dgi — dEcky 2|Q) [Ki

x&') 0 —
v
—&)'—~ '3& ) (+8)

Thc subscript i stands for any of the subscripts br, int,
and e. po is the mass of the mo meson. One of the three for the ~+ kinetic energy betvrecn 50 and 90 McV are
integrations can be easily performed vrith the help of given in Table IV.


