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EPR Measurements of Ce'+ Pair-Interaction
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In order to investigate the form of interaction between non-S-state, Kranmrs rare-earth ions, the electron
paramagnetic resonance spectra from pairs of Ce'+ ions in LaC13 have been measured at 4.2'K and at 25 and
g6 GIIz. The spectra have been 6tted to a general eRective-spin pair-Hamiltonian in order to obtain
values for the g tensors and certain terms in the interaction tensors K. By using additional data from bulk-

property measurements on CeC13, values for all the terms in K can be deduced. The contributions to the
measured parameters from the various interaction mechanisms thought to be present in rare-earth com-
pounds are discussed in detail. Apart from the usual magnetic dipole interaction, it is generally dif5cult to
identj fy each contribution unambiguously. In the present case, however, because of the simple nature of the
Ceo+ wave functions, there is clear evidence for the existence of an electric quadrupole-quadrupole inter-
action between next-nearest-neighbor ions, and its magnitude has been determined. There is also unam-

biguous. evidence for anisotroplc sup«exchange of the type suggested by Levy and by Klliott and Thorpe,
and it is found that this has matrix elements of magnitude compariable with the more usual bilinear exchange
interaction, which is also present,

usual magnetic dipolar and bilinear exchange inter-
actions, there are also present in this case a relatively
large electric quadrupole-quadrupole interaction be-
tween the ions and a higher-degree anisotropic ex-
change interaction of more general form. Besides being
of intrinsic interest, these results also have an important
hearing on energy transfer processes between rare-
earth ions. '

At low temperatures only the ground doublet will be
appreciably populated, and the magnetic properties of
a Kramers system may then be treated as an assembly
of effective spins, 5'=-,'. The interaction of one such
spin with a relatively small external magnetic 6eld may
be described in general by an anisotropic g tensor,
X,~=@HAH g S', and the most general interaction be-
tween two such spins may be described by an anisotropic
interaction tensor K, X; t,=S'(1) K S'(2).

Two ions coupled by this interaction will give rise to
four pair states having values of total effective spin T
t
T= S'(1)+S'(2)j of 0 and 1. If the ions are identical,

EPR transitions may be observed only within the T= 1
triplet states and enable only the anisotropic part of
the interaction to be determined. For two diferent
ions, however, all four transitions may be observed. The
pair spectrum from a low-symmetry pair of identical
Kramers ions will therefore give rise to a spectrum of
only two lines for a given magnetic field setting, if there
is no hyper6ne interaction, and extensive variation of
the magnetic field direction, frequency of Diicrowaves,
and temperature must be used in order to determine all
is components of the g and K tensors. This is in con-

1. INTRODUCTION

" 'I two previous papers, henceforth. referred to as I '
~- and II,' we have reported the investigation of

magnetic and exchange interactions between pairs of
Gd'+ ions in trichloride lattices. This investigation used

the technique of electron paramagnetic resonance

(EPR) of a coupled pair of ions. In this paper we shaH

describe further pair measurements made on the non-5-

state "Krarners" ion cerium, in a lanthanum trichloride

host lattice. '
A crystal 6eld acting on a rare-earth Kramers ion

splits the lowest J multiplet into a number of evenly

degenerate states, with typical splittings of the order

of 50 to 100 crn ', and the presence of these low-lying

states with large admixtures of anisotropic orbital wave

functions may give rise to radically diferent inter-

action mechanisms from the usual Heisenberg exchange

encountered in the case of 5-state ions. It was in order

to investigate these that the present measurements

were carried out. %e shall show that the measurements

indicate unambiguously that in addition to the more
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trast to the case of the S-state ion Gd'+ where for only
one magnetic ield setting the problem of determining
the six significant interaction parameters. was grossly
overdetermined. '

The effective spin-interaction tensor K may contain
contributions from a number of sources which are not
always readily separable. The most straightforward is
the usual magnetic dipolar interaction, which may be
calculated from the measured g values and lattice
spacings. The superexchange interaction between two
non-S-state rare-earth ions, however, presents some-

what more of a difhculty. Previous authors have fre-

quently written this in the usual Heisenberg form

Jtss(1) S(2), and used the Wigner-Eckart theorem to
project this interaction into K. While this may be useful
for order-of-magnitude estimates, it is not necessarily
correct to use a Heisenberg form of interaction. In-
stead, an expression involving orbital operators acting
on the orbits of ions 1 and 2 must be used in place of the
scalar J», taking account of the nonspherical symmetry
of the magnetic moment distribution on each ion. ' When
this general interaction is projected into K, it may well

contribute to each element of the tensor, and, in

particular, the anisotropy of K may no longer be related
in any simple way to the g tensor of the doublet.

In addition to complicating the form of the exchange
interaction, the anisotropic nature of the magnetic
charge distribution gives rise to the possibility of a
coupling between the multipole moments of the dis-
tributions that does not involve orbital overlap. This
coupling may arise either directly through the usual
classical Coulombic interaction" " or indirectly
through the dynamic interaction of the multipole mo-

ments with the lattice. "" In 6rst order the coupling
shifts the ground-state pair levels equally, that is, it

~ See, for example, P. M. Levy, Phys. Rev. 135, A155 {1964);
Phys. Rev. Letters 20, 1366 (1968); R. J. Elliott and M. F.
Thorpe, J. Appl. Phys. 39, 802 (1968).

R. Finkelstein and A. Mencher, J. Chem. Phys. 21, 472
(1953); B. Bleaney, Proc. Phys. Soc. (London) 77, 113 (1961).

7 B. C. Carlson and G. S. Rushbrooke, Proc. Cambridge Phil.
Soc. 46, 626 {1950).

8 J. M. Baker, Phys. Rev. 136, A1341 {1964).
~ J. M. Baker, Phys. Rev. 136, A1633 (1964)."J.M. Baker and A. Mau, Can. J. Phys. 45, 403 (1967)."J.Dweck and G. Seidel, Phys. Rev. 146, 359 (1966).
"W. P. Wolf and R. J. Birgeneau, Phys. Rev. 166, 376 (1968)."Electric multipole interaction has frequently been invoked to

explain energy transfer processes between rare-earth ions, and
there is now an extensive literature on the subject; see, for ex-
ample, R. J. Birgeneau, Appl. Phys. Letters 13, No. 5 (1968).

'4L. K. Aminov and B. J. Kochelaev, Zh; Eksperim. i Teor.
Fiz. 43, 1303 (1962) LKnglish transl. Soviet Phys. —JKTP 15, 903
(1962)j."L.K. Aminov and A. K. Morocha, Fiz. Tverd. Tela 3, 2480
(1961) fEnglish transl. :Soviet Phys. —Solid State 3, 1801 (1962)g.

D. H. McMahon and R. H. Silsbee, Phys. Rev. 135, A91
(1964).

'7 R. Orbach and M. Tachiki, Phys. Rev. 158, 524 (1967)."R. Orbach, in Proceedings oj' the Johns Hopk&ss Conference on
Optical Spectroscopy, September 1966 . (Interscience Publishers,
Enc. , -New York, 1967), p. 445.' S. J. Allen, Jr. , Phys. Rev. 166, 530 (1968).

0 D. L. Huber, thesis, Harvard University, 1963 (unpublished)."K. Sugihara, J. Phys. Soc. Japan 14, 1231 (1959).

contributes to the crystal field interaction alone, but in
second order it may contribute to K.

Although the principal eGect within the ground
doublet of all the interactions between the ions will be
to contribute to the eGective spin-interaction tensor K,
there will also be small contributions to the effective g
tensor. . These arise from cross terms in the second-order
perturbation theory involving the interaction and
Zeeman Hamiltonians. ' " Furthermore, if observable
effects outside the manifold of the ground doublets are
considered, then, acting in erst order, the interaction
between the ions may alter the relative energies of the
levels. Thus, although it may be dificult to identify the
coupling mechanism mainly responsible for the inter-
action from its contribution to K, g, or the energy of
excited states alone, it may be possible to do so in cer-
tain cases by correlating all three effects, that is, by ob-
serving how the interaction contributes in diferent
orders of perturbation.

A considerable amount of work has recently been
reported on the EPR investigation of interactions be-
tween non-S-state rare-earth ions, particularly Nd'+
and Ce'+. The pair spectra of Nd'+ ions have been in-
vestigated in lanthanum ethyl sulphate, ' lanthanum
trjch]orjde 23 26 lanthanum trjbromjde 23 25 26 and calcjum
Quorjde, '~ and pairs of Ce'+ ions have been observed in
lanthanum ethyl sulphate' and lanthanum tribro-
mide, ""where the last represents an extension of the
present work. Pair spectra of Dy'+, Tb'+, and Ho'+ ions
have been observed in the ethyl-sulphate lattice. '
Further information on the interactions between rare-
earth ions, particularly in the ethyl-sulphate lattice,
has been obtained from low-temperature measure-
ments of the EPR of the concentrated salts. "' In
each of the above experiments, it has been found that
there are appreciable nondipolar interactions; however,
it has proved extremely dBBcult to separate out the
diGerent possible contributions~.

The case of cerium in lanthanum trichloride was
chosen for the present investigation for a number of
reasons. The Ce'+ ion is particularly amenable to
theoretical considerations, having the conhguration
4f. ' EPR, ss optical absorption, ""and susceptibility

"M.T. Hutchings and W. P. Wolf, Phys. Rev. Letters 11, 187
(1963)."K.L. Brower, H. J. Stapleton, and K. O. Brower, Phys. Rev.
146, 233 (1966).

24 J. M. Baker, J. D. Riley. , and R. G. Shore, Phys. Rev. 150,
198 (1966)."J.D. Riley, J. M. Baker, R. J. Birgeneau, and C. Peagram,
Proc. Roy. Soc. (London) (to be published).

'~ J. M. Baker, R. J. Birgeneau, M. T. Hutchings, J. D. Riley,
Phys. Rev. Letters 21, 620 (1968).

~'I
¹ E. Kash, L. S. Kornienko, and E. G. Lariontsev, Fiz.

Tverd. Tela, 8, 2572 (1966} /English transl. : Soviet Phys. —
Solid State 8, 2058 (1967}j."L Svare and G. Seidel, Phys. Rev. 134, A172 (1964).

'~ C. A. Hutchison and E. Wong, J. Chem. Phys. 29, 754 (1958).' K. H. Hellwege, E. Orlich, and G. Schaack, Phys. Kon-
densierten Materie 4, 196 (1965)."D. M. S. Bagguley and G. Vella-Coleiro, J. Appl. Phys. 39,
973 (1968).



general spectrum for a pair. of identical ions with inter-
action. tensor K and magnetic moment tensor:g in the
case where the g tensor is highly anisotropic. The ex-
perimental results will be described in Sec. 5. In Sec. 6
%'c review thc theories of vlI'tual phonon RQd clcctrlc
quadrupole-quadrupole interaction, and we apply. these
to the experimental results in Sec. j. The main con-
clusions will be summarized in Sec. 8.

a -" 7.483 A, c = 4.375 A

Structure of Laclp

F0:. j.. Structure of LaC13 and CeCl3. The XZ plane is de6ned by
the nnn pairs (1,4) and (1,5).

measurements" shove that the ground state in LaC13
is close to pure

~

J= s, Mq=+s), so that the spins in
the system might bc cxpcctcd to show Ising-like inter-
actions, although, as we shall see, this is not necessarily
so. The Ce'+ ion also exhibits the largest quadrupole
moment of the rare-earth ions Ce'+ to Gd'+, " and it
was, therefore, anticipated that the electric quadrupolc-
quadrupole interaction (EQQ), that is, the 6rst spin-
dependent term in the electric multipole interaction,
might be particularly important in this case where the
ions are separated by only 4A. Experimentally, the
absence of hyper6ne interaction simpliles the EPR
spectrum. The bulk magnetic properties of concentrated
CCC13 were detcrIMQcd ln an lnvcstlgRtlon pRrRllcl to
this work and showed an Rntlfcrromagnctlc tI'RQsltlon

at 0.2II'oK.34 The parameters describing these bulk
magnetic properties may be used as additional informa-
tion which, combined with the parameters determined
from the pair experiments, enables values for most of
the terms in the nearest-neighbor and next™nearest-
neighbor interaction tensor K to be found. 's

Thc work dcscl'lbcd ln this paper faHS into two parts:
firstly (Secs. 2-5), the determination of values for the
terms in the g tensors and interaction tensor K, and
secondly (Secs. 5-7'), the discussion of the contributions
to these terms from the diferent possible interaction
mechanisms. In Sec. 2 wc shall brieQy describe the
crystal structure RQd ln Scc.3 wc shRll discuss thc work
carried out by various authors on thc propcj;ties of a
single Ce'+ ion in LaC13. In Sec. 4 wc consider the

"B.Schneider, Z. Physik 177, 1"l9 (1964); 18$, 504 (1965).
'3A. J. Freeman and R. E. Watson, Phys. Rev. 127, 2058

(j.962).
84 g. F.Keen, D, P. Landau, and W. P. Wolf, Bull. Am. Phys.

Soc. 1I, 377 (j.966); and (to be published).
"D.P. Landau, R. J. Birgeneau, M. T. Hutchings, and W. P.

We)f, J. Appi. Phys. 39, 9'l5 (1968).

Thc crystal structure of LRC13 has been described in
I, and R diagram. of thc structure ls reproduced 1Q Flg. 1.
The lattice parameters and ionic separations are sum-
marized in Table I."s' Tlie space group is C6s/m, and
the point symmetry at the rare-earth site is CSI,.

Thc experiments described in Scc. 5 werc performed
on samples containing 1-10'Po concentrations of Ce'+
ions. The crystals werc oriented in the manner describe
in I so that the magnetic 6eld could be swept from along
to perpendicular to the c axis through a next-nearest-
neighbor (nnn) pair-bond axis, that is, in the XZ
plane in I"ig. I.

. The samples were prepared by Garton at Oxford and
Mroczkowski at Yale by the Bridgeman-Stockbargcr
method in the manner described by Garton t,t eL'8

The EPR of Ce'+ ions in LaC13- was 6rst reported by
Hutchison and Kong, "who measured the g tensor of
the ground state at 4.2 K. They found

g„=4.0366(+0.0015), g„=0.0(+0.08),

Values determined from our 1%-Ce'+ sample agree
well with these:

g&(
=4.037(+0.002), gi= 0.23(+0.02) .

At higher temperatures the Ce'+ resonance is broadened
by spin-lattice relaxation.

There is now a considerable amount of data available
on the crystal 6eld levels in Ce'+-doped LRClg and also
in concentrated CCClg. Schneider32 has deduced crystal
6eld parameters from the susceptibility of CeC1~ as a
function of temperature betvreen 4.2 and 300. K, and

Ther.x I. Lattice parameters and ionic separations
at room temperature in L.+

LaC4
CeCl3

7.483
7.450

4.3'E5
4.3I5

4.843
4.812

& References 36 and 37.

Ig%'. H. Zachariasen, J. Chem. Phys. j.6, 254 (1948).'~ D. H. Templeton and C. H. Dauben-, J. Am. Chem. Soc. 76,
5237 (j954).

'SG. Garton, M. T. Hutchings& R. Shore, and W. P. %'olf,
J. Chem. Phys. 41, 19/0 (1964).
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TABLE II. Crystal fieid levels for Ce'+ in LaClq, together with wave functions in the form IJ3E~) 'b

Multiplet Energy(cm '}

0
37.5+3.1

110.0&3.9
2166.0+1.8
2208.6&1.3
2282.6+5.2
2399.5+2.1

Eigenfunctions

0.99796Is+s)&0.01072Is+f)+0.06298Is~g)
099446I$~$)+0.1051tI$+$)
0.99924Iss~g)+0.03905I$+$)

+0 56659Irs+rs)+0 g2356I)vg)+0. 02709I-', +-',)
+0.99446I)+$)+0.105$1I$~$)
+0 g2174Ik~k)+056692I)+$)+0.05785Is~ss)

0.99924I$%$)&0.03905I)+f)

a Calcu]ated using As0(r~) ~64.S cm ~, A4O(6) = -41.0 cm 1, Aeo(re) = -64.1 cm ~, Asg(re) ~399.1 cm &, and 3'~626.$ cm ~.
b Reference 30.

von Klot has determined the position of the first excited
state by a relaxation method. "More accurate values
for Ce'+ in LaC13 have been given by Hellwege et uL, '
who investigated the absorption spectrum of LaC13 con-
taining 0.5 and 5% Ce'+ at low temperatures in the
region of the 4f-4f infrared transitions. These results
are summarized in Table II, where the crystal field

levels of the 'F5~2 and 'Fq/2 multiplets are given, to-
gether with wave functions determined by fitting a
C3q crystal field Hamiltonian to the observed splittings.
3agguley and Vella-Coleiro have investigated the
Zeeman behavior of the excited states" and find that
parameters very similar to those of Hellwege give a
good description of their results. Note, however, that
there is a slight discrepancy between the g values for
the ground state calculated on the basis of static
crystal field theory and those measured using EPR.
In g«, however, this discrepancy may be accounted for
by a combination of covalency and the virtual phonon
process of Inoue. ' " In g~ the theoretical situation is
less clear, although the same mechanisms could be in-
volved here as well.

4. GENERAL PAIR SPECTRA

A. nn Pairs

In this subsection we consider the pair spectrum
expected for a pair of nearest-neighbor (nn) Ce'+ ions
in LaCls $e.g., (1,2) and (1,3) in Fig. 1].In this case the
symmetry of the pair, a threefold rotation axis and
horizontal reQection plane, reduces the general inter-
action Hamiltonian to

X„„=E""&'S,(1)S.(2)+xsE r

X(P'(1)~(2)+~(1)S+(2)j, (1)

where we write E
and for convenience we have omitted the prime on the
effective spin operator 8=2~. The g tensor for a nn pair
has the same form as that for a single ion, and we may

:"R. von Klot, Phys. Kondensierten Materie 6, 290 (1967).
' "M. Inoue, Phys. Rev. Letters 11, 196 (1963}."R.J. Sirgeneau, Phys. Rev. Letters I9, 160 (1967).

write the pair Hamiltonian as

X= P (g„AH cos8S,(z)+gtpsH sin8S, (z))

yEaa S (1)S (2)+tEnn

XP+(1)~(2)+S (1)~(2)j (2)

For convenience we choose as basis states (++&,
IS)=(1/~(l+ -)+I-+&),
l»=(1/N(l+ —)—I

—+&),
and

~

——), where ~++& is ~M(1)=sr, M(2)=$), etc.
The states t++&, ~S), and

~

——) then correspond
to total spin T= 1, and ~A) is the T=O state. As noted
in Sec. i, for a pair of identical ions only the transitions
within the T= i state are allowed. In order to calculate
the expected pair spectra we assume that g&l)&g& for
the nn pairs, as in the single-ion case, so that we may
then use perturbation theory. This, of course, is a very
reasonable assumption, since we would not expect the
pair g values to diGer very much from those of the
single ion.

It is then straightforward to show that the nn pair
transitions will be observed at fields B+, between the
perturbed states ~++) and ~S&, and H, between
~S) and

~

——), where H+ and H are given to second
order by the expressions

hv=gt&AH+ cos8 +xs(Ea""—E~,)
+gPpo'H+s sin'8/2hv, (3)

where v is the frequency and we assume that

hv)-'s(E~" —E~,).
Hence the nn pair lines should be approximately
symlnetrically placed about the main line separated by
(E «—E~,)/2g"p'Hcos8 from it, and H+ cos8
should show an angular variation similar to that of the
single-ion main line. Therefore only the difference
E""11—E~& can be determined from the line positions.
We may note that since

I
——) corresponds to

IM~(1)= ——',, Mq(2) = ——',), then at low temperatures
(kT hv) the transition corresponding to H will grow
in intensity relative to the transition at B+, This
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enables the sign of E""~~—E;""& to be determined. The
isotropic part of K can also, in principle, be measured
from the relative intensities of the lines as a function of
temperature, but for weak interactions this becomes
very de.cult. 4'

B. nnn Pairs

In the case of the nnn pairs the situation is sig-
niGcantly more complicated. The only symmetry
operation for the pair is an inversion through the
center of the line joining the ions. Thus the most general
symmetric interaction tensor K is allowed. Similarly,
the most general g tensors gi and gs are allowed, al-

though we might expect the off-diagonal terms and the
horizontal plane anisotropy g„—g» to be rather small,
since they arise only from crystal Geld distortions and
the multipole effects mentioned in the Introduction. It
is important to note, however, that because of the in-
version through the center, g~ and g~ may be shown to be
identical if they are defined relative to parallel axes.
This need not be true in general, and care must be
taken in de6ning the axes of the g tensors for the two
members of a pair.

From Fig. 1 it may be seen that there are six nnn
pairs (1,5), (1,6), (1,9), (1,4), (1,7), and (1,8), which we
shall denote by n= 1, 2, , 6. These are related to
each other by a reQection in the horizontal plane and
rotations about the c axis of 120 and 240 . Following
Brower, Stapleton, and Brower" we choose local axes
for each of the six nnn pairs such that s„ is parallel to
the threefold rotational axis and in the same direction
as the component of the magnetic field along this axis.
The x„and y„axes are such that the vector R„joining
the eth pair of ions is in the (+,+) quadrant of the
x„s„plane. Thus, for example, the axes (xi,yi, si) of the
pair v=1 coincide with the axes (X,F,Z) in Fig. 1,
and the axes (xs,ys, ss) for the pair (1,6) are related to
(xi,yi, s&) by a rotation through —60' about the Z axis.
If (8,&) are the polar angles that the applied magnetic
field H makes with the axis of pair (1,5), we may write,
in general,

H=H(sin8 co&„,sin8 sing„, cos8),

where

Q„=pi+(I—1)60, n= 1,2, ,6.

For the sample orientation used in our experiments,
Pi——0. Relative to the appropriate set of axes deaned
above, the g tensors and interaction tensors K for each
of the pairs are identical.

In order to determine the nnn resonance Gelds we may
once again use perturbation theory. Since the g tensor
is expected to be highly anisotropic, it is convenient to
retain the c axis, rather than the strong Geld precession
axis, 4' as axis of quantization. Our analysis will then

4' J. Owen, J. Appl. Phys. SuppL 32, 213S (1961).
4' B. Bleaney, Phil. Map. 42& 441 (1951).

be limited to the region where

g ~~B sine and g»IJggB sin0&&g, ~~Bcos8.

In Grst-order perturbation theory, the resonance
fields are given by

hv= g«lsnH+ cos8 (1+@~ta118)

+-,'(K,.——,'(K..+E„„)], (4)
where

n„= (g., co~.+g„.sing„)/g„.

The + and —signs correspond to the transitions be-
tween the perturbed states ~+ +)' and

~

S)', and
~

S)'
and

~

——)', respectively. The second-order contribu-
tions to Eq. (4) are

+2f(H+, 8, y., +K.„, +K„,)
f(H+, 8—, y„, +K„,+K„.)

+L s(E.* Kvv)'+—sK*v']/
{2hv&EK«si (K»+Kvu)]) ~ (5)

where

f(H, 8,&,K„,K„,)= (1/2hv) [(g. p~H cos8

+g„pjiH sin8 cos$+g„,tJ~H sin8 sinQ+siK„)'
+(g,„@AH cos8+g»tjsH sin8 sinP+g, „tJ~H sin8

Xco&+-,'K„.)'].
The general expressions for the positions of the pair

lines, correct to second order, are thus rather complicat-
ed. We can see, from Eqs. (4) and (5), however, that only
the anisotropic terms in K can be determined from the
KPR resonance fields. As in the case of the nn pairs,
measurement of the small isotropic-interaction term
from the variation of intensity of the pair lines with
temperature would be dificult.

It is instructive to consider the EPR spectrum pre-
dicted by Eqs. (4) and (5) in some detail. It is clear
that if g„, g,„, g„„and g»«g„as we anticipate, the
second-order terms given by Eq. (5) should have only a
small effect on the spectra at low angles 8, contributing
mainly to a constant shift in frequency. The expression
given in Eq. (4) will then form a good first approxima-
tion. A comparison of Eq. (4) with the first-order part
of the corresponding me expression, Eq. (3), shows that
they have the same form except for the term in n„ tan8
arising from g„and g„,. In our preliminary account of
this work, ' we described this term as a "8-dependent
contribution to g„," replacing O.„with 1.85g;A„„,
where il;=cosp; in the present notation. The form of
Eq. (4) is based on a more general spin Hamiltonian and
does not rest on any particular model.

For the sample orientation used in our experiment,
u= +g,/g„and +sg„/g„+sPgv, /g„, we might
therefore expect 12 distinct pair lines arising from the
six different nnn pairs at a general value of 8, coalescing
into just two lines when H is along the c axis. In the
particular case when g„,=0, there will be only eight
distinct lines, four lines corresponding to a=+g„/g„
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and four doubly degenerate lines corresponding to
a= +-,'g„/g„. As we shall see, this is in fact the case
appropriate to our interpretation of Ce'+ pairs in
LaC13. From this discussion it is clear that from the
nnn pair spectra one should be able to obtain very
accurate values for g„, gz„g„„and E„—q(E„+E»).

The second-order terms, given in Eq. (5), are some-
what more dificult to categorize. The third term in
Eq. (5) has the main effect of producing an apparent
shift in frequency, and may therefore only be deter-
mined by very precise measurements as a function of
frequency. Similarly, it may be seen that the terms in

g„, g„„g,„, and g,„will have no appreciable effect on
the spectra unless they are anomalously large. The
terms in g„' and g,„'correspond to the terms in g&' for
the nn pairs in Eq. (3). Finally, Eq. (5) includes cross
terms between E, and g, and also E„,and g», these
may be written in the form

+g„peH+ cos8(3/2') f(g,/g„)E„cog
+(g„„/gzz)E„z sing„) tan8. (6)

This is similar to the term

g„IJ~H+ cos8 e„ tan8

in Eq. (4), except that, because of the change in sign
for the two pair transitions, it acts like an interaction
term rather than a g value. The same angular variation
of the spectra will be given by either Eqs. (6) or (7)
acting alone, but they may be distinguished by their
different frequency dependences. However, because g„
and g» are small, we would expect the terms in Eq. (6)
to be very small, and therefore they should give rise
mainly to a slight additional splitting of the pair lines.
This should enable E„and E„, to be determined
accurately.

In summary, of the 15 terms in g and K, the above
analysis suggests that from the angular dependence of
the spectra we shall only be able to obtain values for
gzzz g»& gzz& gzzq gzzz Ezz 2(Ezz+E»)z Ezz~ and Ezz
with any precision. This di6iculty arises primarily be-
cause g„and g„„are assumed to be small, and manifests
itself experimentally in the very high magnetic fields
required to study the spectra with B in the XF plane.

Finally, it should be pointed out that because of the
experimental ambiguity in p it is only possible to deter-
mine g and K up to a rotation through some integer
multiple of 60 ."

C. More Distant Pairs

From Table I it may be seen that the third nearest
neighbors are much further apart than the nn and nnn.
We expect the interactions between these ions to be
mainly dipolar and, from the anisotropy of the g values,
to be of the form E„S,(i)S,(2). In addition, we expect

the g tensor to remain axial, since any distortion and
multipole effects should be negligible. The nn Eq. (3)
should therefore be applicable to all pairs further apart
than the nnn.

5. EXPERIMENTAL RESULTS

A. Apparatus and Procedure

The experiments were performed mainly on samples
of LaC13 containing 1% Ce~ at 25.0 (E band) and
36.2 GHz (Q band) and at temperatures between 1.3
and 4.2'K. Straightforward transmission spectrometers
were used, incorporating 115 KHz field modulation
on a slow field sweep and phase-sensitive detection
with chart display. The magnetic Geld, supplied by a
Varian Field Dial system, was measured with a Numar
Gaussmeter. The same cavity was used ' at both fre-
quencies and was turned with a shorting plunger.

The samples were oriented as described in Sec. 2.
Because of the low value of g&, the spectrum could only
be observed for values of 8&70 with the magnetic field
available. No resonances that could be attributed with
certainty to pairs of ions were observed at I-band
frequencies. At the E band, however, the pair lines
were observed with signal to noise of 20:1 and half-
intensity full widths of 10/cos86. Their positions
could be measured to an accuracy of &4/cos8 G. At
the Q band the linewidth was larger, and although the
inherent sensitivity at this frequency is higher, the fact
that the cavity used was designed for lower frequencies
reduced the net sensitivity, and the lines could be
measured to only +6/cos8 G.

Samples of 2.5, 5, 10, 20, and 100% concentrations
were also investigated, and some of these showed other
lines besides those observed in the 1% samples. These
will be discussed brieRy in Appendix A; most were
attributed to impurity effects. Some of the more con-
centrated samples did show weak resonances at the X
band, centered about the known pair-line positions.
The resonance observed from concentrated CeC13 is
discussed in Appendix B.

B. Pair Spectra

i. Gemerul Spectrum

Typical resonances observed from a 1% sample at,
25 GHz are shown in Fig. 2, and the angular variation
at this frequency is shown in Fig. 3, the experimental
pair lines being marked by circles.

%hen the magnetic field H is along the c axis, there
are a number of small lines nearly symmetrical about
the large main single-ion line, in particular, the outer
lines in Fig. 2(a). These remain symmetrical about the
single-ion line on varying the angle of H, and their
splitting from it varies approximately as (cos8) '. In

'4 We are indebted to Dr. J.D. Riley for drawing our attention
to this point.

"M. T. Hutchings, thesis, Oxford University 196$ (&n
published).
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(b) H ALONG C-AXIS (INNER LINES)

4.30

(cj H AT 70' TO C-AXIS (INNER LINES)

they obey the angular variation expected from Kq. (3),
the separation from the main line being (E""~~—E""~)/
2gilp~ cos8. The angular variation is plotted in Fig. 3,
and the solid line through the experimental points
represents the best 6t to the points of Eq. (3). The
values of E""ii—E &, gii and g~ giving this fit are listed
in Table III. All the points are fitted to within the ex-
perimental error out to 50 . Beyond this the slight
deviation is very probably due to a small error in 8,
although there may also be small terms in H&2, not in-
cluded in Kq. (2), arising from high-order processes.
The identification of these lines as nn pairs is confirmed

by two other factors. Firstly, the lines do not split out
to 70 from the c axis, whereas, if they were due to nnn
pairs, we would expect from our discussion of Eqs. (4)
and (5) that the lines would split oif axis. Indeed, other
lines that do split are observed and can be definitely
ascribed to nnn pairs, so that, unless there are relatively
large long-range interactions present, these lines must
be due to the nn. Secondly, the relative intensity of
these lines with respect to the single-ion main line in
1, 5, and 10'Po samples was found to correspond well

with that expected theoretically from probability con-
siderations for nn pairs.

l2.5

FIG. 2. EPR pair spectra of 1 /0 Ce in LaC13
at 4.2'K and 25 0Hz.

5.0-

NN

fact, the outermost lines at &560 6 obey this varia-
very well and are indeed attributed to nn pairs. The
inner lines, Fig. 2(b), are found to coalesce with the
broadening main line at about 50; these lines are
attributed to more distant Ce'+ pair transitions. The
more asymmetric, or nonsymmetric, inner lines in

Fig. 3(a) split up when H is varied away from the c
axis and become lost in the noise, and they are prob-
ably due to impurities. 4'

%'hen the angle that the magnetic field makes with
the c axis is 40 or more, a number of hnes with in-
tensities about twice that of the outer pair lines in

Fig. 2(a) begin to emerge from the single-ion. line, both
on the high- and low-6eld sides, with a splitting that
increases rapidly with angle. The central part of the
EPR spectrum with'8 70 18 shown m Flg 2(c) j the
lines on either side of the single-ion line are those which

emerge at 0~40 . These lines are attributed to nnn

pairs, for reasons given below. We shall now discuss
each type of pair in turn.

6. en I'airs

O
Lal

LL.

LI

LLI
0

QO 20 QQO 6QO

MAIN

LiNE

NNN

The outermost lines in Fig. 2(a), at —569 and
+560 6, are attributed to nn pair transitions, since

'e See Appendix A.

ANGLE FROM C-AXIS

FIo. 3. Angular variation of the pair spectra of Ce'+ in LaC13
at 4.2'K and 25.02 6Hz. The circles represent the experimental
points, and the solid lines are calculated from the parameters
)usted in Table III giving the best 6t to the spectrum.
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TAal,z GI. Value of spin Hamiltonian parameters found by experiment for the single-ion, nn, and nnn pairs of Ce~+ in I aCI3, All
energies are expressed in cm . The choice of axes and convention used is discussed in Sec. 4 B.

Freq.

Single ion (1%%uo) E

nn pair (l%%uo)

nnn pair (1 jo)

ggg

4.03/
(+0.002)

4.041
(+0.002)

4.05
(&0.02)

4.04
(+o.o2)

go~

0.23
(+0.02)

0.21
(+0.04)

0.23
(&0.04)

0.23
(&0.08)

gus

0.23
(+0.02)

0.2i
(+0.04)

0.23
(&0.04)

0.23
(ao.o8)

0.065 0.00
(+0.004) (+0.02)

0.063 0.00
{+0.008) (+0.04)

0.2j.3
(+0.001)

0.004
(+0.002)—0.005
(a0.003)

0.004 0.000
(+0.005) (+0.002)

0.000 0.000
(+0.010) (+0.010)

The sign of the interaction was determined from the
relative intensities of the transition at low tempera-
tures. The high-Geld line was found to correspond to H,
indicating that E ti

—E""~&0.The nn interaction is
therefore arstiferromagrIetic. The nn pair 6eld splittings
measured at 36.2 0Hz were found to agree within ex-
perimental error with those measured at 25 6Hz, indi-
cating that Geld-dependent contributions to the inter-
actions are negligible.

%e shall postpone discussion of the experimental
parameters until Secs. 6 and 7.

'W$. ANN IGN'S

From Fig. 3 it may be seen that the lines emerging
from the main single-ion line when the magnetic Geld
makes an angle greater than 40 from the c axis have
the general qualitative features predicted by Eq. (4)
for thLC nnn pai's. Thc chalactcllstlc patter'n displayed
by the lines indicates a signi6cant term in n Lace
Eq. (4)j. In order to fit the observed spectrum to the
expressions given in Eqs. (4) and (5) it is necessary to
correlate each pair line with a speciGc nnn pair, m=1,~, 6. As noted previously, this identiGcation is arbi-
trary up to a rotation of all the pairs by an integer
multiple of 60. ln our Gtting we assume that g„
dominates over g„„ this necessitates identifying the
outer pair lines with qh= 0 and 180 .The signi6cance of
this choice will be discussed in Sec. 7.

A general, computer program incorporating a least-
squares routine written by PoweQ'~ was used to Gt all
of the resolved experimental line positions to the ex-
pressions given in Eqs. (4) and (5). The parameters
giving the best Gt to the E-band measurements arc
listed in Table III. These values were used to calculate
the theoretical angular variation shown in Fig. 3, where
it can- be seen that the general agreement is exceQent,
the rms deviation in the resonance Gelds being 9.4 G.
Of the large number of possible terms in the gen-
eral pair Hamiltonian only g„, g, =g», g„, and
K~""„—re(E"~„+X~») are in fact important. The
sign of the interaction terms was determined by in-
tensity measurements at 1.3 K as for the nn pairs.

"M.J.D. Powell, Computer J. 7, 303 (1965).

The measurements made at Q-band frequencies gave
values of the parameters also listed in Table j:II; they
agree within the experimental error with those deter-
mined at the lower frequency. This agreement conhrms
0111 asstlIIlpt1011 tllat tlM tcl'111 Q 111 Eq. (7) 18 responsible
for the characteristic nnn spectrum, rather than the
expression given in Eq. (6).

Finally, it should be mentioned that the inner low-
Geld nnn lines at the E band were in fact observed to
split slightly at magnetic Geld angles 8&65'. This
splitting could arise from a very small term either in
E„,or in g„,. Unfortunately, it does not seem possible
to distinguish between these. For simplicity we have
plotted thc mean posltlons of thcsc llncs ln Flg. 3.

i~. More Discreet Neighbor I'airs

The relatively large pair lines at &42, and +54 6 in
Flg. 2(b) have colllblIled 111tc1181tles of about Io 'to 1/7
of that of the main line. On varying the magnetic Geld
angle tI, the lines were found to remain symmetrically
placed about the center with a splitting that varied as
1/cost, verifying that they are Ce~ pair lines. Since
the nn and nnn have already been accounted for, they
must be due to the more distant pairs, and in Sec. 5 C
we shall show that they occur at Gelds close to the
predicted dipolar splittings of the third, fourth, and
sixth nearest neighbors. The combined theoretical
intensities of the third, fourth, and sixth neighbors are
consistent with their observed relative intensities.

C. Bulk Magnetic Proyerties of CeC13-
Final Interact|on Parametexs

%e have seen in Secs. 1 and 2 that the EPR pair
spectra from identical ions can only yield values for
tile as$$0tropie tel'ills of tile Intel'Rct1011 tcIlsols K and
in our particular case, the pair problem is further under-
determined. Therefore, in order to determine values
for all of the interaction terms, use must be made of
the bulk magnetic properties of Cecil to provide
additional experimental parameters. The parameters
used are the susceptibility gneiss 0 and the high-
temperature tail, cocKcient b for the speciGc heat,

b= C~T'/E.
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TAeI,E IV. InteraCtiOn COnatantS fOX' Ce'+ in Lacls (in Cm '). Enny iS Vmitten fOr ~~(En"",1g»»„„).a

Solution i

Solution 2

0.262
(+0.028—0.033)

—0.043
(+0.055-0.021)

0.049 —0.086
. (+0.032—0.0/5) . (+0.013)

—0.256 0.0IS
(+0.021—0.023) (+0.011—0.023)

—0.082
(&0.019)

0.019
(+0.029—0.037)

+1m'

0.004
(+0.002)

0.004
(+0.002)

0.000
(+0.002)

0.000
(+0.002)

4 See Ref. M.

Both 8 Rnd b Rlc I'clRtccl. to comblnRtlons of tlic 1Qtcr-

RctloD terms. ID uslDg these lcsults lt ls assumed thRt
the interaction tensors for Cc'+ ions in LaC13 are very
close to those for Ce'+ ions in CCC13. In view of the
good description of the properties of GdC13 given by
the results of pair measurements on Ge'+ in KuC13, ' an
analogous case, this appears to be a valid assumption.

The analysis of both the pair results and the bulk
magnetic properties to yield values for the dominan. t
terms in K"" and K~ ~ has been given in a previous
publication, "and we shall give herc only a summary of
the results and necessary assumptions.

There are eight unknown terms ln K"~ and K""".
From the pair measurements, Table III, we have values

Itnn +nn ltnnn (+nnn +Itnnn. . ) ~

Itnnn

and ~X~"~,~. The Weiss (), corrected for more distant
neighbor dipolar interactions gives a value for
E"" +3K""" and the specific-heat constant b is
given by a quadratic expression involving all eight
parameters. In all, there are therefore only six equa-
tions to determine eight unknowns. However, by making
the reasonable assumptions that E""'",„&0.035 cm—'

~

(Itnnn Itnnn )/(I('ann Pltnnn ) ~
g ]

g] g1."were able to determine the values of the inter-
action constants give in Table IV. For these values
E""",—K"""»was taken as zero, but lt ls found that
the other values are relatively insensitive to this
anisotropy perpendicular to the c a,xis, provided that
the above assumptions hold.

In Table IV two possible solutions of the expressions
are given. Unfortunately, it does not appear to be
possible to choose between these on experimental
grounds alone. However, wc shall see in Sec, 7 that there
are theoretical reasons for expecting solution 1 to be
the correct alternative.

B. Interaction Contribution to the Pair g Tensor

Kc have polntcd out iI1. thc Intloductlon that tIlcrc
may be contributions to the pair g tensors arising in
second-order perturbation theory from cross terms be-
tween the Zeeman term and interaction term in the pair
Hamiltonian acting within the full J multiplet. "Wc
shall consider as an "interaction" between the ions any
eGcct that depends on the expectation values of total
angular-monlentuim operators acting on,both ions. Thus
we include such effects as EQQ, where the quadrupole is
that of the magnetic orbit of a Ce'+ ion, but exclude

the usual nonmagnetic electrostatic interactions con-
tributing to the crystal field acting on an ion. In this
section wc shall attempt to isolate the change in g
values due to the former CGects from those due to the
change in nonmagnetic crystal Geld resulting from
distortions.

The distortion in the nonmagnetic crystal Geld acting
on one member of a pair arises because onc neighboring
La'+ ion of the single ion has been replaced with a
Ce'+ ion. We know from I and II that any shift in
position of the two ioa.s is small; from the dipolar inter-
action between nn Gd'+ ions in. I aCI3 this shift is found
to be ~~~ the difference in separation of the symmetry
positions in LaC13 and GdC13. Since this difference is
less for LaC13 and CeC13, we might expect a smaller
shift i o, d i d ed this as f und for the
RDRlogous case of Gd pRlls 1Q EuC13 whcx'c wlthlQ thc
experimental error the Gd'+ ions were found to sit Rt
the Eu'+ sites.

In Table V wc give the difference in g values found
for na. and nnn Ce'+ pairs in LaC13 froID those of the
single ions. It is seen that, while there is negligible shift
in g„and g& for either type of pair, there iS RQ ap-
preciable contribution to Ag,""".Indeed, it is this term
that is responsible for the characteristic nnn spectrum.¹tethat, since the experiments only determine g up
to a rotation of (IX60)', the more general result is
that hg„=0.065 cos-ex, and dg„,=0.065 sin —nx. Our
assumption that Ag, &kg„, corresponds to the case of
g =0. HowcvcI' thc following dlscussloQ applies foI"

all e.
It is extremely dificult to nla, ke a reliable estimate of

the contribution to Ag from a distortion of the pair
on purely theoretical grounds. Order-of-magnitude
estimates based on the maxirilum likely distortion in-
dicate R contribution that is too small by an order of
magnitude. However, the uncertainty in the calcula-
tions is such that one may not rule out a distortion-
lndllccd g shift of thc obscI'vcd. nlagnltudc.

Fortunately, much stronger evidence comes from thc
cxpcI'lIIlcDts of Brewer 8'$ gl. Rnd of Riley 8g 81,25 OQ

Nd'+ pairs in LaC13. In this work, an analogous expeli-
ment to the present case, it was possible to obtain
values for all the components of the pair g tensor, and
these are given together with the single-ion g values
as the changes in g in Table V. In the case of Nd'+

pairs, we ma, y confidently estimate the interaction con-
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TAnLE V. Single-ion g tensors and pair ag tensors for Ce'+ and Nd'+ in LaCI~. ag= g (pair) —g(single ion).

Ce3+ in LaC13

0.23
(+o.o2)

0

0

0.23
{&0.02)

0 4.037
(+0.002).

Single-ion g
0 0 —0.014

(&0.05)
0 —0.014

{a0.05)
0

0

0.004
(aO.OO3).

0.00
(a0.05)

~ ~ ~ 0.065
(+O.OO3)

0.00 0.000
(+o.o5) (ao.oo3)

~ ~ ~ 0.00
(&0.02) .

Nd'+ in LaC13a

+1.763
{&0.001)

0 1 ~ 763
(~0.001)

0 3.990
(%0.001).

Single-ion g
0 0 —0.053

(+0.002)
0

gg b

0

—0.053
(~o.oo2)

0

0

0.022
(~0.003).

0.005
(&0.003)—O.ot'9
(+0.002)—0.002

,(~0.001)

~gnnn—0.009
(&0.002)

0.007
(+O.OO3)

0.002
(~0.001)

—0.002
'

(+0.001)
0.002

{+0.001)—0.004
(ao.o03)

a Reference 25.
b Reference 23.

tributions to the g tensor. We find that the g shift
due to KQQ is one to two orders of magnitude smaller
than that expected for Ce'+ pairs in LaC13 and that the
shift due to superexchange is &0.01.

The g shifts due to distortions, on the other hand,
should be significantly larger than those for Ce'+
pairs, for two reasons. Firstly, since the differences be-
tween the nn and nnn separations in LaCl3 and NdC13
are 0.136 and 0.075 A compared with 0.060 and 0.031 A
for LaC13 and CeC13, the distortions for the Xd'+ pairs
should be at least twice as large as those for the Ce'+
pairs. Secondly, for a given distortion, the second- and
fourth-degree crystal-field terms arising from the dis-
tortion produce g shifts of compa, rable magnitude in
both Ce'+ and Nd"+ pairs. However, the sixth-degree
terms that normally dominate in low-symmetry fields
produce large g shifts only in the case of Nd'+ pairs,
since they do not affect the Ce'+ ground multiplet in
first order. In general, therefore, we may expect the
distortion shifts in the Ce'+ pair g tensor to be at the
most a quarter of those found for Nd'+.

An examination of Table V shows that for the Nd'+
pairs significant shifts occur in g""ll and g""&, however,
the hg tensor for the nnn has only small contributions
in all its components. Since these shifts arise mainly
from the distortion, we may put an upper limit on the
maximum distortion~induced shift likely to be found in
Ce'+ pairs as +0.01, and indeed the actual shifts are
very probably much smaller.

We may therefore conclude that the observed value
of Ag""",for Ce'+ pairs, 0.065, must arise almost wholly
from the interaction between the ions. The origin of
this term, and the values of the components of the
interaction tensor K, will be discussed in Secs. 6 and 7.

6. POSSIBLE INTERACTION MECHANISMS
AND THEIR EFFECTS

In this section we shall discuss the possible inter-
actions between the spins that may contribute to the

K and hg tensors summarized in Tables IV and V. As
mentioned in the Introduction, any interaction between
the ions will contribute to these tensors in diGerent
orders of perturbation theory. In 6rst order the inter-
actions bilinear, or of any odd power, in both total
angular-momentum operators may be projected into the
ground doublet to give contributions to K. For Kramers
ions, the interactions of even degree in the operators
will act in first order to a6ect the relative splittings of
higher states of the pair, that is, the crystal field levels,
and will only contribute to K in second and higher
orders of perturbation. In a magnetic 6eld there will
also be cross terms in second-order perturbation be-
tween the Zeeman and interaction terms of both odd
and even degree, and these will give rise to contribu-
tions to g. In the following subsections we shall discuss
each type of interaction in turn.

A. Dipolar Contribution

The first-order effect of the dipolar interaction may be
written directly in terms of the effective spins, using
the ground-state g values. Because of the large aniso-
tropy in the g values (g&/g~~ 0.05), there is only a
significant contribution to E„,and values of this term
for pairs out to the sixth nearest neighbors are given in
Table VI. The LaC13 lattice spacings were used to cal-
culate the ionic separations.

If we compare the values of the calculated dipolar
interactions for nn and nnn ions with the experimental
parameters listed in Table III, we see that there are
appreciable nondipolar interactions present for both
types of neighbors. Since the dipolar interaction is
always present, for convenience we have tabulated the
nondipolar parts of solutions 1 and 2 in Table VII. These
are the values that must be accounted for by the re-
maining interactions. In second order the dipolar inter-
action contributes a negligible amount to K and g.

If the dipolar interactions of the more distant neigh-
bors are used to calculate the splittings of the third,
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Thar. E VI. Bipolar contributions to E'„ for different types of Ce'+ pairs in LaC13.

Neighbors

Angle betvreen f" and 0

E„(d-d): cm ~

0

4.843

63.2

7.483

33.3
—0.016—84

fourth, and sixth neighbor pair lines, these are found to
be 44, 42, and 56 G. A comparison with the lines ob-
served at 42 and 54 6 suggests strongly that they arise
from these neighbors and that to within the experi-
mental error dipolar interaction alone is sufhcient to
account for their interactions,

3. Exchange Interactions

In this subsection we 6rst corlsider the order of
magnitude of the exchange interactions and then discuss
the most general form of Hamiltonian between rare-
earth ions.

With the present lack of detailed understanding of
the theory of exchange interaction, we cannot carry out
calculations of the superexchange interaction between
two Ce'+ ions from 6rst principles, but we can make
an estimate of its possible magnitude from the measured
Gd'+ exchange interactions in LaC13 and KuC13. ' ' In
doing this we make the assumption that the inter-
action is of a Heisenberg nature between true spins,
K, =Ji~S('& 5('& and we project this into the ground
doublets. As pointed out in the Introduction, this is not
necessarily valid for ions with a large orbital contribu-
tion to the wave function' but should suScc for an
order-of-magnitude estimate.

IIl I aIld II it was found that thc tiuc Hciscnbclg cx-
changc between Gd~ loDS ln LRC13 %'as Jy2~0.05 CIQ

If the exchange between the real spins of the Ce'+ ions
were identical to this, the isotropic exchange projected
into the ground multiplet would give

&'***~L(gsgm—&) /gsgm jgii %2~0 O25 cm '.
However, we must take into account the increase in
overlap with the chlorine ligands in going from Gd'+
to Cc'+. The calculations of Ellis et ul. 48 indicate that
typically tile 4f-llgalld ovel'lap llltegl'als challge by a
factor of 2, whereas the 5s, Sp-ligand overlap integrals
change by j..5. We might therefore expect the
Ce'+-Ce'+ superexchange to be (1.5)' to (2)', that
is, 5 to 16 times larger than that appropriate to Gd'+
pairs. Thus we expect ~E„~ 0.2 cm ' for both types
of neighbor, the interaction being antiferromagnetic for
the nn and ferromagnetic for the nnn, as between
Gd'+ ions."A comparison with the values given in
Table VII indicates that superexchange could in fact

M. M. Bliss and D. J. Nevrman (private commumcatl. on).

produce coDtllbutlons of thc observed order of IQagDi-
tude to K.

In second order, cross terms involving the exchange
and Zeeman terms can give rise to shifts in g from the
single-ion values. "However, in order to explain, for
example, the observed value ofg, by this mechanism
we would require a term J,g (1)S.(2) in the real-spin
nnn pair Hamiltonian with J„30cm '. A comparison
with the 0.2 cm ' estimated above shows that this is
clearly out of the question; indeed, such second-order
cBccts will bc negbgible.

Lcvys and Elliott and Thorpe5 have shown that,
within a given Jmultiplet, the most general form of the
exchange interaction is given by

XII = Q g ""'0."(JI)0„"'(Jl),
a@i ekn4f

where O„are Racah operator equivalents, 4' " and
n+m' is even by time-reversal symmetry. For f elec-
trons, I, m'&7. The forms of the g„„.""' are restricted
by symmetry and may be determined from a micro-
scopic model; they are not necessarily real. Isotropic
coupling between the real spins may be written in the
form of Eq. (8) as

3'e*=(gZ—&)%2@4'&I'—(&I'&I '+&I '&I')]

We shall see in Sec. 7 that our results show evidence
for the existence of some sizeable terms g„„~

' with
e=e'=5.

C. Vixtual Phonon CouyHng

The third interaction that we shall consider is the
CGcctive multipole coupling that arises from the ex-
change of a virtual phonon between the Ce'+ ions. This
coupling, which we call "virtual phonon coupling"
(VPC), has been considered most recently by Orbach
and Tachiki "by Baker and Mau " and by Allen "
The reader is referred to these papers for reference to
earlier work. Allen has shown that VPC is of quantita-
tive importance in UO2, but in our case it appears to
have a negligible cGect, as we show below.

As in all orbit-lattice interaction problems, VPC is
treated correctly in terms of the normal modes of the

'9 H. A. Buckmaster, Can. J. Phys. 40, 1670 (1962).
go D. Smith and J. H. M. Thornley, Proc. Phys. Soc. (London)

89, 779 (1966).
~~ R. J. Birgeneau, Can. J. Phys. 45, 3761 {1967);J. Phys.

Chem. Solids 28, 2429 (1967).
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Tanrs VIL Nondipolar interactions constants for Ce'+ in LaC13 (in cm ').

Solution 2

Calculated
EQQ

0.430
(+0.028—0.033)

0.125
(+0.055 —0.021)

0.036
(+0.064—0.033)

0.046
(+0.032—0.075)

—0.259
(+0.02k —0.012)

0.0

-0.110
(+0.013)

-0.009
(+0.011—0.023)

-O.162
(+0.020)

—0.083
(+0.019)

0.018
(+0.029—0.037')

0.0

0.004
(+0.006)

0.004
(+0.006)

0.0

gnnn

0.000
(+0.002)

0.000
(+0.002)

0.0

rare-earth ion and its surrounding complex. Such an
analysis has been carried out in the cubic case by
Orbach and Tachiki. '~ However, in low-symmetry cases,
such as for the CII, point symmetry in LaC13, the normal-
mode analysis introduces too large a number of com-
pletely unknown constants. It is more convenient,
therefore, to treat the problem using the phenomenologi-
cal Orbach" and Scott-Jeffries" approach for the spin-
phonon interaction. This has the major drawback that
one loses all of the advantages of knowing the symmetry,
but, nevertheless, it is sufEcient to obtain an estimate of
the order of magnitude of the effect.

In erst order (which is actually second order in the
orbit-lattice interaction) the virtual-phonon spin
Hamiltonian may be written

vpo g p & m(ra)o, -m(rn')
n2S', m

Xx x"~. (1)o" "(2&

I
g vpc I

3knCn'/292'7r'ps'Ets'. (9)

Here the O„are Racah operator equivalents, p„
are the reduced matrix elements, and the e are the
numerical codhcients in the phenomenological one-
phonon relaxation perturbation Hamiltonian

8C—e Q ~ na(rn)x () ea

The pair axis is chosen as axis of quantization. Only
even values of n, I' need be included if a single con-
figuration of each ion is considered, since parity causes
the odd-e matrix elements to vanish. In the Scott-
Jeffries approach, the n„~ are taken as equal to the cor-
responding static crystal Geld parameters, "5' that is,

l~ "(rs)I=2I~ '&")
I *.

I- -(")l=gl~ "(")I

a, („s)l 16lg,o(„s)l

where the A„are the conventional static crystal Geld
parameters. "The Hamiltonian, Eq. (9), is derived on
the assumption that the crystal Geld energy hE is much
less than the phonon energy and is only valid in that

"R.Orbach, Proc. Roy. Soc. (London) A264, 458 (1961)."P. L. Scott and C. D. Jdfries, Phys. Rev. I27, 32 (1962).
'4 See, for example, M. Y. Hutchings, Solid State Phys. 16, 227

t'&964).

approximation. The eGect of including the crystal held
energy explicitly is to reduce Agpc by approximately
kskn/(hE+hskn). Equation (9) includes only the con-
tribution from the zero-point phonons; however, in the
liquid-helium-temperature range this is most certainly
a good approximation. In addition, coupling to the
optical modes is assumed to be the same as to the
accoustic modes; this has, in fact, been veriled experi-
mentally for the case of NdCI3. "

The parameter Cg occurring in the expression for
Agpc is the amount by which the orbit-lattice inter-
action as estimated above must be scaled in order to
bring the theoretical Raman relaxation time into
agreement with experiment. Because of the dominance
of the Orbach process in the relaxation and its general}y
anomalous nature, no Raman relaxation time could
be measured experimentally for Ce'+ in LaCl~, ~6 '7' so
that as a Grst approximation we take Cg= i.

For Ce~ iona in LaClq, the density p=3.84 gm/cc
and velocity of sound s~2X10s cm/sec. The Debye
temperature on the basis of eight 'atoIDs per unit ceB
is I50 &(2'~3=190 K) so that the cutoG wave vector
k~ is 1.2& 108 cIn '. The dynamic crystal Geld parame-
ters may be estimated, using Eq. (10), from the static
parameters given in Table II.

The VPC in first order will contribute to the elec-
trostatic crystal Geld and in second- and higher-order
perturbation will contribute . to the spin-spin inter-
action tensor K. In order to estimate the size of the
VP{ effects we consider a typical 6rst-order matrix
element (ss, s IXvpol s,s). This is found to be 3)(10-s
cm '. The contribution to E "„,ln second order, will
then be typically two orders of magnitude smaller,
~3&10-' cm-'. Compared with the magnetic dipole-
dipole contribution to E" „of—0.17 cm ', we see that
this is entirely negligible. %e can therefore rule out
VPC as a possible coupling mechanism for Ce'+ ions
in LaC13.

D. Electric Mgltiyole Interg cgon

%e shall discuss the electric multipole interaction in
some detail, for, as we shall see, it seems quite likely

"E.Cohen, L. A. Riseberg, and H. W. Moos, Phys. Rev. (to
be published).

'6 B. W. Mangum and R. P. Hudson, J. Chem. Phys. 44, 704
(1966).

~~R. C. Mikkleson and H. J. Stapleton, Phys. Re@. 140,
A1968 (1965).
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that the second-degree term, the KQQ, has a considerable
effect in the present case.

The electric multipole interaction (KMI) arises from
the Coulombic interaction of the magnetic electrons,
which are assumed to have nonoverlapping charge dis-
tributions. This Coulombic interaction e'/r» may be
expanded to give terms involving the different moments
of each charge distribution. The monopole-monopole
interaction is spin-independent, but higher-degree mo-
ments on both ions will lead to coupling between the
spins on each ion.

In 6rst order the EMI will contribute to the crystal
Geld acting on one ion due to the other, and in second
order with the Zeeman term it will contribute to a shift
in the pair g tensor as discussed above. In this case, it is

perhaps just as easy to envisage such a shift as due to a
change in crystal Geld acting on one ion, due to the
multipole moment of the other; this admixes the wave
functions of each single ion to give a change in g value.
Clearly the g tensor of the pair will exhibit the lower

symmetry of the pair-ion site.
The contribution to K of the KMI arises through

second- and higher-order processes in which both ions
are simultaneously coupled to excited states. The origin
of the splitting of the pair states may be seen from a
simple example. The EMI admixes the pair ground
state lMz(1)=-'„Mz(2)= —,') with the excited crystal
Geld states in a different manner than the comple-
mentary ground state lM~(1) = 2, Mg(2) = —~~). Thus
the net charge distributions, after the EMI has been
switched on, differ for the two pair states, and there is

a resultant splitting.

i. General Theory

Several authors have discussed the second-degree

electrostatic interaction' 8 "; Birgeneau et al. ,
' using

using the expansions of Carlson and Rushbrooke, ~ have

given a general operator form of this interaction for a

pair of ions i, 2, with magnetic charge distributions

centered about origins 0& and 02. This may readily be

extended to give the general EMI Hamiltonian acting

within multiplets J and J' of ions i and 2. The bond

axis is taken at an angle 80 with O~z~, and the coordinate

axes (xi,yi, s&) and (x2,y2, s&) at Oi and 02, respectively,

are chosen to be parallel and such that x~ and x2 lie

in the bond-axis plane. This choice of axes is the same

as that made for the nnn pairs in Sec. 4 B.

EMI P g, Q Q
mm 0 wa(1)g, na'(2)

Ll'=2, 4, 6

where

~ t v = Xi'Xi' (ri )(r2')/eii Ru'+'+'

» E. U. Condon and G. H. Shortley, The Theory of Atop&zp

Spectra (Cambridge University Press, Neer York, 1935),p. 52.

and
4ir & 'i'((l+l'+m+m')!

g„, —( ) + '+i'

21+21'+1/ k (I+in)!(f—m)!

(l+l' —m —m')! ) 'i'
I „,,-=-'(e„O). (12)

(t'+m')!(P ~')/!

In this expression, 2~2 is the distance between 0~ and
02, and. oi" and xi are defined in Sec. 5 Th. e Fi" are
the same as the 0~(l,m)e' &/(2m)'i' de6ned by Condon
and Shortley. Within a given conGguration of each
ion only even values of 1 and /' will give nonzero matrix
elements.

In the expression for A~~ an effective scalar dielectric
constant e~~ has been introduced to represent both the
shielding (or antishielding) of the 4f electrons by the
filled Ss, Sp shells, and the shielding (or antishielding)
by the intervening ions. The scalar approximation is
clearly very crude, since it neglects completely the
microscopic nature of the possible shielding and en-
hancement effects and, in particular, their spatial
anisotropy. " However, even in this simplest form it
introduces six essentially independent constants (a&i,
/, l'=2, 4, 6), and any further refinement is quite un-
warranted at the present time. Wolf and Birgeneau"
have pointed out that the higher-degree terms in Eq.
(12) may be as important as the KQQ in certain cases be-
cause of these shielding and antishielding effects. The
dielectric constants eE~. must therefore be treated as
completely unknown; their values may differ from unity
by an order of magnitude in either direction.

We shall now consider the form of the contributions
of X~2 to the crystal Geld, the g tensor, and the effective
interaction tensor K. For the latter, we shall limit our-
selves to interactions between the lowest doublets.

Let l&G;) represent the ground doublet of atom i
and

l
&E,) represent an excited doublet with energy E;

Since the contribution of the interaction to the crystal
field at site 1 is generally smaller than that due to the
usual nonmagnetic effects, we may take it as a perturba-
tion on the latter. The contribution to the crystal 6eld
at site i due to the ion at site 2 is then given by the
operator 3'.oii —(G2lX»lG2).

The contribution to the g tensor is given by

~c.*=2I 2 ((GilL-+2S'. IEi)(EilxcFll Gi)/ Ei

+(Gi l~cilil El)(Ei
l
L +2S~l Gi)/ —Ei) l, (13)

with corresponding relations for x and y.
Note that the numerical coefhcients in Kcp~ depend

on the eigenstate
l Gq) and will, in general, be different

for each crystal 6eld level of ion 2. Thus in certain
favorable cases it may be possible to obtain informa-
tion about the EMI directly by studying the tempera-
ture dependence of the crystal Geld splitting and g
tensor in the concentrated material. For pairs, however,
the situation is somewhat more complicated. "
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In order to calculate the contribution of X~2 to the
spill-spIn 111tcI'Rctioll tcIlsol' K wc tRkc Rs tllc pRlr
basis functions ~+GI, +Gi), ~+GI, —Gi), ~

—Gi, +Gi),
and

~

—Gi, —Gi). Since the first-order energy levels
are still degenerate, it is necessary to use second-order
degenerate perturbation theory. " Following Baker,
the energy pair levels are then given by the eigenvalues
of the matrix whose elements are given by

(GIGA i
sc,II i

Gi'G, ')s

(G,G, iX„iZ„Z„),(Z„Z„(x„iG, G, ),
(14)—(&I~+&i,)

In the CGective-spin Hamiltonian approach, on the
other hand, the pair energy levels are given by the
eigenvalues of the matrix arising from the Hamiltonian
3'.= Sl K Si acting' on the basis states

~ +1+1),
+I i) ~ I+I) Rlld

~
I 2), where

~ +I) and
&1) are the effective-spin-21 representations of the

lowest Kramers doublets. The contributions of 3'.~2 to
the effective spin-~i interaction tensor K may then be
obtained by first making the matrix (~3'.,II~) traceless
and then equating corresponding elements of the two
I11atl'lees. Thils foi' cxaInplc 'tlic diagonal terms II1 K
Rlc glvcn by

&.,=2(++
~ [

——)z—2(+ —
[ (+ —)z,

&.*+&w.= 2(+ —
I I

—+)s+2(—+ I I+ —)~
&**—&„=2(++)[

——)v+2(——
[ [++)z,

and the off-diagonal elements of K may be obtained
IQ R slmllar manner„ In thc Rbovc formulas~ wc hRvc
written (( ()s to represent (GIGA( K,II( GI'Gi')s as given
by Eq. (14).Tile subscript J 1111plics tliRt tile pei'till'bR-
tion theory is to be carried out between the J states
and not within the efI'ective spin-~ doublets.

ii App/ica. tiori io Ce'+ Pairs ie 1aCli

We now apply the above theory to the particular
ease of Ce'+ pairs in LRClq. From Eq. (11) we might
expect that the Grst-order CBect of successive terms in
the EMI Hamiltonian will each be a factor of

eip(ri+')/ei+g, p(ri)EIii

in the multipole expansion. In Sec. 7 we shall see that
there is experimental evidence that in the present case
the EQQ is in fact dominant, and only this will be
considered. in detail here.

The Q-coefilcient matrices for the EQQ are found
from Eq. (12) to be

0
0

Qgm(nn)= 0
0

0 0 0
0 0 4 0
0 6 0 0
4 0 0 0
0 0 0 0.

Qqq(nnn, 80=63.2 )
2.777 2.806
2.806 0.843
0.516 —1.943

—0.793 —0.826
.—0.207 0.793

0.5j.6
—j..943
—j..239

1.943
0.516

—0.793
—0.826

1.943
0.843

—2.806

—0.207
0.793
0.516

—2.806
2 777.

(17)

0 0 0'
hg„= 0 0 0

.0 0 0.

where the matrix indices m, m' go from —2 to +2.
As a Grst approximation, the wave functions for the

single-ion CC + lQ LRCleq glvCIl ln TRblC II~ IQRy bC
taken as pure ~~, +2), ~~, &-,'), and ~~, &2). In this
and the following calculations we omit the small terms
arising from the J= ~~ admixtures.

The contributions to the static crystal Geld are then
given by

XCIP1(nn) = (-,'
~
XI2(nn)

~

—',)= 30A ii(nn)0&
= 15AI2(nn)Oio, (18)

3'eel(nnn) = 2 58A ii(nnn) (Oi'+Os ')+9.72A Ii(nnn)

(19)
)& (OII—Oi ') —6.20A ni(nnn) 020

=2.58-,'(g6) A»(nnn) Oii—9.72(+6)
)&A &i(nnn) Oil —3.10A ii(nnn) Oio,

where the 0„" are the conventional crystal Geld
operator equivalents as deGned by Klllott and Stevens. 54

The contributions to the g tensor are found to be

smaller than the preceding one. Thus for the QQ pairs,
using the values for (r') calculated for Ce'+ by Freeman
and Watson, "we Gnd that the ratio of the 2, 4 to the
2, 2 terms is given by

0 0 1.85A Ii(nnn)
'

ag.,=0 0 0
.0 0 0

(20)

(X/24) (es/~~4) .
However, as mentioned above, the CBective dielectric
constants for the di6'ercnt terms couM possibly differ
by an order of magnitude, and it is certainly not obvious
that it is sufiicient to consider only the first term, EQQ,

"I.. I. Schiff, Qeuntlm 3fechww'cs (Mcoraw-Hill Book Co.,
Ncw Vorks 1955)q 2Ild cd. s p. 155.

and the contributions to the interaction tensors are

'0 0 0
K„.E~~= 0 0 0

,0 0 137/3 pg(nn) j'.
'00 0

K E&@= 0 0 0
.0 0 —134/A ii(nnn) j'.
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We see that for a nn pair the EQQ alters the 02e term
in the single-ion crystal Geld, but it does not remove
the axial symmetry. For the nnn, however, the EQQ
both alters the 02 term and introduces new terms 0~'
and O22, ruled out for the single ion by the C3@ sym-
metry. For the nn there is no first-order change in
the g tensor. However, for the nnn a new term

g = 1.852 22(III111) appears lll tile g teIlsol'. T111s tel'111

arises from the 0&'02+I terms in Eq. (11).Finally, for
both the nn and nnn the EQQ contributes only to the
Ising term E„ in the appropriate interaction tensor.
For the nn it gives an antiferromagnetic coupling of
137/de~(nn) j' and for the nnn a ferromagnetic coupling
of —134/222(nnn) O'. Note that the EQQ does not con-
tribute to any of the other elements of E and E „ in
second order simply because such terms necessitate a
coupling of the ~a, a) state to the ~sa, —$), that is,
~~=5, whereas EQQ in second order only allows
terms of ~g&4.

' %hen similar calculations are carried out for the
higher-degree terms in the multipole expansion, it is
found that 2-4 and 4-4 terms, and also cross terms be-
tween the various multipole terms, contribute to g,
and g„y as well as to g,.'0 Finally, it is of interest to
point out that in the approximations that we have made
here, the KMI does not contribute at all to g „, g„„
E,„, or E„,in any order as long as thc wave functions
are real. This follows simply because the numerical
coeffIcients in the EMI Hamiltonian, Eqs. (11) and

(12), are all real. From a physical point of view, this
means that by choosing an isotropic scalar dielectric
constant wc have implicitly assumed reQection sym-

metry on the plane deGned by the bond axis and the Z
Rxis Rnd thlas automatlcallg 1ulcs out thc Rbovc terms.

It is therefore clear that EMI, and particularly

EQQ, may account for some or all of the observed
tensors g and K if the parameters are suitably chosen.
The magnitudes required will be discussed in morc
detail 1n thc next section.

l. INTERPRETATION OF EXPERI-
MENTAL RESULTS

In the previous section we have enumerated the
diferent types of interaction that wc might expect to
give a sizeable contribution to the coupling between
Ce'+ ions. In this section we shall interpret the mea-
sured tensors K and g in terms of these interactions and
shall show that there is, in fact, clear and unambiguous
evidence for contributions from each of magnetic
dipolar, anisotropic exchange, and electric multipole-

multipole interaction.

A. Diyolar Interaction

Ke have seen that the magnetic dipolar interaction
accounts adequately for the measured interaction be-

60 J. D. Riley (private communication).

tween the more distant ions. %e therefore consider
below only the nn and nnn interactions. The dipolar
interaction contributes additively to both K„„and
K „ in a known manner; its effects have been allowed
for in Sec. 6A, leaving the nondipolar contributions to
the tcnsors summarized in Table VII.

B. EMI

A comparison of Eq. (11) with Eq. (8) shows that it
is, in principle, dificult to distinguish between the
KMI and the general anisotropic exchange interaction.
Dndeed, the general VPC, Eq. (9), also has the same
form, but we have shown that its contribution will be
negligible in our case.]However, the EMI Hamiltonian
involves only terms of even degrcc Rnd consequently
can contribute to K only in second order. The an-
isotropic exchange, on the other hand, can involve
terms of both odd and even degree, and the odd terms
will contribute to K in first order. Both contribute to
hg in second order with the Zeeman term. By consider-

ing the contributions in di6ercnt orders, it is possible
to distinguish between the two forms of interaction
quite unambiguously.

In Sec. 6 we showed that only a very large, and
totally unreasonable, value of bilinear anisotropic ex-
cha,nge could give rise to the observed value of ~g" " ..
Although this estimate was made on a simple model,
we should expect that the order of magnitude would

still hold for the more general form of anisotropic ex-

change, Eq. (8). Indeed, we find that the size of geP'
required to give the observed g shift is about 20 times
the maximum expected exchange interaction. Further-
more, if such large anisotropic exchange terms did exist,
there would almost certainly be correspondingly large
contributions in Grst order to K, particularly to E"""„,
which are not observed. We therefore conclude that
the g shift 4g" „can only arise through the KMI.

If we first consider the EQQ alone, a comparison of
the theoretical contributions to Ag„and hg, Eq.
(20), with the experimental values in Table V reveals

that the forms of the matrices are identical in each
case. That is, no g shift is predicted for the nn, and
none is observed. For the nnn, only dg, is found to be
nonzero, as predicted by the simple form of EQQ dis-

cussed in Sec. 6. Wc may note that this agreement is
partiaOy a result of our choice of q„. A diferent choice
could result in a nonzero value of hg "„,&kg"""„,
and this would imply a highly anisotropic e tensor if
interpreted on the basis of KMI. However, without any
further experimental information to remove the
ambiguity in y„, it seems most reasonable to assume
that our choice is the correct one.

Any higher-degree EMI terms would give comparable
contributions to g „and g "», and to g,. Since
no shifts are observed either in g"~„org"""»(Table V),
it is clear that the higher-degree terms are of smaller

magnitude than the predominant EQQ. We may there-
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fore use the measured Ag"""„to determine the actual
magnitude of the EQQ coupling coefiIcieIIt for the nnn.
We 6nd from Eq. (20) that Ass(nnn) =0.035(+0.002)
cm ', and, using Eq. (11), this gives a value for ((r'))/
Less(nnn) 1'"=0.50 (+0.02) A'.sr We believe this to be
the 6rst quantitative measurement of the magnitude of
KQQ between rare-earth ions.

It is of interest to compare the measured value of
(r')/Less(nnn)$'" with the value of (r')=0.34A' cal-
culated for the free Ce'+ ion by Freeman and Watson. 33

Although at 6rst sight this agreement appears to be
very good, it is perhaps surprising in vicvr of the ex-
pected shielding of the field gradient seen by the 4f
electrons through the quadrupolar polarization of the
outer Ss and Sp shells. ""This shielding should reduce
the effective quadrupole moment of the Ce'+ ion by
about 70jo."" The experimental value implies,
therefore, the existence of an antishieMing by the inter-
vening ligands of slightly larger magnitude, giving rise
to a net value of ess(nnn) =0.5. However, we may note
that Sroubek et u/. have discussed a case where the
experimental results could be explained by a point-
charge model with no Ss-Sp shielding. 's

Having established the existence of an EQQ be-
tween nnn ions through the value of dg" „,we now
consider its CGect on the crystal 6eld and its contribu-
t1on to tllc 111'tclRC't1011 tcIlsol' K.

Using Eqs. (18) and (19), the contribution of the
fIrst-order KQQ to the crystal 6eld in CCCls is found
to be

CA ss(r') 1scici= (1/I,)L30A ss(nn) —18.ass(nnn)). (22)

Using standard crystal-6cld theory, it may easily be
shown that the difference in energy of the erst excited
state of a Cc'+ ion in LRC13 and in CCC13, due to the
quadrupoles at the Ce'+ sites in CeC13, is given at low
temperatures by

AE~I~s ———18L30A ss(nn) —18.6A ss(nnn) j. (23)

Experimentally, the level is found to shift from 38
cm ' in LaCls (Table II) to 41 cm ' in CCClq. '4 This
experimental shift will include nonmagnetic changes
as well as those due to EQQ but we expect these to be at
most a few cm '. Using Eq. (23) together with the ex-
perimental shift and the value of Ass(nnn) obtained
from hg"'" „we find Ass(nn)=0. 016(+0.011) cm ',
where thc cl"I'OI' includes Rn unccl tRlnty of 6 cm
1Il tlM 110I1InRgllctlc coIltl'1bll'tlo11. UslIlg Eq. (11),
this value for Ass(nn) corresponds to a value of
ess(nn) =3.Sess(nnn).

"The errors quoted arise vrholly from the experimental un-
certainties and do not include any possible de6ciences in the
theory."R. M. Sternheimer, Phys. Rev. 146, 140 (1966).

"A. J. Freeman and R. E. Watson, Phys. Rev. 139, A1%6
(&965).

D. T. Edlnonds (private corQD1unlcation)."Z. Sronbek M. Tschiki, P. H. Zimmermenn, and R. Orbach,
Phys. Rev. 16, 435 (1968).

The above nonuniformity between nn and nnn
dielectric constants would indicate that the ligands do
indeed play a central role in the EQQ. If this interpreta-
tion is correct, then we might also expect that the
antishielding would be anisotrOpi, '' thus destroying
the simple geometrical relationship between the dif-
ferent terms of the EQQ in Eq. (12).Unfortunately, we
have insufBcient experimental data to test this. Strictly
speaking, we have really only determined through
hg~„ the COefiICient Of OssOs+I in the nnn KQQ
Hamiltonian, and we must use the simple approxima-
tion of a SCRlRr pal' dielectric constant to relate this to
other quantities. ee

The contribution of EQQ to the interaction tensors
may now be calculated using Eq. (21) and the above
values fol' Ass(nn) and Ass(nnn). Tile results al'c glvc11

in the third row of Table VII; the errors quoted do not
include any possible. uncertainty in the theoretical
relationship used. We sce that the EQQ makes a
signidcant contribution to X „and a somewhat
smaller contribution to E""„.Both these contributions
have signs favoring-solution j. as the correct alterna-
tive. However, EQQ cannot account at all for the ob-
served values of E L, or E"

& even if the most general
form of lntclRctlon ls used.

Although the above estimates of the contributions of
the KQQ interaction to the K tensors may carry sise-
able theoretical uncertainties, it is dear that signi6cant
contributions from exchange are also required to ex-
plain the experimental results. Ke have seen in Sec. 6
that the usual bilincar exchange interaction may con-
tribute to E „Rnd E „, and indeed vill account.
for the difference between the KQQ and experimental
values. The sign of the estimated exchange interaction,
based on the results of I and II, again favors solution 1
in Table VII.

The existence of the comparatively large values
of Eg in Table VII presents an interesting problem.
Since the -ground Ce+ doublet is very nearly pure
(&= s, Ilf z= ~s), any Interaction of low degree will
make no contllbutlon to EJq ln factq slncc matrix clc-
ments between the Kramers conjugate states involve
AMg=&5, we require an operator of at least 6fth de-
gree. Since J= ~~, the only such operator acting in first.
order is Os+'Os ', that is, an operator of the form
J+s(1)J '(2). From the discussion of Sec. 6, this can
only Rrlsc from RnlsotI'oplc supercxchRngc of thc Lcvy-
Elliott-Thorpe form. %C thus have the remarkable re-
sult that for Ce'+ pairs in LaC13 the effects of the 6fth-
degree superexchangc terms are as large as those of the
more usual JI Js terms. Using X"~",of solution 1, we
And ass~'(nnn) =5.9&10 '(+1.5) cm '. Note that this

In Refs. 3 and 35, the even simpler model vrhere ~22(nn)
=@2(nnn)=E %'as used. HO%'ever this is inconsistent with thc
recent measurements of the crystal 6eld levels in CcClg,
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coeKcient multiplies large matrix elements, of ~104, so
that its small absolute magnitude is somewhat rnis-

IcRdlng with I'cgRI'd to lts CGect.

8. SUMMARY AND CONCLUSION

The pair spectra from both nn and nnn Ce'+ ions in
LaC13 have been 6ttcd to a general spin Hamiltonian
in order to obtain values for the relevant parameters.
These are the g tensors and certain terms in the inter-
action tensors K. By using the pair measurements to-
gcthcI' with IncRsuI'cIDcnts of thc bulk IDRgnctic pI'op-
erties of CeCl3, values for all the terms in the inter-
action tensors K have been deduced.

The various interaction mechanisms between rare-
earth lons, and their CIIfects on the pair energy levels
and EPR spectrum, have been discussed in some detail.
In general) lt ls dlKcult to lrlRkc RQ UQRIDblguous

idcntiac ation of thc DlcchRnlsrns prcscnt. However

by careful consideration of the manner in which each
interaction contributes in different orders of perturba-
tion, and the selection rules involved, it is possible to
lsolRtc Individual coupling tcI'Ins IQ ccI'tin cRscs.

From the measured pair g tensors we have been able
to demonstrate the existence of an appreciable electric
quadrupole-quadrupole coupling between the nnn ions,
and also the absence of any sigro6cant higher-degree
EMI. The magnitude of the EQQ and its variation
between different neighbors indicate that the ligand
ions play an important role in the interaction.

The interaction tensors are found to contain con-
tributions from magnetic dipole, electric quadrupole-

qURdlupolc, Rnd RnisotI'oplc supcI'cxchRngc lntcl Rctlons.
The 6rst of these, the magnetic dipolar interaction, is
found to account almost completely for the more
distant neighbor pair interactions. For the nn and nnn

pairs there are signi6cant contributions from all three
mechRQ18IDs. However, lt ls fouIld that ccI'tRln tcI'lrls

in the interaction tensor can only be accounted for by a
generally anisotropic supercxchange of the form sug-

gested by I evy and by Klliott and Thorpe. In particular,
wc And evidence fol tclIDs of thc foI'ID J+ J

&
having

matrix elements of magnitude comparable with those
of the more usual bilinear exchange interaction.
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Several additional transitions besides those discussed
in Sec. 5 were observed in the 1%-Ce'+ sample. These
mere also observed along with further lines in some of
the morc concentrated samples. VVC shall discuss these

orlly briefly, Rnd Inclcly SUggcst thcll posslblc ol'lgnl.

The two lines at —401 and +438 G relative to the
single-ion line )Fig. 2(a)] were„observed in ail the

samples investigated, though their intensities varied
somewhat randomly. %hen the magnetic 6cld was varied
ln Rnglc away fI'OID thc c axis) they split Up Rnd bccRDlc

unobservable at angles greater than i5 . On reducing
the temperature, both lines disappeared Rt the E
band, at about 2.5'K. The splitting between these hncs
coincides within the experimental error with Nd'+

transitions observed by Baker and Riley ~ in their in-

vcstlgRtlon of Nd'+-Cc'+ pairs. Th.c llncs thRt they
observe have surprisingly large intensities, and con-

sequently the observed transitions in our samples could
easily arise from Ce'+-Nd'+ pairs due to the small con-

centration of Nd'+ impurity in oitr samples. The lines

at —194 and +229 G also have the same separation as
transitions observed in the Nd'+-Ce'+ pair system of
Baker and Riley, and split off axis. The line at —166 0
splits OA axis, but its source has not been positively
identified. Further similar small lines with angular
VRI'1Rtlons not conslstcnt with Cc + palI' transitions
were observed in some samples.

Small lines at —489 and +397 G, not present in the
spectrum shown in Fig. 2(a), were observed in one of
the 1%-Ce'+ samples and in the 5%-Ce'+ samples. In
the 10% samples each pair line had "satelhtes" at
—722, —413, +428, and +720 G. All these lines

followed the angular variation of the pair lines quite
closely out to 65; however, thefr intensities did not
seem to have a direct relation with the concentration
of Ce'+ ions. These bnes are certainly not due to Ce'+

pairs but could arise from cerium transitions in a Ce+-
impurity ion nn pair. In the 10% sample the satellite
lines could arise from triads of Ce'+ ions. However,
none of these lines has been positively identified.

APPENDIX 8: EPR OF CONCENTRATED CCCI,

The EPR spectrum of concentrated CcCl3 was in-

vestigated in several oriented spherical samples at
25.0 6Hz and at temperatures from 4.2 to I.3 K. In
Rll cases, when the magnetic 6eM was applied along
the c axis, a single exchange-narrowed transition with

a maximum dcI'lvRtlvc pcRk-to-pcRk llncwldth of about
200 G was observed. No real attempt was made to ex-

tract any information about the interactions from the
second and fourth moments.

Quahtatively, however, the line shape may be under-

stood on the basis of the Van Vleck theory of resonance-

"J.M. Baker and I. D. Riley (private communication).
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line moments. Van Vleck has shown that at high tem-
peratures it is sufBcient to consider a truncated Hamil-
tonian which in our notation is given by

Se=g„PDH g 5„+P (E„;I E„—A)S.,S,A

j k&j

++E„„S;S„.

The term in S; SA does not contribute to the second
moment at all, but it does contribute to the fourth
and higher moments. In cases where the E»q are small,
that is, when the interactions between the effective
spins are mainly Ising, one expects to see a broad line
which in simple cases may have structure corresponding
to the different relative orientations of the nn. On the

other hand, if the E»y terms are comparable with, or
larger than, the E&fjl, EJjp terms, then one observes
an effective narrowing of the line due to the increased
fourth moment. This is known as "exchange narrowing, "
although in the effective spin Hamiltonian approach the
actual mechanism giving rise to the isotropic term may
not be the exchange interactions at all.

From Table IV it may be seen that for both solutions
1 and 2 appreciable E»I, terms are found for Ce'+ pairs
in LaC13, so that we would expect to see a single ex-

change-narrowed resonance line in the concentrated
material. A prediction of the actual linewidth, however,

requires a detailed theory for the line shape. Qualita-

tively, however, this is in fact what we observe
experimentally.
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Data and Speculations on the Electronic Problem for the
Relaxed Excited E Center*
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The energies of absorption and emission peaks, the lifetime of the relaxed excited state, and the ionization
energies of the relaxed excited state of the F center in NaF, KF, RbF, Rbar, and RbI have been studied
down to the temperature of liquid He. The low-temperature shapes of the absorption and emission F bands,
which have not been previously reported, are also shown. The data on these crystals represent limiting
cases from several points of view and allow us to extend considerably the range of the parameters under

study. As a consequence, the phenomenology now at our disposition is much more significant and allows

us to propose a simple and realistic solution to the problem of the magnitude of ~g. For the situation in
which the F center is excited and relaxed, arguments in favor of the 2p level being lower in energy than
the 2s are discussed.

I. INTRODUCTION

"ANY efforts have been devoted in the last few
- ~ decades to the understanding of the P-center

absorption phenomenology, and in the following this

problem will not be dealt with, since the basic facts are

by now rather well understood.
The situation for the F-center emission has by no

means reached a similar level of development. A great
amount of fundamental data both on the electronic and
on the electron-phonon interaction problem are still

* Preliminary data have been presented at the Colloque sur les
Centres Coloreds, Saclay, 1967.

t Present address: Istituto di Fisica del Politecnico, Milano,
Italy, and Gruppo Nazionale di Struttura della Materia del
Consiglio Nazionale delle Ricerche, Milano, Italy.

ff Present address: Department of Physics and Astronomy, The
University of Kansas, Lawrence, Kan.

lacking. Among the unanswered questions in this sub-

ject are the following.

(i) the theoretical prediction of the fraction of the
absorbed energy given to the lattice and the fraction
emitted;

(ii) the process through which the electron "forgets"
the polarization due to the exciting electric 6eld;

(iii) the mean time after which the emitted photon
will emerge from the F center, restoring the electron to
the ground state;

(iv) details concerning the number of channels
through which the Ii center can be de-excited —even
though the most obvious ones are known;

(v) information regarding the terms system after the
lattice relaxes (in other words, the energy levels associ-
ated with the E band in absorption' do not reveal their

~ G. Spinolo and D. Y. Smith, Phys. Rev. 140, A2117 (1965);
D. Y. Smith and G. Spinolo, ibid. 140, A2121 {1965).


