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ments show that the conduction band consists of six
ellipsoidal minima centered on the reQection planes of
the crystal. Two of the major axes of the ellipsoids lie
in the refiection planes and make angles of 25' with
respect to the trigonal and bisectrix directions, respec-
tively. In addition, there is a second conduction band
consisting of one or more minima lying approximately
30 meV above the erst set. The shape of the constant-
energy surfaces for the lower band is independent of
the carrier concentration for total carrier concentrations
between 9X10" and 2.4)&10". The average effective

mass is reasonably close to that obtained from Faraday-
rotation experiments.
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Exploratory measurements have been made of the intensity of several forbidden neutron re8ections

simulated by multiple Bragg reflection in large single crystals. The (0003) and (0001) rejections were studied

in a beryllium crystal with mosaic &0.25' and the (200) in a germanium crystal with mosaic &0.02'.
Double-crystal methods were used with a triple-axis spectrometer. Large amounts of order contamination

frere treated by means of resonance absorption alters and least-squares analysis of overdetermined equa-

tions. To minimize the CGcct of peculiarities of individual specimens, the results are presented as intensity

ratios. Simulated rejections were observed to have 1/60 to ) the intensity of ordinary Bragg reQections. No

conclusive evidence was found for an intrinsic component due to the forbidden reQcctions themselves; the

Be simulations were at least 200 to 700 times, and the Ge simulations at least 15 to 60 times, more intense

than the corresponding intrinsic components. Caution must be used in applying these results to other

spcclIQcns.

I. INTRODUCTION

~'OR several decades the phenomenon of multiple

Bragg reflection (MBR) (often referred to as

multiple diffraction or simultaneous reRection) has

been studied experimentally and theoretically for x rays,
electrons, and neutrons; an extensive literature has been

reviewed recently. ' Although a number of bene6cial
uses have been suggested and demonstrated, it is

probably fair to say that the e6ect has been mostly a
nuisance. This is true for both spectrometry and

structure studies, in which perturbed intensities of

ordinary rejections and confusing appearances of for-

bidden reflections may occur. In fact much recent work

has dealt with the question of avoiding or minimizing

the eBects of MSR.
However, the possibility of producing extremely

monochromatic, semiparallel beams of x rays and slow

neutrons at Axed wavelengths by means of MBR in

certain types of perfect single crystals has been pointed

~ Work performed under U. S. Atomic Energy Commission
Contract No. AT(45-1)-1830.

'Yu, $, Terminasov and L, V. Tuzov, Usp, Fix, Nauk 83, 223
(1964) /English transl. : Soviet Phys. —Usp. 7, 434 (1964)j.

out recently. ' The proposed method is based on eBects
which occur at particular crystal orientations in cases
of pure "Umn egaeregeeg"'; that is, when a strongly
forbidden Bragg reflection is simulated by MBR. Such

high-quality beams, particularly of slow neutrons, have

several potential uses in research, provided. they are

intense enough. Although several investigations con-

cerned with the intensity of simulated neutron reQec-

tions have been reported, ' it is dificult to relate their

results to the reQectivity of large crystals, which is the

basic quantity of interest in monochromatization.
The purpose of this paper is to present the results of

a preliminary experimental survey of several simulated

neutron reflections, the main goals of which were (1)
to determine the general order of magnitude of their

intensity and (2) to identify some of the more intense

peaks for subsequent detailed study. The measurements

' D. A. Kottwitz, Acta Cryst. A24, 117 (1968).
3 M. Renninger, Z. Physik 106, 141 (1937).
4H. g. Hay, Atomic Energy Research Establishment Report

No. AERE-R 2982, 1959 (unpublished).
& R. N. Moon and C, G. Shull, Acta Cryst. 17, 805 (1954).
OR. R, Spencer, Atomic Energy Commission Research and

Development Report No. LDO-17029, 1964 (unpublished).
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were made on single crystals of beryllium and german. -

ium; each of these elements represents an important
type of crystal structure in which the simulation of
forbidden reQections by MBR is a prominent
characteristic.

The properties of simulated reQections are sum-
marized in Sec. II, the experimental methods are
described in Sec. III, and details of the measurements
on Be and Ge are presented in Secs. IV and V. A dis-
cussion of the results is given in Sec. VI.

II. PROPERTIES OF SIMULATED REFLECTIONS

The physics and geometry involved in the simulation
of a forbidden reQection by MBR in a single crystal are
shown schematically in Fig. 1. For a given value of the
azimuthal angle 0, and a given pair of secondary and
tertiary reQections, there is a value of the Bragg angle
8 (relative to the forbidden primary planes) at which
the secondary and tertiary planes cooperate to pro-
duce a doubly reQected beam that appears to have been
reQected from the primary planes. For pictorial clarity
the sketch in Fig. 1 is ovcrsimpH6cd in two respects.
First, the double reQection process occurs in parallel
(dynamically) and. not only in series. Secondly, for
forbidden reQections having high synunetry, e.g.,
Ge(200), it often happens that the conditions for
simulation are idem&'eel for distinct secondary-tertiary
pairs; in such cases there are two or more intermediate
beams.

The measurement of the reQectivity of such simu-
lated reQcctions is not a simple, straightforward matter.
It is weH known that the reQectivity of crystals for
neutrons is a structure-sensitive property. ~ However,
the CR'ects of peculiarities of a particular specimen may
be minimized by xneasuring the intensity of simulated
reQections relative to the intensity of similarly oriented,
ordinary B&gg reflections in the same crystaL

Unfortunately this step introduces a fundamental

difhculty due to differences between the geometrical
conditions for ordinary reQections and simulated re-
Qections. The situation for ordinary reQcctions is shown
in the upper part of Fig. 2, where the point 0 is the
origin of the reciprocal lattice, Kq is the reciprocal-
lattice vector corresponding to the primary (ordinary)
reflection, while ks and kr are the incident and reflected
wave vectors, respectively. The Laue-Bragg condition
for reQection is satis6ed whenever the foot C of the
incident wave vector lies on the plane that perpendic-
ularly bisects K&. Actually, the re6ectivity of a macro-
scopic crystal is 6nite for wave vectors beginning in
the immediate neighborhood. of the plane, the effective
"thick.ness" of the region being proportional to the
structure factor for perfect crystals and. to the mosaic
spread for imperfect crystals. To select a pencil of
directions for a beam, collimation must be provided in

& G. E. +econ, Eelfrog Digracfion (Clarendon Press, Oxford,
England, 1N2), 2nd ed., Chap. lII, p. 55.
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I'xG. j.. Schematic picture of simulation of a forbidden reQection
by MSR in a single crystal. Although this oversimplified sketch
suggests that the multiple processes occur successively, they
actually occur simultaneously.

two directions; this is represented by a sxnall rectangle
surrounding point C.

In contrast the more complicated geometry of simu-
lated reQections is shown in the lower part of Fig. 2.
In addition to the previous elements we 6nd the
secondary and tertiary reciprocal-lattice vectors Ks and
Ks, the corresponding perpendicular-bisector planes,
and the intermediate wave vector k2. The conditions for
MBR are satis6ed whenever the foot C of the incident
wave vector lies on the line AB, which is the common
intersection of all three perpendicular bisectors. Thus,
we see that the simulation of forbidden reQections by
MBR is not complete; it occurs only when the foot of
the incident wave vector lies on certain lines in the
primary plane. As before, the region of finite reQectivity
is broadened for both perfect and imperfect crystals,
but now it is threadlik. e instead of shcetlikc. To de6nc
a pcncll of beam dilcctloxls lt. ls sufIlclcnt to provide
collimation in one direction, as indicated in the figure.

Primary
Plane

Secondary
Plane

Tertiary
Plane

FIG. 2. Detailed diffraction geometry including the incident,
primary, and secondary neutron wave vectors ho, ~, and k2, and
the reciprocal-lattice vectors Kj, K~, and Ka, corresponding to
the primary, secondary, and tertiary reQections. The upper
portion shows ordinary Bragg reBection for an allowed primary
reflection. The lower portion shows how the cooperative action of
the secondary and tertiary re8ections simulates a forbidden
primary reflection along the line AB.
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Pro. 3. Schematic plan view of experimental arrangement.

The di6erence in dimensionality of the regions of
6nite reQectivity for ordinary and simulated. reQections
complicates the comparison of re6cctivities. For ex-

ample, assuming that the crystal Inosaic spread is much
smaller than the collimation angles, the intensity of
an ordinary re6ection is proportional to a solid angle
{or area) whQe that of a simulated reflection is propor-
tional to a planar angle (or length). Partly for this
reason and partly for others to be discussed later, the
present measurements were done with the aid. of an
auxiliary crysta1. By this means the rcQccting regions
in reciproca1 space can be made to have roughly the
same threadlike volume, making it possible to get
rough estimates of ratios of detailed (not integrated)
reQectivities.

A separate but related problem arises when a nomin-

ally "forbidden" rcQection has a nonzero structure
factor. This may happen'in cases of deviation from an
assumed crystal syInmctry. It is then important to
measure the ratio of/he simulated reflectivity to the
hopefully weak intrinsic re6cctivity of thc forbidden
reQection, since the latter contributes an inseparable
contamination in high-resolution monochromatization.

Since a forbid. den reRection may bc simulated by
many diGerent secondary-tertiary pairs having various
orientations, the primary plane in Fig. 2 should. be
criss-crossed by many threads at which simulation
occurs. Thus some degree of coarse collimation is
needed to isolate a particular simulation for use or
study.

or. ExPERIMEmm METHODS

The methods of double-crystal spectrometry' mere

used, to study the simulated, reQections. There are two
advantages to using an auxiliary crystal in addition to
that mentioned, previously. First, an auxiliary crystal
with)a small mosaic spread provides better angular
resolution than ordinary collimating tubes. Thus the in-
trinsic re6ectivity of the forbidden reQection may be
studied. in wider valleys between the simulation peaks.
Secondly, an auxiliary crystal can often be chosen to
discriminate against relatively intense higher (and
sometimes lower) orders of ordinary Bragg reflection
which inevitably accompany simulated reQections. For

8 A. H. Compton and S. K. Allison, X Beys ie Theury ggd Eg-
par~megt (D. Van Nostrand, Inc., New York, 1935), 2nd ed.,
Chap. IX, p. 70

example, if the Ge(111) reflection is used. to study
simulations of Be(0001), then the small reQectivity of
Ge(222) reduces the otherwise intense second-order
contamination due to Be(0002).

The measurements were performed with the Hanford.
triple-axis neutron spectrometer; a schematic plan
view of the setup is shown in Fig. 3. The crystals were
mounted at the erst and third. axes, the second. arm
being held at its straight-through position. For the Bc
measurements the specimen was at the 6rst axis, while
for the Ge measurements it was at the third axis. Thus,
the auxiliary crystal functioned either as an analyzer
ol' a monochloIQator. Thc most slgID6cant collimation
was produced by a set of Soller slits located between
the crystals and having a horizontal width =0.09' and
vertical width =0.8' (all widths given are full width
at half-maximum). The beam was 2.5 cm high and
1.9 cm wide. The counting system consisted of a BF3
detector and conventional electronics.

A germanium crystal, 0.62 cm thick, was used as an
auxiliary crystal in all measurements except a prelim-
inary one in which copper was used. The Ge(111)
reQcction was employed in an asymmetrical transmis-
sion orientation. A separate set of measurements by
IMans of two other germanium crystals of similar
quality showed that the angular width iN of the re-
fiectivity curve for Ge(111) was =0.02'.

In the course of mcasuremcnts of the simulated
rejections a variety of crystal and arm rock.ing curves
werc taken in both parallel and antiparaDel positions
(see Fig. 3). However, most of the results, including
those presented below, were obtained by a special
double-crystal rocking technique in which both crystals
(and arms) are rotated simultaneously to scan a
particular wavelength interval. At each angular setting
of the specimen crystal a monochromatic probe beam
of neutrons having the proper wavelength is thus
furnished or transmitted by the auxiliary crystal.

The problem of beam contamination by ordinary
Bragg reQections which constitute the various orders
of a simulated rcQection can be serious even when an
auxiliary crystal is used. The most efficient and Qexible
ways of handling these undesired orders would probably
be either (1) removal by a coarse velocity selector' or
{2) separation by time-of-fhght techniques. ' Since
these methods mere not conveniently available, reson-
ance absorption 61ters composed of gadolinium,
cadmium, erbium, and iridium were used instead.
Filters are particularly necessary when it is desired. to
measure (or set an upper limit for) the intrinsic for-
bidden intensity in the valleys between simulation
peaks. In fact the availability of resonance filters was
an important factor in thc choice of wavelength intervals
to study in the present work.
'

. Sometimes as mRny Rs foul orders of reQcctlon hRd
to be considered. In such cases it ~s seldoIn possible
to 6nd four combinations of 6lters which by themselves
enabled a clean, unambiguous analysis of the various



orders. To increase the reliability of the filter analysis,
an "excessive" number of different filter combinations
were used. The resulting set of overdetermined linear
equations were then solved by means of a, computer
program based on least-squares methods. '
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Pre. 4. Simulated Be(0003) rejections near 8=20.5'. The upper
part shows the loci for MBR, with curves labeled by indices of
secondary reflections. The lower part shows a special double-
crystal rocking curve taken with an erbium alter.

'B. H. Duane, Atomic Energy Commission Research and
Development Report No. BNWL-390, 1967 (unpublished).

"H. J. Hay, N. J. Pattenden, and P. A. Egelsta8, Acta Cryst.
11, 228 (i958).

IV. MEASUREMENTS OF BERYLLIUM
REFLECTIONS

The elemental hexagonal close-packed structure has
been suggested for high-resolution monochromatiza-
tion. ' Beryllium is an important representative of this
structure because its relatively small interatomic spac-
ing provides a supply of small wavelengths. Further
interest attaches to beryllium, since unexpected neutron
intensities in three diBerent crystals have been attri-
buted to the forbidden (0001); that is, to the intrinsic
reAection and not, .a simulation. '0 An appreciable
intrinsic intensity would make such a "forbidden" re-
Qection useless for high-resolution monochromatization.
Thus we were led to perform measurements on the for-
bidden Bc(0003) and (0001) rcQcctlons.

The specimen Be crystal had a rather irregula, r shape
with average dimensions =4 cmx5 cm)&1 cm (height,
width, thickness). Previous measurements had shown
its ordinary (0002) reQection to have an angular width
lk8=0.26'. The (0001) planes were roughly parallel
to the broad crystal face; thus, the beam geometry was
approximately that of symmetrical re6ection (Bragg
case). It should be emphasized that the Be simulations
have not been studied at orientations suitable for high-
resolution monochromatization. Since our main interest
lay in questions of intensity rather than resolution,
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Pro. 5. Simulated Be(0001) re8ections near 8=11.0'. The
intensity curve plotted in the lower part is the result of subtracting
double-crystal data taken with a gadolinium filter from those
taken with a thin cadmium 6lter.

we did not consider it worthwhile to go through the
tedious process of remounting and realignment that
would have been necessary. The resulting error in the
intensity is small, since the mosaic spread of the speci-
men is much larger than that of the auxiliary crystal.
In all experiments on Be, the (0002) and (2110) planes
and their zone axis t'120j were vertical, while the plane
of scattering was horizontal; this orientation corres-
ponds to 0,=30' in Figs. 4 and 5.

The 6rst mea, surements were done on simulations of
Bc(0003) ln thc nctghborhoOd of 0= 20.5 (scc Fig. 4).
The upper part of the 6gure shows the calculated loci
of orientations at which simulation of the forbidden
reQection occurs. Some of the prominent cunres are
identi6ed with the indices of the relevant secondary
reQections. Note that the curves are double and that
they intersect in pairs at o.=30'; thus, four secondary
reQections act simultaneously there. The lower part of
Fig. 4 shows the intensity observed in a special double
crystal traverse at a=30', using an Er 6lter and the
Ge(111)reflection of the auxiliary crystal in the parallel
position. As expected the observed widths of the simula-
tion peaks are due primarily to the rather large mosaic
spread of the Se crystal. Additional detailed measure-
ments using Er and Gd 61ters were made at the peaks
and at nearby points A and 3 in the valleys. As ex-
plained in Sec. II similar 61ter measurements were then
made at the same wavelengths for a double-crystal
setup in which the "ordinary" Be(0002) reflection
replaces the forbidden Be(0003). After the order con-
tamination is removed. by the analysis of the 61ter
measurements, we have the following three types of
quantities: I„-, the intensity of a simulation peak;
I;„~, the intrinsic intensity of the forbidden reQection;
and I„z, the intensity of an ordinary Bragg reQection
under similar conditions. : The. anal. results a.re presented
in the form of ratios in lines 2 and 3 of Table I,. where
the unresolved pair of peaks near 8= 20.5 are lumped.
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TABLE I. Intensity results for forbidden neutron reflections simulated by multiple Bragg reflection. Bracketed rows correspond to
unresolved peaks. The indices of other secondary reflections referred to in column 2 are shorn in Figs. 4-6. Column 4 has the inten-
sity ratio for a simulated forbidden reflection relative to an ordinary Bragg reRection. Column 5 has the ratio relative to the intrinsic
intensity of the forbidden reaction.

Forbidden
reffection

Be(0001)

Ge(200)

Secondary
rejections

4041+3 others
5230+3 others
4041+3 others
5230+3 others
5231+3 others

3121+3 others
3120+3 others
202I+3 others

533, 333
355, 155

Energy
(eV)

0.115
0.108

0.0464
0.0395
0.0386

0.0412
0.0385

Is m/lore

1/28

1/50

1/17

1/11

Isim/lint

500+100

380~130
260+90

&480

&730

&67
&16

Aux. crystal
reQection

Cu(200)

Ge(111)

Ge(111)
Ge(111)

Ge(111)

Ge(111)
Ge(111)

together. The results of a preliminary and less complete
set of measurements on Be(0003) using a copper auxili-

ary crystal are given in line 1 of Table I.
Several simulations of the (0001) reQection were

studied in the same Be crystal. The calculated loci
for MBR in the neighborhood of 0=11.0' are shown in
the upper part of Fig. 5. These curves have the same
doubling and symmetry as those in Fig. 4. The intensity
curve for n=30' shown in the lower part of Fig. 5 is
not a directly observed curve; it is the result of sub-

tracting the gadolinium-6ltcred intensity from that
passing through a thie cadmium 6lter. The net eRect
is to remove the second, third. , and fourth orders, all
of which mad. e appreciable contributions to the un-
filtered beam. The Ge(111) reQection of the auxiliary
crystal was used in the parallel position. Detailed
measurements using several Gd, Cd, and Er 6lters
were made at the simulation peaks and at the valley
points A and B. It should be noted. that these valleys
in the (0001) intensity are wider than those for (0003).
For comparison a similar set of 6lter measurements
at the same wavelengths was again made on the

6
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15.Q 15.5
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Pro, 6. Simulated Ge(200) reQections near g~ 14.5'. The double-

mystal intensity curves in the lower part show two high-resolution
simulations and the accompanying order contamination observed
without Glters.

ordinary (0002) reQection. The intensity ratios deters-
mined by means of a least-squares analysis of the kiter
data are given in lines 4 and 5 of Table I, where thc
unresolved. pair of peaks near 8=11.7' are lumped
together.

V. MEASUREMENTS OF GERMANIUM
REFLECTIONS

Detailed calculations have shown that approximately
80 simulated rejections in Gc are potentially suitable
for high-resolution monochromatization. ' This crystal
is of considerable interest as a monochromator because
lt ls avallablc ln lalgc almOst pcl fcct plcccs.

The specimen used in the present measurements had
the shape of an irregular slab with average dimensions
= I cm&(3 cm)&1 cm (height, width, thickness). The
angular wid. th of one of its (111} reQections was
60=0.02', thus, it was rather far from a perfect crystal,
although an order of magnitude better than the Be
specimen. The L0111 axis was vertical, and the plane
of scattering horizontal. In Fig. 6 this orientation
corresponds to 0.=45'. The crystal was used in" an
asymmetrical transmission geometry (Laue case).

Measurements were made on simulations of the
forbidden (200) reQection near 0=14.5' (see Fig. 6).
Among the curves in the upper part of the figure, which
show the loci of MBR, are two that are approximately
verticaL These represent simulations of the (200)
reQection which are potentially suitable for high-
resolution monochromatization. The lower part of Fig. 6
shows the intensity observed, in a special double-
crystal traverse without any filters. Because of the
greatly increased perfection of the crystal, it was
necessary to use much smaller steps than for the Bc
specimen. Instead of traversing the entire neighborhood,
measurements were concentrated. in regions of partic-
ular interest; that is, the pair of narrow peaks, onc
wide peak, and the valley points A and 8 where only
higher-order contamination was to be expected. In
addition to two high-resolution peaks these unfiltered



data indicate a large and extremely variable background
of higher-order neutrons. The apparent peaks near A
and 8 represent structure in this background. Addi-
tional detailed measurements using Gd, Cd, Er, and Ir
6lters were made at the narrow peaks and at points A
and B. Reference measurements of the "ordinary"
(400) refiection were made with filters at the same
wavelengths. All of these data were taken in the parallel
position relative to the auxiliary crystal. After a least-
squR1cs RnRlys18 wh1ch hRd to 1cmovc three contRIMnat-
ing orders, the intensity ratios were formed; they are
given in lines 6 and 7 of Table I.

To check the angle scale of the third arm of the
spectrometer and. the reproducibility of its angular
settings, the precisely calculated quantity 4451 for the
high-resolution peaks was measured by rotating the
the specimen crystal and arm from the Rntiparallel
to the parallel positions. These measu. rements disclosed
an unexpected "twisting" motion of the spectrometer,
which was subsequently determined optically to be
0.014'. %hen corrected for this efkct, the measured
value of 48 for the (533,333) simulation was 57.69
&0.01', compared to the calculated value of 57.68'.

VL DISCUSSION

The results on intensities summarized. in Table I
require further comment. We note Grst that the ratios
of simulated to ordinary intensities fall in the range
of 1/60 to ~. The Ge(200) reflections appear to have the
largest values, perh', ps because of a smaller mosaic.
It must be emphasized that the exact numerical values
are not very important. In addition to the difhculties
mentioned in Sec. II, it is known that the path lengths
of the various beams in the crystal strongly afI'cct the
intensity of MSR beams. ' Thus caution must be used
in applying these results to crystals having their size,

shape, or surface orientation greatly different from those
of the present specimens. "

The ratios involving intrinsic intensities must be
considered separately for each of the forbidden re6ec-
tions. For the Be(0003) reflection the filter analyses
indicate an intrinsic intensity = 1/400 of the simulated
intensities. However, consideration of Fig. 4 shows that
the measurements of intrinsic intensities were made in
rather narrow valleys. Thus, it is possible that some
of the intensity attributed to intrinsic reQcction is
really due to the tails of simulation peaks. The Alter
analyses of the Be(0001) data indicate a net value of
intrinsic intensity smaller than its statistical uncer-
tainty (standard deviation). The tabulated ratios are
based on this uncertainty and are shown as lower
limits. %C thus conclude that the simulated intensities
of the forbidden reQections in this Se specimen are at
least a few hundred times greater than the intrinsic
lntcnslt1cs.

Analogous conclusions for the Ge rejections are not
nearly so strong. Although the 6lter analyses of the
Ge(200) intensity indicate no intrinsic component, the
statistical uncertainties are relatively much larger than
for Se because of much smaller counting rates and
substantial order contamination. Thus we may conclude
only that the simulated intensities in Ge are at least a
few tens of times greater than the intrinsic intensities.
More definitive measurements of this ratio will require
more CGective methods for handling the problem of
order contamination.
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