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The angular momentum of the electron about the z
axis being zero in the ground state, we have omitted this
operator from Eq. (5).

In plotting logs along the abscissa, the values
z =+0.01 were given the same position. The values of

at these two points were very nearly equal.
H. A. Bethe and E. E. Salpeter, Quantum Mechanics

of One- and Two-Electron Atoms (Academic Press
Inc. , New York, 1957), p. 17.
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The energy-level schemes of several atomic configurations f are analyzed in terms of
effective operators. These include all possible Hermitian two-electron scalar operators and
six three-body spin-independent scalar operators. This collection of operators allows for
spin-spin and spin-other-orbit interactions as well as for the most important effects of
configuration interaction. Several alterations and extensions are suggested for the terms of
Pr III 4f . The positions of the free-ion levels of NdIV 4f and ErIV 4f are inferred from
the crystal spectra of Nd + in LaC13, and analyses with restricted sets of operators are
carried out.

I. INTRODUCTION

It is often useful to introduce effective operators
in the analysis of the energy-level systems of elec-
tronic configurations for free atoms and ions.
This method avoids the construction of accurate
eigenfunctions. Instead, the eigenfunctions of a
particular configuration under study are assumed
pure, and the responsibility for getting a good fit
with experiment rests with the choice of an effec-
tive Hamiltonian. It is convenient to express this
as a sum of coupled tensors, for then a wide va-
riety of effects canbe taken into account by compar-
atively few operators. The coefficients of these
operators can be treated as parameters, through
which the experimental data can be represented
in a more concise and significant form. This ap-
proach works best for configurations that are com-
paratively isolated from their neighbors.

Considerable work has been carried out by Shad-
mi' on the configurations (d+ s)+. Our own inter-
est in the spectra of the doubly and triply ionized
rare earths has led us to investigate the config-
urations f&. These are more appealing from a
theoretical standpoint, because there are many
more levels to be fitted. The only difficulty is in
finding experimental data that have been analyzed
extensively enough. Preliminary analyses for
several configurations of the type f+ have been
reported recently. ' Although only partial-term
schemes are known in some cases, it was found to
be highly desirable to introduce an operator that
would represent magnetic interactions between the
f electrons. The success of this approach has
encouraged us to attempt an analysis of several
4fs species in which the number of experimentally
determined levels makes it feasible to go beyond
the conventional analysis and include operators

that represent not only the direct magnetic inter-
actions but also certain kinds of configuration in-
teraction. We shall pay particular attention to the
Pr III free-ion levels of Sugar. '

II. EFFECTIVE OPERATORS

A straightforward first-order analysis of the
levels of a configuration f& involves the Slater
para, meters E& (where 0= 0, 2, 4, and 6) and the
spin-orbit coupling constant g. To allow for two-
electron excitations (as well as certain electro-
static shielding effects and the magnetic orbit-
orbit interaction), the three parameters n, p, and
y are required. Rajnak and Wybourne'~ ' intro-
duced certain scalar three-electron operators to
take into account single-electron excitations; it
was shown later' that a complete parametrization
is possible with just six parameters T&. The in-
clusion of magnetic spin-spin and spin-other-orbit
interactions introduces three parameters M ~
(where k = 0, 2, and 4). Rather than treat these
interactions as they stand, it is highly advanta-
geous to decompose them into parts that have ir-
reducible representations of certain continuous
Lie groups as their labels. Four operators
zi (1- i -4) are required for the spin-spin interac-
tion, ' and ten (5 ~i-14) for the spin-other-orbit
interaction. ' Of the latter, z» has matrix elements
proportional to the ordinary spin-orbit interaction,
and a linear relationship exists that allows us to
replace z» and z,4 by a combined operator zq,
where, for the states of f', the equivalence

z = (13/3)z„—40z„+(4/3)z„
C

is valid. In addition to satisfying many selection
rules, the operators zz are effective operators
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III. COMPARISON WITH EXPERIMENT

The only f' free-ion configuration on which any
extensive analysis is available is that of Pr III, for
which Sugar' has reported 38 of the 4 1 levels that
are theoretically possible. The parameter analysis
was given by Trees' in terms of the Racah E~' s
and P, plus the electrostatic two-body parameters
n and P (our P, equivalent to twelve times his y).
In this work we use the convention in which P is
the parameter which multiplies the matrix ele-
ments of the Casimir operator G(G,) ~ The third
two-body parameter y [associated with G(R,)] di-
rectly affects only the high (100) (10) 'E states,
which Sugar did not find. One of Sugar' s levels,

TABLE I. Reduced matrix elements of zo.for f .

P
3p
F

3F
H

3p

F
3F
H
H

9
3 (3) i/2

2 (g4) 1/2

(22) '/
{]43)1/2

for many types of configuration interaction in
which the spin- orbit coupling, as well as the Cou-
lomb interaction, plays a role, In fact, if a further
operator z, is included, all possible Hermitian
one- electron and two- electron scalar operators
are represented. The reduced matrix elements of
zo (which possesses spin and orbital ranks both
equal to 2) are given in Table I~ The total number
of parameters ai associated with z are 4 + 8 + 1,
that is, 13; with f, n, P, y, and the four Fi, a
total of 21 is obtained. This is precisely the num-
ber of cells in the energy matrices for f', if each
off-diagonal cell is counted just once. The six
three- electron operators T~ raise the number of
parameters -to 27 ~

In order to analyze the empirical data, the ma-
trix elements of the zf, for f' are required. They
can be calculated from the results for f' by stan-
dard techniques [e.g. , by the use of Eq. (4) of Ref.
2] ~ The results are set out in Table II for the
operators z~ for which 0 - i - 4. These operators
possess spin and orbital ranks of 2 ~ The matrix
elements for zi(5 - i ~ 11) and zc are given in Table
III; the spin and orbital ranks are both 1. Reduced
matrix elements that reverse their sign when 4 and

are interchanged are indicated by an asterisk.
Duplicated terms are distinguished by a suffix
(either 1 or 2); the notation is identical to that
of Rajnak, ' who gives the correspondence with the
group-theoretical description. With two excep-
tions, namely (~Ell.a„ll (20) 2G) and ( (20)'G
Iz„ll(21) 'G), the vanishing matrix elements can
be given simple explanations in terms of group
theory. Whether the exceptions are merely ac-
cidentally zero or whether a new selection rule
remains to be discovered is not known

Each operator pi is associated with a parameter
ai so that its contribution to the effective Hamil-
tonian is a aH'i The parameter ac is used for zc'

the nominal (210) (21) 'E, ~,('E2 in the Tables) at
34 193.20 cm ' contains a small admixture of the
higher 'E,&, and thus could be used for a rough
determination of y, but it was found only after
Tree' s analysis was complete. He therefore
made no attempt to evaluate y ~

In a subsequent study, Rajnak' introduced several
three-body operators representing the effects of
certain kinds of conf iguration interaction, and she
also included the 34 193 cm- ' level. Reasonable
results were obtained with five three-body opera-
tors, but the calculations showed a serious dis-
crepancy for the level at 27 597 ~ 13 cm ', nom-
inally (210)(21PD,&,('D,). Since this level ap-
pears to be very well defined experimentally and
the level at 34 193 does not, and since Rajnak' s
analysis leads to a negative value of y which is in
conflict with determinations for other rare- earth
spectra, we have examined the alternative approach
of keeping the 'D, &, level and suppressing the
'F», level. A preliminary diagonalization shows,
in fact, that 'D, &, also contains a moderate ad-
mixture (8/o) of the higher 'E,&, level, and re-
quires a positive y of about 2200 cm '. This same
calculation places the high 'E levels about 4000
cm ' lower than Tree' s prediction and more than
9000 cm- ' lower than that of Rajnak. Using lines
from Sugar' s data which were not otherwise clas-
sif ied, we have made a search in this neighborhood
and have uncovered levels at 53 092 ~ 80 cm- ' for

E7/ 2 and 54 184. 37 cm ' for 'E,
&„ the lower

'E,&, level was also located at 31 787. 93 cm-'.
The two 'E„, levels appear to be well established
and the 'F,&, a little less so. No satisfactory re-
placement for the rejected 34 193 cm- ' level could
be found. In the course of the parameter analysis,
we also found that Sugar' s 26 979.66 cm ' level,
nominally (210) (ll) 'H, z,('Hl), also could not be
fitted satisfactorily into the parameter analysis;
a search for a substitute revealed another level
at 27 178.80 cm- ' which appears to be as good ex-
perimentally as Sugar ' s original one. We have
used these 40 levels, one short of the complete
set, in this parametrization. The results are set
out in Table IV: column 2 for a 14-parameter fit
with f as the only magnetic variable; column 3 for
the full 27-parameter fit; and column 4 for a 25-
parameter fit with the insignificant operators 8p

and z, deleted. The mean error is defined as
o= [Zf &f2/(n-k)]'~', where b g is the difference
between observed and calculated energies, n is the
number of levels, and k the number of variable
parameters. The parameters generally have the
same sign and the same order of magnitude which
they would have if the interactions were entirely
attributable to spin- other- orbit and spin- spin
effects (see Ref. 2 for the relationship of the a.
to Marvin' s ~~ integrals), but an analysis in
just these terms, although suggestive, was not
very satisfactory.

The physical significance of this type of param-
eterization has been confirmed by a similar
treatment of levels derived from Nd~ + and Er' + in
LaCl, crystals. These ions are situated in crystal
sites of high symmetry (hexagonal), and because
for the rare earths the crystal- field effects can be
treated as a static Stark- effect perturbation on the
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TABLE II. Reduced matrix elements (g) (zi)) g') for f (0 &i w4).

(tt z, ~~)

4S 4D

2D1 Q

2D2+

4Eg
4G

2Q

2D 1Q

2D2+

El
E2

2Q 1+

2G2+

4E 4E
4Gg

2++

Dl
D2

2Elg
2E2Q

2G]
2G2
2H1&ac

2H2 Q

4G 4G

41

Dl*
2D2+

E1
2E2
2G1

2G2 Q

Hl
H2

2I

4I 41

2G1+
2Q2+

Hl
H2

21

K
2L

6
42

154

14
3

231
2
2

66
3

66
33

130

21
11

6
21
77
21

462
77

2730
11

5005

77
858
33

1
11

2
11

390
3

1365
6006

2002
6006

35
182

10
286

1
51

-1
1
0

11/7
0

-4/v
0

31/7
-8/V

0
4/v
6/v

-2
0

~3
-6/v

9/14
3/2

„1/4
9/14
s/14o

-2
1/10

-18/VV
-2/11

4/v
3 9/14
-9/2
21/4

-27/154
-39/140

0
3/1O

-1/11

-5/11
-1/11

6/5
0

18/5
-i/11
-9'

1

4
1
0

s4/v
8
8/V

3/2
67/14
3/7
0

-2/7
-3/7

-2
6

~3

8/v
9/14
0

-1/4
-6/v
3/140

-2
1/10

-6/vv
-8/11
-2/7

-9S/14
0
9/4

-so/vv
93/140

-1/10
-1/ii
2/11

-1/11
8/5
1/2

-17/5
-13/22

15
1

-112
32

0

4v/v
-96

44/v
72

-18V/V
-51/V

0
3

244/7
51/V

-56
~72

96
384/7
11V/14

0
-is/4

-288/7
39/140
64
is/io

72/77
-14/11
244/7
111/14

0
2SV/4
V20/77

-111/140
-192

2V/1O

2/11

31/11
2/11

78/5
24

9/5
23S/11
-45
13

0
0
1/22

2/21
1/2

-13/1388
I/2
5/42

-19/462
0
1/132

47/693
-1/84

0
-2/11

1/12
-1/2S
5/154
0

-1/33
-1/77
-1/105
3/44

-i/iio
-68/847

V/21VS
-2S/252
-73/462

0
S/Ss

-85/847
2/385

-29/1S2
-1/11O

-4v/4s56

2/S63
13/1089
29/330
-1/22
-1/iiO

5/726
-3/11
-1/11

1/7
0

-4/77
0

-1/V
1/VV

0
-1/11
4/vv
9/91

0
0
0
0

-1/22
0

-1/44
0
3/260
0

-3/1430

80/847
-14/1573

4/vv
123/154

0
3/4

-80/847
-367/20020

0
-21/1430

2/1573

31/1573
2/1573

-18/715
0

159/715
-Sl/1573

9/13
-3/143

free-ion levels, to first order the effect is merely
to split a free-ion level (in this case) into J+—,

components, each of them doubly degenerate. In
higher order, t;he crystal field will also induce
mixing between different free-ion levels, with re-
sultant shifts in their mean position. This can be
calculated if the details of the crystal-field param-
eters are sufficiently well known. Eisenstein'
has made this calculation for these cases, using
the experimental data of Dieke and his students. "
His interest was principally in the crystal-field
effects themselves, but Rajnak" was able to infer
from his results the unperturbed free-ion positions
arid to extend the earlier analyses to include her
three-body operators, in a similar manner to her

treatment of Pr III. We have applied the magnetic
corrections also to her adjusted sets of crystal
levels, with the results given in the last two col-
umns of Table IV. Since the zi with 0 ~i ~11
possess even guasispin ranks (see Ref. 2), their
matrix elements for 4f" have the same sign as
the corresponding matrix elements for 4f'. We
may imagine that the same is true of z, since
the part that possesses an odd quasispin rank has
the same matrix elements (apart from a constant
factor) as the ordinary spin-orbit interaction.
This interaction, and also the three-body interac-
tions, possess matrix elements that reverse signs
in going from f' to f"
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IV. CONCLUSION

The introduction of the parameters az has led to
a better understanding of several configurations f'.
Although the range of parametrization is consider-
ably widened, most of the new parameters are quite
well determined. Three instances (a„a„and a )
where this is not so can be readily understood.
The parameter a, is not required to represent the
spin-spin interaction; a, involves only off-diagonal
matrix elements of the spin-spin interaction in fm;
and the coefficients of a differ from those of f only
only through matrix elements involving the high
levels with seniority 1.

For other f configurations for which Russell-
Saunders coupling is a good approximation, the
most important contribution to the terms of max-

imum multiplicity will be from a, and a, . For
these terms, the diagonal elements of a, and a,
are identical to those of a, and a„respectively,
and hence will give an equivalent result in this
limit; a, and a have diagonal elements which are
equivalent to those of f; and a,o and any have only
zero diagonal elements. The diagonal matrix ele-
ments for terms of maximum multiplicity can be
calculated from the symmetry properties of quar-
ter-filled' and half-filled shells. A systematic
chain calculation such as that described here forf' will be required for more detailed results.
Such calculations for f' are now under way.

We wish to thank Dr. E. Reilly for sending us
tables of her matrix elements of the spin-spin in-
teraction for f' prior to publication. "

TABLE III. Reduced matrix elements (g f( z; )f g') for f (i &5).

(ffz5f f ) (f fzef f) (ffz&ff ) (ffz8ff) (ffzoff) (ffz10ff ) (ffzi1ff)

's
4D 4D

ly g

2P
2DI ojc

2D2 &ac

I' I
2Q 2

4~ 4~
4Gg

Dl
2D2

2+I g

2+2 Q

Gl
2G2

2
6

30
70

2310
30

165

35
165
210
770

7
154
231
910

5/9
50/9

-29/9
-I/63

2/63
2/3
0

-2
10/9
-2/9
-I/3
-6
-v/6
2/9
I/2

0 -8

-v/e 5/9
2/9 50/9

-I/45 ll/18
I/45 -4/9
2/495 I/18

-2/15 0
S/165 0

0 -2
-4/99 10/9
-2/63 -32/63
17/1155 11/84

0 0
I/66 11/24

-20/693 32/63
I/70 -ll/56

-v/9
2/9
I/90
I/45
7/990
0
S/165

0
-4/99
8/315

17/4620
0
I/264

16/663
I/280

-4/3

10/3
0

-2/e
2/63

-4/63
0
0

4/3
0

-4/21
2/63
0
I/9
4/21

-I/21

0
0
1/15
2/15

-1/165
0

-8/165

0
0
0

IV/330
0
V/132
0
I/20

0 10/3
0 0

-2/45 2/3
4/105 -2/21

-26/3465 4/21
0 32/3

16/495 0

0 4/3
0 0
0 4/7
I/165 -2/21
0 32/3

-1/66 -1/3
0 -4/7

-I/390 I/v

G G
2~1

Gl*
2G2 +

Hl
H2

4r

Hl
H2

21

X
P P

2DI
2D2 Q

3
33

6
105

2002
10

182

910
26
70
26
15

105
385

10/9
-2/3
7/18

-2/63
I/42

58/9
-I/e

I/e
-29/9
-2/9
-I/e
4/9

-10/3
-I/e

0

56/99
-4/33
-I/198
-8/495
-I/66

-62/495
-5/99

-I/99
-7/99
82/495
I/99

148/495
2/3
I/315

-12/385

10/9
0

49/72
-8/9
I/24

-11/9
-V/36

I/9
11/18
V/IS

-28/9
v/9

-4/3
19/18

56/99
0

227/732
-s/495

-17/1320
31/495
59/1980

-I/99
7/198

-73/990
I/99

-83/495
-I/3
-I/630

6/3S5

20/3
0

-v/9
4/63

-I/21
4/9
2/e

2/3
-2/9
4/9
2/e

-s/9
8/3
2/3
0

0
0

-25/132
-16/165

3/220
62/165
-I/330

0
7/33

-I/165
2/33
2/165
4/3

-I/105
-6/385

0 20/3
0 -32/3

-I/66 V/3
32/1155 -4/21

139/30030 I/7
-4/165 -4/3
67/2145 -2/3

0 2/3
14/429 2/3

-14/715 -4/3
-20/429 -2/3
668/6435 8/3

0 0
2/315 -2/3
4/385 0

2DI 2DI
2D2
2Q I )fc

2+2 Q

5
165
105

2310

-88/63
-34/63
32/21

0

-4/9 -88/63
2/495 8/63
4/105 0
4/1155 0

v/45
-2/99

0
-2/165

52./63
8/63
0
0

-8/15
2/165
0
2/1155

8/105 4/21
4/3465 -8/21
0 32/21

-4/3465 0

D2 D2
EI*

2+2 Q

5
385
70

-22/21 2/165
-I/7 17/385
I -39/385

41/21
0

-3/4

-43/165
0

-13/220

2/7
0
2/9

-2/11
0

13/462

-76/385 38/21
0 32/21
5/231 -2/3
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TABLE III (continued)

Fl Fl
F2
2gl Q

2@2&ac

14
77

462
455

0
1/2

16/21
-3/14

0
-1/22
-4/231
-3/7o

(}}z,}})

0
0
0
0

(}}&9}}) (}}~f0 }}) (}t~f1It)

4o/3
-16/3

16/21
16/V

2G1 261
62

2H1 Q

H2*

30
143
35
13

G2 G2 30
Hl* 6006
H2* 330

Hl Hl
H2

21+

H2 H2
21+

55
1001

91

55
5

F2 F2 14
2@1Q 21
G2* 10010

8/S
17/18
0

-2/33 -5/6
1/1386 -2/9
2/385 0

4/33
8/99
1/llO

-88/63 16/99 -88/63
-17/42 -1/66 2/21
-2/9 -62/3465 19/9
17/9 -5/99 -4/9

-28/495
8/165

31/3465
8/4e5

-10/3
0

- 1/9
- 2/15
-34/9

-2/165
4/lee
1/99

-1S/2V5
-82/495

-4/3

19/18

19/15
s/9

1/165
- 2/165
- 1/laS

3/2V5
10/99

184/105 14/75 -31/210 11/75
0 4/1155 0 -2/1155
3/5 23/825 -9/20 -37/3300

10/9
-2/9

0

52/63
2/21
4/9

-4/9

286/315
0
2/15

8/9
0
2/9

22/45
S/9

4/as
-32/231

1/385

32/165

62/1155
8/33

-2/V5
2/1155

-43/1650

-4/165
2/165

-1/33

14/275
118/165

4/33
-16/231

2/15015

32/1155
272/15015
-4/1155

112/2145

-24/2275
172/45045
49/2925

0
4/2145

-2/429

196/10725
— 12/143

-2/3
2/3
0

4/21
-2/7
-4/3
4/3

-2/35
0

-2/5

0
0

-2/3

6/5
-S/3

21
2K+

K
2L

91
210

-88/63 -20/693 -88/63 1/99
-34/63 74/3465 8/63 - 4/495

59/42 43/462 215/168 -109/1320
3/2 — 1/110 — 9/8 1/88

52/63 - 8/231 - 40/3003 4/21
8/63 -116/1155 136/45045 -8/21

85/63 -541/4620 157/10010 9/7
1/3 3/220 - 73/1430 -1

21 2L 11/6 — 5/66 23/24 1/264 13/9 7/286

TABLE IV. parameters for 4f t and 4f ~iconfigurations. (Values in square brackets are fixed estimates. )

Pr III Pr III
Nda+ in
LaCl,

Er+ in
LaC13

g

g2
g3

P

7
T'
T'
T'
T7
T'
ap
a(
a2
a3
a4
a~
a6
av

a8
ae
asap

8520 +42
3811+6

20. 22 +0.07
408, 5+0.5

662 ~3
30.6 +0.4
-810+27
2219+33
449 +16
33+8
92+12

-217 + 19
312 +29
254 +33

8535 +17
3810+3

2O. 1V ~0. 04
408. 8 +0.2

661 +2
31.1 +0.2
-820 +12
2206 +12
444 y6
39+3
81+6

-209 +8
314 +12
282 +15

0. 04 +4
8.8 +4.5

-0.21 +0. 20
70.5 +87.3
-93 +90
16+2

-176 +29
-5.3 +2.6
~113 +33
-3.2 +3.5

67 +23

8534 +16
3812 +2

20. 16 +0. 03
408. 8 +0.2

661 +2
31.1+0.2
-821 +11
2207 +12
443+6
39+3
80+5

-210 +7
311+11
286+13

[0]
9.3 +3.9

-0.22 +0. 19
[0]

-87 +69
17 k2

-173 +27
-5.3+2.5
-146+31
307&3~ 2

67+22

43
-189

168

14
-127
-5.0
-137
-20

+8
+28
+30
[ol
[0]
to]
to]
[0]
to]
k3
+50
+2. 1
+48
k3
[0]

12835. +17
5024 ~132
23. 9 +0.5
497 +9
884 R2

25 +14
-735 +336

[v5o]
to]

44 +3

20479 + 26
6683 +12
31.8+0.2
661 +3

2367 +4
19.7 +0.8
-427 +52

[v5o]

[01
455 +77

-256 +46
168 +92

to]
[0]

15 +5

[0]
[0]

13 +7
-180 +Vl

lo]
[o]

-27+6
to]
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TABLE IV (continued)

ac

No. of
levels

No. of
parameters

Largest
deviation

Pr III

40

74 cm

Pr III

317 +105
-1.0 + 0.7

11 cm

40

27

17 cm

Pr III

340 + 95
-1.1+0.7

11 cm

40

18 cm

Nd+ in
LaC13

355 + 240
103

7 CDl

9cm

Er3+ in
LaC13

E0]

t0]
18 cm

20

14

23 CIIl
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Accurate Atomic and Molecular Wave Functions Without Exchange
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A perturbation-theoretic procedure is developed for obtaining the spatial function 4
p for the

many-electron problem, from which the total wave function can be projected by the relation
4 =Q&Dto(r)DtO(a)40(r))(0(o). This function is expanded in a perturbation series in which the

4p contains a sufficient set of pair symmetries of @p itself, such as in the Hartree nonanti-
symmetrized wave function for closed-shell atoms. When the expansion converges, the re-
maining symmetries are introduced exactly. The energy eigenvalue does not contain the
usual "exchange" terms, since the zeroth-order Hamiltonian, unlike the Hartree-Fock Hp,
has no degeneracies. Applications to interaction energies in molecular crystals and asym-
metric wave functions are discussed briefly.

I. INTRODUCTION

The exact wave function for a many-electron sys-
tem can be written as the sum of products of spa-
tial functions with spin functions. ' In this paper a
perturbation expansion for a single one of these
spatial functions is derived. The remaining spa-
tial functions and hence the exact wave function

can be obtained directly from this single function
by utilizing the symmetry properties of these func-
tions under the operations of the permutation
group for the N electrons. '~' The spatial function
solved for here possesses complicated symmetry
properties except with respect to a small number
of permutations under which, for closed-shell sys-


