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the data at low temperature would not be valid if they
yield results which are inconsistent with the result
obtained from the analysis of the trt(p)-versus-T data
t Fig. 6 and Eq. (4)g. Evidently, the simple model based
on the pressure dependence of a single donor level does
not sufhce to explain the piezoresistance data around
20'K. A detailed experimental investigation in this
temperature range is required before any firm explana-
tion can be proposed for this disagreement between the
low- and the high-temperature piezoresistance data.

S. CONCLUSION

The result ash„, =0 indicates that the lowest conduc-
tion-band minimum for this material is situated at
k= (0,0,0), and is in agreement with other work. ' ' '
The piezo-Hall and piezoresistance eGects can be

qualitatively explained on the basis of the simple model
that the donor ionization energy e& increases appreciably
with pressure. The value eq=0.019 eV determined for
one sample from the data on srt(p) versus T is in excel-
lent. agreement with the value a~=0.020 eV estimated
from the low-temperature data on p versus T. The
result (de&/dP) &+5.2&&10 " eV/dyn cm ' derived
from the pressure data at 195'K suggests that there is
considerable contribution from some band other than
the (000) conduction band to the donor state functions.
The piezoresistance data around 20'K, when simply
interpreted on the basis of the pressure dependence of
the ionization energy of the single donor level, yield
(ded/dP) =+2.6X10 " eV/dyn cm ', in disagreement
with the estimate obtained from the pressure data at
195'K.
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A theoretical calculation of the low-field galvanomagnetic properties of holes in Ge has been carried out
incorporating all relevant details of the band structure. The scattering is limited to acoustic and optical
phonons and is described by the deformation potentials a, b, d, and d0. For pure acoustic scattering, no over-
all consistency is found between available galvanomagnetic data and deformation potentials derived directly
from experiments on strained Ge. The discrepancies may be ascribed to ionized-impurity scattering, but at
higher temperatures where optical phonon scattering is operative, the deviations are still appreciable. We
are led to conclude that the deformation-potential theory of phonon scattering needs reconsideration, and
a nontrivial correction is pointed out.

I. INTRODUCTION

I THOUGH the electrical transport properties of
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holes in Ge are more or less qualitatively under-
stood, their quantitative interpretation is still far from
satisfactory. The difficulties encountered in this con-
nection are primarily due to the complicated energy
spectrum of holes in the vicinity of the degenerate
valence-band edge, which consists of the two bands

Et s(k)

=Ak'+$8'k'+C'(ke'k '+k 'k '+k ske')]'". (1.1)

The principal aim of the present work is to calculate
the low-field galvanomagnetic parameters mobility,
Hall factor, and magnetoresistance, avoiding any serious
approximations in the band structure or its e6ects on
scattering, so that it might be possible to establish a

' E. G. S. Paige, Progressin Semiconductors (Heywood and Co
Ltd. , London, 1964), Vol. 8, p. 1. This review article discusses
most of the earlier experimental and theoretical work on electrical
transport properties of holes in Ge.

quantitative correlation between some important trans-
port properties.

The scattering mechanisms will be limited to acoustic
and optical phonons, and are treated on the basis of the
deformation-potential theory developed by Sir and
Pikus. In this theory, the hole-phonon interaction is
determined by the four deformation potentials u, b, d,
and do. Of these, the 6rst three, pertaining to the
acoustic scattering, also describe the change in the
valence-band structure with static strain' and, con-
sequently, they enter the theory of a large number of
phenomena pertaining to the valence band. do is con-
nected with the optical phonon scattering and appears
only in the theory of transport phenomena.

The previous theories of low-6eld transport may all
be regarded as simpli6cations of the general case intro-

~ G. L. Bir and G. E. Pikus, Fiz. Tverd. Tela 2, 2287 (1960)
/English transl. : Soviet Phys. —Solid State 2, 2039 (1961)]. A
similar theory was worked out independently by M. Tiersten,
IBM J. Res. Develop. 5, 122 {1961).' G. E. Pikus and G. L. Bir, Fiz. Tverd. Tela 1, 1624 (1959)
/English transl. : Soviet Phys. —Solid State 1, 1502 (1960)j.
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duced by some special choice of the parameters 2, 8, C,
a, b, d, and dp. These models fall in the following five
groups (only pure acoustic scattering is considered):

(a) Single spherical band, B=C=O; (1) isotropic
scattering, ' b= d= 0.

(b) Two spherical bands, C=O; (1) isotropic scatter-
ing, ' b=d=O, (2) anisotropic scattering, ' d=b&3

(c) Real band structure, Eq. (1.1); (1) isotropic scat-
tering, ' b= d = 0, (2) anisotropic scattering, general case.

Only the mobility calculation by Tiersten' belongs to
the general case (c2). The inadequacy of the simplified
models may be illustrated by a comparison with the
experimental value of the acoustic Hall factor r= @II/ps
=1.36.' " The corresponding theoretical results are
(a1) 1.18,' (b1) 2.51," (b2) 1.60&r&2.53,s (c1) 2.07.'
With the exception of the simplest and least-realistic
case (a1), all models studied so far yield a Hall factor
above the experimental value. A similar situation exists
for the transverse magnetoresistance, and no model
based on spherical bands predicts a nonvanishing longi-
tudinal magnetoresistance. Consequently, there is a
clear need for a theory incorporating the full complexity
of the band structure and the acoustic phonon scattering.

It is well established experimentally' "that the tem-
perature dependence of the drift mobility pp of holes
in Ge is of the form T—"in the range 120—300'K. Since
this deviates considerably from the T "dependence
to be expected from pure acoustic scattering and para-
bolic bands, ~" either strong optical phonon scatter-
ing'" or nonparabolicity'" has been suggested as a
possible cause, but so far no theory has incorporated
both mechanisms simultaneously. This will be done in
the present work, and for the erst time the temperature
dependence of the galvanomagnetic effects will be calcu-
lated and compared with experimental data.

The physical model on which the present calculations
are based is outlined in Sec. II. Particular emphasis
will be laid on a qualitative discussion of the hole tran-

4 In the course of the present calculations for Ge, it has been
shown that the usual approximation of an isotropic acoustic
phonon spectrum leads to a negligible error, especially in the
models where anisotropy is already present in band structure
(CWO) or scattering (b, d/0).

~ G. L. Bir, E. Normantas, and G. E. Pikus, Fiz. Tverd. Tela
4, 1180 (1962) LEnglish transl. : Soviet Phys. —Solid State 4, 867
(1962)g.

B. Lax and J. G. Mavroides, Phys. Rev. 100, 1650 (1955);
J. G. Mavroides and B. Lax, ibid. 107, 1530 (1957); 108, 1648
(E) (1957).' M. Tiersten, J. Phys. Chem. Solids 25, 1151 (1964).

"C. Goldberg, E. N. Adams, and R. E. Davis, Phys. Rev.
105, 865 (1957).

'V. I. Stafeev and V. M. Tuchkevich, Zh. Tekh. Fiz. 28,
1642 (1958) /English transl. : Soviet Phys. —Tech. Phys. 3, 1513
(1958)j.

"A. C. Beer and R. K. Willardson, Phys. Rev. 110, 1286
(1958)."E. M. Conwell, Phys. Rev. 94, 1416 (1954).

's D. M. Brown and R. Bray, Phys. Rev. 127, 1593 (1962)."P.Lawaetz, Phys. Status Solidi 11, K117 (1965)."R.Keiper and H. W. Streitwolf, Phys. Status Solidi 12, K21,
(1965).

sition rates due to acoustic phonon scattering and of
the validity of some necessary approximations in the
treatment of these quantities.

The central problem in transport theory is the de-
termination of the distribution function from the Boltz-
mann equation. As a consequence of the complexity of
the basic model, the solution will be performed numeri-
cally. In Sec. III, we show how the Boltzmann equation
may be brought into a form convenient for numerical
treatment by a power-series expansion of the distribu-
tion function in the external fields, retaining first-order
terms in electric field and second-order terms in mag-
netic held. The angular dependence of all quantities
entering the transport equation is handled by series
expansions in a suitable set of harmonics. In Sec. III B,
the link between the distribution function and the
macroscopic transport parameters is established. Sec-
tion III C deals with the problem of including the non-
parabolicity of the light hole band in the frame of the
theory.

The main problem in the numerical computation is
the evaluation of the various coe%cients belonging to
the series expansions in surface harmonics of the angu-
lar-dependent quantities. This problem is closely con-
nected with the truncation of the series in question, and
thus with the over-all accuracy of the calculation. The
details are discussed in Sec. IV, in order to establish
that the principal uncertainty of the present results is
eventually due to the basic physical model and not to
approximations in the computational procedure. In an
earlier paper, "we have stressed the important simplifi-
cations introduced by direct application of the inherent
cubic symmetry of the problem, and these ideas are
further developed in Sec. IV.

In Sec. V, we present the results of calculations of
mobility, the Hall factor, and of transverse and longi-
tudinal magnetoresistance. In the case of pure acoustic
scattering, a fairly complete mapping of all possible
combinations of the deformation potentials u, b, and d
is shown. This is made possible by the simple tempera-
ture dependence of the transport parameters in question,
following from the usual assumptions of parabolic bands
and the equipartition of acoustic phonon energies. It is
shown that most of the results can be interpreted in
terms of a simple model with unequal relaxation times
in the two bands. If nonparabolicity and optical phonon
scattering are included, a complete representation of
the results would be hopeless were it not for the fact
that the temperature dependence of the transport par-
ameters is practically independent of the details of the
acoustic scattering and is a function only of the low-
temperature value (pure acoustic scattering). A further
simplification is introduced by an automatic adjustment
of the optical deformation potential dp so that the value
of the mobility at 300 K coincides with the experi-
mental result.

~' P. Lawaetz, Phys. Rev. 166, 763 (1968), referred to as I.
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The crucial point of the theory is reached in Sec. IV,
where we compare the results of the present theory
with existing experimental data. Here, a careful selection
of data must be made in order to ensure that they
actually represent pure phonon scattering and low fields.
It will then be found that, although the 6t is consider-
ably improved as compared to more simplified models,
there are significant discrepancies. Furthermore, we

may compare the results with deformation potentials
obtained by static strain experiments and this leads to
an enhanced inconsistency of the galvanomagnetic
results.

Finally, Sec. VII contains a discussion of possible
explanations for this rather surprising insufFiciency of
the present model. It is concluded that deformation-
potential theory does not give the complete picture of
lattice scattering, at least of the part due to optical
phonons

A = 13.27&0.025,
8= 8.63+0,12, (2.3)

in units of A'/2m, where m is the free electron mass.
Values similar to (2.3) have been obtained by others. "

"G. Dresselhaus, A. F. Kip, and C. Kittel, Phys. Rev. 98,
368 (1955); E. 0. Kane, J. Phys. Chem. Solids 1, 82 (1956).

"A. C. Baynham and E. G. S. Paige, in Proceedings of the
Seventh International Conference on the Physics of Semiconductors,
Paris, 1964 (Academic Press Inc. , New York, 1964), p. 149."B.W. I evinger and D. R. Frankl, J. Phys. Chem. Solids 20,
281 (1961)."R.R. Goodman, Phys. Rev. 122, 397 (1961);J. C. Hensel,
Solid State Commun. 4, 231 (1966).

II. THEORETICAL MODEL

A. Hole Energy Spectrum

The energy spectrum E=E(k) of holes in Ge is
derived by k p perturbation theory including spin and
spin-orbit coupling. " In the vicinity of the valence-
band edge at k=0, the spectrum consists of two bands
degenerate at k= 0 and a third band split off 3,=0.295
eU'~ by the spin-orbit coupling. Since the spin-orbit
splitting 6 is large compared to thermal energies at
300 K, the split-oG band may be neglected in transport
theory, but the proximity of this band induces a con-
siderable k term in the nearest band, i.e., in the light
hole band.

To second order in k, the energy spectrum is given
by expression (1.1).This is the parabolic approximation,
where

E= k'gg(k), (2.1)

gy(k) =A+(—1)"LB'yc'(k.'k '+k 'k, '+k, 'k.')]'".
(2.2)

k is the unit vector in the direction of k; X=1 and 2

give the heavy and the light hole band, respectively.
A, 8, and C have been measured by cyclotron resonance,
and we shall use the values"

3

Q (5 p(o„28 )e, =0, —(2.10)

'0 W. Bernard, H. Roth, and W. D. Straub, Phys. Rev. 132,
33 (1963).

2' W. P. Mason, Physical Acoustics and the Properties of Solids
(D. van Nostrand Co., Inc. , New York, 1958), p. 370; H. M. J.
Smith, Phil. Trans. Roy. Soc. (I,ondon) A241, 105 (1948).

The sign of A pertains to positive hole energies. The
sign of 8 and the related quantity D defined below
will be discussed later. For the present, we shall take
them to be positive. Insertion of (2.3) in (2.2) shows
that the light hole band is nearly spherically symmetric.

When the split-o6 band is taken into account directly,
the second-order k p perturbation matrix'8 cannot be
diagonalized in a simple way except for k parallel to the
(100) and (111)directions. For the (100) directions, we
obtain"

Eg (A ———B)k', (2.4)

E,= -;L(2A+B)k +~]—{-',[(2A+B)k'+ ~]'
—h(A+B) k' —(A+2B) (A —B)k') '" (2.5)

For the (111)directions, B is replaced by D/V3, ' where

D (3B2+C2) I /2 (2 6)

From (2.4) we observe that the heavy hole band re-
mains parabolic in the principal symmetry directions,
whereas (2.5) shows that the light hole band is more
affected. An expansion of (2.5) gives

E2= (A+B)k' 2B'k4/0—
= k'g2t 1—C2k'g2/6]. (2 7)

With the same degree of accuracy we may write (2.7)
in the form

E,(1+C2E,/6) =k'g, . (2 8)

We now make the approximation of generalizing (2.8)
to arbitrary directions of k. For C2 we then use a suitable
mean value between C2(100) and C2(111):

C2 ——B'(A+B) '+D'(AV3+B) ' (2.9)

We have thus chosen a specific angular dependence of
the nonparabolic contribution to the light hole band,
but in view of the smallness of this correction such a
simplifying approximation is justified.

We shall later show how the form (2.8) is taken into
account in our calculations. When not specified, the
energy spectrum is considered in the parabolic form
(2.1).

B. Phonon Spectrum

Since thermal holes are situated in a band extremum
at k= 0, it follows that the phonons of interest have very
small wave vectors q. The long-wavelength part of the
phonon spectrum in Ge consists of three acoustic
branches with frequencies co ~ q and three optical
branches degenerate at q=0 with co independent of q.

The frequencies or~, and the corresponding polari-
zation vectors e, for the acoustic phonons of branch s
are the solutions of the secular equation"
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C~~=1.30&(10"dyn cm ',
Cy2= 0.49& 10 dyn cm

C44=0.68)&10"dyn cm '.
(2.12)

The temperature variation of the elastic constants is
within 2% from 77 to 300'K."This variation will not
be taken into account.

For a given j, the numerical evaluation of eigenvalues
and eigenvectors of Eq. (2.10) is standard and will not
be further commented upon.

The optical phonons are characterized by the feature
that to zeroth order in q the two atoms in the unit cell
oscillate in opposite phase. The polarization-independ-
ent frequency at q=0 has been measured by neutron
spectrometry'4:

Atop= 0.037 eV. (2.13)

As a consequence of the degeneracy in zeroth order of

q, the polarization vectors eo, (for one of the atoms)
may be any set of three orthogonal unit vectors.

C. Acoustic Phonon Scattering

To describe the scattering of holes by acoustic pho-
nons, Bir and Pikus' have worked out a deformation-
potential theory, taking into account the complicated
energy spectrum of holes. In this theory, the rate of
transition from state k in band X to k' an X' is'

mkgT
P„(X'k',Xk) =p p U(leak, X'k', qs)bg, g +q

qs hVpco

Xb(Eg (k') —Eg(k) w ha) „), (2.14)

where V is the volume of the crystal, k& is Boltzmann's
constant, and

U(Xk, li'k', qs) = bE&(k, e') bE&.(k', e') —bEi(0, e')

XbE2(0, e') +p,k,X'k'), (2.15)

SEE(k,e') =ae,g'+PBbe„'(3k, '—1)
+2Dde, „'k k„]/2Egi+c.p. , (2.16)

BEi(0,e') bEg(0, e') = (a' b') e„"+(2a+—b') e,g'e„„'
—d'e, "+c.p. , (2.17)

+(yk glk&) —i LD2(k. k~) 2 Il2+ (3Il2 D2)

X (k.'k,"+c.p.)]/4E„"- Eg. ~, (2.18)

22 W. Shockley, Phys. Rev. 78, 173 (1950).
'3 H. J. McSkimin, J. Appl. Phys. 24, 988 (1953)."B.N. Brockhouse and P. K. Iyengar, Phys. Rev. 111, 747

(1958).

where p is the mass density of the crystal and S is a
Shockley matrix ' ' with the elements

+i i (Cll C44) qi +C44q
(2.11)5;;= (Ci2+C44)q;q, , iA j.

C~~, C~2, and C44 are the elastic constants for which we
shall use the values"

Egi ——(—1)"$8'+C'(k 'k '+c.p )]'" (2.19)

.;,'(qs) = —,'P—q,e.,+q, e.,] . (2.20)

AMg~= Q~(q)q. (2.22)

Inserting of (2.21) and (2.22) in the expression (2.14)
for the transition rate yields

P.,(X'k', Xk) = L(2~) 'ks T/ VACii]5„(Xk,l~'k')

Xh(E),.(k') —E&,(k)), (2.23)

with

s,.(hk, x'k') = Q u,Q, 'bzi, q,
47r p q~2

(2 24)

The energy conservation and the parabolic band struc-
ture ensure that S„does not depend on the magnitude
of the k vectors. This feature is well known from simpler
band structures, and leads eventually to the simple
temperature dependence of acoustic-scattering limited-
transport parameters.

The introduction of elasticity in the acoustic phonon
scattering causes an error of the same order of magni-
tude as the equipartition approximation, i.e., 1% at
77 K. In addition, it is observed that S„, defined in
Eq. (2.24), does not approach a limit as k'~ k for
X'=X. This is also a consequence of the elasticity ap-
proximation, because when k'=k, Eq(k') —E&,(k) is no
longer large compared to the phonon energy. However,
the squared matrix element of the scattering, propor-
tional to U, does not particularly favor transitions with
k= k', and so the final error is not increased if we avoid
sampling the details near k= k' in the numerical treat-
ment of S„.

D. Optical Phonon Scattering

In their theory of optical phonon scattering of holes,
Bir and Pikus' have derived the following expression for

c.p. stands for cyclic permutations of x, Y, and s; a, b,
and d are the usual deformation potentials describing
the behavior of the valence-band edge when the crystal
is subjected to uniaxial stress. In Eq. (2.14), the equi-
partition of phonon energies has been used, since for
the phonons interacting with thermal holes k~T))Ace.
The error introduced in this way is about 2C»m*/pk&T
=

1%%uo at 77'K for vs* equal to the heavy-hole' effective
mass 0.3m, and p=5.33 g cm '.

We now make the usual approximation of treating
the acoustic scattering as elastic, i.e., we neglect Ace in
the energy-conserving b function in Eq. (2.14). It is
then easy to show that all energy dependence of I'„ is
contained in b(E' —E). To see this, we observe that
(2.15) may be written as

U(3~k)X'k', qs) = u, (Xk,X'k' q)q' (2.21)

because the "strain" e'~q. Furthermore, the disper-
sion-free acoustic spectrum may be expressed as
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the rate of transitions from state k in band li to k' in li'.

7r

P„&P 'k', l~k) = Q P (np+-', a-', ) U'(leak, l~'k', qs)
Upcooa02 +

X 8~ ~ ~~5(Ey (k ) Ey(k)~A&do) (2.25)

A. Boltzmann Equation

Let fi, (k) be the distribution function of holes in
band X. Assuming a nondegenerate distribution, the
Boltzmann equation governing fi, (k) in the steady state
reads

onstant of Ge,ntro q/~L "— ( "( )X ")]f~( )

duced in order to give the optical "deformation po-
tential" do (appearing below), the dimension of energy, d'&'Ll'/(2~)']
and

eo Le——xp(A&so/4T) —1] ',
U'(l~k, l~'k', mls) = SEE'(k) bEi, '(k') —8Eio(0)

X 5E2O(0)%'(l~k, Vk'), (2,27)

8Ei,'(k) =Ddo(k, k„eo„+c.p.)/Ei",&„(2.28)

8Eio(0)BE2O(0) = —do2. (2.29)

4 and Ekq are defined in Eqs. (2.18) and (2.19).
In Eq. (2.25), we now perform the summation over

the three polarization directions s for the optical pho-
nons, and, as pointed out in Sec. II B, we may choose
the cubic axes as arbitrary polarization directions. We
then get, from (2.27),

U'(Xk, X'k') = D'dp'Lk. k„k,'k„'+ c.p.]/
Egi,Ei-,.i,.+3do'4(Xk, Ãk') . (2.30)

1
d'k V (k) F' (k) = 8 „.

4m

We then choose the form

(3.3)

X t P(l~k, li'k') fi, (k') —P(X'k', Xk)fg(k)], (3.1)

where P and 8 are the applied electric and magnetic
fields, q is the charge of a hole, and the velocity

Vi, (k) = (1/A) V'kEg(k) . (3 2)

The total transition rate P is the sum of P from (2.23)
and P,~t from (2.31).

According to I," we then expand the distribution
function in a power series in the external fields, and its
angular dependence on k, fi,(k)—=fq(E,k), is expanded
in a suitably chosen orthonormal system of surface
harmonics V„(k), satisfying

The summation of E„t,over q is now straightforward:

P.„(Vk',Xk) = L(2~)~~,/ VC»]S.„(X'k',Zk)

where
XQ(eo+-,'a-,')b(E (k') —E (k)+h(a, ), (2.31)

and
where

x=E//kii T (3.5)

f'(x) = c exp( —x) (3.6)

y, (E,k) =P(z)L1+P y,.(~,z)z—: V.(k)], (3.4)

S~&i(li k,Xk) = (Cii/8m' po)p ap ) U (Xk,X k ) . (2.32)

This form of E,~~ is suitable for the treatment of the
Boltzmann equation in the following section.

From the expressions for U' and 0' it is seen that
P,~, is invariant under inversions in k and in k . Thus
the optical phonon scattering has the "momentum-
randomizing" property which simplifies the later treat-
ment considerably.

is the nondegenerate thermal equilibrium distribution.
In accordance with I, &,„~F8', and the Boltzmann
equation is to be solved for these coefficients which,
together with (3.4), determine the nonequilibrium dis-
tribution function.

In order to transform the transport equation (3.1)
into a convenient form, we express the angular depend-
ence of P(Xk,X'k'), V'kE, and V'i, EX%'i, as expansions in
the system I'„(k). We thus define the matrix elements

III. BASIS OF CALCULATION

The calculation of transport parameters from first
principles proceeds through three stages: establishment
of a fundamental theoretical model as given in Sec. II,
solution of the Boltzmann equation to obtain the dis-
tribution function, and evaluation of the transport pa-
rameters corresponding to the distribution function. In
this section we are co~cerned with the last two stages.
The method to be applied is discussed in I and so we
shall concentrate on presenting the problem in a form
suitable for numerical treatment.

G„o(l~)=— d'k V~(k)Ei, '"V'i,EgI' (k) (3 7)
4z

1
H „(X)=— d'k V (k)VgEi, XV'kV„(k).

4m.
(3 8)

c„(x)=— d'k v„(k)-',gi, '"(k).
4'

(3.9)

The transformation of the scattering integral in (3.1)
from k space to (E,k) space introduces the density-of-
states factor 2g~

' ' with the expansion coefficients
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For parabolic bands, G, H, and C are energy-
independent.

Similarly, we write for the angular parts of the tran-
sition rates

S,.(zk, Yk') =Q S„„.(j,j ') I'„(k)I'„(k'), (3.10)
vv

S.„(xk,z'k') =p S„„o(j,j ') I",(k)I'. (k'). (3.11)
vv

As shown in I, the use of the form (3.4) for the dis-
tribution function makes it possible to separate dif-
ferent powers of the external fields in the transport
equation (3.1).For s= 0, we find, using the orthogonality
properties (3.3) of the functions I'„(k),

g C11
F G oP) 1=+ E„„(j,V,x)go (X',x). (3.12)

4m (kgT)'

Similarly, the s= 1 equation reads

qC11
B P H, (l~)bop(~, x)

4~A(kg) T) '~'

with the principles solution given in I. Thus G o is
essentially the matrix element of F,p between Y and
I o=1, H „ the matrix element of B,o,

" and E „the
matrix element of the scattering operator S,p The form
of Eqs. (3.12)—(3.14) then follows qualitatively from
Eqs. (2.12) and (2.13) of I. Similarly, the form of the
scattering matrix element E „(3.15) is easily inter-
preted. The first, positive part stands for the "out-
scattering" term and is diagonal in the band indices X

and X', whereas the last, negative part is related to the
"in-scattering" term. The coefficients 2 given in Eq.
(3.16) are just numerical coupling constants between
different Y, and have no physical significance.

It is readily seen that the unknown expansion coeffici-
ents p,„of the distribution function may be obtained by
successive solution of the linear, inhomogeneous equa-
tions (3.12)—(3.14).It will be made clear in the following
section why the particular matrix version of the trans-
port equation derived here is well suited for numerical
treatment.

B. Transport Parameters

The drift velocity is given by

and for s= 2

= P E„„(X,v, x)y (X',x), (3.13)
)t 'n Pi, j'd'k fi, (k) Vx(k)

Qg j'd'k fi, (k)
(3.18)

qC11
B P H.„(~)y,„(~,x)

4m h(kJi T)I'
= P E„„(j,,Y,x)y,.(V,x). (3.14)

X'n

The "scattering matrix" K is readily found to have the
foi m

Denoting the carrier density by e,, we have the current
density

j= rsqVg. (3.19)

In cubic crystals like p-Ge, the current density may be
expressed in the following way to first order in the
electric field and to second order in the magnetic field":

j=~oP+~.(FXB)
+P~FB'+y~B(F B)+8gTFj, (3.20)

+yo(«(1+yo/*)'"+(«+1)(1—yo/*)'") where T is a diagonal tensor with the elements 8,', 8„',
and 8,'. The quantity rp is the zero-field conductivity

Xs„,o(O', j )j—P &„, &„(&')S~,'(&,&'), (3 15) related to the mobility po by

where

d'k I'„I" I'„,
4m

0'p =ÃgPp.

(3 16) Qii is equal to the Hall mobility

pII= rpp,

(3.21)

(3.22)

yo= Puoo/k&T, (3.1/)

and the factor (1—yo/x) should be replaced by zero if
negative. In deriving (3.15) we have used the fact that
the optical phonon scattering is momentum-randomiz-

ing, and so the "in-scattering" term" vanishes for all
odd distribution functions, as is always the case for
low-field magnetoconductivity. "

The above presentation of the transformation of the
transport equation has been given without much ex-
planation because this would take up an unnecessarily
large space. Apart from numerical factors, the meaning
of the different terms is readily explained by comparison

where r is the so-called Hall factor. Defining the general
mobility as

IJ,=F'F.Vd,
-

we find from (3.19) and (3.20)

(3.23)

~v/vo'&'= p~'+v~'(F &)'

+4'(F.'~ '+F„'8„'+F,'B,'), (3.24)

where p~' ——piipo ', etc.

2' I . Seitz, Phys. Rev. 79, 372 (1950).The notation is the same
as employed In Ref. 15.
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In connection with the expansion (3.4) of the distribu-
tion function, we write

V~=+ V~„ (3.25)

where 7&, ~ FB' just as @,„ in (3.4). We then obtain

1
D„(~)=—d'k I'„(k)-'g&-' 'EE'&-' 'V~Ei] (3.27)

4x

and C was defined in (3.9). From Kqs. (3.23) and (3.25),
we now find

Vq, = 2(PBT)'~' dx exp( —x)x' &' P @,„(g x) D„(g)/
0 Xn

2r'"A Q Co(X), (3.26)
C C[1+,'C,F/-6],

D ~ DLiyc2Z/Z],

G -+ Gfi ——23COE/6],

(3.32)

(3.33)

(3.34)

H -+ HLi —2C2E/5]. (3.35)

Finally, in the formula (3.26) for Vz„ the sum pi Co(X)
must be replaced by an integral

effects will be considered, and so the scattering is as-
sumed to be unaffected. The corresponding error in the
transport parameters is dificult to estimate, but is
probably of second order, since it vanishes for a parti-
cular choice of the deformation potentials, i.e., b= d=0
(exact only for isotropic acoustic phonon spectrum4).

In the above approximation, the effects of nonpar-
abolicity is a slight energy dependence of the coeS.-
cients C, D, G, and H. Thus, for X=2,

rh

Po F F Vdoy

&=FXB Vd.i/I30'FB~FX+~,

(3.28)

(3 29) Q Co(X) ~ 22r '~2 dx x '~' exp( —x) Q Co(A), (3.36)
0 X

bI3/Po'B'= F Vdo/Po'B'F. (3.30)

The transport parameters po, r, pB', yB', and BB' can
thus be calculated from Kqs. (3.24)—(3.30), provided
that the distribution function p,„ is known.

Instead of the reduced magnetoconductivity param-
eters pB', yB', and bB', we shall calculate the correspond-
ing magnetoresistance quantities b~', c~', and d~' "be-
cause these are more directly determined by experiment:

bB bBP0 PB

cB = cBI20 'YB +r
dB dJ3PO ~B

(3.31)

Actually, we rather calculate the transverse magneto-
resistance coeKcient b~', the longitudinal coefficient for
fields in the (110) direction bB'+cB'+2dB', and the
longitudinal coefficient for the (100) directions bB'+cB'
+dB'. We shall later see that these three combinations
represent different symmetry parts of the distribution
function. "From the discussion in I, it is therefore ex-
pected that they will be of different orders of magnitude.

It is easily seen from the temperature and energy
dependence of the acoustic-phonon-scattering rates and
from a qualitative solution of the Boltzmann equations,
(3.12)—(3.14), that for pure acoustic scattering po ~ T '"
and r, b~', c~', and d~' are independent of temperature.
Deviations from this simple temperature dependence
are caused by optical phonon scattering and nonpara-
bolicity, the effect of the latter being included below.

C. Inclusion of Nonparabolicity

We now proceed to incorporate the slight nonpara-
bolicity of the light hole band as expressed in the ap-
proximate formula (2.8). Only the direct band-structure
"G. L. Pearson and H. Suhl, Phys. Rev. 83, 768 (1951).

where Co(2) now includes the nonparabolicity correc-
tion to C as expressed in (3.32).

Po ~oi,

r 8g3,

PB b23+ b24 p

PB +7B +24 b24+ 4 b22+ b21 y

PB +PB +bB b22+b21)

(4.1)

(4 2)

(43)

(4 4)

(4 5)

where the sign denotes "derived from. "
For the cubic harmonics'~ belonging to the same ir-

reducible representation and row, the order indicates

'7 F. C. van der Lage and H. Bethe, Phys. Rev. 71, 612 (1947).

IV. METHOD OF COMPUTATION

A. Consequences of Cubic Symmetry

In the treatment of the Boltzmann equation in Sec.
III A, we did not make use of the inherent cubic syrn-
metry of the problem. As shown in I, important simpli-
fications follow from the full application of the sym-
metry. The only condition to be fulfilled is that the
system I' (k) should be chosen as the cubic harmonics, "
which are classiied according to the irreducible repre-
sentations and rows of the full cubic point group F. It
then follows from I and Kq. (3.4) that the distribution
function coefficients Q. are classified in the same way,
and the calculation of po, r, pB', yB', and bB'may proceed
as in Sec. III A of I without reference to a specific field
configuration. The procedure for obtaining po„, $1„,
and &2„ is shown schematically in Fig. 1. The notation
for the irreducible representations and the correspond-
ing parts of the distribution function is the same as in I.
Then
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S.vi(l'i) = X-,'dp'.
2Po2&o2

(4 7)

The remaining part of S,~~ transforms according to F~2
and F25' and has no inhuence on low-electric-field mag-
netoconductivity. The expansion coefficients of (4.7)
reduce to (I'p= 1)

S,.'(li, l~') =S.vt(&i) &„p8„.p. (4.8)

Thus, for our present purpose, optical phonon scattering
is isotropic.

B. Important Details of Computation

It is not our intention to describe the actual calcu-
lations in detail. For instance, a table giving all the

fp 4p $,«isz~

Foo

z
Boo

BOD

pP

/' i
~i2'aZ

~13
15Xr

~25X

Fxo. 1. Schematic illustration of the procedure for cgqulatiqg
of the various parts of the distribution function. The diagra~
follows from Ref. 15 and the nota, &iog is the same ezccpf for Qq,
$1, and p2.

the degree of anisotropy. Since the deviation from isot-
ropy of the energy spectrum and of the phonon scatter-
ing rates is not extreme in p-Ge, we may estimate the
order-of-magnitude relation between 82~, 822, 823, and
5~4 from a consideration of their symmetry origins in

l.lp and Fpp, respectively. The lowest order
of cubic harmonics for these representations is'~ 9, 5, 1,
and 3, respectively. From the simple anisotropy argu-
ment we then expect

I ~»l&&l ~p4I&&lb»l&&l il»l and so

IP~ I&&I&~+v~+kb~ l&&In~+»+~~ I (46)

A similar relation holds between the corresponding
magnetoresistance coeKcients. Our results confirm this
estimate.

Another important consequence of cubic symmetry as
discussed in I is that the expansion coeificients S„(l~,li')
of the scattering rates defined in Eqs. (3.10) and (3.11)
are diagonal in the irreducible representations and rows
therein. This reduces the number of distinct coeKcients
drastically. An additional result obtained in I for the
low-Geld magnetoconductivity problem is that we re-
quire only the F&, F&', F»', F», and F» coefficients of
S„and the F~ coefficients of S,~~. Owing to the rela-
tively simple angular dependence of S,~t, it is easy to
find the Fi part by inspection of Eqs. (2.30) and (2.32):

6 il

d
a

I l I

~4

FrG. 2. Contour diagram of the deformation potential a adjusted
to give the experimental acoustic mobility.

necessary coupling coefficients A„„, defined in Eq.
(3.16), has been omitted although these have not been
published before. Nevertheless, we feel that some details
may be important in order to establish the reliability of
the results.

For a practical application, the infinite-series expan-
sions in the system F„(k) or similar infinite matrices
introduced in Sec. III in the transformation of the Boltz-
mann equation must necessarily be truncated in order
to deal with a finite number of coefficients. Since the
coefficients C, 6, H, and D are single surface integrals
over the unit sphere, they may be computed with a
desired accuracy by direct numerical integration within
a reasonable time. They depend only upon the energy
spectrum of holes, and so the truncation of the corre-
sponding series depends only on the anisotropy of the
energy spectrum. To achieve an over-all accuracy better
than 1'%%uo for holes in Ge, it has been found necessary to
include terms up to eighth order in the cubic harmonics.
This is mostly dictated by the small longitudinal mag-
netoresistance parameter (bii'+cia'+de'). According to
the discussion in Sec. III A, the second-order distribu-
tion function 82~ originates from the F~' representation
(in first order of the magnetic field) where the lowest
order of harmonics is 9. It follows that 82~ falls outside
the accuracy of the calculation, and because it does not
lead to a separate transport parameter, 8pi (and so nii'
in ifii) may be neglected entirely.

The truncation of the double-series expansion (3.10)
of the acoustic scattering rate is determined by the
anisotropy of the scattering which actually depends very
little on the anisotropy of the hole energy spectrum. The
expansion coefficients S„are computed by interpola-
tion in (g$, li'k') space with a series having the maximum
total order v+v'=g. After that the v+v'=8 terms are
cut off, and the remaining terms with v+v'&~6 result in
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a maximum over-all 1% sensitivity of the transport
parameters to variations in the choice of interpolation
points. It is our belief that this procedure is more rele-
vant than the least-squares method used by Tiersten. '
However, the small differences between our coefhcients
and those found by Tiersten' using v+ v' &~4 may perhaps
by ascribed to the fact that, in our method, the various
symmetry parts of S„are separated before the com-
parison with the truncated series. This is not possible
in Tiersten s case, due to the simple choice of interpola-
tion points in the main symmetry directions. ' As shown
below, the principal anisotropy of the acoustic scattering
is connected with the even representations F~2 and F25'

because all the magnetoconductivity results may be in-
terpreted in terms of almost isotropic relaxation times.
This conclusion was also reached by Tiersten' for a
special choice of deformation potentials. The anisotropy
of the acoustic phonon spectrum has practically no in-
Ruence on the results. 4 The effect is drowned in aniso-
tropies already present from other sources.

C. Previous Theoretical Results

For special choices of the deformation potentials a,
6, and d, the results of our calculation may be compared
with earlier theoretical calculations pertaining to pure
acoustic scattering. Using Tiersten's parameters~
a= —2.0 eV, b=2. 1 eV, and d=7.0 eV, we calculate
a mobility which deviates only 2% from his result. For
b =d =0, we may compare our result with the results
of I ax and Mavroides, ' inserting their values of the
inverse mass parameters and using an isotropic acoustic
spectrum, although none of these changes is found to
be important. The Hall factor of 2.07 coincides with our

result, but the magnetoconductivity parameters show

I I I

-6 -4 -2

b
pp -6.0

I I I

2 4 6

FIG. 4. Contour diagram of the deformation potential d adjusted
to give the experimental acoustic mobility.

significant deviations which seem to be due to a series
of small errors in I.ax and Mavroides's paper. "

V. RESULTS

A. Pure Acoustic Phonon Scattering

For pure acoustic scattering, the transition rate has a
quadratic form in the deformation potentials a, b, and d.
For constant ratios b/a and d/a, the mobility pe will

-6 -4 -2 0 2 4

I I I

-6 -4 -2
I

2

FIG. 3. Contour diagram of the deformation potential b adjusted
to give the experimental acoustic mobility.

FIG. 5. Contour diagram of the Hall factor r for
pure acoustic scattering.

'8 In addition to the published error (Ref. 6), Eq. (5) in the
second paper of Ref. 6 contains three errors: (1) a,» and 0 „„
should be interchanged, (2) the erst and third series should be
multiplied by 2, and i3) in the series for n„», the coefficient of
y' is incorrect as far as we can estimate from our results; we have
not attempted to repeat the calculations of Ref. 6.
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we obtain an effective deformation potential ff of
the form

=. ff'= ff'+(Cf/Cf)(b'+ld') (5.3)

0

7.0
—2—

l

-6 -4 -2

FIG. 6. Contour diagram of the transverse magnetoresistance
coefIIcient b~' for pure acoustic scattering.

be inversely proportional to u', whereas the Hall factor
r and the reduced magnetoresistance bf4/f40'B' are in-
dependent of u. It follows that we may insert a'=1,
b'=b/a, and d'=d/a, calculate the corresponding mo-
bility p, ', and finally scale the deformation potentials
so that the experimental acoustic mobility' ' pp=3.37
&&10 (T/1'K) "cm'/V sec is obtained.

(~ b,d) = (f '/Po)'"(~', b', d') (5.1)

The value of r and bf4/po'B' is unaffected by this pro-
cedure. Then ff, b, d, r, bff', (bff'+cff'+ ,'dff'), and-
(bff'+cff'+dff') are functions of b/fJ and d/a only, and
are shown in Figs. 2—8. In Sec. II, we defined the sign
of a, b, and d as corresponding to hole energies, but in
the present problem, the relevant sign of b and d is
rather the sign of Bb and Dd, since we have chosen 8
and D positive in Eqs. (2.3) and (2.6). It is evident
from the quadratic form of the transition rates that the
total sign of a, Bb/~B~, and Dd/~D~ is irrelevant for
transport calculations. Therefore, we have chosen a to
be positive in Figs. 2—4 without loss of generality. How-
ever, it is known from several experiments on uniaxially
strained Ge"" that Bb and Dd are positive and this
fixes the absolute sign.

The results presented for pure acoustic scattering in
Figs. 2—8 may be interpreted by a, relatively simple
model of the scattering. This model is suggested by the
elliptical form of the curves of constant a in Fig. 2.
If we take B=D=O in Eq. (2.15) and the following
equations and assume an isotropic phonon spectrum
characterized by the average longitudinal and transverse
elastic constants

In this model, the curve of constant a is given by

b"+ 'd" =-(Cf/Cf)( '/a' —1). (5.4)

Apart from the shift of the center and the rotation of
the principal axes, the ellipses in Fig. 2 are quantit-
atively consistent with Eq. (5.4). The shift and the
rotation can be explained by 8&0&D. Remaining in
the simple picture, we may assume effective deformation
potentials which are different for the two bands, and
are of the form

eff 41 L1+(C,/C, )(b"+—'d")
+( 1)"(-~b'+.d'+fb'd')1, (55)

where $, ff, and i are parameters determined from the
orientation and center of one of the ellipses in Fig. 2,
and they are found to be small compared to 1.Equation
(5.5) corresponds to simple, isotropic relaxation times
in the two bands, and this model is found to fit even the
details of Figs. 2—8 to within 5% accuracy. The factors
depending on band structure are determined from La,x
and Mavroides's theory6" for b'=d'=0.

The results will be discussed further when we compare
them with experimental data. Finally, we want to
mention that a change in the mass para, meters A, 8,
and C within the uncertainty intervals, shown in Eq.
(2.3), has very little effect ((1%) on the transport
parameters.

B. Mixed Phonon Scattering and Nonparabolicity

The temperature dependence of the low-field trans-
port parameters has been calculated including optical
phonon scattering and nonparabolicity. The optical

0

Cl 5 (3C11+2C12+4C44) y

Cf 5 (Cll C12+3C44)
(5.2) . l l I

-6 -4 -2

11a
l

6

"J.J. Hall, Phys. Rev. 128, 68 (1962).
'0 I. Balslev, Phys. Rev. 143, 636 (1966).

FIG, 7. Contour diagram of the longitudinal magnetoresistance
coe%cient (b~'+c~'+-', d0') for pure acoustic scattering.
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deformation potential do is determined so that the
mobility calculated at T=300'K coincides with the
experimental value" /666=2060 cm'/V sec. This auto-
matic adjustment of do is performed by the computer
using an iterative procedure based on the simple inter-
polation formula

1/~ = 1/~-+ pdo', (5.6)

where p is a constant varied from step to step. The fact
that three iterations (starting with d6 ——10 eV) sufficed
for an accuracy better than 1% supports the approxi-
mate validity of Eq. (5.6) which is a direct consequence
of the relaxation time interpretation of the acoustic
scattering given above. This simple picture is further
substantiated by the feature that the adjusted value of
d6 is independent of the initial choice of b/a and d/u.
The actual variation of d6 is within 1%, which is of the
same order of magnitude as the estimated maximum
error in the mobility calculation for mixed lattice scat-
tering. Another feature is that the temperature de-
pendence of the Hall factor and the magnetoresistance
is found to depend only upon the values obtained for
pure acoustic scattering, not explicitly on the ratios
b/a and d/a.

The fitted value of d6 is d6= (6.41+0.03) eV. If non-
parabolicity is neglected, do ——6.53 eU, so that the in-
fluence of nonparabolicity on the mobility at 300'K is
about 4%. ERects of the same order of magnitude are
found for the galvanomagnetic effects, though somewhat
larger, The smallness of the nonparabolicity contribu-
tion justices the approximate treatment of this pheno-
menon in Sec. II A.

The temperature dependence of the mobility calcu-
lated as described above is shown in Fig. 9. The T "
dependence in the range 120—300'K found experi-
mentally' ' is clearly reproduced and is thus a property

I
4 0.12

10—5

1Q—
ill

I 5—
Kl
O
X x THEORY

d~ 6.41 eV

VI. COMPAMSON WITH EXPERIMENT

One of the attractive features of the deformation-
potential theory of acoustic scattering is that its param-

I I I I I I

300 200 100 70 50 30

TEMPERATURE 5&)

FIG. 9. Temperature dependence of mobility pp calculated with
mixed phonon scattering and nonparabolicity. dp= 6.41 eV.

of the relatively strong optical phonon scattering. ' The
temperature dependence of the Hall factor and of the
magnetoresistance is shown in Figs. 10—13 for selected
values of the low-temperature, pure-acoustic-scattering
parameters. It is observed that the inclusion of optical
phonon scattering in general raises the value of r, b~',

(bg +cg +2' ), and (ba'+c~'+ d~'). This is due to the
strong energy dependence of this type of scattering. It
is worth noting that, whereas the mobility is unaffected
by optical phonon scattering below 77'K, the galvano-
magnetic effects show some dependence even down to
50'K.

0

.08

,1Q

~y
0

1.6

)/

I I I

-6 -4 -2 0 2 4 6
100 200
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3004K

FIG. 8. Contour diagram of the longitudinal magnetoresistance
coeKcient (b~'+c~'+dg') for pure acoustic scattering.

FrG. 10. Temperature dependence of the Hall factor r for repre-
sentative values of the low-temperature limit. dp=6. 41 eV.
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FIG. 11. Temperature dependence of transverse magnetore-
sistance bg' for representative values of the low-temperature
limit. do= 6.41 eV.

FIG. 12. Temperature dependence of longitudinal magneto-
resistance (bs'+ce'+ ', ds') for -representative values of the low-
temperature limit. do = 6.41 eV.

eters, the deformation potentials a, b, and d, may be
determined from experiments which are independent of
acoustic scattering of holes. Thus, the only adjustable
parameter in the theory is do, and in view of the reli-
ability of the value of the mobility, '" it follows from
our theory that the fitted value of do= 6.41 eV is beyond
question if the fundamental theoretical model is correct.
On the other hand, the theory for pure acoustic scatter-
ing contains no adjustable parameters, and a comparison
with relevant experimental data therefore concludes in
a judgment of deformation-potential theory.

A. Deformation Potentials

When the crystal is subjected to uniaxial stress, the
deformation potentials b and d determine the splitting
of the valence-band degeneracy at %=0 and the change
in the form of the band structure in the vicinity of this
point, whereas a determines the total shift of thevalence-
band edge. ' Thus, b and d are connected directly with
the valence band, while a can only be found in combina-
tion with the corresponding parameter for the conduc-
tion band Zd+-'sH„'.

The parameters b and d have been determined with
appreciable accuracy by several experimental methods,
and the most reliable results are reviewed in Table I.
It is evident that the values obtained for d diGer signifi-
cantly in the following three groups of methods: (1)
direct optical edge, (2) indirect optical edge, and (3)
other experiments not involving interband transitions.
This is a first indication that the present version of
deformation-potential theory may not be entirely cor-
rect. Since acoustic phonon scattering is an intraband
process, we shall take the values of b and d from the
third group as relevant for comparison with the trans-
port results of the present work. Thus

~
b

~

=2.1 eV and
~d~ =6.5 eV will be used, but, as we shall see, this
choice turns out to be unimportant because the com-
parison with experimental transport parameters below

indicates that a more fundamental inconsistency may
exist.

A value of a may be found from the band-gap dilata-
tional coefFicient Et, (in electron energy):

Rg=-d+s .+~, (6.1)

032

K
~SO

5 008
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~~ 006

I

(Qc'abdal
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I

~ Q02

100 200
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300'K

FIG. 13. Temperature dependence of longitudinal magnetore-
sistance (bg'+cg'+dq') for representative values of the low-tem-
perature limit. do ——6.41 eV.

'W. Paul, J. Appl. Phys. 32, 2082 (1961); W. Paul and H.
Brooks, in Progress in Semiconductors, edited by A. I'. Gibson
(Heywood and Co., Ltd. , London, 1961), Vol. 7, p. 135,

3s I. Balslev, Phys. Letters 24A, 113 (1967),

together with a conduction-band transport determina-
tion of d+s „. Information on Et, can be obtained
from studies of changes in the optical indirect interband
transition with hydrostatic pressure" and uniaxial
stress. "" Thus Paul finds" E~,———3.8 eV, while
Salslev obtains the value" E1,= —2.9 eV. Similarly,
the published values of "d+s" show quite an appreci-
able spread because " is so large (18 eV) and the ratio

„/ is close to —s.' The range of values of a deter-
mined from Eq. (6.1) is approximately —1.2 to —3.6
eV, but the most important result of the above discus-
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IbI (eV) Id I (eV)

TABLE I. Deformation potentials b and d determined
from experiments on strained Ge. 2.0 —t —0

a
+
X

1.8

Ref. 8
9

10
33—34

2.7+0.3
2.4~0.2
1.8&0.3
2.4~0.4
2.1~0.2

4.7+0.5a

4.1~0.4b

3 7~0.4c

3.5~0.4d

7 0~1 Se

6.0a0.6f

' Direct optical edge splitting, dc method, absorption. See A. M. Glass,
Can. J. Phys. 43, 12 (1965).

Direct optical edge splitting, stress modulation, reflection. See I.
Balslev, Solid State Commun. 5, 315 (1967).' Indirect optical edge splitting, energy modulation, absorption. See Ref.
30.

d Indirect optical edge splitting, stress modulation, absorption. See Ref.
32.

e Acceptor binding-energy variation. See Ref. 29.
f Cyclotron resonance in the quantum limit. See J. C. Hensel, Solid

State Commun. 4, 231 (1966).

sion is that u is certainly negative, i.e., it has the
opposite sign of Bb and Dd.

B. Transport Properties

The experimentally data on mobility'" have already
been used in the theory to adjust a, b, d, and dp for fixed
ratios b/a and d/a. These adjustments can always be
made, and the experimental temperature dependence
T "between 120 and 300 K is realized for any choice
of b/a and d/e. Thus, the mobility alone is not a good in-
dicator of the actual values of b/a and d/a. As found by
Tiersten, ' the set (a,b,.d) =(—1.92, 2.01, 6.71) eV fits
the mobility and is consistent with the results of experi-
ments on strained p-Ge discussed above. It is, however,
seen from Figs. 2—4 that with

~

b
~

=2 eV and
~

d
~

= 7 eV
the determination of u from the mobility is very un-
certain: a= —1.5&1.5 eV.

Figure 14 shows experimental data on the Hall factor
selected to represent pure lattice scattering and the low-
magnetic-field limit. ' "' This limit is determined by
the conduction (iiB)g«1, where ii is the light hole
mobility. Thus, at 77'K, magnetic fields below 100 G
are needed" and only the results published by Beer and
Willardson" fulfill this condition. From a simplified
theory of the dependence of r on the magnetic field, "the
low-field limit should be the maximum value of r. It is
seen in Fig. 14 that many experimental points lie above
those taken from Ref. 10, and it follows that it is rather
impossible to draw a definite conclusion about the low-
temperature value of r. It is also known" that ionized
impurity scattering lowers the value of r, but at con-
centrations of 10"cm ',"this should be a rather small
effect. Accepting Beer and Willardson's result, ' r= 1.36
~0.07 at 81 K, to represent pure acoustic scattering,
an inspection of Fig. 5 shows that this can only be fitted
by the theory if a, Bb, and Dd have the same sign, which
is at variance with the results of the more direct deter-

"0.A. Golikova and I . S. Stil'bans, Fiz. Tverd. Tela 3, 3115
(1961) LEnglish transl. :Soviet Phys. —Solid State 3, 2266 (1962)g.

'4 F. J. Morin, Phys. Rev. 93, 62 (1954); M, 3, Prince, ghee.
92, 681 (1953).
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FIG. 14. Experimental data on the Hall factor r selected to
represent low magnetic field and pure lattice scattering. The full
curve shows the minimum theoretical Hall factor also displayed
in Fig. 10.

"M. Glicksman, in Progressin Semiconductors, edited by A. F.
Gibson (Heywood and Co., Ltd. , London, 1958), Vol. 3, p. 1,

rnination of a, b, and d described above. The minimum
value of r„ for ~b~ =2 eV, ~d~ =7 eV, and a having
opposite sign of Bb and Dd is about 1.60, which is
evidently far above any existing experimental value of
r„.The situation is not better at higher temperatures,
as is indicated by a comparison between the experi-
mental Fig. 14 and the theoretical Fig. 10. Thus, even
if we suggest that r„=1.6 and explain the low-temper-
ature discrepancy in terms of impurity scattering, this
cannot be done at 300'K, and we conclude that at
least the theory of optical phonon scattering is incorrect.

Much the same arguments apply to the transverse
rnagnetoresistance b& or b~ =b~pp . Here, relevant ex-
perirnental data are scarce. At 81'K, Beer and Willard-
son" give bn= 6X 10' cm'/V' sec'. Using the value of the
mobility measured in Ref. 10, inst ——4.0X 104 cm'/V sec,
we find b~' ——3.7, which can only be fitted in the first
quadrant of Fig. 6, just as is the case of the Hall factor.
However, b&'=3.7 may not actually represent pure
lattice scattering, ' and the value suggested by the
directly determined deformation potentials is b&'=7.7.
The difference is seen to be quite large. At 196'K, Re~i.

10 gives bn= 2.5X 10' cm'/V' sec', and the correspond-
ing reduced parameter is b&' 6.0 (pggs 6.5X——10' cm'/V
sec). Finally, we add a value of b& 5X 10r cm——'/V' secs
obtained by Glicksman" at 290'K corresponding to
b~'=8. 2. Neither of these values can be fitted in Fig.
11 if b~'=7. 7 is taken as the low-temperature value
representing pure acoustic scattering. This gives a fur-
ther indication that the theory of optical phonon scat-
tering needs reconsideration.

Very little quantitative data exists concerning the
longitudinal magnetoresistance parameters. From Gold-
berg ei ul. ,

s we derive (Pn+yn+gbn)/P&=0. 17 and
(Pn+yii+ba)/Ping=0. 07 at 77'K. Using bn'=3. 7 and
r =1.36 (both derived from Ref. 10 as discussed above),
we find Pn'= —5.6, and this gives (bn'+ca'+ gdn')-
=0.95 and (be'+err'+dig')=0. 39. Since a simplified
theory of impurity scattering cannot be applied to these
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parameters fit is not only the rnornentum relaxation
time (Fts) that enters the calculationj, the influence of
this type of scattering cannot be estimated in the present
case, and no reliable values pertaining to pure acoustic
scattering can be deduced from the above data. At
290'K, the results of Glicksman35 indicate that
(bIt'+ce'+ ,'dlt')=-1. 2, which is not inconsistent with
Fig. 14 for a low-temperature value of 0.95. The same
applies to the rather uncertain value of (bIt'+ctt'+dJt')
derived from Ref. 35 for 290'K.

If we allow for ionized impurity scattering to explain
the low values of r and bts' at 77'K, we can conclude
from the above discussion that the acoustic scattering
may be described by a deformation-potential theory
using ~b~ =2 eV, ~d~ =7 eV, and tt=( —1.5&1.5) eV in
agreement with results of experiments on strained p-Ge.
To substantiate this claim further, there is a clear need
for a theory of ionized impurity scattering of holes since
the difference between measured and calculated values
of r and b&' is unexpectedly large for impurity concentra-
tions of 10" cm '.' A first step in this direction is the
theory of the transition rates given in Ref. 5. Further
work on the subject is presently in progress. On the
other hand, it is evident that optical phonon scattering
is not well described by the usual theory.

VII. CONCLUSION

In this paper, we have attempted to calculate some
low-field transport properties of holes in Ge for pure
lattice scattering, taking into account all relevant de-
tails of the band structure and of the scattering. It has
thus been established that the nonparabolicity of the
light hole band has a negligible effect below 300'K,
except when very high accuracy is wanted. Even in this
case the effect may be overshadowed by secondary ef-
fects not considered in the present work.

The phonon scattering is described by the four de-
formation potentials a, b, d, and do. With the exception
of mobility, existing experimental data on galvano-
magnetic properties cannot be reconciled with directly
determined deformation potentials without assuming
an unexpectedly large influence of ionized impurity scat-

tering. At room temperature, this is quite unlikely to
be the case and we conclude that at least the theory
of optical phonon scattering must be reconsidered. As
evident from Table I, the values of d determined directly
from experiments on strained Ge show a signi6cant
scatter between different experimental methods. This
suggests that also the acoustic or static part of the usual
general form of the deformation-potential theory may
have to be modified.

A theory giving nontrivial corrections to the defor-
mation-potential approach to acoustic and optical pho-
non scattering has been put forward by Tolpygo. "The
basic idea is that long-range potentials of essentially
quadrupole nature'~ are induced by a vibration of the
nonpolar crystal, and that these potentials are of the
same order of magnitude as the deformation potential,
but of a different angular dependence. Tolpygo's
theory" is based on a particular model of the lattice vi-
brations, but in a forthcoming paper we shall present a
general theory of this long-range interaction and its rela-
tion to the ordinary deformation-potential model. This
theory yields qualitatively the same results as Tolpygo
obtained for the scattering but, in addition, it can explain
the variation of d values obtained by diferent static strain
experiments. It may finally be added that the new theory
gives a dramatic correction to optical phonon scattering
which will no longer be momentum-randomizing.

Because of an error in the calculation of the factor
in Eq. (4.7), all fitted values of the optical deformation
potential do should be multiplied by 2x.
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