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Ground-state energy eigenvalues and eigenfunctions are obtained by a variational method
for an electron in the field of a finite, stationary, permanent electric dipole. The dipole
moments studied cover the range from the minimum value required for binding (Dy;,
=0.6393 eag)to D=400 ea;, where the system is equivalent to the hydrogen atom perturbed
slightly by a distant stationary negative charge. The eigenvalues obtained agree with those
reported by Wallis, Herman, and Milnes, who determined them by another method in the
range D=0.84 eayto 30 ea). The normalized eigenfunctions display the manner in which the
electronic charge density changes from that of the hydrogen atom at very large D to a flat
distribution approaching that which is characteristic of a zero-energy continuum state as
the minimum moment is approached from above. Optimized variational wave functions for
different values of D are presented for use in other calculations. Contour maps and profiles
of electronic charge density are shown for a number of values of D. Mean values of the

powers —1,1, and 2 of the distances of the electron from the dipole charges are also

calculated.

I. INTRODUCTION

The motion of an electron in an electric-dipole
field has been considered recently as a model for
low-energy electron scattering by polar mole-
cules!~!! and ion pairs in semiconductors, 2 and
for color-center problems. ¥>1* Experimental
results on the drift of electron-swarms through
polar gases!5, 16 led to the suggestion that electrons
might be temporarily captured into loosely bound
states through rotational excitation of polar mole-
cules. 6 Wallis, Herman, and Milnes!* have cal-
culated binding energies for an electron in the
field of a finite, stationary, permanent electric
dipole for values of dipole moment D between
0.84 ea, and 30 eq, (e =electronic charge and aq,
=radius of first Bohr orbit in hydrogen). Until
more recent work it was not known whether a
model® invoking the existence of a bound state in a
dipole field would apply to molecules with arbi-
trarily small dipole moments.

Analysis of the electron-dipole system by the
WKB method!? indicated that a minimum dipole
moment is required‘to bind an electron, and a
preliminary variational calculation?;!® showed that
a bound state exists for D as small as 0. 6495 eq,.
After these results were found, several investiga-
tors? 12=21 showed that the minimum dipole mo-
ment required for binding an electron is Dy i,
=0.6393 ea, (=1.625x 10-18 esu cm)2 Some
experimental evidence from electron-swarm data
has been presented?® in support of this conclusion.
The properties of excited states of the electron in
the dipole field have also been studied. 24, 25

We calculate below by means of a variational
technique the lowest energy eigenvalue for dipole
moments ranging from Dy, ;,=0.6393 eq, to D

174

=400 ea,.?® Our method differs from that of Ref.
14 and will be described in detail, We also cal-
culate ground-state energy eigenfunctions for a
number of values of D. These functions are ap-
plicable in calculations of cross sections for elec-
tron capture and for scattering involving inter-
mediate bound states, 58

The ground-state motion of a bound charged par-
ticle in the field of a stationary electric dipole has
intrinsic interest as a quantum-mechanical system.,
Classically, there is always a bound state for an
arbitrarily small dipole moment. 27,22 The calcu-
lations below show the manner in which the elec-
tronic charge density behaves as the minimum
dipole moment is approached from above.

In the following sections we discuss the forms of
variational functions used in our calculations, the
elements of the Hamiltonian and normalization
matrices, the methods of obtaining the energy
eigenvalues and eigenfunctions, and the numerical
results., Contour maps and profiles of the elec-
tronic charge distributions about the dipole are
also presented.

II. VARIATIONAL WAVE FUNCTIONS

In Fig. 1 we represent the finite, stationary, per-
manent electric dipole by charges + g located at
fixed points z =+ R/2. The dipole moment is D =¢R.
The position of an electron of charge - e and mass
m is determined by its distances #, and 7, from the
charges ¢ and by the azimuthal angle about the 2
axis. The Schrddinger equation is separable in
elliptic-hyperbolic coordinates defined by

E=(r,+7,)/R and n=(r,-7,)/R. (1)

The ranges of the variables are 1 < (<« and-1

sn <1, negative values of n corresponding to posi-
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FIG. 1. Coordinate system for an electron in the

field of a dipole.

tive values of z. Surfaces of constant £ and 1 are,
respectively, ellipsoids and hyperboloids of revolu-
tion about the z axis.

We used two forms for the trial function in calcu-
lating ground-state energy eigenvalues. First, we
used the trial function previously employed by us?®
to calculate the minimum dipole moment, Dy in
=0.6393, required for binding an electron:

1 b >
wEm=eT2s 2 ¢ eyl (2)
p,q=0 P4
Here the adjustable parameters are @, #, and the
Cqu. This expansion is appropriate for low values
of D, where letting o and, more importantly, ¢ be
small extends the wave function out to large dis-
tances from the dipole. The exponential term in
Eq. (2) thus characterizes states with small bind-
ing energies. We used Eq. (2), which we shall
call the low-D expansion, in the range Dpyip <D <2,

A second, high-D, expansion?®

WE,m=e" VR 5 ¢ Pyt

p,q=0 P9
1 0
:e—za(§+7’l) E Cp Epﬂq (3)
pyq=0 a

was used in the range 2 <D <40y. Here coefficients
Cj,q and o are the adjustable parameters. In the
limit as R - « and with ¢ =e the electron and the
positive charge of the dipole form the hydrogen
atom. As a numerical check on the results obtained
with Eq. (3), we expect, therefore, at large D

that

¢(£,n)-1r—ée_r‘/a° . (4)

Thus, as shown below, we find in the numerical
calculations that @ —~R, Cy,= 1/Vr = 0.564 190,
Cpq—0 for p,q+ 0, and that the energy eigenvalue
X' = —e?/2a,=~1 Ry. Poor results were obtained
with Eq. (3) for D<2. Both the high- and low-D
expansions were used in the range 2 <D <5, where
they gave the same results.

III. MATRIX ELEMENTS

We shall outline the calculation of the matrix ele-
ments for the low-D trial function. Details for this
and other trial functions can be found elsewhere.3°

The kinetic-energy operator for the electron is8!

h? 2h? 8 ]
T3 V= e Vo L&~ Vo |

*a_?; (1—772)—;}—,7]} B G))

Its potential energy in the field of the electric di-
pole, as depicted in Fig. 1, is

V=qe(1/7,-1/7,) =4Den /R2(£2 - 1?) . (6)
We write the trial function (2) in the form
wE,m= 2 C, ¢
p.g-0 P9 P4 ()
where ¢ =e_%a£t Pn (8)
ba ’

The elements of the kinetic-energy matrix, represent-

ing the differential operator in Eq. (5), are given by

Tyq,ij= = 8%/2m) S/ 9y V2047 9)

where dT =7R3(£2 — 12)dédn/4 is the volume element
in elliptic-hyperbolic coordinates, including a fac-
tor of 27 from integration over the azimuthal angle.
We find that

_ 2 1] q ]
Ty = @RI/ 4m)i1+ (- 1) T ]

><(q+]'+1)-1{2e_a+[—(p—i)2+1+t(p+i+1)]1p+i

wp-iP-1-tlp+i-11, ,

+8jgl,, ;/(g+j-1)}. (10)
Here 1 = [“¢™ ¢ at (11)
ere 1/_— h e )
and use has been made of the identity aﬂg +i+t

=e=a@4+(p+i+1), ;. The elements of the poten-
tial-energy and normalization matrices are

. _2mDeRl, ;1 (_p)T+i+1
P4, q+j+2 2 (12)
and

N =R 11T (Ip ci+2 Tpai > (13)
pq,ij 2 2 g+j+1 q+j+3
To calculate the ground-state energy eigenvalue
for a given value of D, we use the determinantal

equation
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det(T+V—-2N)=0 (14)
and find the smallest value of X that results when
a and B(=1/¢) are varied. By the variational theo-
rem, this value gives an upper bound to the true
ground-state energy eigenvalue for the value of D
chosen., Repeating this procedure with determi-
nants of increasing rank gives a sequence of values
of A that converges to the true ground-state energy
eigenvalue from above. The coefficients Cpq in
Eq. (7) are then calculated for this value of A.

We see from Egs. (10)-(13) that, for a given value

of D,
p=4AR? (15)

rather than the energy A, is the quantity actually
determined.

IV. NUMERICAL RESULTS

A summary of numerical results is contained in
the accompanying tables and figures. Details of
the calculations and numerical cross-checks are
given in Ref, 30. It is believed that the values of
A as a function of D are accurate to within £2 in the
last digit shown.

In Tables I and II we summarize the energy eigen-
values and variational parameters for the complete
range of dipole moments. The results in Table I
were obtained with the low-D expansion (2) and those
in Table I with the high-D expansion (3). With the
variational parameters optimized, both forms of the
trial function give about the same rate of conver-

TABLE 1. Energy eigenvalues A and optimized variational parameters o and B
obtained with low-D expansion (2) and dipole charge g=e.
-\ (Ry) -A (Ry) a o B
D (eayp) -l This calculation Wallis et al. Rank (For rank 15) (For rank 15)
b

0.639315 0 0 4 o o
0.6670 1.000x10-20 8.973x10-20 36 1.83 6.23
0.674 65 1.000 0% 10-16 8.7779x10"1 . 36 1.54 5.08
0.69272 1.000 0% 10-12 8.3346x10~12 . 36 1.32 4.00
0.723 65 1.0000x 10~° 7.6350x10~° 36 1.18 3.19
0.740 99 1.0000x 1078 7.2849%x1078 36 1.15 2.93
0.76449 1.0000x 107 6.8437x10~7 36 1.12 2.68
0.797 368 1.000 00x 10-8 6.29117x10-8 e 21 1.10 2.41
0.840374 8.194 03x10-8 4.640 96 %1075 4.643x107° 21 1.11 2.20
0.902195 6.38663% 10~° 3.13853x 1074 3.142x 1074 21 1.30 2.32
1.000 02 5.12340x10™4 2.04928x107° 2.049x 1078 21 1.22 1.87
1.188 00 5.00000% 1073 1.41709%10-2 1.419x10~2 15 1.35 1.52
1.64757 6.400 00X 1072 9.43088x1072 9.431x 1072 15 1.70 1.50

SObtained by linear or quadratic interpolation from Table I of Wallis et al. (Ref. 14).
With factored determinant (see Ref. 20). (The last two digits found for D min in Ref. 20 are not correct.)

TABLE II. Energy eigenvalues A and optimized variational parameter o
obtained with high-D expansion (3) and dipole charge g=e.

-A (Ry) -A (Ry) a
D (eay) -u This calculation Wallis et al. 1 Rank (For rank shown)
2 0.176 264 0.176 264 0.176 266 21 1.616
3 0.855 681 0.380303 0.380302 21 2.981
4 2.066 35 0.516 588 0.516 587 15 4,03
5 3.79435 0.607 096 0.607 097 10 4.99
6 6.03135 0.670150 0.670150 10 6.12
7 8.77319 0.716 179 0.716 179 10 7.12
8 12.0178 0.751113 0.751112 6 7.809
9 15.764 1 0.778 474 0.778 472 6 8.799
10 20.0114 0.800456 0.800 455 6 9.800
15 48.7550 0.866756 0.866 756 6 14.872
20 90.0028 0.900 028 0.900 028 ¢ 19.90
25 143.752 0.920013 0.920011 3 24.58
30 210.001 0.933 338 0.933339 3 29.60
40 380.001 0.950 003 3 39.71
50 600.000 0.960 000 1 50.00
100 2450.00 0.980 000 1 100.0
250 1.55x10% 0.992 1 250.0
400 3.98x10? 0.995 1 400.0
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gence with increasing rank in the region D~ 1,65

At D=2, a 21-term high-D function gives
the energy eigenvalue slightly better — six parts in
the sixth digit — than the low-D function of the same
rank. At D=1, on the other hand, the convergence
of the high-D expansion is very poor. As seen be-
low in Fig. 6, the electronic charge density in this
region of D loses its hydrogenic character of rapid
decrease away from the positive charge and assumes

to D~2.

The column headings give the dipole moment D.
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a much flatter distribution, characteristic of the
dipole with its critical value, Dy,j =0.6393.

The electronic probability density, |§(£,n) |2, was
calculated with the coefficients in Tables III and IV.
Figure 2 is a contour map, showing the positions at
which 2(= 3 [2) is equal to inverse powers of 10
when D =10. The vertical z axis shows the distance
along the axis of the dipole, having charges located
at z=+5, and the horizontal p axis gives the perpen-

TABLE III. Coefficients in low-D expansion (2) of trial functions.

(Dipole charge: g=e).

bq

0.6670 .

0.67465

0.60272

0.73265

0.74099

0.764 49

Cog

1.02319x10-°
-6.41480x10710

6.41043x10"15

1.39202x10~10
-4,03870x10715

2.86450% 10722
-1.49140x 1011
8.21247x10716
-1.72150x 10722
1.23826 %107

1.10432x1071
-1.15140x10"%
5.46145 %1023
-9.72350x107%1
5.97061 x10™4

8.41227x 108
-5.32521x10~8
5.143 99x 10-12
1.17108x1078
-3.27440x10°12

4.58585x 1018
-1.25652x10-°

6.59525x 10~
-2.751 00 x10~18

8.668 62 x107%

9.753 88 x10~11
-9.628 60 x10~1
9.85215 x10-1°
-6.816 40 x10~%
1.798 61 x10-52

6.80160x10~8
-4.40743 %1078
3.96626x10-°
9.84756x 107
-2.574 37 x10~?

6.90473x 101
-1.12939x10~7
5.79354x 101
-4.42750 x10~1
4.981 05 %1071

7.40330x10"°
-5.895 40 x10-11
9.246 23 x10~15
-3.27080%x1071?
2.496 54 X 10~

-4,11990 x10-10
5.57057 x10~12
-1.93960x10"15
8.693 00 x10-2°
-1.72230x10-25

2.203 23 x10~%2

1.87080x10~4
-1.26000x 104
5.83018x 1077
2.935 84 x10-5
-3.93224x10"7

9.90231x10-1!
-3.51370x107¢
9.156 061078
-6.61370x10"1
1.09141 %101

2.38389% 107"
-9.69137x10°
1.52683 x10~1
-7.38740%1071
2.24859x107%0

-1.43203 x10~8
9.85113 x10-10
-3.28930 x10-1
1.81651 x10-1
-2.19280x10~%

1.72919 x10-25

5.53976x10~*
-3.80941x10-*
2.97015% 10-°
9,078 82x1075
-2.04538x 1078

1.095 76 x10~°
-1.11084x10-°

4.854 04x10-7
~7.47100%10-1

2.78298 x10™1

7.69712x1077
-5.28339%10-8

1.81113 x10-1
-1.92540%x10-18
-9.00470%107%0

-4.78159%1078
5.536 95 x10~°
-3.83480x10-1
4.58870x101

-3.13400%x1071

2.24373 x107%

1.603 24 x10°°
-1.13295x10~3
1.42153x107°
2.78143x10-4
-1.006 05x 1075

1.13143x10-8
-3.50045 x10-%
2.44842x1078
-7.923 36 x107?
6.005 60 x10-12

2.50054 X106
-2.784 03 X107
2.04172x10~°
-4.28990 X107 12
~1.086 00 x10~16

-1.61214 x1077
3.007 10 x10™8
-4.118 60 x10~10
9.796 50 x10~13
6.796 50 x10~17

7.79253 x10~%

0.797 368

0.840374

0.902195

1.00002

1.188 00

1.64757

4.50037x107°
-3.29818x107°
6.516 27x 1075
8.42223x1074
-4.78899x10~°

1.20984 %1077
-1.10173x107*

1.21063x107°
-8.70254 X108

1.187 00 x10-1°

8.19184 x10~¢
-1.45082 x10-°
2.34181x107°
-9.16330 x10"1
-2.57810 x10~1%

-5.54058 X107
1.64649%1077
-4.55460x107°
2.08919 x10-1
5.333 22 x10-1

-1.39570 x10~1®

1.133 54 x10"2
-8.69168x1073
2,403 18 x 10~4
2.33100x10-°
-1.84657x104

8.68274x 1077
-3.19239x107¢
4.88468x10°
-6.56091x1077
1.15210x10-°

2.51633 X10™°
-6.39060x10-°
1.894 99 x10~7
-9.468 40 x10-10
-2.528 00 x10~13

-1.77963 X108
7.37649 %107
-3.28563 X108
1.868 25 x10~10
3.197 03 x10713

-1,156 80 x10~16

2.96957x 1072
-2.41770x10-2
3.88507x10~*
6.91062x1072
-3.18681x107*

~7.12493x1077

-1.00952x1073
9.15759 %1075
6.39748 x1077

-2.23480x10~10

9.074 01 xX10-5
-1.320 96 x10~°
-1.91982x1077
-1.74840x10710

8.966 48 x10™1?

-5.90211x10-8
9,982 98 x10-7
2.36285 %1078
8.47278 x10~1

-1.21380x10713

-3.36920 x10~16

6.16712x1072
-5.46855x1072
1.69273x10-?
1.71522x1072
-1.52001x10™3

1.475 08x10~°
-2.74734x1073
4.89058 X107¢
-1.14812x10-5
-1.70236 %1077

2.68923%x1074
-8.40555%x1075
2.74214 %1078
1.09760%x1077

6.38234x10~10 1.02979 x107!!

-2.04145%10~5
8.66910x10-°
~1.69905 X107
-1.82549%1078
-2.27320%x10" "

-8.43580x10-1

1.30733x10-*
-1.33410%10"1
7.916 03x 10-3
4.86076x1072
-8.02142x1073

3.19286 x 10~4
-8.97716x 1073
3.13595 1073
-3.23453 x107*
-1.60954 %1078

1.304 88x107°

1=8.190 85 x10~4

1.053 07 x10™4
8.993 82 X107

2.827 24x10-1
-3.71080 x10-1
-1,69758 X102

1.83918 10!

2.23072%1072

4.09622x10™4
-4,89149%x10-2
-1.099 63 X102
-5.02101 %1074
-6.33671%x10-8

7.217 38 X103
2.38295 X103
1.888 08 x10~4
4,055 98 x10~°
5.708 09 x10-8
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dicular distance from the dipole axis.
are in atomic units.
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Distances
The maximum value, ¥?

=0.3178, of the probability density occurs at the
The contours are
approximately circular about this point, the sys-
tem being equivalent to a hydrogen atom perturbed
by a stationary electron at a distance 10, from the

position of the positive charge.

proton.

The contours show some distortion in the

positive z direction, toward the upper region of

space.

tours.
As the critical moment Dy,jn =0.6393 is ap-

proached, the probability density shifts into the

upper region of space (1<0), extending out to great

distances there.

Figures 3, 4, and 5 show additional con-

In Fig. 6 we have plotted on a log-log scale pro-

files of ¢? along the z axis for a number of values
of dipole moment, The hydrogenic character of
the probability density when D is large is demon-
strated by the sharpness of the peaks at the loca-
tions of the positive dipole charges. The transi-
tion to the flat, dipole distribution occurs in the
region from about D=3 to D=1.32 A striking fea-
ture of Fig. 6 is the precipitous drop in the magni-
tude of ¢? in the vicinity of the dipole as the criti-
cal value Dy, ;,=0.6393 is approached. The peak
value of §? c{gcreases by eight orders of magnitude
in going from D=0.69272 to D=0.6670, as does the
binding energy; the change in dipole moment is ~4%,
A number of mean values calculated with the wave
functions from Tables III and IV are given in Table
V. These values approach the correct hydrogenic

TABLE IV. Coefficients in high-D expansion (3) of trial functions.
The column headings give the dipole moment D. (Dipole charge: g=¢).

Cpq 2 3 4 5 6 7 8 9
Coe  2.75803x 107!  3.64133x 107!  4.07446x10-!  4.18286x10-!  4.38820x10"!  4,23733x10-!  4.57651 ><10': 4.66084 ><1o‘1
Coy -1.95984x10°! -2.20164x10"! -2,18103x10-! -2.17131x10-! -1.94733x10-! -1.99224x10"' -2.46409 ><10-1 -2.464 07 xlo:1
Cyo -3.67227x10-% -4.45165x10-% -5.45677x10-2 -4.29911x1072 -3.58201x10~%  1.42239x10~ -1.07058x10~ -1.15355 %10 ,
Cpp -3.25199x10~% -5.12295x10-%  -9,09331x10-* -8.71502x1072 -1.16343x107! -1.28182 x10"!  -8.154 08 ><10-3 -8.069 37 ><1o-5
C, 2.63790x10-%  2.12306x10-%  9.02018 x10=® -7.96281x10-% -2.55058 x10~% -2.48158x10-% -2.08312x10~° -1.45694X10~
Cp 2.23722x1072  4.77503x107%  6.84138x1072  4.00456x10~2  4.64199%10-)  7.12210x10~°  4.52586x107%  4.68210x107
Cps  6.49304x10-°  6.31149x10~°  2,59619x10~° -8.345 90x10-3 -2.08626x10-2 -2.443 05 X102 ..
Cjp -2.31000x10-* -1.45275x10~!  5.59863x10~° -1.57826x10-* -2.28451x102 -2.04070x19-§
Cyy -1.61094x1072 -2.47853x10-% -1.84421x10~° -1.14484x10-% -7.82497x10-° -6.08157 ><10-2
Cyp -2.39127x107°  -6.88339x10-° -1.16494>10->  2.17570x10~*  1.70885x10~°  1.11106x10~
) Y -3
Coy 5.91482x10-%  3.68739x10-%  5.52078 x10
Cy -5.43599%x10~%  2.54221x10~*  -1.09204 x10-3
Cy; 6.16687x10-° -2.38398x10™°  -9.168 26 X10~°
Cy 1.77418 %1073  2.78580x107°  -9.62971x10~*
Cy 2.09837x10~%  1.01006x10~°  1.82068x1073 .
Cos 2.97610x10-°  8.52682 x10-* . . .
Cy 1.01914x107*  8.41517x10-*
Cyp;  3.20308x10°%  4.13430x10~*
Cj, -7.01576x10~° -3.56166x10™* .
Cy -1.61350x10~% -4.346 66 x10™*
Cso 1.09776x10-¢ -8.437 94 %107 ..
Cpq 10 15 20 25 30 40 50 100
Coo 4.73492x10-!  4.99024x10-!  5.13474x10-! 5.19987x10"!  5.27198x10~! 5.36245x10-!  5.46173x10-!  5,64190x10"!
Coy -2.44044x107!  -2,17734x10"! -2.02697x10-! -1.38350x10-! -1.29615x10~! -9.52141x107?
Cio -1.20951x10-! -1.25376x10-! -1.29601x10~! -9.42462x107> -9.26859x10~? -6.72852 x1072
Cpz -8.04821x10-% -8.20811x10-* -8.05641x1072
Cit 9.85311x10™*  1.09505x10~¢  1.36628x107* .
Cyy  4.84451x10~%  5.48467x10-%  5.82648 X10~2 .
Co3 . . .
Cyy . . ..
Coy
Cxo . . .
Co . . .
Cy
Co .
C3y .o .
Cyo .. . .. .
C()S .
Cu .
Cy . . ie .
Cs ves .
Cy .
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15k D= 10eqg,
X = -0.800456 Ry

FIG. 2. Probability-density contours for D= 10 ea,.
The dipole has charges +e. Distances are in units of a.

ad

D=3eq,
A =-0.380303Ry

+

o]

k_
§

FIG. 3. Probability-density cc.wurs for D= 3 eay.
The dipole has charges+ e. Distances are in units of a.
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FIG. 4. Probability-density contours for D= 0. 840374
eay. The dipole has charges+ e¢. Distances are in units
of ay.
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FIG. 5. Probability-density contours for D=0.6670
ea). The dipole has charges+e. Distances are in units
of ag.
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limits®* as D becomes large. Figure 7 shows how
the mean distance of the electron from the positive
dipole charge (g =e) varies with dipole moment,
When D~2, the quantity (»,) is within a factor of

2 of its value % for the isolated hydrogen atom. As
we have already seen, between D=2 and D=1 the
charge distribution changes dramatically and be-
comes extremely strongly dependent on D, as evi-
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FIG. 6.

Profiles of probability density along the dipole
axis for a number of values of dipole moment.

FIG. 7.

3 4 5 6 7

D (ea,)

TABLE V. Mean values of powers of 7, and 7, (see Fig. 1) in atomic units.

Mean distance (7;) of the electron from the
positive dipole charge (g=e¢) as a function of dipole
moment D. (Atomic units).

D (ea) 1/7y) (1/7) (ry) (ry) (ri) (r?)

0,6670 1.988 44x10~° 1.98844x10? 1.68090x10° 1.68090x10° 6.02533x 10'%  6.02533x10'¢
0.675 65 1.63175x10~7 1.63175x10-7 1.85435x107 1.85435x107 6.84169x 10 6.84169x10M
0.69272 1.276 93x10~5 1.27684x105 2.23186x10° 2.23186%10° 9.42090x 101 9.42091x 10
0.723 65 3.60140x10~4 3.59719x107* 7.36761x10° 7.36789x10° 9.54085x10"  9.54127x 107
0.740 99 1.074 28 X103 1.07119x 103 2.40522x10°  2.40552x10° 9.96340x10°  9.96483x10°
0.76449 3.153 581073 3.13170x1073 7.94704x10* 7.95017 X 10? 1.06992x10°  1,07041x10°
0.797 368 9.056 08 x 102 8.908 68 X103 2.66808x10° 2.67143x10° 1.19161x10°  1.19340x10°
0.840374 2.31083x1072 2.23124 %102 1.00355x10%  1.007 20x 10% 1.66592x10*  1.67327x10*
0.902195 5.568 99 x10~2 5.18451%10~2 3.97801x10! 4.018 95x 10! 2.60299x10°  2,63573x10°
1.00002 1.292 28 x 10~ 1.12049x 10~ 1.61723x10"  1.66527x10!  4.17762x10*  4,33551x 10?
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TABLE V (continued)

D (eay W/n) (1/r) 1) ) i) (")
1.188 00 2.965 08x 101 2.21946x10"! 6.546 33 7.16579 6.65705x 101  7.51094x 10!
1.64757 6.18481x107! 3.40537x10-1 2.82110 3.786 65 1.18349x10'  1.83059x 10!

2 7.59162x107! 3.48599x 10~1 2.19131 3.428 82 6.96332 1.403 46x 101
3 9.23567x 101 2.91830x 10-1 1.68937 3.74003 3.960 64 1.52578x 10!
4 9.703 78 x 10~1 2.34766x10-! 1.57229 4.492 26 3.36059 2.12598x 10!
5 9.86674x1071 1.93294x 10! 1.53266 5.36238 3.16292 2.97772x10!
6 9.93276x10~! 1.63313x10-1 1.516 58 6.283 01 3.08302 4,04787x10!
7 9.96285x10-! 1.41012x107! 1.50922 7.230 14 3.04653 5.327 06 x 10!
8 9.978 00x 10~1 1.23907x10-1 1.505 44 8.19278 3.02817 6.81153x10!
9 9.986 19x 101 1.104 25x 101 1.503 42 9.16515 3.01782 8.49932x 10!

10 9.99092x 107! 9.954 88 x 102 1.50225 1.014 41 x10* 3.01180 1.038 95 x 10°

15 9.998 21 x 10-1 6.65773x1072 1.50044 1.508 65x 10! 3.00240 2.285 99% 10°

20 9.99943x 1071 4.99718x 102 1.50014 2.006 12x 10! 3.00078 4,03450%10°

25 9.99979x 101 3.998 96 % 10-* 1.49989 2,504 65x10! 2.999 25 6.283 25X 10%

30 9.99990x10-1 3.33283x10-2 1.499 92 3.00378x10! 2.99949 9.03270x 10

40 9.99997x10-! 2.49984x 102 1.499 98 4.00275x 101 2.999 88 1.60320x 10°

50 1.000 00 2.00000x 1072 1.500 00 5.002 00x 10! 3.00000 2.503 00x 10°
100 1.000 00 1.00000x 1072 1.500 00 1.000 10 10? 3.00000 1.00030x 104
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The energy-level schemes of several atomic configurations j3 are analyzed in terms of
effective operators. These include all possible Hermitian two-electron scalar operators and
six three~body spin-independent scalar operators. This collection of operators allows for
spin-spin and spin-other-orbit interactions as well as for the most important effects of
configuration interaction. Several alterations and extensions are suggested for the terms of
PrllI 4f3. The positions of the free-ion levels of NIV 4f° and Er IV 4f 1 are inferred from
the crystal spectra of Nd** in LaCly, and analyses with restricted sets of operators are

carried out.

I. INTRODUCTION

It is often useful to introduce effective operators
in the analysis of the energy-level systems of elec-
tronic configurations for free atoms and ions.
This method avoids the construction of accurate
eigenfunctions. Instead, the eigenfunctions of a
particular configuration under study are assumed
pure, and the responsibility for getting a good fit
with experiment rests with the choice of an effec-
tive Hamiltonian. It is convenient to express this
as a sum of coupled tensors, for then a wide va-
riety of effects canbe taken into account by compar-
atively few operators. The coefficients of these
operators can be treated as parameters, through
which the experimental data can be represented
in a more concise and significant form. This ap-
proach works best for configurations that are com-
paratively isolated from their neighbors.

Considerable work has been carried out by Shad-
mi’ on the configurations (d+s)¥. Our own inter-
est in the spectra of the doubly and triply ionized
rare earths has led us to investigate the config-
urations A&V, These are more appealing from a
theoretical standpoint, because there are many
more levels to be fitted. The only difficulty is in
finding experimental data that have been analyzed
extensively enough. Preliminary analyses for
several configurations of the type &V have been
reported recently.? Although only partial-term
schemes are known in some cases, it was found to
be highly desirable to introduce an operator that
would represent magnetic interactions between the
f electrons. The success of this approach has
encouraged us to attempt an analysis of several
413 species in which the number of experimentally
determined levels makes it feasible to go beyond
the conventional analysis and include operators

that represent not only the direct magnetic inter-
actions but also certain kinds of configuration in-
teraction. We shall pay particular attention to the
PrIil free-ion levels of Sugar.?

II. EFFECTIVE OPERATORS

A straightforward first-order analysis of the
levels of a configuration fN involves the Slater
parameters F% (where £=0, 2, 4, and 6) and the
spin-orbit coupling constant {. To allow for two-
electron excitations (as well as certain electro-
static shielding effects and the magnetic orbit-
orbit interaction), the three parameters o, 8, and
v are required. Rajnak and Wybourne* 5 intro-
duced certain scalar three-electron operators to
take into account single-electron excitations; it
was shown later® that a complete parametrization
is possible with just six parameters T®. The in-
clusion of magnetic spin-spin and spin-other-orbit
interactions introduces three parameters M
(where £=0, 2, and 4). Rather than treat these
interactions as they stand, it is highly advanta~
geous to decompose them into parts that have ir-
reducible representations of certain continuous
Lie groups as their labels. Four operators
z; (1 <¢ <4) are required for the spin-spin interac-
tion,” and ten (5 <i <14) for the spin-other-orbit
interaction.? Of the latter, z,; has matrix elements
proportional to the ordinary spin-orbit interaction,
and a linear relationship exists that allows us to
replace z,, and z,, by a combined operator zc,
where, for the states of f2, the equivalence

z,= (13/3)z,, - 4025+ (4/3)z ),

is valid. In addition to satisfying many selection
.rules, the operators z; are effective operators



