
DIELECTRIC CONSTANTS OF Au AN D Ag

from the equation of Fischer and Seraphin'

~+/R= D(fqell es) 8el+P(Q) ell es) 8es q (6)

where n and P are also functions of the polarization of
the incident light when PRO. It is obvious that the two
terms of (6) might nearly cancel, even when the struc-
ture in 8er and bes is pronounced, if o. and P had proper
magnitude and sign.

The measurements are consistent with the usual in-
terpretation of the band structure in Au and Ag. The
L32 —+ L2' transition at 2.1 eV in Au and the hybrid in-
terband transition and plasma resonance at 3.9 eV in Ag
are clearly visible. Analysis of the be& and be& lineshapes
obtained by this method should aid the study of other
excitations, in these and other materials, whose identi-
6cation from band theory may be less clear, since para-
bolic and saddle-point transitions give easily identiled
characteristic line shapes.

"B.O. Seraphin and N. Bottka, Phys. Rev. Letters 15, j.04
(1965)."J.E. Fischer and B. O. Seraphin, Solid State Commun. 5,
973 (1967).

This theory assumes scalar 61 & b61 and be2. The
obliquely incident beam is affected by components of
the tensors be1 and be2 both along and perpendicular to
the modulating field. This is not the case with normal-
incidence measurements, where the electric vector of the
light is always perpendicular to the applied electric
field. The agreement of our calculated bR/R spectra
with those observed in normal-incidence experiments
suggests that the anisotropy introduced is small. This
may be due to the fact that, in a polycrystalline film,

the crystal axes eftectively assume all orientations with
respect to the optical and applied fields. The tensor
character of be1 and be2, contained in matrix elements
which in turn depend on crystal orientation with respect
to the modulating field, "—"may thus be masked in

polycrystalline samples.

"D.E. Aspnes, Phys. Rev. 147, 544 (1966).
r' D. E. Aspnes, Phys. Rev. 153, 972 (1967).
~4 D. E. Aspnes, P. Handler, and D. F. Blossey, Phys. Rev. 166,

921 (1968).
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The Cohen-Harrison-Harrison formalism has been used to calculate longitudinal magnetoacoustic dis-
persion and attenuation curves in transverse 6elds for values of the parameter ql between 1.0 and 200
(q/ cavrr/=v) The r.esults of this calculation show that as q/ is decreased from the limiting case of q/))1,
the oscillations in the attenuation are damped out faster than the oscillations in the dispersion. Experi-
mental data are given for both the attenuation and fractional velocity shift in aluminum and are shown to
be in qualitative agreement with the theory. An examination of magnetoacoustic-attenuation data in
potassium shows that the deviation of the attenuation minima from the positions predicted in the limit
gl))1 agrees quantitatively with theory.

INTRODUCTION

HEORETICAI. treatments of the magnetoacous-
tic effect can be divided into those based upon

the free-electron model of a metal and those which are
designed to apply to a metal with an arbitrary Fermi
surface. Both types of treatments are semiclassical in
nature and both assume an isotropic electron relaxation
time over the Fermi surface.

A comprehensive treatment of ultrasonic attenuation
in real metals is given by Pippard. ' He first considers
the attenuation in the absence of a magnetic 6eld and
then applies the field. The eBect of real metals on the
attenuation is introduced by means of a deformation

* Work supported by the U. S. Atomic Energy Commission.' A. B.Pippard, Proc. Roy. Soc. (London) 257, 165 (1960).

parameter. This parameter is a measure of how the
local Fermi surface deforms when subjected to a strain.
In the presence of an acoustic wave, this strain is
produced by the electric field set up between the ions
and electrons by the wave. It would appear that such
a treatment, which can be used for arbitrarily shaped
Fermi surfaces and which includes variations in the
strength of the coupling between the electrons and the
acoustic phonons, should be used in interpreting experi-
mental magnetoacoustic data. However, when this is
attempted, several inherent difficulties appear. One
problem is that a determination of the shape of the
attenuation curve involves evaluating many integrals
over the Fermi surface. Thus, while one can predict
the shape of the experimental curve if the Fermi sur-
face is known, it is far more difIicult to determine the
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Fermi surface from the shape of the experimental curve.
In addition, many of these integrals over the Fermi
surface contain the deformation parameter. The form
of this parameter is not well known and has been
experimentally determined only partially for the noble
metals. While this parameter should, in principle, be
calculable from a pseudopotential approach, this has
not yet been done. In view of these difhculties, it ap-
pears that it might be preferable to use a theory based
upon the free-electron model for a guide in interpreting
experimental data.

The free-electron theory of magnetoacoustic attenua-
tion was first correctly developed by Kjeldaas and
Holstein. ' Their treatment was aimed speciGcally at
geometries associated with experimental work. In it,
curves are given showing the variation in the shape of
the attenuation curves as a function of the parameter q/

(q is the acoustic wave number and l is the electron mean
free path). Cohen, Harrison, and Harrison' (CHH)
then developed a complete formalism for the rnagneto-
acoustic attenuation. This formalism applies to all
geometries of magnetic field direction and acoustic
polarization vector and, in addition, holds for all values
of q/. However, in their application of the formalism,
they restricted themselves to the limiting case of q/»1.
Here it should be noted that Pippard's treatment gives
the CHH results when applied to a free-electron gas.
Subsequently, Shah and Meijer5 used the CHH for-
malism to calculate attenuation curves for several
values of q/. Flax and Trivisonno' have also determined
the attenuation at several values of q/ and, in addition,
give series solutions which can be used to calculate the
attenuation for arbitrary values of q/.

Magnetoacoustic-attenuation experiments, in which
the necessary requirements of frequency and sample
purity have been met, have shown oscillatory behavior
similar to that predicted by the CHH theory. In general,
the shapes of these attenuation curves are more complex
than those predicted by CHH. This complexity arises
from three main sources. They are differing phases for
the oscillations because of departures of the orbit
shapes from circles, more than one band of electrons
giving rise to oscillations, and a background attenuation
caused by a noncoherent sum of attenuations arising
from all other orbits on the Fermi surface. The best
agreement between the shapes of experimental and
theoretical curves should be seen in the alkali metals
because of their near-spherical Fermi surfaces. Such
agreement is apparent in the experimental studies on

~R. E. MacFarlane and J. A. Rayne, Phys. Rev. 162, 532
(&967).'T. Kjeldaas and T. D. Holstein, Phys. Rev. Letters 2, 340
(&959).

4M. H. Cohen, M. J. Harrison, and Vl. A. Harrison, Phys.
Rev. 117, 937 (1960).' B. P. Shah and P. H. E. Meijer, J. Acoust. Soc. Am. 36, 327
(1964).' L. Flax and J. Trivisonno, Phys. Letters 22, 569 (1966).

potassium by Trivisonno, Said, and Pauer~ and by
Foster, Meijer, and Mielczarek. ' Thus, to date, free-
electron theory gives a good qualitative prediction of
the behavior of the magnetoacoustic attenuation in
potassium and appears to give generally correct quali-
tative predictions of the behavior of the attenuation in
other metals.

In addition to the attenuation, one can also measure
the acoustic dispersion caused by the magnetoacoustic
eBect. Rodriguez' has applied the CHH formalism to
calculate the fractional velocity shift hw/v. The calcula-
tion is restricted to the limiting case q/»1 and in this
limit shows that the functional dependence of the
attenuation and velocity shift upon the magnetic Geld
are the same. In an experimental investigation of the
velocity shift in aluminum, Beattie and Uehling's (BU)
found that for values of q/ around 4 the velocity shift
appeared to have a stronger set of oscillations than the
attenuation for the same electron orbits. %bile alumi-
nurn is very free-electron-like in character, it does not
have a spherical Fermi surface. This raised the question
as to whether the free-electron theory applies to all
metals having a free-electron character or only to those
metals which have a spherical Fermi surface. It there-
fore appeared desirable to extend the calculation of the
velocity shift to low values of q/ in order to investigate
the possible divergences between the functional de-
pendence on the field of the dispersion and attenuation
at small q/.

In this paper, the formalism of CHH is used to
calculate both the fractional velocity shift and the
attenuation for values of q/ between 1 and 200. The
calculation shows that for q/&20 the functional de-
pendences of the attenuation and dispersion diverge,
with the dispersion showing a stronger oscillatory be-
havior than the attenuation at a given value of qt. In
addition, new experimental data on aluminum are pre-
sented. The results show that the free-electron theory
does apply remarkably well to free-electron metals with
nonspherical Fermi surfaces. awhile the shapes of the

experimental curves di6er from those predicted because
of the nonspherical surface, it appears that a,ll behavior
seen is qualitatively predicted by theory.

THEORY

In this section the theoretical development will be
brieQy sketched and the results presented. Details of the
numerical calculation will be reserved for the Ap-
pendix. The approach is basically tha, t of Rodriguez
in which the equation of motion of the ions is set up
and solved for both the real and imaginary parts of the
acoustic velocity. For simplicity, cubic symmetry is

~ J. Trivisonno, M. S. Said, and L. A. Pauer, Phys. Rev. 147,
5~8 (~W6).' H. J. Foster, P. H. E. Meijer, and E. V. Mielczarek, Phys.
Rev. 139, A1849 (1965).' S. Rodriguez, Phys. Rev. 130, 1778 (1963);132, 535 (1963).

» A. G. Beattie and E. H. Uehling, Phys. Rev. 148, 657 (1966).
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used. The oscillatory part of the result for both the
attenuation and the dispersion will be valid for any

Ho
system where a pure longitudinal wave is propagat d

owever the small transverse component present in
any longitudinal wave propagating in a finite medium
should not eA'ect the results of the calculation. The
calculation is also restricted to a magnetic field per-
pendicular to the direction of propagation.

Longitudinal plane waves are assumed traveling
along the x axis with the form of expi(q x &of)—The.
external field Bp is applied along the s axis. An equation
of motion for the ions can be written

E,Mr=C&vv r—C,vXVXr
+Ne[E+rX(Bp+B)j—Nm(r —s)/r. (1)

In this equation, the C's are the elastic constants of the
bare lattice, Eo is the number of ions per unit volume
&i 7

is the ion mass, E and B are the fields associated
with the acoustic wave, r and s are the mean displace-

the
ments of the ions and electrons, respectively and
t e mean electron relaxation time. The last term gives
the momentum transfer per unit time from the electrons
to the lattice. The term involving the magnetic 6eld
associated with the ion currents, 8, can be dropped
without introducing an appreciable error, and it can be
shown using Maxwell's equations that the momentum-
transfer term is about a factor of 10 " the size of the
third term on the right. For longitudinal motion 1

the
o ion, on y

t e x component of Eq. (1) is necessary. This can be
written

and from Eq. (6) the fractional velocity shift and
attenuation can be written

at/v= (E/co'r'/33'') f(Bs 0 ql)

a = (2E/io'r/3M vs) g (Bs,&,qt) .

The magnetoacoustic oscillations arising from the geo-
metric resonances are contained in the oscillatory func-
tions f and g. In the limit of ql))1 these two functions
differ only by a constant and therefore have the same
functional dependence upon the magnetic field. How-
ever, as q/ approaches unity, the oscillatory behavior
of g damps out faster than that of f Figu. res 1—3 are
plots of the fractional velocity shift and attenuation as
a function of the parameter qo//&o, for several values of
q/. In this calculation, all terms in co'7' have been kept.
From the definition of ql we can write &or= (v/v/)qt. For
the purpose of the calculation we have set w/e/

——300,
which is very close to the correct value for longitudinal
waves in both aluminum and copper.

EXPERIMENTAL APPARATUS

The design of the experiment is based on the con-
tinuous wave phase comparison technique described in
&U. The apparatus has been considerably modi6ed

.70

- -I.8

&0~~'&.=Ciq'&. —&«' (2)

The problem is now reduced to determining E . The
formalism of CHH can be used to calculate E, in the
following manner. The electric field is linearly related
to the ion velocity, and this defines the tensor W:

E=N,eW. r/os, (3)
from which

E,= ( iioNper, /oe)—W., (4)

From CHH we can write W„ in terms of the con-
ductivity tensor e as

W„=1 iso p opo„„/(o,—.o „.„o—,„') . —
To obtain this result, terms involving p= —&/ o'li.tIoPS 00
have been omitted. For acoustic frequencies less than 1
GHz, and for pure samples with r& 10 " sec, P is less
than 10 ', making this a reasonable approximation.

ere oe is the dc conductivity Ne'r/m, and A=&orv/'/
3oso'(1 —ia&r). Substituting the CHH expressions for
the components of e into Eq. (S) gives the final
expression
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FIG. 1. Theoretical curves for the functions f(Bp,k,ql) and
g(Bo,k,ql) for values of ql of 1.0, 2.0, and 3.0. The function f
gives the behavior of the fractional velocity shift, and g gives the
attenuation. Throughout the 6gures, the fractional velocity shift
is a solid curve and the attenuation is dashed.
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tudes into the voltmeter, the noise level increased. It
was found that the noise was essentially white. This
allowed a substantial increase in the signal-to-noise
level by running the output of the vector voltmeter
through an amplifier with a long time constant. A box-
car integrator used in the continuous mode with time
constants from 1 to 10 sec allowed a phase resolution
of 0.01'. Neglecting any experimental difhculties, the
fractional velocity shift is hv/v = iirM/(360Lv), where L
is the sample length and 48 is in degrees. For an alumi-
num sample with a length of 1 cm at a frequency of 50
MHz, this gives a resolution in the fractional velocity
shift of better than 0.4 ppm. The magnetic field can be
read oG the XI' recorder to an accuracy of &5 G.

The signal amplitude was converted to an attenua-
tion by running the output of the vector voltmeter
through a logarithmic converter. The attenuation could
be calibrated by means of the turret attenuator in the
receiving line of the system. For this calibration, the
6eld was held constant at the point of lowest attenua-
tion and the attenuator changed in appropriate steps
until the received signal amplitude was smaller than the
signal had been at the point of highest attenuation.
Each plot of the attenuation was calibrated in this
manner. At the frequencies reported here, the change in
the voltage standing wave ratio between the individual
attenuator pads was negligible and the difference in
phase shift across the individual pads was less than 0.5'
for the worst pair. The estimated possible error in the
attenuation measurement is less than &0.05 dS.

RESULTS AND DISCUSSION

The experimental geometry for the data reported
here had a longitudinal acoustic wave propagating
down a $110j crystal axis with the magnetic field lying
along a L110j axis. This field direction picks a band of
orbits, roughly hexagonal in shape, lying on the second-
zone hole surface of aluminum. The sides of the hexagon
are concave and this radical departure from a circular
orbit gives rise to magnetoacoustic oscillations with a
phase, in 1/XH, quite different from that predicted by
free-electron theory. This di8erence in phase plus the
addition of a second weaker oscillation, seen by Kamm
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Pro. S. Magnetoacoustic attenuation curve taken by the pulse-
echo method at 140 MHz. The ql for this curve is about 10.

's G. N. Kamm and H. V. Bohm, Phys. Rev. 131, 111 (1963).

and Bohm, 's makes any detailed comparison of the
experimental curve shape with theory impossible. In
general, all 6eld orientations in aluminum will give
oscillatory patterns composed of oscillations with sev-
eral periods and different phases. The field direction
selected gives one of the strongest and cleanest sets of
oscillations. An example of these oscillations in the
attenuation is given in Fig. 5. This curve was obtained
by standard pulse-echo techniques at 140 MHz. The
sample was a disk sliced from the end of the cylinder
used in the velocity-shift experiments. The distortion
in the relative heights of the peaks is caused by the
presence of the low-frequency oscillation.

Experimental curves for both the attenuation and
fractional velocity shift are presented for 30 MHz in
Fig. 6(a) and for 50 MHz in Fig. 7(a). From the esti-
mated electron relaxation time, the values of ql for
these curves were calculated to be 2.3 and 3.7, with an
uncertainty of &10%. In Figs. 6(b) and 7(b) the
theoretical functions f(B&,k, ql) and g(B&,k, ql) are
plotted for these va1ues of q/. These values of q/ are
obtained from the eddy-current-decay measurement of
the electron relaxation time. This measurement was
taken with the field parallel to a $110) axis so as to
have the same distribution of electron orbits on the
Fermi surface as was present in the experiment. The
eddy-cunent-decay method wiB pick out the longest
relaxation time present in the metal for any sizable
band of orbits. For this field direction, the largest band
of orbits is the one giving rise to the magnetoacoustic
oscillations. Therefore these values are thought to be
correct to within experimental accuracy.

The exact shapes of the fractional velocity shift
curves were sensitive to small changes in frequency.
This sensitivity arises from two diferent types of ex-
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MHz is about 25%%uo too large while the 30-MHz attenua-
tion may be 50—75% too large. There was no sign of any
distortion other than magnification.

The distortions of the experimental curves caused by
the nonspherical Fermi surface prevents any detailed
comparison of the experimental and theoretical curve
shapes. However, the changes in the shapes of the
curves as q/ changes can be compared. Free-electron
theory predicts that as q/ is reduced from the limit
q/))1, the oscillations in the attenuation curve will be
damped out faster than the oscillations in the fractional
velocity shift. Figures 6(a) and 7(a) show exactly this
type of behavior. The number and strength of the ex-
perimental oscillations for both the velocity and at-
tenuation at a given value of q/ are in remarkable agree-
ment with theory. While only data for the field parallel
to a L110j axis are presented, other field orientations in
the (110) plane perpendicular to the direction of pro-
pagation were investigated. All showed the same rela-
tive oscillatory behavior between the attenuation and
velocity shift.

A comparison of the amplitudes of the fractional ve-
locity shift with those predicted by theory is complicated
by both the nonspherical Fermi surface and the experi-
mental distortions. The best point of comparison is the
magnitude of the shift between the first minimum and
the first maximum. The theoretical size of this shift for
the 30-MHz curve is 2.0 ppm and the experimental
value is 13 ppm. For the 50-MHz curve, the theoretical
value' is 3.1 ppm and the experimental value is 6.2
ppm. This agreement is not bad, considering the large-
frequency dependence of the experimental values. For
the 30-MHz curve, a frequency change of 2 kHz reduced
the experimental shift to 6.5 ppm and a change of 10
kHz eliminated the oscillation completely, giving a
curve shape similar to the attenuation curve. For the
50-MHz curve, a change of 3 kHz reduced the shift to
0.2 ppm while a change of 2 kHz in the other direction
increased the shift to 11.9 ppm. At the present state
of the art, it does not appear possible to obtain much
more accurate amplitudes for the fractional velocity
shifts than are presented here. The best that can be
said is that experiment and theory appear to agree
within a factor of 2 for the amplitude of the fractional
velocity shift.

The ideal metal for a comparison of the experimental
and theoretical curve shapes is potassium. Since the
shape of the Fermi surface is spherical'5 to within a
few parts in 10', the experimental curves should corre-
spond almost exactly to those predicted by theory. One
of the best tests of the theory would be to compare the
positions of the first minima in the attenuation. The

"While the coe%cient of the fractional velocity shift scales as
q'P, the difference in f(Bo,k, ql) between the first minimum and
the erst maximum decreases as ql increases, especially at small
values of ql. Therefore, this difference scales at a rate slower than
q2l2"D. Shoenberg and P. J. Stiles, Proc. Roy. Soc. (London) 281,
62 (1964).
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Fio. 8. Theoretical positions of the first and second minima
in the attenuation as a function of ql. The positions are given as
the percent deviation from their position in qvr/co, in the limit
qt»1.

theory predicts that these minima will move to lower
values of 1/XH as q/ decreases. Figure 8 is a plot of the
predicted percentage decrease in 1/XH as a function of
q/ for the hrst and second minima. The decrease is with
respect to the position of the minima in the limit of
q/))1. Figure 9 is a plot of the positions of the minima
of one experimental run in potassium. The data are
from Trivisonno et a/. ' for their crystal number IV.
Since no value for q/ was given with these data, a value
corresponding to the shift of the first minima was used.
This gave a q/ of 9. The uncertainty in the absolute
accuracy of the data was given as about 4% but the
internal consistency of the data was estimated to be
better than this. It should be noted that the relative
positions of the first two minima (which can be deter-
mined with higher accuracy than the others) are almost
exactly those predicted by theory while the deviations
of the positions of the other minima from theory are
well within experimental error. Foster et a/. ' plot a
similar curve for the deviations of the positions of the
minima in potassium. The shape of this curve is not in
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FIG. 9. Comparison of the theoretical positions of the attenua-
tion minima with experimental data for potassium. The value of
ql is taken to be 9.0. The experimental points are taken from
Trivisonno et al. (Ref.I(7).
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good agreement with that predicted by theory. How-
ever, they describe the curve as being an average of
their experimental values. If this average, as seems
likely, was taken over several values of ql, then no
comparison with theory is possible.

CONCLUSIONS

Free-electron theory for the magnetoacoustic eGect
predicts that the oscillations in the attenuation will
damp out faster than oscillations in the fractional ve-
locity shift when g/ is decreased. This behavior is seen
experimentally in aluminum. A comparison of the ampli-
tude of the fractional velocity shift with the theoretical
prediction shows agreement to within a factor of 2.
Considering the experimental uncertainty and the non-
spherical Fermi surface. this agreement seems good.

The distortion in the experimental curve shapes
caused by the nonspherical Fermi surface prevents any
comparison of the relative positions of the attenuation
minima in aluminum with theory. When the positions
of the attenuation minima for data taken in potassium
are compared with theory, the agreement appears
excellent.

It can be concluded that free-electron theory gives
good quantitative predictions for the magnetoacoustic
eBect for metals with a spherical Fermi surface. For
free-electron-like metals with nonspherical Fermi sur-
faces, the theory gives correct qualitative predictions
for the magnetoacoustic eBect. It is doubtful that the
predictions of the theory will be in more than crude
qualitative agreement with magnetoacoustic effects in
non-free-electron-like metals. The magnetoacoustic ef-
fect in such metals can be expected to have large con-
tributions from both deformation effects, as considered

by Pippard, and anisotropic relaxation times.
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APPENDIX

To calculate the function f(Bp,k,q/), the components
of e, 0„,0,„, and r» must be obtained in series form
with the real and imaginary parts separated. Series
forms for these components, which are exact within
the limits of the model, are given in CHH by Eqs. (4.1).
The algebraic manipulation of these expressions is
simplified by the relations g„(X)=g „(X), g„'(X)

=g „'(X), and S (X)=S (X). Three algebraic ex-
pressions appear several times in each of the com-
ponents. They are

D= 1+2N (o r +2(o r +(I (o r (o r—)
Y= (1+222(o 'r'+(o' r' )/D
Z = (1—N2(o.pr2+(opr')/D.

The components of 0. can be written

o,.= (3o p/q'P) (A i(orB),—o.„=(3o p/2q/) (S i(or U—),
o.„„=3o p(L+i(orQ),

where we de6ne

A = 1—gp(g) —2(1 (opr2) P Yg~(g) —4(opr2 Q Zg~(g),
n=l n~l

B= 1—gp(g) —4 g Ygjj,, (g)+2(1—(o'r') P Zg (g),
n=l n=l

S=gp'(x)+Z Q Yg„'(2:)+2(opr2 P Zg '(g)
n=l n~l

U= 2 Q Yg.'(x) —2 P Zg. '(x),
n~l n=l

Sp(2:)
L= +2 Q YS„(x),

1+(jo2r2 n 1=
Sp(2:)

Q= +2 P ZS„(x).
1+(opr2 jj 1=

Then, using the relations

P=A L+(o'r'BQ+-' (S'—(o'r'U')

R=AQ BL ,'SU, — ——

one can write the desired functions as

f(Bo,k, q/) = (PQ—LR)/ (P2+(opr2R2),

LP+(opr2QR 1 3
g(Bp,k,ql) =

P2+(o2r2R2 1+(o2r2 qpi2

The computer program followed this algebra. The func-
tions g„(X), g„'(X), and S„(X)were calculated from
Eqs. (A1), (A2), and (A5) in CHH. For each of these
functions, 80 terms in the series were retained to ensure
convergence. It was found that for values of X up to
15 (where X=qsr/(o. ), g„(X), g '(X), and S„(X)were
essentially zero for e greater than 20. Therefore the
sums g l" Yg„(X), etc. , were truncated at 20 terms.
From the definition of X one can write (o,r= ql/X and,
as was mentioned in the theory section, (or =q//300.


